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Chapter 1

Foundations of Theory of Differential

Equations with Discontinuous

Right-Hand Sides

This chapter is concerned with basic concepts of the theory of differential

equations with a discontinuous right-hand side. In Section 1.1 we give a

qualitative description of difficulties encountered when a system with a dis-

continuous right-hand side is considered. We also establish relations to the

theory of differential equations with multiple-valued right-hand sides (dif-

ferential inclusions), and offer a definition of a solution to a discontinuous

system which will be accepted in this book. Furthermore, a comparison

with some other definitions of a solution to a discontinuous system is given.

In Section 1.2 we present some topics from the theory of differential

inclusions, and also some theorems that enable us to apply this theory

to differential equations with discontinuous right-hand sides. We give a

local theorem for the existence of solutions, theorems on continuability

and continuous dependence on initial values, and some other results which

will be used in the subsequent discussions. Moreover, sliding modes are

investigated.

In Section 1.3 we formulate a number of definitions for stability and di-

chotomy, and prove some Lyapunov-type lemmas employed in the following

chapters.

A reader who is interested only in applications can limit himself to the

reading of Section 1.1 and Subsection 1.3.1.

1



January 6, 2004 10:58 WSPC/Book Trim Size for 9in x 6in book

2 Stability of Stationary Sets in Control Systems with Discontinuous Nonlinearities

1.1 Notion of Solution to Differential Equation with Dis-

continuous Right-Hand Side

1.1.1 Difficulties encountered in the definition of a solu-

tion. Sliding modes

The main subject of investigation in this book are the systems described

by a vector differential equation of the form

dx

dt
= f(x, t). (1.1)

(Here x and f(x, t) are n-dimensional vectors.) We will be interested in

the case when the right-hand side of (1.1) is of a special form. Systems of

differential equations, which are generally encountered in applications, can

be naturally separated into a “linear part” and a “nonlinear part.” That

is, they can be written as

dx

dt
= Px+ qξ, σ = r∗x, (1.2)

ξ = ϕ(σ, t). (1.3)

This is exactly the form of the systems which will be discussed hereafter.

Equations (1.2) describe the linear part of the system, while equation

(1.3) describes its nonlinear part, which can also be linear. Thus, equation

(1.3) can be used to represent any block as deemed appropriate.

In (1.2) P , q, r are constant matrices of dimensions n× n, n×m, n× l

respectively, while ξ = ξ(t) and σ = σ(t) are vector functions of dimensions

m and l respectively. Components of the vector σ(t) represent inputs of

the block considered, while elements of ξ(t) represent its outputs. All the

values in (1.1)–(1.3) are real.

The above separation of the system at hand into “linear” and “nonlin-

ear” parts proves to be useful. It gives the opportunity for a more refined

analysis when taking into account specific features of a nonlinear system.

Any system of nonlinear differential equations can be written in the form of

(1.2), (1.3). Indeed, the general form differential equation (1.1) is a specific

case of system (1.2), (1.3) with a “trivial” linear part

n = m = l, P = 0, q = r = In.

When nonlinearities are continuous, the converse is also true. Namely,
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system (1.2), (1.3) can be put in the form (1.1) with

f(x, t) = Px+ qϕ(r∗x, t). (1.4)

When nonlinearities are discontinuous (i.e., when ϕ(σ, t) is discontinuous

with respect to σ) the problem of definition of solution for system (1.2),

(1.3) arises. This problem will be discussed in detail in the following sub-

sections. We will see later that in this case system (1.2), (1.3) is generally

not equivalent to equation (1.1) with function (1.4). The set of systems

(1.2), (1.3) proves to be wider than the set of equations (1.1). This fact is

another argument in favor of the consideration of systems (1.2), (1.3).

We will present below a number of examples from different branches of

modern engineering described by systems of the form (1.2), (1.3).

It should be particularly emphasized that many practical problems lead

to systems (1.2), (1.3) with a function ϕ(σ, t) discontinuous with respect to

σ.

In the case when ϕ(σ, t) depends continuously on σ (although it can

be discontinuous with respect to t under some natural assumptions) the

classical existence theorem guarantees the existence of solutions (with given

t0 and x0 = x(t0)) at most for values of t sufficiently close to the initial

value t0. It also guarantees that a solution can be continued to any interval

(t0, T ) where this solution remains bounded. (Thus, if a solution exists on

some interval (t0, T0) and the value T0 cannot be increased then |x(t)| is

an unbounded function as t→ T0.)

If the function ϕ(σ, t) is discontinuous in σ, some well-known difficulties

arise. These difficulties are not only mathematical but also of a fundamental

nature, because there is a problem of adequate description of a real-world

system with equations (1.2), (1.3).

It is worth noting that in the engineering literature some particular

cases of system (1.2), (1.3) with a discontinuous (in σ) function ϕ(σ, t) are

often considered. Frequently, for these particular systems difficulties either

do not arise, or if they do arise, specific properties of a system suggest

a natural way out. Sometimes such difficulties are just ignored and not

discussed.

Let us clarify the difficulties for the simplest case when m = l = 1 in

(1.2), (1.3) (i.e., σ and ξ are scalar functions) and ϕ(σ, t) = ϕ(σ) does not

depend explicitly on t. Suppose that the function ϕ(σ) is discontinuous at

the point σ0, continuous for values of σ sufficiently close to σ0, and there
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exist finite limits

lim
σ→σ0
σ<σ0

ϕ(σ) = ϕ(σ0 − 0), lim
σ→σ0
σ>σ0

ϕ(σ) = ϕ(σ0 + 0). (1.5)

In what follows such a point σ0 will be called a point of discontinuity of the

first kind.

In the n-dimensional space Rn = {x}, the right-hand side (1.4) of the

appropriate system (1.1) has discontinuities on the surface (a hyperplane)

r∗x = σ0. Moreover, it is continuous in the neighborhood of this surface,

and has finite limits as the point x approaches a point of the hyperplane

remaining on its one side only. This means that in a vicinity of the hyper-

plane r∗x = σ0 the trajectories of the system behave in one of the three

ways shown in Fig. 1.1.

(a) (b) (c)

Fig. 1.1

For the case shown in Fig. 1.1 (a) no problems arise: the trajectories just

pass through the hyperplane r∗x = σ0, so the solution x(t), if it reaches the

discontinuity surface at t = t0, can be uniquely continued over the values

t > t0 sufficiently close to t0.

In the case shown in Fig. 1.1 (b) the trajectories connect with each

other on the discontinuity surface. So a trajectory reaching this surface at

t = t0 cannot leave it and has to move along the discontinuity surface (i.e.,

to “slide” along it). The appropriate solution, lying on the discontinuity

surface over some interval ∆ of t, is called a “sliding mode” solution (the

accurate definition will be given below). In order to define trajectories on

the discontinuity surface it is necessary to somehow specify a direction field
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on it. This direction field will determine the sliding mode solution. Sliding

modes play an important role in optimal control [Utkin (1992)] and in the

study of systems with a variable structure [Emelyanov (1967)].

A similar situation occurs in the case depicted in Fig. 1.1 (c). The

difference is that a solution cannot reach the discontinuity surface (as time

increases). If an initial value x(t0) = x0 is taken on the discontinuity

surface, three “local” possibilities can occur: the solution can leave the

surface on either one of its sides, or it can remain on the surface. In the

latter case a direction field determining a sliding mode solution also should

be additionally defined. (Of course, a situation is possible when a solution

remains on the surface for awhile and then leaves it.)

It is not clear a priori how to define a direction field on the discontinuity

surface, i.e., how to define a sliding mode solution. The first impression

is that a solution will exist for any definition of a direction field on the

discontinuity surface. However, this is not the case. Frequently (but not

always) the direction field on the surface is determined uniquely if we require

that the solutions exist and some additional natural conditions are satisfied.

For any other choice of a direction field the solution does not exist. Below,

in Subsection 2.1.4, we will discuss this question in more detail. Now we

present the following explanatory example. Let a direction field f(x) be

defined on the plane in a neighborhood of some point x0 as shown in Fig. 1.2.

That is, the trajectories converge to x0, while in x0 itself a velocity vector

Fig. 1.2

is not defined. If we need a solution with the initial condition x(t0) = x0

to exist, then f(x0) is uniquely determined as f(x0) = 0. Indeed, for any

other definition of f(x0) (see Fig. 1.2) the solution would leave x0 into its

vicinity, but the direction field does not allow that. (Of course, we assume

the usual properties of solutions to be satisfied.)

Something similar can occur also in the general case. It should be taken

into account that a direction field can continuously transfer from one case
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shown in Fig. 1.1 to another. Moreover, sliding modes can arise not only

on hyperplanes r∗x = σ0, but also on manifolds of lower dimension (e.g.,

when the dimension l of the vector σ is greater than one). In addition,

the function f(x, t) can have discontinuities not on a hyperplane, but on

a surface of a more complicated form, etc. Observe that the geometric

approach, which is sometimes justified when investigating systems of low

order (usually of order two, rarely of order three) with nonlinearities of a

simple type (conventionally, piecewise linear), can lead to difficulties if a

solution enters the discontinuity surface an infinite number of times. This

situation is not rare, i.e., it occurs (under certain values of parameters) for

an equation of forced oscillations with both dry and viscous friction

d2y

dt2
+ α

dy

dt
+ β sgn

dy

dt
+ γy = e(t)

(α > 0, β > 0, γ > 0, e(t) is a continuous function).

1.1.2 The concept of a solution of a system with discontin-

uous nonlinearities accepted in this book. Connection

with the theory of differential equations with multiple-

valued right-hand sides

The amount of literature on the theory of differential equations (1.1)

with discontinuous right-hand sides is vast, including a review [Matrosov

(1967)], papers [Aizerman and Pyatnitskii (1974a); Aizerman and Pyat-

nitskii (1974b); Filippov (1960)] and a monograph [Filippov (1988)]. Our

approach in some ways differs from the others. We will describe it now,

and concentrate only on the approaches to the definition of solutions which

are similar to ours.

When developing the theory of systems with discontinuous right-hand

sides, both engineering and mathematical aspects should be taken into

account. On the one hand, the theory has to provide mathematical tools for

study of these systems, such as conventional existence theorems, theorems

on continuation of solutions, standard theorems from the qualitative theory

or their counterparts. On the other hand, the theory should adequately

describe physical reality.

Our considerations are based on the theory of differential equations

with multiple-valued right-hand sides (the theory of differential inclusions)

proposed in [Marchaud (1934); Marchaud (1936); Zaremba (1934); Zaremba

(1936)] and later developed in [Filippov (1960); Ważewski (1961); Filippov
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(1971); Filippov (1988); Deimling (1992); Tolstonogov (2000)] and other

works.

The terms differential equation with a multiple-valued right-hand side or

differential inclusion are used to define a relationship

dx

dt
∈ f(x, t) (1.6)

where f(x, t) is a nonempty set depending on x and t in the n-dimensional

space. Sometimes, (1.6) is also called a contingency equation.

The function f(x, t) is called a multivalued function to emphasize that

its values are sets. (It would be more correct to call it a function with values

in the set of all subsets of Rn, but such a name is too wordy.) If for any

(x, t) the set f(x, t) consists of a single point, (1.6) is an ordinary differential

equation. The function f(x, t) will be called a single-valued function at a

point (x0, t0), if the set f(x0, t0) consists of a single point.

Usually, the theory of differential inclusions assumes that for any point

(x0, t0) the set f(x0, t0) is convex, closed, and bounded and that the func-

tion f(x, t) is upper semicontinuous. (It is under these assumptions that a

theorem on existence of solutions is proved below in Section 2.2.) To say

it somewhat loosely, a multivalued function f(x, t) is called upper semicon-

tinuous at a point (x0, t0) if, as (x, t) tends to (x0, t0), the limit of the set

f(x, t) is contained in the closure of the set f(x0, t0). (Inaccuracy lies in

the words “the limit of the set,” the exact definition will be given below in

Section 2.2.1)

Examples of multivalued functions ϕ(σ) (with σ ∈ R1, ϕ ∈ R1) are

shown in Fig. 1.3 and Fig. 1.4. (The values of functions are indicated with

bold lines; an arrow shows the excluded end of the line; a vertical hatching

in Fig. 1.4 (d) denotes a set of values.) All the functions ϕ(σ), except for

those shown in Fig. 1.4 (c) and Fig. 1.4 (d), are single-valued for σ 6= σ0

and multivalued for σ = σ0; in the case of Fig. 1.4 (c) the function is single-

valued for all σ, while in the case of Fig. 1.4 (d) it is multivalued for all

σ. The functions ϕ(σ) shown in Fig. 1.3 (a)–(d) and Fig. 1.4 (d) are upper

semicontinuous for all σ. The functions shown in Fig. 1.4 (a)–(c) are not

upper semicontinuous at the point σ0. In Fig. 1.3 (c) and Fig. 1.4 (a) the

set ϕ(σ0) is not convex, while in Fig. 1.3 (d) it is not closed. Thus, only

the functions f(x, t) = ϕ(σ) in Fig. 1.3 (a), (b) and Fig. 1.4 (d) satisfy

1In fact, a function f(x, t) in the theory of differential inclusions can satisfy some
weaker assumptions. We will not formulate them here in order to avoid overloading the
presentation with nonessential details.



January 6, 2004 10:58 WSPC/Book Trim Size for 9in x 6in book

8 Stability of Stationary Sets in Control Systems with Discontinuous Nonlinearities

ϕ(σ)

σ0 σ

(a)

ϕ(σ)

σ0 σ

(b)

ϕ(σ)

σ0 σ

(c)

ϕ(σ)

σ0 σ

(d)

Fig. 1.3

the conditions of the existence theorem. In all other cases the existence

theorem is not true. It should be noticed that Fig. 1.3 and Fig. 1.4 concern

only the scalar case; the same is true for a vector differential inclusion (1.6)

with the right-hand side (1.4).

The association between the theory of equations (1.1) with discontinu-

ous right-hand sides and the theory of differential inclusions (1.6) is obvious.

Having equation (1.1) with a discontinuous function f(x, t), we should re-

place the value f(x0, t0) at a discontinuity point (x0, t0) for some set. This

set is to be bounded, convex, and sufficiently “large”: it has to contain all

the limit values of f(x, t) as (x, t) tends to (x0, t0). After such a replace-

ment (for any discontinuous point) instead of equation (1.1), we obtain a

differential inclusion (1.6) where the multivalued function f(x, t) is upper

semicontinuous, the set f(x, t) is bounded, closed and convex for all (x, t).

By the existence theorem, if we take any point (x0, t0) from the domain

of f(x, t) then a solution satisfying x(t0) = x0 exists for all values of t

sufficiently close to t0. The theorem on the continuation of solutions and

some other useful theorems (see below Section 2.2) are also valid. It is this

solution that we define as a solution of the initial equation (1.1) with a

discontinuous right-hand side.

At a discontinuity point (x0, t0) the set f(x0, t0) can be defined in many
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ϕ(σ)
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(b)

ϕ(σ)

σ0 σ

(c)

ϕ(σ)

σ0 σ

(d)

Fig. 1.4

ways (it has only to fit the above conditions) that correspond to various

specifications of the direction field at the discontinuity surface. Any such

specification is acceptable in the sense that a solution of the differential

inclusion exists, and, by the above convention, the initial equation is also

solvable. Moreover, these solutions have all the conventional properties or

their reasonable counterparts.

