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1.4 Minimal Submanifolds in the Sphere

Besides minimal submanifolds in Euclidean space, minimal sub-
manifolds in the sphere are of the most important subject. There is
canonical imbedding of the sphere in Euclidean space. For minimal
submanifolds in the sphere we can also study its coordinate functions.
We will also see that some properties of minimal submanifold in the
sphere are closely related to the properties of minimal submanifold
in Euclidean space.

Let M —> M C M bejsometric immersions with the Levi-Civita
connections V, V, and V respectively. Denote H to be the mean
curvature of M in M and H for M in M. Choose a local orthonormal
frame field {e1; • • • , em} in M. Then,

* = i(£v,,ei)"4((£wfl)A'
i \ i /

If M C M is a totally geodesic, then V = V along M and
H = H, which means that if M is a minimal submanifold in M,
and M is a totally geodesic submanifold in M, then M is a minimal
submanifold in M.

If tp : M -> M C RN, from Proposition 1.3.1 it follows that tp
is a minimal immersion if and only if (Arp)™ = 0, namely Atp is
always orthonormal to M.

THEOREM 1.4.1 For an isometric immersion ip : M —• Sn it is a
minimal immersion into Sn if and only if

Aijj = —mtp.

PROOF. From the above discussion we know that ^ is a minimal im-
mersion if and only if for any p € M, Aip(p) is parallel to the normal
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direction to Sn in R n + 1 , namely, Aip = \tp, where A € C°°(M).
Thus,

0 = A|V|2 = (^AV) + |VV|2 = AlVI2 + |VV|2 = A+ |W|2.

This means that

A = -|VVf = - (V64V, Ve^> = - &,(*) = -m.

Q. E. D.
It is interesting to see that for a minimal immersion to Sn its

coordinate functions in K n + 1 are eigenfunctions of the Laplace op-
erator on M with respect to the eigenvalue — dimM. Conversely, we
have the Takahashi theorem. Let

f n+1 1
Sn(r) = \ (x1,-.- ,xn + 1) £ Rn+1; ^ = r2 \ .

{ fc=i )

THEOREM 1.4.2 ([T]) Let M be an m-Riemannian manifold and
ij) : M —* R n + 1 an isometric immersion such that for A 7̂  0 satisfying

Aip = -\ip.

Then

(1) A > 0;

(2) V(M) C Sn(r), where r2 = f;

(3) ip : M —• 5 n ( r ) is a minimal immersion.

PROOF. Let H be the mean curvature vector of M in E n + 1 . Com-
bining Theorem 1.3.1 and the condition of the present theorem gives
—A^ = mH, which implies that I/J is a normal vector of M in R n + 1 .
For any tangent vector X to M

X <V, V>> = 2 (Wxil>, i>) = 2 (X, V) = 0.

Therefore,

|V>|2dl/>2 = const..
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Furthermore,

0 = iA|Vf = ( A ^ ) + |VVf = -Ar2 + m,

namely,
A = ^ > 0 .

This proves the first and second conclusions of the theorem. We also
have

H = (I)K"W = (-i-A^f5^ = 0.
m

The proof has be completed.
Q. E. D.

Any submanifold M in Sn is naturally a submanifold in Rn+1.
Using this relationship we already obtained some properties for min-
imal submanifolds in the sphere. Vice versa, the properties of a
minimal submanifold M in the sphere also indicate certain proper-
ties of minimal submanifolds in Euclidean space, via cone CM over
M.

Let M —• Sn C Rn+1 be submanifold in the sphere. The cone
CM over M is the image under the map of M x [0,1] —> Rn + 1 defined
by (x,t) —> tx, where x € M, t € [0,1]. Namely,

C M = { t i € R B + 1 ; x e M , t e [0,1]}.

CM has a singularity t = 0, if M is not totally geodesic in Sn. To
avoid the singularity we consider the truncated cone CMe, which is
the image of M x [e, 1] under the same map, where e is any positive
number. Any submanifold M in the sphere and the cone CM over M
are closely related objects. We choose a local orthonormal frame
field {ej, ea} of Sn along M. Then by parallel translating along rays
issuing from the origin we obtain local vector fields E{ and Ea in
Rn+1. Obviously, Ei = ^ej, Ea — £ea, where r is the distance of the
corresponding point from the origin. Let r denote the unit tangent
vector along the rays, r = ^ . Obviously, V r r = 0. Thus, {Ei,Ea,r}
forms a local orthonormal frame field in Rn + 1 and {E{,T} is a frame
field in CMe.
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Let H and B denote the mean curvature and the second funda-
mental form of CME in Rre+1. Let H and B denote that for M. By-
computations we obtain

VE.EJ = -UijT + haijEa, (1.4.1)

H = / ^ haiiEa = ™ 2H, (1.4.2)
(m + l)r (m + l)r2

and

|5 | 2 = 1 |5 | 2 . (1.4.3)

In summary

PROPOSITION 1.4.3 CMe has parallel mean curvature in Rn + 1 if
and only if M is a minimal submanifold in Sn.

The detailed computation could be found in [X3]. We will see
that this important property will be used extensively.

1.5 Examples

The minimal surface equation (1.3.7) is a nonlinear partial def-
erential equation. It is hard to solve. Besides the linear functions,
what are its solutions? As early as 1776 J. L. Meunier obtained two
nonlinear solutions to the equation firstly. Their graphs are catenoid
and helicoid (see Figure 1.1 and Figure 1.2 respectively).


