Chapter 1

Regularly and singularly perturbed
systems

The main purpose of this chapter is to briefly explain some preliminary
mathematical results concerning the properties and analysis of perturbed
differential equations. These are used throughout the book as background
for a technique of approximate analysis and design of nonlinear control
systems. In particular, the main notions of two-time analysis, as well as the
conditions for the stability of regularly and singularly perturbed differential
equations, are introduced. Quantitative criteria for degree of time-scale
separation between fast and slow motions are considered.

1.1 Regularly perturbed systems

1.1.1 Nonlinear nominal system

Let us consider an autonomous (time-invariant) dynamical system given by
X = f(X) + ng(X), (1.1)

where
X is the state of the system (1.1), X € R, X = {z1,22,...,20}7;
f and g are continuous functions of X on Qx;
Qx is an open bounded subset of R";
1 is a positive small parameter.
Taking ¢ = 0 in (1.1) we obtain the system

which is called the nominal system. The system (1.1) is called a perturba-
tion or perturbed system of the nominal system (1.2).
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First, let us make some assumptions regarding the properties of the
nominal system.

Let 0 € Qx C R™ and let X = 0 be an equilibrium point of (1.2), ie.,
F(X)|x_o = 0. Let us assume that a Lyapunov function V(X) exists such
that the inequalities

alXI? < V0 < X a9
V(X) = T2 1) < el X, (14
|3 <l (19)

are satisfied for all X € Qx, where ¢; are some positive constants and
oV [oV oV 8_V_
X | 8zy Oz’ Oz,

is a row vector.
From (1.3) the inequalities

V) < xpe < X0 (1.6)
[5)) [#
result. Then from (1.4) and (1.6) we have
V(X) < —eaf X|* < ~2V(X). (L.7)
2
Consequently
tdv V(X(t) _ es
— =1 < =
/0 vV V(X (0) T e
and
VX) < VOXo)e (-2t). (18)
2

where ¢ denotes the time variable.
In accordance with (1.3), (1.6), and (1.8), we have

VI2(X(t) _ VY%(X(0)) c3
IXOI < =5 < exp (~52+t)
1/2
s[z—ﬂ ||X(0)||exp<—2%t>. (1.9)
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From (1.9) it follows that
Jim X (t)=0

and, moreover, that X = 0 is the exponentially stable equilibrium point of
(1.2). The result may be formulated as a theorem.

Theorem 1.1 Let X = 0 be an equilibrium point for system (1.2), and
suppose the Lyapunov function V(X) exists such that the conditions (1.3)

and (1.4) are satisfied. Then the origin of the system (1.2) is exponentially
stable.

1.1.2 Linear nominal system
Let us consider a linear time-invariant (LTT) dynamical system of the form
X = AX, (1.10)
where
(i) A is an n X n real matrix;
(ii) det(A) # 0 and so X = 0 is the isolated equilibrium point of (1.10);
(iil) ReX;(A) <0, Vi=1,...,n and so A is a stability matrix* (Hur-

witz matrix.)

Let us consider a quadratic Lyapunov function
V(X)=XTPX, (1.11)

where P is a real symmetric positive definite matrix and P is the unique
solution of the Lyapunov equation

PA+ ATP=-Q (1.12)

for the given real symmetric positive definite matrix Q.

1Re A;(A) is the real part of the eigenvalue X; of A.
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Then the inequalities (1.3), (1.4), (1.5) appropriate to (1.10), (1.11) may
be rewritten in the following form:

Amin(PIXIB < V(X) < Amax(P)IX I3 (113)
. 0
e @IXI3 < V() = ¥ ax
= —XTQX S “)‘mm(Q)”X“%: (114)

ov
== =12XTPlla < 2P|z X |2 = 2Amax(P)| X [l2.  (1.15)
0X ||,
Consequently, the inequality (1.7) may be rewritten as
y )\min
V() < Amin(@QIX13 < - 22ty (), (L16)
Amax (P)
Then from (1.16) an upper bound for the Lyapunov function V(X) follows:

V(X(6)) < V(X(0)) exp (—j—r’:%t) .

Therefore, instead of (1.9), from the above we have

1/2 .
Il < 2= 1x@ler (<520 )

as an upper bound for the norm of the function X(¢).

Note that the ratio Apmin(@)/Amax(P) is maximized if @ = I (see in
[Patel and Toda (1980)], [Khalil (2002), p. 372}).

Similarly, from (1.13) and (1.14) it follows that

Amax(Q)

V(X) > —Amax(Q)I X3 = — Amin(P)

V(X)

is a lower bound for the derivative V(X) of the Lyapunov function V(X)
with respect to ¢, and hence

V(X(t)) 2 V(X(0)) exp (‘ §:§§)’ t)

is a lower bound for the Lyapunov function V(X). Finally, from (1.13) and
(1.18), we find that

(1.18)

)‘min (P)
Amax(P)

IX O > [ ]1/2 1X(0)1]2 exp ( o) g

" 2Amin(P)



Regularly and singularly perturbed systems 5

is a lower bound for the norm of the solution X(t) of the linear system
(1.10).

1.1.3 Vanishing perturbation

Let us consider the system (1.1), where it is assumed that the above as-
sumptions regarding the function f are satisfied and, moreover, that g is
an unknown continuous function of X on Qx and ¢ > 0 exists such that
the condition

lg(X)Il S esl| X, VX €Qx (1.20)

holds.

From (1.20) follows that g(X)|y_, = 0, and so the perturbation van-
ishes completely at the equilibrium point.