This way of reasoning, however, runs into a difficulty. Since we start

with the system (1.2), (1.3), rather than the equation (1.1) (with the right-

hand side f(x, t) = Px + qϕ(σ, t), σ = r∗x), we have to find not only a

solution x(t), but also a vector function ξ(t) of the outputs of the nonlinear

units. This requirement also follows from natural physical considerations.

In the simplest (and most frequently occurring) case, when a function ξ(t)

is uniquely determined from the first equation of (1.2) (it happens when

det q∗q 6= 0), the detected function ξ(t) is clearly what we sought. In the

general case, the existence of ξ(t) must be established by further investi-

gation, which sometimes is not so simple. Later on, we will discuss this

problem in detail.

Let us turn now to the question most important for us: How to go from

a specific equation with discontinuous nonlinearities to an appropriate dif-

ferential inclusion (1.6), i.e., how to define a set f(x0, t0) at a discontinuity
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point (x0, t0); in other words, how to define a direction field on surfaces of

discontinuity, with regard to the equation (1.3).

First, consider the case when actually existing nonlinear (or linear non-

stationary) units have scalar outputs ξj and hence are given by scalar equa-

tions

ξj = ϕj(σ, t), j = 1, . . . ,m. (1.7)

Here σ = ‖σ1, . . . , σm‖ is a vector of all their inputs. In (1.7) the function

ϕj can actually depend only on one or several components of the vector σ,

notation (1.7) allows for such a possibility2. We think that some engineering

or physical considerations should dictate how to define at a discontinuity

point (σ0, t0) the admissible values of the inputs ξj , whose ranges we denote

ϕj(σ0, t0). Thus, we agree that a mathematical description of a nonlinear

unit by means of a single-valued discontinuous function ϕj(σ, t) is not suf-

ficient; we have to define additionally its range at any discontinuity point.

The mathematical considerations, discussed above, require the following

conditions to be satisfied3: (i) the set ϕj(σ0, t0) is bounded, closed, and

convex; (ii) the multivalued function ϕj(σ, t) is upper semicontinuous .

Since the right-hand sides of (1.7) are sets, and ξj are numbers, notation

(1.7) is inadequate; the correct notation is

ξj ∈ ϕj(σ, t), j = 1, . . . ,m. (1.8)

Keeping in mind that the notation (1.8) is not customary in the engineering

literature, we will write (1.7) instead of (1.8). However, (1.7) is considered

as a symbolic form of (1.8). (Naturally, notation (1.7) is correct for the

points (σ, t) where ϕj(σ, t) is continuous.) As before, we assume the linear

part of the system to be described by the equations (1.2), which can be

conveniently written in the form

dx

dt
= Px+

m∑

j=1

qjξj , σ = r∗x, (1.9)

where qj are column vectors and ξj are components of ξ.

It is important to note that formulas (1.7), (1.9) (or (1.2), (1.3)) with

discontinuous functions ϕj(σ, t) are not equivalent to the representation of
2It may be that some of the functions ϕj(σ, t) do not depend on σ at all; the corre-

sponding units describe external actions on the system.
3These requirements can be somewhat (but insignificantly from the practical point of

view) weakened; we will limit ourselves to these conditions in order to avoid overloading
our presentation.
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the system in the form of (1.1) with

f(x, t) = Px+ q1ϕ1(σ, t) + . . .+ qmϕm(σ, t). (1.10)

Formulas (1.7), (1.9) are more informative, because, by our convention,

(1.7) is a mathematical description of specific blocks. The function f(x, t)

alone does not completely determine these blocks, since the same function

f(x, t) can be represented in the form (1.10) in more than one way. (The

numbers m, the vectors qj and the functions ϕj(σ, t) can differ in different

representations.) Thus, the mathematical description of the given system in

the form of (1.1) with function (1.10) is generally inadequate; to be more

precise, it is insufficient, because such a notation may result in a loss of

some essential information about a system.

Let us illustrate this assertion with an example. Let m = 2, l = 1, and

there are two physically different nonlinear units with a common input and

similar nonlinear characteristics

ξ1 = sgnσ, ξ2 = sgnσ. (1.11)

A linear part of the system is described by the equations4

dx

dt
= Px+ ‖q1, q2‖

∥∥∥∥
ξ1
ξ2

∥∥∥∥ = Px+ q1ξ1 + q2ξ2, σ = r∗x. (1.12)

The expression sgn 0 in (1.11) means the segment [−1, 1]. (Then conditions

(i) and (ii) are clearly satisfied.) In this case, equations (1.7), (1.9) take

the form of (1.11), (1.12) with

f(x, t) = Px+ q1ξ1 + q2ξ2 = Px+ (q1 + q2) sgnσ, σ = r∗x.

The same function f(x, t) can be obtained for the system

dx

dt
= Px+ (q1 + q2)ξ, σ = r∗x, ξ = sgnσ. (1.13)

At the same time, equations (1.11), (1.12) and equation (1.13) describe

physically different systems: system (1.11), (1.12) has two nonlinear blocks

with the same input, while system (1.13) has only one nonlinear block.

Hence, it should not be surprising that the solutions of these systems dif-

fer. (From what follows, we shall see that not every solution of (1.11),

(1.12) satisfies system (1.13).) Therefore, it is natural that systems (1.11),
4In other words, with an equation σ = χ1(p)ξ1 + χ2(p)ξ2, where p = d

dt
and χ1(p),

χ2(p) are, generally speaking, different transfer functions.
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(1.12), and (1.13) may have different dynamical properties (see Example 3

in Subsection 3.1.2).

We could go from system (1.11), (1.12) to system (1.13) by substitut-

ing ξ1, ξ2 from (1.11) in (1.12) and denoting sgnσ = ξ. However, the

adopted convention disallows such transformations, since we agreed that

every equation (1.7) describes an actually existing block. Now, incorrect-

ness of these transformations is obvious. When writing (1.13) we lose some

information on the outputs ξ1 = ξ1(t) and ξ2 = ξ2(t) of actually existing

blocks. Evidently, ξ1(t) = ξ2(t) for σ(t) 6= 0, so, when σ(t) 6= 0, we can

set ξ1(t) = ξ2(t) = ξ(t). However, for system (1.11), (1.12) the equality

σ(t) = 0 may hold for all t ∈ ∆, with ∆ being some interval (i.e., a sliding

mode may exist). Possibly, ξ1(t) 6= ξ2(t) for some t ∈ ∆, and so ξ(t) is

defined incorrectly in this case.

Incorrectness of the indicated formal (and seemingly so obvious) trans-

formation of the system (1.11), (1.12) into the system (1.13) follows, in fact,

from the incorrectness of the conventional notation (1.11) (or, more gen-

erally, (1.7)) for equations of the blocks with discontinuous nonlinearities.

Indeed, if we replace (1.11) with the correct notation

ξ1(t) ∈ sgnσ(t), ξ2(t) ∈ sgnσ(t), (1.14)

then the above incorrect transformations would be impossible, because the

inclusion q1ξ1(t) + q2ξ2(t) ∈ (q1 + q2) sgnσ(t) is violated for t ∈ ∆. (E.g.,

it is wrong that

∥∥∥∥
0

1

∥∥∥∥ ξ1 +

∥∥∥∥
1

0

∥∥∥∥ ξ2 ∈
∥∥∥∥

1

1

∥∥∥∥ sgn 0

follows from ξ1 ∈ sgn 0, ξ2 ∈ sgn 0.)

−(q1 + q2)

q1

q2 q1 + q2

Fig. 1.5
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Fig. 1.5 illustrates the above considerations in the two-dimensional case.

If the vectors q1 and q2 are linearly independent, then the set q1 sgn 0 +

q2 sgn 0 is a parallelogram, while the set (q1 + q2) sgn 0 is a segment with

the ends q1 + q2 and −(q1 + q2) (a bold line). So the range of dx/dt for

equations (1.11), (1.12) is wider than the similar range for equations (1.13).

Hence, not all the solutions of (1.11), (1.12) satisfy (1.13).

Let us sum up the foregoing discussion for the case of m scalar nonlinear

units. We consider system (1.9), (1.7) (in more exact terms, system (1.9),

(1.8)) with ϕj(σ, t) being multiple-valued functions which obey (i) and (ii).

When using a vector notation, this system takes the form (1.2), (1.3). More

explicitly, (1.3) can be written as

ξ(t) ∈ ϕ[σ(t), t], (1.15)

where ϕ(σ, t) = ϕ1(σ, t) × . . .× ϕm(σ, t) is a topological product of sets.

For any t0 ∈ R1, x0 ∈ Rn with σ0 = r∗x0 there exists a solution x(t),

ξ(t) of this system, such that x(t0) = x0. Moreover, the usual theorems

of the qualitative theory are valid; these theorems will be presented in the

next section.

System (1.2), (1.15) can be written in a form of a differential inclusion
dx
dt ∈ f(x, t) with a multivalued function f(x, t) = Px+ qϕ(σ, t) where σ =

r∗x. It is easy to verify that this function is upper semicontinuous and the

set f(x, t) is bounded and convex. Therefore, this differential inclusion has

a solution with x(t0) = x0. If det q∗q 6= 0 then ξ(t) can be found from the

equation dx/dt = Px+qξ, namely, we put ξ(t) = (q∗q)−1q∗(dx/dt−Px). It

is easily seen that then (1.15) is satisfied. The case det q∗q = 0 is discussed

in Section 1.2, where the existence of a function ξ(t), satisfying (1.2), (1.15)

with a found function x(t), is established by some more refined reasoning.

In both cases the determined functions x(t), ξ(t) meet system (1.2), (1.15)

and the condition x(t0) = x0.

Obviously, the components ξj(t) of the thus determined vector function

ξ(t) satisfy the inclusion ξj(t) ∈ ϕj [σ(t), t]. Hence, at the points where

ϕj [σ(t), t] is single-valued we have ξj(t) = ϕj [σ(t), t]. The function ξj(t)

will be called an extended nonlinearity of ϕj(σ, t). (Accordingly, while the

function ϕj [σ(t), t] is multivalued, the function ξj(t) is single-valued.) A

value ξj(t) is an output at a time t of the nonlinear unit, described by

multivalued function ϕj(σ, t).

So far it has been assumed that outputs of the nonlinear units are all

scalar. Let us turn now to the case when outputs of all or some units are

vectors. Suppose there are k nonlinear units, whose exact equations are of
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the form

ξj ∈ ϕj(σ, t), j = 1, . . . , k, (1.16)

where ξj is an mj-dimensional vector; the multiple-valued functions ϕj(σ, t)

(with values from R
mj ) satisfy (i) and (ii). (Incorrectly, but following a com-

mon practice, equations of nonlinear units can be written as ξj = ϕj(σ, t),

j = 1, . . . , k.) Inclusion (1.16) again can be represented in the form of

(1.15) where ϕ(σ, t) is a multivalued vector function of dimension m. The

way of obtaining a solution x(t), ξ(t), which was described above, remains

true. Only the form of the sets ϕ(σ, t) is changed. In the foregoing case,

when outputs ξj were scalars, for any point (σ, t) the set ϕ(σ, t) was a rect-

angle (namely, a product of m segments ξ−j ≤ ξj ≤ ξ+j ). Now ϕ(σ, t) is a

convex set of more complicated nature (a product of k convex, bounded,

and closed sets). In the same way, it can be shown that there exist vector

functions x(t), ξ(t) satisfying (1.2), (1.16) and the condition x(t0) = x0. A

vector function ξj(t) (an output of jth nonlinear unit) is called an extended

function of ϕj(σ, t).

Note that now, when writing the system in the form of (1.2), (1.15), we

should additionally fix values m1, . . . ,mk, i.e., point out which components

of ξ(t) are outputs of the given units (e.g., ξ1, ξ2 form an output of the first

unit, ξ3 is an output of the second unit, ξ4, ξ5, ξ6 form an output of the

third unit, and so on).

Thus, the rule in italics on page 10 remains true also for the vector case.

1.1.3 Relation to some other definitions of a solution to a

system with discontinuous right-hand side

One of the most popular definitions of a solution of a discontinuous system

is that given in [Filippov (1960)]. This definition is justified by a rich theory

developed by A.F. Filippov. We will not formulate it in the most general

case, but restrict ourselves to the simplest case when the right-hand side

f(x, t) of (1.1) is a function discontinuous on some differentiable surface Rt

in the space (x, t), continuous in a neighborhood of this surface, and there

exist limit values f+(x, t) and f−(x, t) of f(x, t) as a point (x, t) approaches

the surface, remaining on one of its sides. Consider the most interesting

case, when the direction fields f+(x, t) and f−(x, t) connect with each other

on the discontinuity surface, i.e., the case shown in Fig. 1.1 (b). This case

occurs for system (1.2), (1.3) with a single nonlinearity (m = l = 1), when,

e.g., ϕ(σ, t) is a piecewise continuous function of σ (then the surface Rt
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is a hyperplane r∗x = σ0 where σ0 is a discontinuity point of the function

ϕ(σ, t)). According to A.F. Filippov, the direction field on the discontinuity

surface is defined in the following way. Consider an arbitrary point x at

a surface Rt. Let us construct a segment connecting the endpoints of the

vectors f−(x, t) and f+(x, t), and also construct a tangential plane to the

surface Rt at the point x. Suppose that f0(x, t) is a vector with the origin

at x and the end at the intersection point of the segment with the tangential

plane (see, Fig. 1.6 (a)). This is the vector of the required direction field

at the point x.

x f0(x, t)

f−(x, t)

f(x, t)

f+(x, t)

Rt

(a)

x

f+(x, t)

f(x, t)

f−(x, t)

Rt

(b)

Fig. 1.6

Consider this case from the point of view adopted in our book. On a

surface Rt we have to extend the function f(x, t) to a multivalued function

with a set f(x, t) being bounded, convex, and such that f+(x, t) ∈ f(x, t),

f−(x, t) ∈ f(x, t). (The latter conditions guarantee that the multiple-valued

function f(x, t) is upper semicontinuous.) The least set with these proper-

ties is the segment F = {λf+(x, t) + (1 − λ)f−(x, t), λ ∈ [0, 1]}. Indeed,

we can put f(x, t) = F for x ∈ Rt (see Fig. 1.6 (b)). Since the velocity vec-

tor of a sliding mode solution has to lie in the tangential plane, f0(x, t) ∈ F
is the only vector from the range that can be tangent to the trajectory of a

sliding mode. Thus we arrived at the definition given in [Filippov (1960)].

At the same time, we could define the set f(x, t) in another way. It can

be chosen as an arbitrary bounded and convex set containing the segment

F (see Fig. 1.6 (b)). Then some vectors other than f0(x, t) emerge on

the tangential plane; this leads us to some other sliding mode solutions,
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different from that of Filippov. (Note that for any one of such definitions

the basic theorems of the qualitative theory, presented in Section 2.2, are

valid, although a solution is generally not unique.)

We see that Filippov’s definition corresponds to the minimal set f(x, t)

among all the admissible sets. It is convenient in that the uniqueness of

a solution occurs more frequently for a solution in the sense of Filippov.

However, there are many situations when physically justified solutions are

not solutions in the sense of Filippov. Let us cite one example of such a

situation.

Consider the problem of a choice of the controls u1, u2 in the system

dx1

dt
= x2u1,

dx2

dt
= u2 (1.17)

which move any initial state to zero in minimal time. The controls obey

the constraints |u1| ≤ 1, |u2| ≤ 1. It has been well known (see, [Pontryagin

et al. (1964)]) that such controls may be designed for any point of the

x1x2-plane. E.g., in the first quadrant optimal controls take the form

u1 =

{
+1, x1 < x2

2/2,

−1, x1 ≥ x2
2/2,

u2 =

{−1, x1 ≤ x2
2/2,

+1, x1 > x2
2/2.

(1.18)

In particular, the trajectory x1 = x2
2/2 is optimal, and dx1/dt = −x2,

dx2/dt = −1 on it.

Take a point x with coordinates x1, x2 on this optimal trajectory, and

approach it from the side where x1 < x2
2/2. Then the limit value of the

right-hand sides of the system considered is f+(x) = (x2, −1). If we ap-

proach x from the side where x1 > x2
2/2 then for the limit values we get

f−(x) = (−x2, +1). Since f+(x) = −f−(x), in this case the segment F
passes through the point x, i.e., f0(x) = 0, and the sliding mode solution

in the sense of Filippov is x(t) ≡ const. At the same time, for the opti-

mal trajectory, which is also a sliding mode solution, the velocity vector is

f∗(x, t) = (−x2, −1). One sees that the optimal trajectory is not a Filippov

solution.

However, when the nonlinearities are properly extended, the optimal

trajectory is a solution in the sense of our definition. Indeed, system (1.17),

(1.18) can be written in the form of (1.2), (1.3) with P = 0, σ = x,

ϕ1 = x2u1, ϕ2 = u2. In line with the above assumption, these discontinuous

nonlinearities are to be extended with respect to the multivalued functions,

satisfying conditions (i) and (ii). This can be done in many ways, depending

on whether the nonlinearities are considered as a single block with two
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outputs (m1 = m = 2), or as two blocks, each with a single output (m1 =

m2 = 1, m = 2). Let us examine the second case. Then the values of ϕ1 and

ϕ2 at the discontinuity point are some segments which include limit values.

Take the minimal segments ϕ1 = [−x2, x2], ϕ2 = [−1, +1] as the values

at x1 = x2
2/2. Then the value f(x) = ϕ(x) at the discontinuity point is a

rectangle [−x2, x2] × [−1, +1], i.e., the rectangle shown in Fig. 1.7, with

corners (−x2, −1), (x2, −1), (x2, 1), (−x2, 1), which includes the vector

f∗(x) = (−x2, −1).

f−(x) = (−x2, 1) x1 =
x2

2

2

f∗(x) = (−x2,−1) f+(x) = (x2,−1)

x

Fig. 1.7

Hence the optimal solution is a solution in the sense adopted here. (In

the first case m1 = m = 2 we can take for the set f(x) any set containing

f−(x) and f+(x), e.g., a triangle whose corners are the extremities of the

vectors f−(x), f∗(x), and f+(x). If this set contains the vector f∗(x), the

optimal solution is a solution in the accepted sense.) Some other examples

of the same kind can be constructed with the help of the results of the book
[Matveev and Yakubovich (2003)].

Turn now to the definition introduced by M.A. Aizerman and E.S. Pyat-

nitskii (1974). In general terms, the approach by Aizerman and Pyatnitskii

is as follows (details can be found in [Aizerman and Pyatnitskii (1974a);

Aizerman and Pyatnitskii (1974b)]). Discontinuous nonlinearities ϕj(σ, t),

describing some actually existing blocks, are substituted for continuous ones

ϕ
(ε)
j (σ, t) which depend on a parameter ε. A function ϕ

(ε)
j (σ, t) has to be

such that ϕ
(ε)
j (σ, t) → ϕj(σ, t) as ε→ 0 for any (σ, t) which is not a discon-

tinuity point of ϕj(σ, t). Consider the system obtained when substituting

all the functions ϕj(σ, t) for ϕ
(ε)
j (σ, t). Since the right-hand sides of this

system are continuous functions, it has a solution x(ε)(t). We can always
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find a sequence εk → 0 such that there exists a limit

lim
εk→0

x(εk)(t) = x(t).

In general, the sequence εk and the limit x(t) are not uniquely defined. Any

such limit is taken as a solution of the initial system with a discontinuous

right-hand side.

The informal meaning of this definition is obvious. The definition is

justified by the fact that solutions so defined have the same conventional

properties as solutions of systems with continuous right-hand sides.

We will not present appropriate theorems (a reader is referred to [Aiz-

erman and Pyatnitskii (1974a); Aizerman and Pyatnitskii (1974b)]). It

is important to emphasize that a statement in [Aizerman and Pyatnit-

skii (1974a); Aizerman and Pyatnitskii (1974b)]) implies that any solution

in the sense of Aizerman and Pyatnitskii is also a solution in the sense

adopted by us, i.e., it can be obtained as a solution of the appropriate sys-

tem with a multiple-valued right-hand side, after extending nonlinearities at

discontinuity points for some multivalued functions satisfying (i) and (ii)5.

However, the converse is not true: not every solution in the sense that we

consider is also a solution in the sense of Aizerman and Pyatnitskii. E.g., in

the case of a single scalar nonlinearity (m = l = 1) we can take a nonlinear-

ity ϕ(σ, t) in (1.2) in the form shown in Fig. 1.8, i.e., ϕ(σ) = sgnσ for σ 6= 0

and ϕ(0) = [−ξ0, +ξ0] where ξ0 > 1 (ξ0 may depend on t). Nonlinearities

ξ

ξ0

1

0

−1

−ξ0

σ

Fig. 1.8

5Observe that this claim is true only for systems (1.2), (1.3). M.A. Aizerman and
E.S. Pyatnitskii have also studied the systems for which the first equation of (1.2) has the
form dx/dt = g(x, ξ) with a continuous function g(x, ξ). Such systems are not considered
in this book.
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of this type describe “detachment friction,” i.e., the case for which static

friction exceeds dynamic friction. Since the definition by Aizerman and

Pyatnitskii deals only with those values of a nonlinearity for which σ 6= 0,

the system (1.2), (1.3) with this nonlinearity has the same solutions (in the

sense of Aizerman and Pyatnitskii) as the system with ϕ(σ) = sgnσ. The

same is true for the definition in the sense of Filippov. As for our definition,

the range of ϕ(σ) at a discontinuity point plays a crucial role here. E.g., let

a nonlinearity be of the form shown in Fig. 1.9. All the stationary solutions

ξ
(σ0, ξ2)

σ + r∗P−1qξ = 0

σ0 σ

(σ1, ξ1)

Fig. 1.9

of system (1.2), (1.3) (m = l = 1) have the form x = −P−1qξ where ξ is

an ordinate of any point (σ, ξ) of intersection of the nonlinearity graph and

“the characteristic line” σ + r∗P−1qξ = 0. (It is supposed that detP 6= 0.)

Let there be two such points (σ1, ξ1) and (σ0, ξ2) (see Fig. 1.9). Then there

exists a unique stationary solution x1 = −P−1qξ1 in the sense of Aizerman

and Pyatnitskii, as well as in the sense of Filippov. As for our definition,

there are two solutions: x1 = −P−1qξ1 and x2 = −P−1qξ2.

At the same time, observe that if a system has a single station-

ary nonlinearity ξ = ϕ(σ) with only isolated points of discontinuity of

the first kind and its values at a discontinuity point σ0 are defined as

〈ϕ(σ0 − 0), ϕ(σ0 +0)〉, then all three definitions (by Filippov, by Aizerman

and Pyatnitskii, and ours) provide the same set of solutions x(t). (Our

definition requires additional knowledge of ξ(t).) If we take two or more

nonlinearities of the same type, the sets of solutions in the sense we use

and in the sense of Aizerman and Pyatnitskii coincide, but some of these

solutions may not be solutions in the sense of Filippov.

In conclusion of this subsection, notice that there is a number of other
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definitions of solutions of discontinuous systems and differential inclusions

(see [Viktorovskii (1954); Matrosov (1967)]).

1.1.4 Sliding modes. Extended nonlinearity. Example

Consider once again the system

dx

dt
= Px+ qξ, σ = r∗x, (1.19)

ξ = ϕ(σ, t) (1.20)

where x, ξ, σ are vectors of dimensions n, m, l respectively. Suppose

that the previous assumptions about the function ϕ(σ, t) are made, i.e., at

any discontinuity point (σ0, t0) a set of its values ϕ(σ0, t0) is defined and

conditions (i), (ii) of Subsection 2.1.2 are satisfied. Let D = {(σ0, t0)} be

the set of all discontinuity points of ϕ(σ, t).

In line with what was said previously, by a solution of system (1.19),

(1.20) we mean a pair of functions {x(t), ξ(t)} defined on a segment ∆ =

[t0, t1] of nonzero length and such that x(t) is absolutely continuous, ξ(t)

is integrable, and the relationships

dx(t)

dt
= Px(t) + qξ(t), σ(t) = r∗x(t), ξ(t) ∈ ϕ[σ(t), t] (1.21)

hold almost everywhere on ∆.

As was pointed out previously, the function ξ(t) is called an extended

nonlinearity ϕ[σ(t), t]. If the matrix q∗q is nonsingular, the extended non-

linearity is uniquely determined from x(t) and (1.21):

ξ(t) = (q∗q)−1

[
dx

dt
− Px

]
.

However, it may be that there exist different solutions {x(t), ξ1(t)},
{x(t), ξ2(t)} which are distinct only in an extended nonlinearity. Of

course, if ϕ(σ) is a continuous (and therefore single-valued) function, then

ξ(t) = ϕ[σ(t), t] is determined uniquely, so in this case a function x(t) by

itself may be called a solution. Following tradition, a function x(t) will

be called a solution even when the function ϕ(σ) is discontinuous. But it

should be taken into account that, when speaking about a solution, we al-

ways mean the existence of an appropriate extended nonlinearity. A vector

x(t) is frequently called a state of the system (at a time t).
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Assume that [σ(t), t] ∈ D for t ∈ ∆0, where ∆0 = [t01, t
0
2] ⊂ ∆ is some

segment of nonzero length and {x(t), ξ(t)} is a solution defined on ∆0,

σ(t) = r∗x(t). Then it is said that the solution {x(t), ξ(t)} with t ∈ ∆0 is

in a sliding mode. For the cases shown in Fig. 1.1 ((b) and (c)) a point x(t)

lies on the discontinuity surface for t ∈ ∆0 (it is said that “the solution x(t)

slides along the discontinuity surface”).

Let in (1.20) detP 6= 0 and the nonlinearity be stationary, i.e., ϕ(σ, t) =

ϕ(σ). Let us find stationary solutions of the system (1.19), (1.20). (The

corresponding states x are named equilibria or rest points, while the set of

all equilibria is called a stationary set of the system (1.19), (1.20).) From

what was said above, it follows that all the stationary solutions {x, ξ} =

const are given from

Px+ qξ = 0, σ = r∗x, ξ ∈ ϕ(σ). (1.22)

Thus (σ, ξ) is found from the relationships

σ + r∗P−1qξ = 0, ξ ∈ ϕ(σ),

and x = −P−1qξ. If, in addition, the function ϕ(·) is discontinuous at the

point σ = const obtained from (1.22), then {x, ξ} = const is a stationary

solution of a sliding mode. For the case when m = l = 1 and a nonlinearity

is shown in Fig. 1.9, there are two stationary solutions {x1, ξ1}, {x2, ξ2}
with xj = −P−1qξj , and the points (σ1, ξ1) and (σ0, ξ2) are arranged in a

way shown in the figure. In this case {x1, ξ1} is an ordinary solution, while

{x2, ξ2} is a sliding mode solution.

Earlier, it was stated without detailed explanation that, in general, a

direction field, which defines a sliding mode, cannot be set arbitrarily on

a discontinuity surface. Let us examine this issue in more detail. Along

the way, we will illustrate the definitions of solution and sliding mode,

and the technique for their determination. For simplicity, consider a scalar

nonlinearity

ξ = ϕ(σ) (1.23)

(m = l = 1). In this case in (1.19) q and r are column vectors. Assume

that r∗q 6= 0, σ = 0 is the unique point of discontinuity (of the first kind)

of the function ϕ(σ), and the right-hand limit (ϕ(+0)) and the left-hand

limit (ϕ(−0)) satisfy the condition

ϕ(−0) < 0 < ϕ(+0). (1.24)
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(For example, ϕ(σ) = sgnσ, then ϕ(±0) = ±1.) Let us find sliding mode

solutions of the system (1.19), (1.23). Suppose σ(t) ≡ 0 over ∆0 = [t01, t
0
2].

Then σ̇ = r∗(Px + qξ) = 0 for t ∈ ∆0. Hence ξ = −(r∗q)−1r∗Px, and for

a sliding mode solution we get

x(t) = eP0(t−t01) x(t01), ξ(t) = −(r∗q)−1r∗Px(t) (1.25)

with P0 = [In − q(r∗q)−1r∗]P . (In addition, the vector x(t01) has to satisfy

the relationship r∗x(t01) = σ(t01) = 0; it is easily checked that then (1.25)

implies σ(t) ≡ 0, as it must.) Moreover, since the inclusion ξ(t) ∈ ϕ(0) has

to hold, a segment t01 ≤ t ≤ t02 is found from the condition

ϕ(−0) ≤ ξ(t) ≤ ϕ(+0). (1.26)

If a vector x(t01) is such that there are no values t > t01 which meet inequal-

ities (1.26), then there are no sliding mode solutions. If such values exist

and they fill the segment ∆0 = [t01, t
0
2], t

0
2 > t01, then there is a sliding mode

solution defined on ∆0 = [t01, t
0
2] and given by (1.25).

Denote

s∗ = −(r∗q)−1r∗P. (1.27)

Then ξ(t) = s∗x(t). Thus sliding modes fill “a lamina”

Π = {x : r∗x = 0, ϕ(−0) ≤ s∗x ≤ ϕ(+0)}. (1.28)

in the space {x}. Let us explore how the direction field f(x) = Px+qϕ(r∗x)

behaves in a neighborhood of the discontinuity surface r∗x = 0 and, in

particular, in a neighborhood of the lamina Π. Let

f+(x) = Px+ qϕ(+0), f−(x) = Px+ qϕ(−0) (1.29)

be limit values of the function f(x). Examine a behavior of the function

σ̇ = r∗f(x) in a neighborhood of the discontinuity surface σ = r∗x = 0.

Suppose that a point x approaches the discontinuity surface not intersecting

it, and x0 is a limit value, r∗x0 = 0. From (1.27) we get

r∗Px0 + r∗q s∗x0 = 0. (1.30)

In view of (1.29), the limit values of σ̇ = r∗f(x) are

σ̇+ = r∗Px0 + r∗qϕ(+0), σ̇− = r∗Px0 + r∗qϕ(−0) (1.31)

when the point x moves in the regions σ > 0 and σ < 0 respectively.

Suppose that x0 does not belong to the lamina Π, i.e., either s∗x0 < ϕ(−0),
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or s∗x0 > ϕ(+0). Let s∗x0 < ϕ(−0) and, for the sake of definiteness,

r∗q > 0. Then from (1.30), (1.31) it follows that 0 < σ̇− < σ̇+. Hence on

this part of the discontinuity surface the trajectories behave as in Fig. 1.1

(a), i.e., they pass through the hyperplane r∗x = 0 “from left to right.”

(When saying this, we mean that in Fig. 1.1 (a) the axis σ is orthogonal

to the discontinuity surface and is directed from left to right.) If r∗q > 0

and s∗x0 > ϕ(+0) then 0 > σ̇+ > σ̇− and trajectories pass through the

hyperplane r∗x = 0 “from right to left.” A similar behavior takes place

when r∗q < 0, provided that x0 does not lie on the lamina Π. This conforms

with the above conclusion that a sliding mode does not exist in this case.

Suppose now that a point x0 lies in the interior of the lamina Π :

ϕ(−0) < s∗x0 < ϕ(+0). Then from (1.30), (1.31) we get

σ̇+ > 0 > σ̇− for r∗q > 0, (1.32)

σ̇+ < 0 < σ̇− for r∗q < 0. (1.33)

In the case of (1.33) the trajectories connect with each other as shown in

Fig. 1.1 (b), while in the case (1.32) they behave as shown in Fig. 1.1 (c).

In the last case sliding modes arise; as we have seen previously, they are

described by formula (1.25). We have already ascertained that on the sur-

face of a sliding mode (i.e., on the lamina Π) the direction field is uniquely

defined from the condition for the existence of a solution; this condition is

f(x) = Px+ qξ, ξ = −(r∗q)−1r∗Px.

In the foregoing we assumed that m = l = 1 and r∗q 6= 0. Both these

conditions can be eliminated. It is easily seen that the formulas of a sliding

mode (1.25) remain valid also for m = l > 1, det r∗q 6= 0. The case

m = l = 1, r∗q = 0 will be examined in detail in Subsection 2.2.2.

In conclusion of this section, consider a specific example of system (1.19),

(1.23), for which the behavior described above takes place. Namely, con-

sider a system thoroughly studied in [Andronov and Maier (1947)]:

dx1

dt
= −Ax2 + x3 −Bx1 − ξ, ξ = sgnx1,

dx2

dt
= x1,

dx3

dt
= −x2.

(1.34)

(Here all the variables are scalar, A and B are constant parameters.) Equa-

tions (1.34) describe a system for automatic control of an engine when the

mass of the controller as well as liquid and dry friction are not neglected.

The first three equations represent dynamics of the controller, while the
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last equation describes dynamics of the controlled engine. When consider-

ing this system, we will be interested only in its features arising out of the

discontinuous nonlinearity.

It is obvious that (1.34) can be rewritten in the form of (1.19), (1.23)

with

P =



−B −A 1

1 0 0

0 −1 0


 , q = r =




1

0

0


 , x =



x1

x2

x3


 (1.35)

and ϕ(σ) = sgnσ. In line with what was said previously, we have to define

the set ϕ(0). Taking into account that in [Andronov and Maier (1947)] the

friction was supposed to be dry, we set ϕ(0) = sgn 0 = [−1, +1].

In this case (see, (1.27)) s∗ = [B, −A, −1]. According to the above

discussion, in the state space R3 we have the previously described behavior

of trajectories in a neighborhood of the discontinuity surface σ = x1 = 0

with the lamina of sliding modes (1.28), i.e., with the lamina

Π = {x : x1 = 0, |Ax2 − x3| ≤ 1}. (1.36)

From (1.22) (or, more simply, directly from (1.34)) we deduce that system

(1.34) has stationary solutions and they fill the segment

x =




0

0

x3


 , x3 = [−1, +1]. (1.37)

It is natural that A.A. Andronov and A.G. Maier arrived at the same

conclusions when they studied the specific system (1.34).

Solutions of a sliding mode can be obtained by formulas (1.25), or, more

easily, directly from (1.34), according to the scheme given above. Namely,

if we set x1 ≡ 0 and replace the equality ξ = sgnx1 for |ξ| ≤ 1 in (1.34),

then these solutions take the form

x1 ≡ 0, x2 ≡ x0
2, x3 = x0

3 − tx0
2, ξ = x0

3 −Ax0
2 − tx0

2. (1.38)

Here x(0) =




0

x0
2

x0
3


 and t ∈ ∆0 = [0, T ], where ∆0 is a domain where

solution (1.38) exists. This domain is given from the condition ξ(t) ∈
[−1, +1], i.e.,

∆0 = {t : |x0
2 −Ax0

3 − tx0
2| ≤ 1}. (1.39)
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x3 x3 = Ax2 + 1

1

−1

x2

x3 = Ax2 − 1

Fig. 1.10

The behavior of the trajectories in a neighborhood of the plane x1 = 0

is illustrated with Fig. 1.10, where those trajectories that go away from the

reader are shown with crosses, while the trajectories that go towards the

reader are shown with circles. The rest segment is represented with a bold

line.

The above example also enables us to illustrate some other concepts

used in this book. Formulas (1.38) demonstrate that the smaller the value

of x0
2 (i.e., the closer a trajectory to the rest segment x1 = 0, x2 = 0,

x3 = const ∈ [−1, +1]), the slower the movement along this trajectory

is when t ∈ ∆0. Furthermore, any equilibrium x1 = 0, x2 = 0, x3 =

const, |x3| ≤ 1, is Lyapunov unstable, because for any neighborhood of

this equilibrium, taken arbitrarily small, there are trajectories which go

through this neighborhood and move from the equilibrium to a fixed finite

distance. However, one can speak about the stability of the entire rest

segment, i.e., of the entire set of equilibria. Namely, a given set is called

Lyapunov stable (in the small) if for any ε > 0 those trajectories that start

in a δ-neighborhood of this set do not leave its ε-neighborhood, provided



January 6, 2004 10:58 WSPC/Book Trim Size for 9in x 6in book

26 Stability of Stationary Sets in Control Systems with Discontinuous Nonlinearities

that δ is chosen sufficiently small. A given set is called globally stable, if

it is Lyapunov stable and all the trajectories approach it as t → +∞. It

will be demonstrated in Section 3.2 that in the example considered the rest

segment x1 = 0, x2 = 0, x3 = const ∈ [−1, +1] is globally stable when

AB > 1.

(a) (b)

Fig. 1.11

Some systems with multiple equilibria have a stronger stability property.

Namely, a stationary set can be not only globally stable, but can also have

a property that for any solution the vector x(t) tends to some point of this

set as t → +∞. Then the stationary set is called pointwise globally stable.

In Fig. 1.11 is sketched a globally stable set (Fig. 1.11 (a)) and a pointwise

globally stable set (Fig. 1.11 (b)).

Further in the book, along with some other results, we establish criteria

for the stability of a stationary set and present examples of specific systems

whose stationary sets are stable in the sense described above.

1.2 Systems of Differential Equations with Multiple-Valued

Right-Hand Sides (Differential Inclusions)

In this section we discuss some topics from the theory of differential equa-

tions with a multiple-valued right-hand side: we formulate the definition

of a solution, prove a local theorem for the existence of solutions, and re-

veal some properties of solutions which will be needed in what follows. In

Subsection 1.2.2 we prove the important Theorems 1.7 and 1.9 on existence

and properties of “an extended nonlinearity.” These theorems justify the

scheme of reduction of a differential equation with a discontinuous right-
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hand side to a differential inclusion, which was given in Section 1.1. Sliding

modes are also considered here.

1.2.1 Concept of a solution of a system of differential equa-

tions with a multivalued right-hand side, the local ex-

istence theorem, the theorems on continuation of so-

lutions and continuous dependence on initial values

In this subsection we consider a vector differential inclusion

dx

dt
∈ f(x, t), (1.40)

whose meaning will be discussed later.

Consider a vector-valued function f(x, t) (t ∈ R1, x ∈ RN) which maps

each point (x0, t0) of some region D ⊂ RN+1 to a set of points f(x0, t0) ⊂
RN .

If the set f(x0, t0) consists of just one point, we say that the function

f(x, t) is single-valued at the point (x0, t0). Otherwise f(x, t) is called mul-

tivalued at the point (x0, t0).

The functions whose graphs are shown in Fig. 1.3 and Fig. 1.4, (a),

(b), are single-valued for σ 6= σ0 and multivalued at the point σ = σ0; the

function presented in Fig. 1.4 (d) is multivalued for all σ.

When classifying multivalued functions, as distinct from single-valued

ones, it makes sense to consider two kinds of discontinuity. Let M be a

set in R
N . The set of points y satisfying the inequality inf

x∈M
ρ(y, x) < ε,

where ρ(y, x) is the Euclidean distance between y and x, is called the ε-

neighborhood of the set M.

Definition 1.1 A function f(x, t) is called semicontinuous6 at a point

(x0, t0) if for any ε > 0 there exists δ(ε, x0, t0) such that the set f(x1, t1) is

contained in the ε-neighborhood of the set f(x0, t0), provided that a point

(x1, t1) belongs to the δ-neighborhood of the point (x0, t0).

Definition 1.2 A function f(x, t) is called continuous at a point (x0, t0)

if it is semicontinuous and, besides, for any ε > 0 there exists δ(ε, x0, t0)

such that the set f(x0, t0) is contained in the ε-neighborhood of the set

f(x1, t1), provided that the point (x0, t0) belongs to the δ-neighborhood of

a point (x1, t1).

6In the literature, this property is commonly called upper semicontinuity or β-
continuity. For the sake of brevity, we will use below only the term “semicontinuity.”
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The functions, whose graphs are shown in Fig. 1.3 (a)–(d) and Fig. 1.4

(d), are semicontinuous, however these functions are not continuous in the

sense of Definition 1.2. The functions shown in Fig. 1.4 (a)–(c) are not

semicontinuous at the point σ0.

It will be shown later that the existence of a solution of the differential

inclusion (1.40) (in the sense described below) follows from the semiconti-

nuity of the function f(x, t).

Definition 1.3 A vector function x(t) is called a solution of the differen-

tial inclusion (1.40) if it is absolutely continuous and for those t for which

a derivative dx/dt exists, the inclusion

dx

dt
∈ f [x(t), t] (1.41)

holds.

Let us prove a local theorem for the existence of solutions.

Theorem 1.1 Suppose that at any point (x1, t1) of a region7

D : |t1 − t0| ≤ α, |x1 − a| ≤ ρ

a multivalued vector function f(x, t) is semicontinuous, while the set

f(x1, t1) is closed, bounded, and convex; in addition,

sup |y| = c for y ∈ f(x1, t1), (x1, t1) ∈ D. (1.42)

Then for

|t− t0| ≤ τ = min(α, ρ/c) (1.43)

there exists at least one solution x(t) which satisfies the inclusion (1.41)

and the initial condition

x(t0) = a. (1.44)

Proof of the theorem generally follows the proof of Peano’s theorem for

differential equations with single-valued continuous right-hand sides. For

the sake of simplicity, assume that α > ρ/c.

Divide a segment [t0 − τ, t0 + τ ] into 2n parts limited by the points

t
(n)
i = t0 + i

τ

n
(i = 0, ±1, . . . ,±n),

7Henceforth |x| means (x∗x)1/2. Such a form of D is chosen only for simplicity.
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and construct on this segment some Euler polygons

xn(t) = xn

(
t
(n)
i

)
+
(
t− t

(n)
i

)
f̂
[
xn

(
t
(n)
i

)
, t

(n)
i

]

for t ∈
[
t
(n)
i , t

(n)
i+1

]
, i = 0, 1, . . . , n − 1, and for t ∈

[
t
(n)
i−1, t

(n)
i

]
, i =

0, −1, . . . , −(n− 1), where xn(t0) = a and f̂
[
xn

(
t
(n)
i

)
, t

(n)
i

]
denotes any

vector from the set f
[
xn

(
t
(n)
i

)
, t

(n)
i

]
. In view of (1.42), the family of

vector functions constructed in segment (1.43) is uniformly bounded and

equicontinuous. By the Arzelá theorem, there exists a subsequence xnk
(t)

which uniformly converges in (1.43) to some vector function x(t). Along

with all the functions xnk
(t), the function x(t) clearly satisfies the initial

condition (1.44) and the Lipschitz condition with the constant c. The last

fact implies that x(t) is absolutely continuous. It remains to verify that

inclusion (1.41) is valid. To prove this we begin with a simple lemma.

Lemma 1.1 If x(t) is a function absolutely continuous on8 〈a, b〉 and

|dx/dt| ≤ c for almost all t ∈ 〈a, b〉, then

1

b− a
[x(b) − x(a)] ∈ conv

⋃

t∈〈a, b〉a.e.

dx

dt
. (1.45)

Here conv denotes a closed convex hull and the notation “t ∈ 〈a, b〉 a.e.”

means that the union is taken over all points of the interval 〈a, b〉 where

the derivative dx/dt exists.

To prove this lemma, we take advantage of a formula which follows from

the definition of the Lebesgue integral:

1

b− a
[x(b) − x(a)] =

1

b− a

b∫

a

dx

dt
dt = lim

k→∞
yk

where

yk =

k∑

i=1

µi

|b− a|
dx(ti)

dt

are Darboux–Lebesgue sums, µi ≥ 0, µ1 + . . . + µk = |b − a|. Obviously,

for all k the vectors yk belong to the right-hand side of inclusion (1.45).

Hence (1.45) is valid also for the limit vector. The proof of Lemma 1.1 is

complete.
8Recall that 〈a, b〉 = [a, b] if a < b and 〈a, b〉 = [b, a] if b < a.
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Let us continue with the proof of Theorem 1.1. Suppose at a point t

there exists a derivative dx/dt. Verify that inclusion (1.41) holds. From

Lemma 1.1 and the construction method of Euler polygons, we get

1

h
[xnk

(t+ h) − xnk
(t)] ∈

i=nk⋃

i=−nk

f̂
[
xnk

(
t
(nk)
i

)
, t

(nk)
i

]
(1.46)

where f̂
[
xnk

(
t
(nk)
i

)
, t

(nk)
i

]
means the vector from the set

f
[
xnk

(
t
(nk)
i

)
, t

(nk)
i

]

which was chosen by the construction of Euler polygons. Clearly, the set

of vectors in the right-hand side of (1.46) is contained in the set

conv
⋃

λ∈〈t−τ/nk, t+h+τ/nk〉

f [xnk
(λ), λ] .

Since the function f(x, t) is semicontinuous, the semidistance9 of this set

from the convex hull

conv
⋃

λ∈〈t, t+h〉

f [x(λ), λ] (1.47)

tends to zero as nk → ∞. From the convexity of the set f(x, t) and semi-

continuity of the function f , it follows that the semidistance of the hull

(1.47) from the set f(x, t) vanishes as h→ 0.

For convenience, in what follows differential inclusion (1.40) will be

written as a vector differential equation

dx

dt
= f(x, t) (1.48)

with a multivalued right-hand side. By a solution of this equation we

mean an absolutely continuous vector-valued function x(t) satisfying the

differential inclusion (1.40) in the sense of Definition 1.3.

Henceforth, without additional notice, we assume that the right-hand

side of the system (1.48) is semicontinuous and a set f(x, t) is closed,

bounded, and convex at each point (x, t) of its domain of definition.

9By the semidistance of a set A from a set B in R
N we mean sup

x∈A
inf
y∈B

ρ(x, y).
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Theorems on continuation of solutions, similar to the corresponding

theorems for systems with continuous right-hand sides, are valid also for

system (1.48) with a multivalued right-hand side.

Theorem 1.2 If a right-hand side of system (1.48) is defined for all

0 < t < +∞ (−∞ < t < +∞), x ∈ R
N and a solution lies in some bounded

region G ⊂ R
N , then this solution is continuable over all 0 < t < +∞

(−∞ < t < +∞).

Proof. Let there exist such T > 0 that a solution x(t) cannot be contin-

ued for t ≥ T . Construct a sphere with center at the origin of coordinates

which contains the region G. Let S be a sphere with center at the origin,

whose radius is twice the radius R of the sphere previously constructed.

Denote c = sup |z|, where z ∈ f(x, t), 0 < t < 2T , |x| ≤ 2R, and, us-

ing Theorem 1.1, construct a solution y(t) satisfying the initial condition

y(T − ε) = x(t − ε) with ε being some fixed number from the interval

0 < ε < 2R/c. According to (1.43), the solution y(t) is defined at least

for T − ε ≤ t ≤ T − ε+ 2R/c, which contradicts the supposition that x(t)

cannot be continued for t > T . For the case −∞ < t < +∞ the theorem is

proved similarly.

The next statement extends the well-known Wintner theorem on con-

tinuation of solutions of differential equations with continuous single-valued

right-hand sides [Wintner (1945)] to systems with multivalued right-hand

sides.

Theorem 1.3 Let the right-hand side of system (1.48) be defined for all

0 < t < +∞ (−∞ < t < +∞), x ∈ RN and let the estimate

|ξ| ≤ L(|x|), ∀ξ ∈ f(x, t), x ∈ R
N , 0 < t < +∞ (−∞ < t < +∞) (1.49)

hold, where a function L(r) is positive, continuous, and has the property

∞∫

0

dr

L(r)
= ∞. (1.50)

Then all the solutions of system (1.48) can be continued to 0 < t < +∞
(−∞ < t < +∞).

Proof of this theorem will be presented for the case 0 < t < +∞
(the case (−∞ < t < +∞) is considered similarly). Let a solution x(t)

exist for t0 ≤ t < T and suppose that it cannot be continued for t > T .
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Then, by Theorem 1.2, the value of |x(t)| is unbounded when t→ T . By the

definition of a solution of (1.48), it follows that the equality dx(t)/dt = ξ(t),

ξ(t) ∈ f [x(t), t], holds almost everywhere on the interval t0 < t < T .

Premultiplying this inequality by 2x∗(t) and taking advantage of estimate

(1.49), we arrive at the inequality

d|x(t)|2
dt

≤ 2|x(t)|L(|x(t)|)

which implies

t− t0 ≥
|x(T )|∫

|x(t0)|

dr

L(r)
.

In view of (1.50), when t is sufficiently close to T , this inequality is contra-

dictory.

In what follows, a crucial role will be played by the following theorem

on continuous dependence of solutions of (1.48) on initial data.

Theorem 1.4 Let an be a sequence of points converging to a as n→ ∞,

and x(t, an) be a set of the solutions of the equation (1.48) which satisfy

the condition

x(t0, an) = an. (1.51)

Suppose that all the solutions x(t, an) exist for T− ≤ t ≤ T+ and lie in

some bounded region in RN . Then for any segment [τ−, τ+], which is con-

tained in [T−, T+], there exists a subsequence {ank
} such that the functions

x(t, ank
) uniformly converge to a solution x(t, a) of the equation (1.48) with

the initial condition

x(t0, a) = a, (1.52)

as nk → ∞ and t ∈ [τ−, τ+].

The proof of this theorem is straightforward. By the Arzelá theorem,

there exists a subsequence x(t, ank
) converging as nk → ∞ to some con-

tinuous vector-valued function, which will be denoted by x(t, a). Condition

(1.52) follows from (1.51). The limit function x(t, a) meets the Lipschitz

condition, and therefore it is absolutely continuous. It remains to verify
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that inclusions (1.41) are valid. By Lemma 1.1,

1

h
[x(t+ h, ank

) − x(t, ank
)] ∈ conv

⋃

λ∈〈t,t+h〉a.e.

dx(λ, ank
)

dλ
.

By Definition 1.3, the set in the right-hand side of this relationship is con-

tained in the set

conv
⋃

λ∈〈t,t+h〉

f [x(λ, ank
), λ].

The semidistance of the last set from the set

conv
⋃

λ∈〈t,t+h〉

f [x(λ, a), λ]

vanishes as nk → ∞, since the function f is semicontinuous. In turn, the

semidistance of this convex hull from the set f [x(t, a), a] vanishes as h→ 0

because of the semicontinuity of the function f and convexity of the set

f [x(t, a), t].

For applications it is a very important case when equation (1.48) is

autonomous, i.e., when it takes the form

dx

dt
= f(x). (1.53)

We suppose that f(x) is an N -dimensional multivalued vector function,

which is semicontinuous at any point x0 ∈ RN . In addition, at any point

x0 ∈ RN the set f(x0) is closed, convex, and bounded.

Denote by x(t, b) a solution of equation (1.53) satisfying the condition

x(0, b) = b. When t runs through all the interval of existence of the solution,

the set of points x(t, b) forms a curve in RN which is called a trajectory.

Observe, that when the uniqueness of solutions is lacking, there may be

many trajectories going through the same point. A point a ∈ RN will be

called ω-limiting for a given trajectory x(t, b) defined for t ∈ [0, +∞), if

there exists a sequence {tn} which tends to infinity as n→ ∞ and such that

x(tn, b) → a. The set of all ω-limiting points will be called an ω-limiting

set .

In the next section, when establishing some Lyapunov-type lemmas, we

will use the following property of the trajectories of (1.53).

Theorem 1.5 Let an ω-limiting set Ω of a trajectory x(t, b) of system

(1.53) be bounded. Then for every ω-limiting point a ∈ Ω there exists
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at least one trajectory x(t, a) which passes through this point, defined for

t ∈ (−∞, +∞), and consists entirely of ω-limiting points, i.e., x(t, a) ∈ Ω

when t ∈ R1.

Proof. From the boundedness of the ω-limiting set Ω it follows that

the trajectory x(t, b) is also bounded when t > 0. Indeed, if there exists a

sequence tn → ∞ such that |x(tn, b)| → ∞, then, because of the continuity

of the vector function x(t, b) and boundedness of Ω, there exists a sequence

t′n → ∞ such that the vectors x(t′n, b) lie in a bounded region and are

separated from Ω. Then an accumulation point for x(t′n, b) will be an ω-

limiting point which does not belong to Ω. This contradicts the definition

of an ω-limiting set Ω.

Let G be a bounded region containing the trajectory x(t, b) for t > 0.

Since a ∈ Ω, there exist times tn such that 0 < t1 < t2 < . . ., tn → ∞, and

an = x(tn, b) → a as n → ∞. Obviously, the vectors y(t, an) = x(tn + t, b)

lie in G for t ∈ [−τ, τ ] and for all n, provided that 0 < τ < t1. By

Theorem 1.4, there exists a subsequence {ank
} such that ank

→ a and the

vector functions y(t, ank
), as t ∈ [−τ, τ ] and nk → ∞, converge to some

solution y0(t, a) of equation (1.53) with the initial condition y0(0, a) = a.

Since x(tnk
+ t, b) → y0(t, a) as nk → ∞, it is easily seen that y0(t, a) ∈ Ω

when t ∈ [−τ, τ ].
Repeating the above reasoning for ω-limiting points y0(τ, a) and

y0(−τ, a), we can extract from nk a subsequence nki
such that x(tnki

+ t, b)

converges for t ∈ [τ, 2τ ] to some solution y1(t) satisfying the condition

y1(τ) = y0(τ, a), and for t ∈ [−2τ, −τ ] it converges to a solution y−1(t)

which meets the condition y−1(−τ) = y0(−τ, a).
Continue the vector function y0(t, a) over [−2τ, −τ ] and [τ, 2τ ] with the

formulas

y0(t, a) =

{
y−1(t), −2τ ≤ t ≤ −τ,
y1(t), τ ≤ t ≤ 2τ.

Then we get a trajectory y0(t, a) which passes through the point a at t = 0

and consists of ω-limiting points of the trajectory x(t, b) when −2τ ≤ t ≤
2τ .

We can continue this process to obtain a trajectory which belongs to Ω

for all t.

Now let us discuss a situation when a function f(x) in (1.53) is a super-
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position of multivalued functions, i.e., when we have an equation

dx

dt
= p(z), z = g(x)

where g(x) is a m-dimensional multivalued function which is semicontinu-

ous at any point x0 ∈ RN . In addition, the set g(x0) is convex, closed, and

bounded in R
m. Let the multivalued vector function p(z) be also semicon-

tinuous at any point z0 ∈ g(x0) and the set p(z0) be convex, closed, and

bounded in RN . Will the function f(x) = p(g(x)) be semicontinuous at a

point x0, and will the set p(g(x0)) be convex, closed, and bounded? The

closedness of this set follows from the semicontinuity of the function p(z).

Since

f(x0) =
⋃

z∈g(x0)

p(z),

the set f(x0), being a union of convex and bounded sets, does not need to

be convex or bounded itself. However, if it is required that the set p(g(x))

be convex and bounded for all x ∈ R
N , then it can be easily checked

that the semicontinuity of the function f(x) = p(g(x)) follows from the

semicontinuity of the functions p(z) and g(x). Indeed, denote by Sε(ω) an

ε-neighborhood of a set ω, and let

ω(x0) = g(x0), Ω(x0) =
⋃

z∈ω(x0)

p(z).

Since p(z) is semicontinuous, for any ε > 0 and any z ∈ ω(x0) there exists

δ = δ(ε, z) such that u ∈ Sδ(z) implies p(u) ⊂ Sε(Ω(x0)). From the covering⋃

z∈ω(x0)

Sδ(z) we can choose a finite covering
⋃

k

Sδk
(zk). Let µ > 0 be so

small that Sµ(x0) ⊂
⋃

k

Sδk
(zk). Using this µ, in view of semicontinuity

of g(x), choose ν = ν(µ, x0) such that x ∈ Sν(x0) implies the inclusion

g(x) ⊂ Sµ(ω(x0)). Therefore g(x) ⊂
⋃

k

Sδk
(zk), whence it follows that

p(g(x0)) ⊂ Sε(Ω(x0)), which is the required inclusion. Thus we arrived at

the following result.

Theorem 1.6 Suppose in system (1.53) f(x) = p(g(x)), the functions

p(·) and g(·) are semicontinuous, and at any point of their domains of

definition their values are convex, closed, bounded sets in RN and Rm re-

spectively. Let a value of f(x) be a convex, bounded set. Then the function
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f(x) is semicontinuous and a local theorem for the existence of solutions is

valid for system (1.53).

Corollary. Let in system (1.53) f(x) = p(g(x)),

p(z) =

r∑

j=1

aj sgn(cj , z), g(x) =

l∑

i=1

bi sgn(di, x)

where aj , dj ∈ RN , ci, bi ∈ Rm,

sgnσ =





1, σ > 0,

−1, σ < 0,

[−1, +1], σ = 0.

(If some of the vectors cj or di are equal, we suppose that the system

contains several equal units.) Then a solution exists for all t > 0.

Indeed, the semicontinuity of p(·) and g(·) is obvious, as well as closed-

ness and boundedness of the sets p(z), g(x), f(x) and convexity of the sets

p(z), g(x). Let us verify that the set f(x) is convex. Let x be fixed and

(di, x)





> 0, i ∈ I+,

< 0, i ∈ I−,

= 0, i ∈ I0.

Then

z =
∑

i∈I+

bi −
∑

i∈I−

bi +
∑

i∈I0

biξi, −1 ≤ ξi ≤ +1.

Introduce a notation αij = (cj , bi), ηij = αijξi, αj =
∑

i∈I+
αij −∑

i∈I−
αij , α

−
ij = αj − |αij |, α+

ij = αj + |αij |. Then (cj , z) = [µ−
j , µ

+
j ]

where µ−
j =

∑
i∈I0

α−
ij , µ

+
j =

∑
i∈I0

α+
ij . Hence p(z) =

∑r
j=1 aj sgnµj

where µ−
j ≤ µj ≤ µ+

j . Let j ∈ J+ if µ−
j > 0, j ∈ J− if µ+

j < 0, and j ∈ J0

if 0 ∈ [µ−
j , µ

+
j ]. Then

p(z) =
∑

j∈J+

aj −
∑

j∈J−

aj +
∑

j∈J0

ajλj , −1 ≤ λj ≤ +1.

Obviously, the set p(z) is convex. Therefore, by Theorem 1.6, a solution

exists on some time interval. The continuity of the solution for all t > 0

follows from Theorem 1.3.

mktadmin
Note
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1.2.2 “Extended” nonlinearities

Turn now to the system

dx

dt
= Px+ qξ, σ = r∗x, (1.54)

ξ = ϕ(σ, t) (1.55)

examined in Section 2.1. Here P , q, and r are matrices of dimensions n×n,

n × m, and n × l respectively. Equations (1.54) describe a linear part of

the system, while equations (1.55) describe its nonlinear part with ξ being

an m-dimensional vector of outputs of nonlinear blocks. Assume that a

multivalued m-dimensional vector function ϕ(σ, t) is such that the above

local theorem for the existence of solutions is valid for system (1.54), (1.55)

(we mean Theorem 1.1).

By Definition 1.3, an absolutely continuous n-dimensional vector func-

tion x(t) is called a solution of system (1.54), (1.55) if an inclusion

dx

dt
∈ Px(t) + qϕ[σ(t), t] (1.56)

is valid for almost all t.

As was noted in Subsection 2.2.1, the information on a solution given

by formula (1.56) is incomplete for two reasons. Firstly, for practical ap-

plications it is more convenient to use not an inclusion but an equality.

Secondly, it is often necessary to know the signals at the outputs of the

nonlinear blocks. In other words, we are interested only in those solutions

x(t) to inclusion (1.56) for which there exists an m-dimensional vector func-

tion ξ(t) satisfying the relationships

dx

dt
= Px(t) + qξ(t) for almost all t, (1.57)

ξ(t) ∈ ϕ[r∗x(t), t]. (1.58)

From these formulas it is seen that the vector ξ(t) can be treated as

though it were an extension of a multivalued function ϕ[r∗x(t), t] on a

solution x(t), but, unlike ϕ[σ(t), t], ξ(t) is a single-valued function of t.

Definition 1.4 A vector function ξ(t) is called an extended nonlinearity

if (1.57), (1.58) are valid.

Clearly, to any solution x(t) corresponds its own extended nonlinearity

ξ(t). Sometimes, for the convenience of reasoning, which uses explicitly an
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extended nonlinearity ξ(t) corresponding to a solution x(t), a solution will

be denoted by a pair of vector functions x(t), ξ(t), implying that they are

related by (1.57) and (1.58).

If the matrix q∗q is nonsingular, the extended nonlinearity ξ(t) is deter-

mined uniquely from (1.57) for almost all t:

ξ(t) = (q∗q)−1

[
dx

dt
− Px(t)

]
.

Obviously, such ξ(t) is a measurable function of t.

In other cases, for a solution x(t) there may be many functions ξ(t)

which satisfy relationships (1.57), (1.58). There is nothing surprising in it,

because even a solution x(t) of the inclusion (1.56) with the fixed initial

condition x(t0) = x0 is not determined uniquely. It is known that such a

multiplicity may take place even for a classical solution of system (1.54),

(1.55), in the case when ϕ(σ, t) is a single-valued continuous vector function.

Most of the results following in this book will be established without any

assumptions about the uniqueness of solutions. So, rather tight constraints,

which guarantee the uniqueness of solutions, will not be imposed on the

system at hand.

We pose a question: is there a measurable extended nonlinearity ξ(t)

in the case when det q∗q 6= 0? The following theorem gives an affirmative

answer under very general assumptions.

Let F (t, x, ξ) be a vector function with values in R
n defined for t ∈ [a, b],

x ∈ RN , ξ ∈ Rm. Moreover, let σ(t, x) be a continuous vector function with

values in Rl defined in [a, b] × RN and ϕ(σ, t) be a multivalued function

defined in [a, b] × Rl whose values are subsets of RN .

Theorem 1.7 [V.M. Makarov] Assume that the function F is continuous,

the function ϕ is semicontinuous and its values are closed bounded subsets

of RN . Let x0(t) be a vector function, absolutely continuous on [a, b], which

satisfies a relationship

dx0(t)

dt
∈
{
F [t, x0(t), ξ] | ξ ∈ A(t)

}
(1.59)

for almost all t ∈ [a, b] with

A(t) = ϕ[t, σ(t, x0(t))].

Then there exists a Lebesgue measurable in [a, b], vector-valued function
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ξ0(t) such that the relationships

dx0(t)

dt
= F [t, x0(t), ξ0(t)], ξ0(t) ∈ A(t)

are valid for almost all t ∈ [a, b].

The proof of this theorem is based on the following lemma whose proof

is given below.

Lemma 1.2 [V.M. Makarov] Let H, Q be metric compact sets, Ψ be

a continuous mapping of H onto Q. Then there exists a Borel measur-

able10cut 11 θ of the mapping Ψ.

Proof of Theorem 1.7. Let H be “a graph” of the multivalued vector

function A(t), i.e., a set

{
(t, ξ) ∈ R

m+1 | t ∈ [a, b], ξ ∈ A(t)
}
.

Since the function A(t) is semicontinuous and its values are compact sets,

it is easy to verify that the set H is compact. Introduce a mapping Ψ :

H → RN+1 with the formula

Ψ(t, ξ) = [t, F (t, x0(t), ξ)] ((t, ξ) ∈ H)

and set Q = Ψ(H). Obviously, the mapping Ψ is continuous. Hence, by

Lemma 1.2, there exists a Borel measurable cut θ of the mapping Ψ. It is

clear that θ(t, η) = (t, θ1(t, η)) where a vector function θ1 is Borel measur-

able together with θ. Therefore, the superposition θ1[t, η(t)] is Lebesgue

measurable on [a, b], provided that η(t) is a vector function, Lebesgue mea-

surable on [a, b], and (t, η(t) ∈ Q for almost all t ∈ [a, b]. Comparing the

equalities

Ψ[θ(t, η)] = Ψ[t, θ1(t, η)] = (t, η)

and

Ψ[θ(t, η)] = Ψ[t, θ1(t, η)] =
(
t, F [(t, x0(t), θ1(t, η)]

)
,

10A mapping f : X → Y of a metric space X into a metric space Y is called Borel

measurable if a preimage of any Borel subset of Y is a Borel subset of X. An equivalent
definition is obtained if we require that preimages of all the sets open in Y be Borel
subsets of X. Any continuous mapping is Borel measurable. A superposition of a Borel
measurable mapping f and a Lebesgue measurable mapping g is a Lebesgue measurable
mapping [Halmos (1974)].

11By the definition, a mapping θ : Q → H is a cut of a mapping Ψ : H → Q if
Ψ[θz] = z for any z ∈ Q. The terms “lifting” or “selector” are also used.



January 6, 2004 10:58 WSPC/Book Trim Size for 9in x 6in book

40 Stability of Stationary Sets in Control Systems with Discontinuous Nonlinearities

we see that

F [t, x0(t), θ1(t, η)] = η if (t, η) ∈ Q. (1.60)

In view of (1.59), (t, dx0(t)/dt) ∈ Q for almost all t ∈ [a, b]. Using (1.60),

we obtain

F

[
t, x0(t), θ1

(
t,
dx0(t)

dt

)]
=
dx0(t)

dt
.

In addition, θ1(t, dx0(t)/dt) ∈ H, i.e., θ1(t, dx0/dt) ∈ A(t) for almost all

t ∈ [a, b]. It remains to set ξ0(t) = θ1(t, dx0/dt). Theorem 1.7 is proved.

Proof of Lemma 1.2. Let us construct a required mapping θ : Q → H
as a pointwise limit of Borel measurable step-mappings θn. The mappings

θn will be constructed with the help of sufficiently fine partitions of the sets

Q and H.

Fix an arbitrary sequence of numbers εn, εn → 0. Since the mapping Ψ

is uniformly continuous, there exist numbers δn > 0 such that diam Ψ < εn,

provided that e ⊂ H, diam e < δn. Obviously, without loss of generality,

we can suppose that δn → 0 as n→ ∞.

Consider closed sets Fj ⊂ H with the properties

∞⋃

j=1

Fj = H, diamFj < δ1 (j = 1, 2, . . .).

Set Ej = Ψ(Fj). Then

∞⋃

j=1

Ej = Q, diam Ej < ε1 (j = 1, 2, . . .).

Consider sets

e1 = E1, ej = Ej

∖ j−1⋃

i=1

Ei (j = 2, 3, . . .).

Clearly, the sets ej are pairwise disjoint,

∞⋃

j=1

ej = Q, diam ej ≤ diam Ej <

ε1. Let us fix a point xj in every set Fj , and define a mapping θ1 by setting

θ1(z) = xj for z ∈ ej (j = 1, 2, . . .). Since ej are Borel sets, the mapping θ1
is Borel measurable. In addition, if z ∈ ej then Ψ(θ1(z)) ∈ Ej and hence12

12We denote by ρH and ρQ the metrics in H and Q respectively.
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ρQ[z, Ψ(θ1(z))] < ε1.

Turn now to the construction of a set θ2. For every set Fj consider

closed sets Fjk with the properties

∞⋃

k=1

Fjk = Fj , diamFjk < δk (j, k = 1, 2, . . .).

Set Ejk = Ψ(Fjk). Then

∞⋃

k=1

Ejk = Ej , diamEjk < ε2 (j, k = 1, 2, . . .).

Consider sets

ej1 = Ej1

⋂
ej , ejk =

(
Ejk

∖ k−1⋃

i=1

Eji

)⋂
ej

(j = 1, 2, . . . ; k = 2, 3, . . .).

Clearly, the sets ejk are pairwise disjoint,

∞⋃

k=1

ejk = ej , diam ejk ≤

diam Ejk < ε2. Let us fix a point xjk in every set Fjk and define a mapping

θ2 by setting

θ2(z) = xjk if z ∈ ejk (j, k = 1, 2, . . .).

Since ejk are Borel sets, the mapping θ2 is Borel measurable.

If z ∈ ejk then Ψ(θ2(z)) ∈ Ejk and hence ρQ[z, Ψ(θ2(z))] < ε2. In addi-

tion, ρH[θ1(z), θ2(z)] < δ1, since the points θ1(z) and θ2(z) are contained

in one of the sets Fj .

When constructing a mapping θ3, represent each set Fjk in the form

of Fjk =

∞⋃

i=1

Fjkl where the sets Fjkl are closed and diamFjkl < δ3. The

further reasoning is similar to that given above, when we constructed the

mapping θ2. If we continue this process, we get Borel measurable mappings

θn with the properties

ρQ[z, Ψ(θn(z))] ≤ εn (n = 1, 2, . . .), (1.61)

ρH[θn(z), θm(z)] ≤ δp, p = min(m,n). (1.62)
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In view of (1.62), for any z ∈ Q there exists a limit lim
n→∞

θn(z). By setting

θ(z) = lim
n→∞

θn(z) (z ∈ Q) and passing to the limit in (1.61), we get

ρQ[z, Ψ(θ(z))] = 0, i.e., Ψ(θ(z)) = z.

Therefore, θ is a cut of the mapping Ψ. Since it is a limit of Borel measur-

able mappings θn, it is also Borel measurable.

Let us prove the following statement which will be used repeatedly.

Lemma 1.3 [Barabanov (1982)] Let x(t) and ξ(t) satisfy the system

dx

dt
= Px+ qξ, (1.63)

σ0 = h∗x+ κξ (1.64)

where P , q, h, κ, σ0 are constant matrices of sizes n × n, n ×m, n×m,

m×m, and m× 1 respectively. Suppose that

det[κ − h∗(P − λI)−1q] 6≡ 0, ∀λ ∈ C, (1.65)

and either σ0 = 0, or κ = 0.

Then x(t) is a solution of some linear system with constant coefficients,

and the roots of its characteristic equation coincide with the roots of the

polynomial det(P − λI) det[κ − h∗(P − λI)−1q].

Proof. At first, consider the case when σ0 = 0. Let there exist a

nonsingularm×m matrix S such that the firstm1 components of the vector

S−1ξ(t), m1 < m, can be expressed linearly in terms of the components

of the vector x(t), while the remaining m−m1 components, which form a

vector η(t), cannot. Then

ξ = S

∥∥∥∥
Rx

η

∥∥∥∥ (1.66)

where R is a constant m1 × n matrix. Then (1.64) takes the form

Om,1 =

[
r∗ + κS

∥∥∥∥
R

Om−m1,n

∥∥∥∥
]
x+ κS

∥∥∥∥
Om1,m−m1

Im−m1

∥∥∥∥ η.

Henceforth Okl denotes a null k× l matrix, Ik is the identity k× k matrix.

Since η cannot be expressed linearly in terms of x, we get the equality

κS

∥∥∥∥
Om1,m−m1

Im−m1

∥∥∥∥ = Om,m−m1
. (1.67)
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Therefore, (1.64) takes the form

Om,1 =

[
h∗ + κS

∥∥∥∥
R

Om−m1,n

∥∥∥∥
]
x.

By differentiating this equality along the solutions of (1.63), we obtain a

relationship

Om,1 =

[
h∗ + κS

∥∥∥∥
R

Om−m1,n

∥∥∥∥
]

×
[
Px+ qS

∥∥∥∥
R

Om−m1,n

∥∥∥∥ x+

∥∥∥∥
Om−m1,m1

Im−m1

∥∥∥∥ η
]
.

(1.68)

Then, from the above property of the vector η, we get an equality

[
h∗ + κS

∥∥∥∥
R

Om−m1,n

∥∥∥∥
]
qS

∥∥∥∥
Om1,m−m1

Im−m1

∥∥∥∥ = Om,m−m1
,

whence (1.68) takes the form

Om,m−m1
=

[
h∗ + κS

∥∥∥∥
R

Om−m1,n

∥∥∥∥
]

×
[
P + qS

∥∥∥∥
R

Om−m1,n

∥∥∥∥
]
x.

(1.69)

By differentiating this inequality and continuing the above reasoning, we

get a chain of relationships

[
h∗ + κS

∥∥∥∥
R

Om−m1,n

∥∥∥∥
]

×
[
P + qS

∥∥∥∥
R

Om−m1,n

∥∥∥∥
]j

qS

∥∥∥∥
Om1,m−m1

Im−m1

∥∥∥∥ = Om,m−m1
,

j = 0, 1, . . . , n. From these equalities and (1.67) we obtain an identity

[
h∗ + κS

∥∥∥∥
R

Om−m1,n

∥∥∥∥
] [

λIn − P − qS

∥∥∥∥
R

Om−m1,n

∥∥∥∥
]−1

× qS

∥∥∥∥
Om1,m−m1

Im−m1

∥∥∥∥ = Om,m−m1
,

(1.70)
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which can be represented in the form

[M(λ) − κS]

∥∥∥∥
Om1,m−m1

Im−m1

∥∥∥∥ = Om,m−m1
(1.71)

with

M(λ) = [h∗(λIn − P )−1q + κ]S

×
[
Im −

∥∥∥∥
R

Om−m1,n

∥∥∥∥ (λIn − P )−1qS

]−1

.

From (1.71) and (1.67) it follows that detM(λ) ≡ 0, which contradicts

(1.65). Hence, it is proved that

ξ(t) = Qx(t) (1.72)

where Q is a constant m× n matrix, and therefore the vector x(t) satisfies

a linear system. By (1.63), (1.64) and Schur’s Lemma, the characteristic

polynomial of this system takes the form

det

∥∥∥∥
P − λIn q

h∗ κ

∥∥∥∥ = det(P − λIn) det[κ − h∗(P − λIn)−1q]. (1.73)

Lemma 1.3 is proved for the case σ0 = 0.

Assume now that σ0 6= 0, κ = 0. Using the same line of reasoning as in

the case σ0 = 0, introduce representation (1.66), and by differentiating the

equality σ0 = h∗x along the trajectories of (1.63), we arrive at (1.68) with

κ = 0. Whence we obtain a relationship

h∗qS

∥∥∥∥
Om1,m−m1

Im−m1

∥∥∥∥ = Om,m−m1
.

Arguing as for the previous case, we ensure that representation (1.72) and

formula (1.73) are valid.

1.2.3 Sliding modes

Consider again system (1.54), (1.55). We assume that l = m and the ith

component of the vector ϕ depends only on the ith component of the vector

σ: ϕi = ϕi(σi) (1 ≤ i ≤ m).
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Definition 1.5 We say that a trajectory x(t) on an interval [t1, t2] is

in a partial sliding mode in respect of the coordinate σi if σi(t) ≡ σk
i for

t ∈ [t1, t2] with σk
i being a point where the function ϕi(σi) is multivalued.

If in an interval [t1, t2] a trajectory is in a sliding mode by all the

coordinates σi, 1 ≤ i ≤ m, such a sliding mode will be called complete.

Evidently, in the case of a single nonlinearity (m = 1) any sliding mode

is complete, hence we will just use the term “sliding mode.”

Obviously, a complete sliding mode a solution (x(t), ξ(t)) of system

(1.54), (1.55) satisfies the system of linear equations

dx(t)

dt
= Px(t) + qξ(t), r∗x(t) = σk (1.74)

(here σk is a vector with components σk
1 , . . . , σ

k
m). From Lemma 1.3 we

deduce the following result.

Theorem 1.8 The characteristic polynomial of the system of linear dif-

ferential equations which describe a complete sliding mode of system (1.54),

(1.55) is equal up to sign to the product of the characteristic polynomial of

the linear part (1.54) and the determinant of the transfer matrix.

Corollary. For system (1.54), (1.55) with a single scalar nonlinearity,

the characteristic polynomial of a sliding mode is equal up to sign to the

numerator of the transfer function. In this case, when the transfer func-

tion is degenerate it is supposed that its denominator is the characteristic

polynomial of the linear part of the system, i.e., the numerator and the

denominator of the rational fraction are not reduced.

Observe, that partial sliding modes are described with nonlinear dif-

ferential equations, therefore there is no counterpart of Theorem 1.8 for

them.

A case important for applications concerns the systems for which an

extended nonlinearity can be written as a sum of an absolutely continuous

function and a discontinuous saltus function. Before we start the examina-

tion of this case, we need to study in more detail some properties of sliding

modes. These results will be required below, in the proofs of Theorems 1.9,

1.10, as well as in the subsequent chapters.

In what follows an important role is played by a specific case of the

system (1.54), (1.55) when ξ = ϕ(σ) and each component of the vector ϕ is

a multivalued function of one scalar variable, which is a component of the

vector σ.
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Definition 1.6 A scalar multivalued function ζ(η) of a scalar argument

η will be called piecewise single-valued if it single-valued and continuous

everywhere, with the exception of the at-most-countable set of points ηk

which are not accumulated at a finite distance (inf
k 6=l

|ηk−ηl| > 0). Moreover,

ζ(ηk) = [αk, βk] and ζ(ηk − 0), ζ(ηk + 0) ∈ [αk, βk].

In other words, a piecewise single-valued function is obtained from a

single-valued piecewise continuous function, if its value at a discontinuity

point is identified with the segment which includes its left-hand and right-

hand limits. (The last requirement is imposed to ensure semicontinuity of

a multivalued function.)

A vector function ϕ(σ) will be called piecewise single-valued if each of its

components is a scalar piecewise single-valued function of some component

of the vector σ.

At first, consider system (1.54), (1.55) with one scalar piecewise single-

valued nonlinearity ϕ(σ), i.e., a system

dx

dt
= Px+ qϕ(σ), σ = r∗x (1.75)

where P is a constant n × n matrix, q and r are constant n-dimensional

columns.

We will be interested in the following two problems:

(i) What is the extended nonlinearity ξ(t) on a sliding mode?

(ii) How can a manifold of a sliding mode be described visually?

Suppose that the function ϕ(σ) is multivalued at a point σ0, and there

exist limit values ϕ(σ0 − 0), ϕ(σ0 + 0), and ϕ(σ0) = 〈ϕ(σ0 − 0), ϕ(σ0 + 0)〉.
Suppose that a trajectory lies on the hyperplane r∗x = σ0 when t1 <

t < t2, i.e., that the system is in a sliding mode. We will demonstrate that

while the system is in a sliding mode, an extended function ξ(t) is uniquely

determined as a linear combination of the components of x(t). According

to (1.75), for almost all t we have

dx

dt
= Px(t) + qξ(t), σ(t) = r∗x(t). (1.76)

Hence

dσ

dt
= r∗Px(t) − ρ1ξ(t) (1.77)

with ρ1 = −r∗q.
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At first, let us examine the case ρ1 6= 0. Since σ(t) ≡ σ0 for t ∈ [t1, t2],

dσ/dt = 0 for the same t. But, in view of (1.77), it is possible only if

ξ(t) = r∗Px(t)/ρ1.

Furthermore, let

ρν = −r∗P ν−1q = 0, 1 ≤ ν ≤ k,

ρk+1 = −r∗P kq 6= 0.
(1.78)

Then from (1.76) we conclude that the functions ζi(t) = r∗P i−1x(t) satisfy

the equations

dζ1
dt

= ζ2, . . . ,
dζk
dt

= ζk+1,
dζk+1

dt
= r∗P k+1x− ρk+1ξ.

Since ζ1(t) ≡ σ0 for t1 < t < t2, ζ2(t) = . . . = ζk+1(t) = 0 for the same

t, and therefore ξ(t) = r∗P k+1x(t)/ρk+1. Thus a sliding mode of system

(1.75) is described in Rn by a linear system

dx

dt
= Px+ q

r∗P k+1x

ρk+1
(1.79)

where ρk+1 is the first nonzero number in the sequence

ρk+1 = −r∗P kq (k = 0, 1, 2, . . .).

What are the conditions under which a trajectory lies in a discontinuity

hyperplane? In order to answer this question, we will study the direction

field of system (1.75) in a neighborhood of the hyperplane σ = σ0.

First we consider the case when ρ1 6= 0 and an inequality

ρ1[ϕ(σ0 − 0) − ϕ(σ0 + 0)] < 0 (1.80)

is satisfied. Let a point x0 lie on the hyperplane σ = σ0 and r∗Px0 >

ρ1ϕ(σ0 + 0). Then from (1.77) it follows that for any trajectory, lying in

a sufficiently small neighborhood of the point x0, the inequality dσ/dt > 0

holds for almost all t. Hence such trajectories pass through the hyper-

plane σ = σ0, going from the half-space σ < σ0 to the half-space σ > σ0

(see Fig. 1.1 (a)). Similarly, it can be shown that if r∗x0 = σ0 and

r∗Px0 < ρ1ϕ(σ0 − 0), then in a sufficiently small neighborhood of the

point x0 trajectories pass through the hyperplane σ = σ0, going from the

half-space σ > σ0 to the half-space σ < σ0.
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A different picture is obtained when

r∗x0 = σ0, ρ1ϕ(σ0 − 0) < r∗Px0 < ρ1ϕ(σ0 + 0).

From equality (1.77) it follows that in a sufficiently small neighborhood of

the point x0 when σ(t) 6= σ0 the inequality [σ(t)−σ0] dσ(t)/dt < 0 is valid,

i.e., trajectories of the continuous systems, defined on either side of the

hyperplane σ = σ0, are directed towards this hyperplane and connect with

each other on it (see Fig. 1.1 (b)). Therefore, a trajectory in a sufficiently

small neighborhood of the point x0 does not leave the hyperplane σ = σ0

and hence, as was shown above, it satisfies the linear system of differential

equations (1.79) for k = 0.

At the points of manifolds

{r∗x = σ0, r∗Px = ρ1ϕ(σ0 + 0)},
{r∗x = σ0, r∗Px = ρ1ϕ(σ0 − 0)}

(1.81)

trajectories of system (1.75) also satisfy system (1.79) for k = 0. Moreover,

trajectories can leave the first manifold towards the half-space σ > σ0 and

the second one towards the half-space σ < σ0.

A manifold

{r∗x = σ0, ρ1ϕ(σ0 − 0) ≤ r∗Px ≤ ρ1ϕ(σ0 + 0)}, (1.82)

where trajectories satisfy the linear system (1.79), is naturally called “a

manifold of sliding modes.” Manifolds (1.81) will be called boundaries of

the manifold of sliding modes.

Observe that sliding modes of relay systems were studied in [Neimark

(1957)] and other papers. Some authors applied the term “sliding mode”

only to the situation when a sliding manifold had a dimension one less than

the dimension of the state space.

If a segment ϕ(σ0) does not coincide with 〈ϕ(σ0 − 0), ϕ(σ0 + 0)〉 then,

taking into account semicontinuity of ϕ(σ), we get

〈ϕ(σ0 − 0), ϕ(σ0 + 0)〉 ⊂ ϕ(σ0).

Then it is easily seen that the trajectories pass through the manifold

{r∗x = σ0, r∗Px/ρ1 ∈ ϕ(σ0) \ 〈ϕ(σ0 − 0), ϕ(σ0 + 0)〉, }

but, at the same time, there is a sliding mode on this manifold. Therefore,

at the points of this manifold the solutions are not unique.
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Similar arguments also apply in the case (1.78). If we take ϕ(σ0) =

〈ϕ(σ0−0), ϕ(σ0 +0)〉 and ρk+1[ϕ(σ0−0)−ϕ(σ0 +0)] < 0, we conclude that

the trajectories pass through those points of the hyperplane σ = σ0 where

either r∗P ix 6= 0 for at most one i ≤ k, or r∗P ix = 0 for all 1 ≤ i ≤ k, but

r∗P k+1x 6⊂ [ρk+1ϕ(σ0−0), ρk+1ϕ(σ0 +0)]. At the same time, the manifold

of a sliding mode is described by

r∗x = σ0, r∗Px = . . . = r∗P kx = 0, (1.83)

ρk+1ϕ(σ0 − 0) ≤ r∗P k+1x ≤ ρk+1ϕ(σ0 + 0). (1.84)

The boundary of the manifold of a sliding mode (1.83), (1.84) is given by

the formulas (1.83) and by one of the inequalities

r∗P k+1x = ρk+1ϕ(σ0 + 0) or r∗P k+1x = ρk+1ϕ(σ0 − 0).

It is worth noting that an n-dimensional system of differential equations

(1.79) describes a sliding mode in Rn. Since the trajectories of this sliding

mode lie on an (n−k−1)-dimensional manifold (1.83), (1.84), on this man-

ifold they satisfy some (n− k− 1)-dimensional linear system of differential

equations of a sliding mode (we will not present this system here). By the

corollary to Theorem 1.8, the characteristic polynomial of this linear system

is equal up to sign to the numerator of the transfer function. Therefore,

the dimension of a sliding mode manifold can be judged from a transfer

function only.

Assume now that in case of ρ1 6= 0 the inequality opposite to (1.80) is

true, namely,

ρ1[ϕ(σ0 − 0) − ϕ(σ0 + 0)] > 0.

As before, it is easy to verify that trajectories pass through those parts of

the hyperplane r∗x = σ0 which additionally satisfy either r∗Px < ρ1ϕ(σ0 +

0), or r∗Px > ρ1ϕ(σ0 − 0). Take an initial point x0 on the manifold

r∗x = σ0, ρ1ϕ(σ0 + 0) ≤ r∗Px0 ≤ ρ1ϕ(σ0 − 0)}. (1.85)

Since [σ(t) − σ0]σ̇ > 0 in a sufficiently small neighborhood of the point

x0 when σ(t) 6= σ0, trajectories of continuous systems (1.75), defined on

both sides of the hyperplane σ = σ0, do not connect, but “diverge” in the

vicinity of x0 (see Fig. 1.1 (c)).

Therefore, we can emit from this point at least three trajectories. The

first one is defined by the linear system (1.79) for k = 0 and lies on the

manifold (1.85). The second trajectory goes to the half-space σ > σ0 and
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satisfies the continuous system (1.75) with ϕ(σ0) = ϕ(σ0+0) in a sufficiently

small neighborhood of the point x0. The third trajectory goes to the half-

space σ < σ0 and satisfies the continuous system (1.75) with ϕ(σ0) =

ϕ(σ0 − 0).

Similar reasoning is valid in the case (1.78). Namely, if ρk+1[ϕ(σ0 −
0)−ϕ(σ0 +0)] > 0, trajectories can leave a point of sliding modes manifold

(1.83), (1.84) into the half-space σ > σ0, as well as into the half-space

σ < σ0.

Now let us consider the system (1.54), (1.55) under the assumption

m > 1, ξ = ϕ(σ). When m > 1, a qualitative portrait of this system is

more complicated and, generally speaking, the above arguments cannot be

applied. However, in the specific case when the matrix −r∗q is diagonal

and nonsingular, the analysis is substantially simplified. In this case, even

for a partial sliding mode, the corresponding components of the extended

nonlinearity ξ(t) can be expressed in terms of the linear combinations of

the components of the vector x(t).

Indeed, let ρ1, . . . , ρm be the diagonal elements of the matrix −r∗q, and

h∗i be the ith row of the matrix r∗P . By differentiating the function σi(t)

along the solutions of system (1.54), we get an equality σ̇i = h∗i x−ρiϕi(σi).

Apply the above examinations to each of these relationships to verify that

if σ0
i is a point where the function ϕi(σi), ϕi(σ

0
i ) = 〈ϕi(σ

0
i −0), ϕi(σ

0
i +0)〉

is multivalued, and ρi[ϕi(σ
0
i − 0) − ϕi(σ

0
i + 0)] < 0, then the trajectories

pass through those parts of the hyperplane σi = σ0
i where either h∗i x >

ρiϕi(σi + 0), or h∗i x < ρiϕi(σ
0
i − 0). At the same time, on the manifold

σi = σ0
i , ρiϕi(σ

0
i − 0) ≤ h∗i x ≤ ρiϕi(σ

0
i + 0),

the trajectories are in a partial sliding mode with respect to a coordinate

σi, where the ith component ξi of the extended nonlinearity ξ is given by

the formula

ξi(t) = h∗i x(t)/ρi. (1.86)

The last formula will be useful in Chapter 3. It is easily seen that a trajec-

tory can leave the manifold of a partial sliding mode through the boundary

σi = σ0
i , h∗i x = ρiϕi(σ

0
i + 0)

only into the half-space σi > σ0
i , and through the boundary

σi = σ0
i , h∗i x = ρiϕi(σ

0
i − 0)
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only into the half-space σi < σ0
i .

Even for a diagonal matrix r∗q the differential equations of a partial

sliding mode are nonlinear, and they will not be studied here.

Let us return to the study of properties of an extended nonlinearity.

Theorem 1.9 Suppose that in system (1.75) the nonlinear function ϕ(σ)

is piecewise single-valued, and at the points, where it is single-valued, there

exists a piecewise continuous derivative dϕ/dσ, with |dϕ/dσ| bounded when

|σ| is bounded. If ρ1 = −r∗q 6= 0 then for any interval [a, b], where a

solution of (1.75) exists, the extended nonlinearity ξ(t) can be expressed in

the form of

ξ(t) = g(t) + s(t) (1.87)

where g(t) is an absolutely continuous function, and s(t) is a saltus function

of the form

s(t) =
∞∑

k=1

λk 1(t− tk). (1.88)

Here λk are some numbers, |λ1| + |λ2| + . . . <∞;

1(t) =

{
1, t > 0,

0, t < 0.

If ρ1 = 0 then a similar formula is valid for the function h∗x(t)ξ(t) with

h∗ = r∗P .

Proof. Without loss of generality, we suppose that |σ(t) − σ0| < ∆ for

t ∈ [a, b] where σ0 is a point where the function ϕ(σ), is multivalued, and

∆ is such a number, that all the other points, where ϕ(σ) is multivalued,

are offset by a distance greater than ∆ from σ0.

Consider first the case ρ1 6= 0. From the above arguments it is seen

that ξ(t) has discontinuities only of the first kind, the discontinuity points

tk are isolated, and hence they form an at-most-countable set. Denote this

set by E and its closure by E . Since E does not contain any intervals,

the set M = [a, b] \ E is an everywhere dense subset of [a, b]. By setting

λk = ξ(tk + 0) − ξ(tk − 0) in (1.88), we ensure that the function g(t),

given by (1.87), is continuous on [a, b]. Let us verify that g(t) meets the

Lipschitz condition on [a, b] and therefore is absolutely continuous. Since

g(t) is continuous, it suffices to check that

|g(τ ′) − g(τ ′′)| ≤ L1|τ ′ − τ ′′| (1.89)
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where τ ′, τ ′′ ∈ M (τ ′ < τ ′′). Henceforth Li are positive constants whose

values are of no significance to us.

From the preceding analysis of a qualitative portrait in a vicinity of the

hyperplane σ = σ0 (σ0 is a point where the function ϕ(σ) is multivalued)

it follows that if t∗ is a point of accumulation of the discontinuity times

tk then x(t∗) lies on the frontier (1.81) of the sliding modes manifold. For

sake of certainty, assume that (1.80) is satisfied and

r∗x(t∗) = σ0, r∗Px(t∗) = ρ1ϕ(σ0 + 0).

Let t′ be the nearest to τ ′ from the right point of the set E , and t′′ be

the nearest to τ ′′ from the left point of the same set. The existence of these

points follows from the closedness of E .

On the intervals, which do not contain any points of E , ξ(t) satisfies

the Lipschitz condition with some constant which is common for all such

intervals. The reason is that, as was shown above, either ξ(t) = ϕ(σ(t))

and dϕ/dσ is piecewise continuous at the point σ(t), or ξ(t) = r∗Px(t)/ρ1

and the functions σ(t), x(t) satisfy the Lipschitz condition on the interval

[a, b]. Therefore, to prove estimate (1.89) it is sufficient to verify that

|g(t′) − g(t′′)| ≤ L2|t′ − t′′|. (1.90)

Consider first the case when t′, t′′ ∈ E , i.e., when t′ and t′′ are the

discontinuity points of the function ξ(t). Let t̄ be a point of discontinuity

of ξ(t) which is nearest to t′′ from the left. From (1.87) it follows that

g(t′) − g(t′′) = ξ(t′ − 0) − ξ(t′′ − 0) + s(t′′ − 0) − s(t′ − 0).

Without loss of generality, we can assume that at the points of discon-

tinuity of ξ(t), which range from t′ to t′′, the trajectory approaches the

sliding mode manifold from the half-space σ > σ0 (see Fig. 1.12 (a)) and

hence

ξ(t′ − 0) − ξ(t′′ − 0) = ξ(t̄− 0) = ϕ(σ0 + 0).

Therefore, to prove (1.90) it suffices to check the inequality

|s(t′′ − 0) − s(t′ − 0)| ≤ L3|t′′ − t′|. (1.91)

Since s(t′′ − 0) = s(t̄+ 0), we have

s(t′′ − 0) − s(t′ − 0) =
∑

t′≤tk≤t̄

λk. (1.92)
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u

ρ1ϕ(σ0 + 0)

t′′

t′

σ0 σ

u = r∗Px

(a)

z

z = ρk+1ϕ(σ)

σ0 σ

z = r∗P k+1x

(b)

Fig. 1.12

As was shown above, ξ(t) = r∗Px/ρ1 on the sliding mode. Hence

λk = r∗Px(tk)/ρ1 − ϕ(σ0 + 0) = [u(tk) − u(t′k)]/ρ1

where u(t) = r∗Px(t) and t′k is the first time, following tk, when the tra-

jectory reaches the boundary of the sliding mode. Denote by tj the time

of discontinuity of ξ(t) which follows tk. Then, obviously13, tk < t′k < tj .

Since the function u(t) satisfies the Lipschitz condition on [a, b],

|λk | ≤ L4 |tk − t′k| < L4 |tk − tj |. (1.93)

From this inequality it follows that the series |λ1| + |λ2| + . . . converges,

and (1.91) is valid with L3 = L4.

Let us turn now to the case when at least one of the time instants t′, t′′

is an accumulation point for discontinuity times. Obviously, the times tk
can accumulate to t′ only from the right and to t′′ only from the left. For

the sake of certainty, let both the times t′, t′′ be points of accumulation.

Using L4, t
′ and t′′, we can choose a discontinuity time tk > t′ so close to

t′ that the inequality

|g(tk) − g(t′)| ≤ L4|t′′ − t′| (1.94)

13The time instants tk may be enumerated not in increasing order.
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holds. This can be done owing to the continuity of the function g(t). Sim-

ilarly, let us find a discontinuity time ti ∈ (tk, t
′′) such that the estimate

|g(t′′) − g(ti)| ≤ L4|t′′ − t′| (1.95)

is valid. We can write

g(t′) − g(t′′) = [g(t′) − g(tk)] + [g(tk) − g(ti)] + [g(ti) − g(t′′)].

In the same way as estimate (1.91) was obtained, the second expression in

square brackets can be majorized in absolute magnitude with L3|t′ − t′′|.
Whence and from (1.94), (1.95) we get (1.90). The theorem is proved for

the case ρ1 6= 0.

If ρ1 = 0, the preceding arguments fail in the point where we majorized

the value |λk|. The reason is that when ρ1 = 0 the point t∗ of accumulation

of the discontinuities of the function ξ(t) may be a point of discontinuity

of the second kind, because it is possible that tk → t∗ while |λk | = |ϕ(σ0 +

0)−ϕ(σ0 − 0)| 6→ 0. Such is the case for a trajectory which “curls” around

the boundary of a sliding mode manifold as t→ t∗, and passes through the

hyperplane σ = σ0 at times tk (see Fig. 1.12 (b)). However, the function

v(t) = u(t)ξ(t) will be continuous at the point t∗, because a trajectory is on

the boundary of the sliding mode at time t∗, so u(t∗) = 0. Therefore, it can

be shown that the function v(t) can be written in the form v(t) = g(t)+s(t)

where g(t) is an absolutely continuous function and s(t) is a saltus function

given by the formula (1.88) with λk = v(tk + 0) − v(tk − 0).

The proof of the fact that the function g(t) satisfies the Lipschitz con-

dition follows the scheme given above (see the case ρ1 6= 0). The only

difference is in the method of obtaining the estimate for |λk|. Let us dis-

cuss this in more detail. Since σ̇ = u(t), there is a time instant τk ∈ (tk, tj),

lying between the consecutive times tk and tj at which a trajectory is on

the hyperplane σ = σ0, and such that u(τk) = 0. Whence

|λk | = |v(tk + 0) − v(tk − 0)| = |u(tk)| · |ξ(tk + 0) − ξ(tk − 0)|
≤ |ϕ(σ0 + 0) − ϕ(σ0 − 0)| · |u(tk) − u(τk)| ≤ L5|tk − tj |,

because the function u(t) satisfies the Lipschitz condition. Thus, the esti-

mate (1.93) is proved and the proof of Theorem 1.9 is complete.

Theorem 1.10 Consider system (1.54), (1.55) with l = m. Let the i-th

component ϕi of the vector ϕ(σ) be a piecewise single-valued function of

σi, i.e., of the i-th component of the vector σ. Suppose that at the points
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where the function ϕi is single-valued there exists a piecewise continuous

derivative dϕi/dσi with |dϕi/dσi| bounded when |σi| is bounded.

If the matrix r∗q is diagonal and nonsingular, then for any interval

[a, b], where a solution of system (1.54), (1.55) exists, the extended nonlin-

earity ξ(t) can be written in the form

ξ(t) = g(t) + s(t)

where g(t) is an absolutely continuous m-dimensional vector function and

s(t) =

∞∑

k=1

λk 1(t− tk)

with m-dimensional constant vectors λk having the property |λ1| + |λ2| +

. . . <∞.

The proof of this theorem follows the same line of reasoning as that

of Theorem 1.9 in the case ρ1 6= 0. It is based on the above discussion

of the behavior of the trajectories of the system (1.54), (1.55) in a neigh-

borhood of a manifold of a partial sliding mode. It is worth noting that

from Theorem 1.10 with m = 1 follows the statement of Theorem 1.9 with

ρ1 6= 0.

Theorems 1.9 and 1.10 will be used in the next chapter when we inves-

tigate the discontinuous Lyapunov functions.

1.3 Dichotomy and Stability

In this section the notions of dichotomy, quasi-gradient-like behavior, global

asymptotic stability and piecewise global asymptotic stability are intro-

duced. The Lyapunov-type lemmas, which contain sufficient conditions

for these properties to hold, are presented. These lemmas are used in the

subsequent chapters.

1.3.1 Basic definitions

Consider a differential inclusion

dx

dt
∈ f(x, t). (1.96)
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Here f(x, t) is a multiple-valued semicontinuous vector function, defined

for −∞ < t < +∞, x ∈ Rn, which associates every point (x0, t0) with a

bounded, closed, convex set f(x0, t0). A local theorem on the existence of

solutions to system (1.96) was proved in Section 2.2.

Definition 1.7 A vector c is called stationary for the system (1.96) if

x(t) ≡ c is a solution of this system. The set all stationary vectors of (1.96)

is called a stationary set.

From Theorem 1.4 it follows that the stationary set of the system (1.96)

is closed.

Definition 1.8 System (1.96) is called dichotomic 14 if any solution,

bounded for t > 0, tends to the stationary set as t→ +∞.

Thus, if a system is dichotomic, then for any of its solutions there is an

alternative: either it is unbounded for t > 0, or tends to the stationary set

as t→ +∞.

Definition 1.9 System (1.96) is said to be pointwise dichotomic if all its

bounded solutions approach an equilibrium as t → +∞.

Dichotomy is a weaker property than stability, because it does not pre-

sume the lack of unbounded solutions. However, which is very important for

applications, there cannot be any auto-oscillations in a dichotomic system.

Following [Hale (1987)], let us introduce the following notions.

Definition 1.10 System (1.96) is said to be gradient-like if all of its

solutions tend to an equilibrium as t→ +∞.

Definition 1.11 System (1.96) is called quasi-gradient-like if any solution

tends to the stationary set as t→ +∞.

Definition 1.12 A stationary set Λ of system (1.96) is Lyapunov stable

(stable in the small) if for any ε > 0 there exists δ > 0 such that for

any solution x(t), satisfying the condition ρ[x(t0), Λ] < δ, the inequality

ρ[x(t), Λ] < ε holds for all t > t0.

In other words, a stationary set Λ is Lyapunov stable if all the trajecto-

ries, starting at t = t0 from the points sufficiently close to Λ, for all t > t0
remain as close to Λ as desired.

Definition 1.13 A stationary set of system (1.96) is called globally stable

if it is Lyapunov stable and, in addition, the system is quasi-gradient-like.
14Sometimes, following R.E. Kalman [Kalman (1957)], this property is called monos-

tability.
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Definition 1.14 A stationary set of system (1.96) is pointwise globally

stable if it is globally stable and any solution tends to some stationary vector

as t→ +∞.

The concept of gradient-like behavior is important for those systems,

for which not all stationary points are stable in the small. E.g., most of

the pendulum-like systems, considered in the last chapter of the book, have

such a peculiarity.

As for the difference between global stability and pointwise global sta-

bility, it is straightforward. When a system is globally stable, it is possible

that a trajectory “curls” around the stationary set but does not have a spe-

cific limit (see Fig. 1.11 (a)). When a system is pointwise globally stable,

each trajectory either reaches a stationary point in a finite time, or tends

to a stationary point as t → +∞ (see Fig. 1.11 (b)). In Chapter 3 we will

examine a number of systems whose stationary sets are globally stable or

pointwise globally stable.

Observe that different types of stability of manifolds for systems with

continuous right-hand sides were studied in [Yoshizawa (1963)].

1.3.2 Lyapunov-type lemmas

When studying dichotomy and all the types of stability described above,

the second method of Lyapunov will be used. Here we present a number of

auxiliary statements which will be useful in the subsequent chapters.

Consider the case when system (1.96) is autonomous, i.e., has the form

dx

dt
∈ f(x). (1.97)

Lemma 1.4 Let there exist a continuous function V (x) defined in R
n

and having the properties:

(i) V [x(t)] is nonincreasing in t for any solution x(t) of (1.97);

(ii) if an identity V [x(t)] = const is valid for all −∞ < t < ∞ and for

some solution x(t), bounded when −∞ < t < ∞, then the solution x(t) is

a stationary vector.

Then system (1.97) is dichotomic.

Proof. Let x(t, x0) be any trajectory of system (1.97), which is bounded

when t > 0 and passes through the point x0 at t = 0, i.e., x(0, x0) = x0.

The function V [x(t, x0)] is bounded for t > 0 and, according to the first
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condition of the lemma, is nonincreasing in t. Hence there exists a limit

lim
t→+∞

V [x(t, x0)] = γ(x0). (1.98)

Since the trajectory x(t, x0) is bounded for t > 0, the set Ω of its ω-

limiting points is not empty. By Theorem 1.5, for any point y from the set

Ω there is a trajectory x(t, y) which passes through this point and consists

of ω-limiting points of the trajectory x(t, x0). From (1.98) it follows that

V [x(t), y] = γ(x0) for all t. Then, from the second condition of the lemma,

the trajectory x(t, y) coincides with some stationary vector of system (1.97)

for all t, including t = 0. So the inclusion Ω ⊂ Λ is proved.

Assume now that x(t, x0) does not tend to Λ as t → +∞. Then there

exist a number α > 0 and a sequence tk → +∞ such that ρ[x(tk, x0), Λ] >

α. So, an accumulation point of the set {x(tk, x0)} is an ω-limiting point

of the trajectory x(t, x0) and lies outside Λ, which contradicts the inclusion

Ω ⊂ Λ proved previously.

Lemma 1.5 Suppose that there exists a continuous function V (x) defined

in Rn which satisfies the conditions (i) and (ii) of Lemma 1.4 and the

additional condition

(iii) V (x) → ∞ as |x| → +∞.

Then system (1.97) is quasi-gradient-like.

Proof. From condition (i) of Lemma 1.4, V [x(t)] ≤ V [x(0)]. Whence

and from property (iii), the solution x(t) is bounded for t > 0. Then, by

Lemma 1.4 and Definitions 1.7 and 1.8, system (1.97) is quasi-gradient-like.

Lemma 1.6 Suppose that the stationary set Λ of (1.97) is bounded and

there is an ε-neighborhood Λε of the set Λ such that there exists a continuous

function V (x, c) defined for all x ∈ Λε, c ∈ Λ and having the properties:

(i) V (x, c) > 0 for x ∈ Λε \ Λ,

(ii) V (c, c) = 0,

(iii) for any solution x(t) of system (1.97), V [x(t), c] is nonincreasing

in t when x(t) ∈ Λε.

Then the stationary set Λ is Lyapunov stable.

Remark. The function V (x, c) can satisfy all the conditions of Lem-

ma 1.6 and be nonvanishing when c 6= x ∈ Λ. If a function V (x, c) satis-

fies the conditions of Lemma 1.6 and does not depend on c, then, by the



January 6, 2004 10:58 WSPC/Book Trim Size for 9in x 6in book

Differential Equations with Discontinuous Right-Hand Sides 59

property (ii), it has to vanish in all the stationary set. In the latter case,

Lemma 1.6 is an extension of the well-known Lyapunov theorem on stability

in the small for systems with multivalued right-hand sides.

Proof of Lemma 1.6. Let us demonstrate that the set Λ is Lyapunov

stable. Suppose the contrary. Then there exist a number η, satisfying

the inequality 0 < η < ε, and sequences δk → 0, xk ∈ Λδk
, tk such that

ρ[x(t, xk), Λ] < η for 0 ≤ t < tk and

ρ[x(tk , xk), Λ] = η.

For any point xk there exists a point ck from the set Λ such that

ρ(xk , ck) < δk. By the third condition of the lemma,

V [x(tk , xk), ck] ≤ V (xk , ck). (1.99)

Let µ = inf V (x, c) over c ∈ Λ and over x belonging to the closed manifold

described by the equation

ρ(x, Λ) = η.

By the first condition of the lemma, µ > 0. From (1.99), the inequality

µ ≤ V (xk, ck) follows. The right-hand side of this inequality approaches

zero as δk → 0, whereas its left-hand side is positive and does not depend

on k. The contradiction obtained proves the Lemma 1.6.

Lemma 1.7 Assume that system (1.97) is quasi-gradient-like, all the

hypotheses of Lemma 1.6 are satisfied, and the equality V (x, c) = 0 can be

valid only for x = c. Then the stationary set Λ of system (1.97) is pointwise

globally stable.

Proof. To prove the lemma it suffices to show that the limit

lim
t→+∞

x(t, x0)

exists. Suppose the contrary. Then there exist two different ω-limiting

points c1 and c2 from Λ. Let β be a distance between them, and let τk
be a sequence such that x(τk , x0) → c1 as τk → ∞, and τm be so large

that x(t, x0) ∈ Λε for t > τm. From the third condition of Lemma 1.3,

the inequality V [x(t, x0), c1] ≤ V [x(τm, x0), c1] is valid for t > τm. Since

V (x, c1) = 0 only for x = c1, we conclude that the trajectory x(t, x0) does

not leave a β/2-neighborhood of c1 when τm is large enough and t > τm.

Then the point c2 cannot be ω-limiting for this trajectory.
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It is worth noting that a number of authors obtained a rich variety of

Lyapunov-type theorems, i.e., such theorems where the problem of stability

of invariant sets is reduced to the problem of finding Lyapunov functions

with certain properties. It is well known that the main problem is in con-

structing such functions.

Based on algebraic results of Chapter 2, further we will obtain

frequency-domain criteria necessary and sufficient for the existence of Lya-

punov functions of a certain class. These criteria satisfy conditions of Lem-

mas 1.4–1.7 and hence ensure dichotomy or some type of stability. Since

these criteria are necessary, they cannot be improved with the help of Lya-

punov functions of a prescribed class.

Observe that Lyapunov type theorems for systems with continuous non-

linearities were proved by different authors. See, e.g., monographs [Malkin

(1966); Krasovskii (1963); Lefschetz (1965)] and a review [Rumyantsev

(1968)]. Remark also that an important generalization and development

of the second Lyapunov method [Lyapunov (1963)] was given in [Matrosov

et al. (1980)].