Obviously, the time derivative of V(X) along trajectories of (1.1) is
given by

V(X) = 2500 + ngza(X). (1.21)

In accordance with the above assumption, (1.4)—(1.5), and (1.20), it is easy
to see that

V(X) < —cal| XIP + 1 “ ey — peacs) | X% (1.22)

o[ 1acn <

As a result, if the inequality

C3
O<pu<— 1.23
SH< o (1.23)

is satisfied, then
c3 — peges >0
and, accordingly, we have
V(X)<0, VX#0, VXeQx. (1.24)

From (1.3), (1.22), and (1.24) it follows that the origin is an exponentially
stable equilibrium point of the perturbed system (1.1) if the parameter i
is small enough. So the result may be formulated as a theorem.

Theorem 1.2  Let the origin of the nominal system (1.2) be an exponen-
tially stable equilibrium point, and suppose the requirement (1.20) for the
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continuous function g holds. Then there exists u* > 0 such that for all
u € (0,u*), the origin of perturbed system (1.1) is exponentially stable.

Instead of (1.1), let us consider the system given by
X = AX + pg(X), (1.25)

which is the perturbation of the stable linear nominal system (1.10). Then
the inequality (1.22) appropriate to (1.25) may be rewritten as

V(X) £ ~Amin(@IIX 13 + 20 hmax (Pes | X 13
and, from (1.23), the inequality

Amin(Q)

0 <k < m(Pes

follows, where P is the solution of the Lyapunov equation (1.12).

1.1.4 Nonwvanishing perturbation

Instead of (1.1), let us consider the perturbed system given by
where the above assumptions regarding the function f are satisfied and

(i) g is an unknown continuous function of X on Qx and of w on Q,;
(ii) w serves to represent a vector of external disturbances and varying
parameters;
(iil) w € Qyp, where Q,, is a bounded subset of Rl

When we refer to a nonvanishing perturbation of the nominal system
(1.2), we have in mind that

3WE Ny | g(X =0,0) #0 (1.27)
and that a positive constant cg exists such that
lg(X,w)l| <cs, VX €EQxandVwe Qy.

Then, in accordance with (1.26), (1.4), and (1.5), the time derivative of
V(X) along trajectories of (1.26) can be found using the chain rule. It is
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given by

ov ov
= a5 /() + nox9(X,w) < —cs]| X2 + peacs || X |

= —(1 = d)es[| X||? + (neacs — des | X|DIX|.

V(X)

Let 0 < d < 1. If the inequality

HC4Ce
>
1) > 2
is satisfied, then
V(X) < (1 - d)esf| X[, (1.28)

Hence, some finite time ¢; exists such that the condition (1.28) holds for all
t € [0,t1). Therefore, similar to (1.9), we have an upper bound for || X (¢)}|
on this finite time interval given by

Ca 1/2 _Q-deg,
IXOI <= 1XO)lle =", vo<t<t
1

and an upper bound for || X (¢)|| on infinity defined by the inequality
IX@I<E2, vezn. (1.29)
dC3

So in the presence of the nonvanishing bounded perturbation discussed
above, the solutions of (1.26) are ultimately bounded with an ultimate
bound (1.29) that approaches zero as yu — 0.

Let us reconsider the perturbed system of the form (1.25) with the linear
nominal mode! (1.10) and in the presence of the nonvanishing bounded per-
turbation (1.27). Then from (1.15) and (1.16) it follows that the inequality
(1.29) may be rewritten as

2/.1,)\max(P)Cﬁ Vi> tl

X®2 < Dorn(0) >

1.2 Singularly perturbed systems

1.2.1 Singular perturbation
Let us consider the following set of differential equations:

X = f(X,2), X(0)=X°, (1.30)
,uZ=g(X,Z), Z(O) =Zoa (131)
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where 4 is a small positive parameter, X € R", Z € R™, and f and g are
continuously differentiable functions of X and Z.

The system (1.30)—(1.31) is called the standard singular perturbation
model of a finite-dimensional dynamical system.

Let us release Z from the initial condition; then, with x4 = 0, the system
(1.30)—(1.31) of dimension n + m degenerates into

X =f(X,2), X(0)=X° (1.32)
0= g(X, Z)a (133)

where the system {1.32)—-(1.33) has dimension n.
In accordance with the implicit function theorem, assume that

det{%}#& V Z € Qyg; (1.34)

then a function
Z = h(X) (1.35)

exists such that the function (1.35) is an unique solution of the equation
g(X,Z) = 0. Accordingly, the equality

9(X,M(X)) =0, VXex

holds.
Then the set

M={(X,2) | ¢(X,2)=0) (1.36)

is an n dimensional manifold in the original n + m dimensional state space
and, in accordance with (1.32) and (1.33), the behavior of X (t) on this
manifold is described by the reduced system

X = f(X,h(X)), X(0)=X°. (1.37)

1.2.2 Two-time-scale motions
If a pair of functions X(t), Z(t) is such that
g(X(t),Z(t)=0,¥Yt>0
then the equality
dg(X(t),Z(t))/dt=0,Vt>0
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also holds. Accordingly, we have

dg Jg
ﬁx aZZ (1.38)

and from (1.34) and (1.38) it follows that the behavior of Z(t) on the
manifold (1.36) is described by the equation

-1
g _[091 99
az oX
It follows that on the manifold M the ratio

121 _ “ ag - ag
B

is some regular numerical value that depends only on the functions f,g.

At the same time, in accordance with the system of equations (1.30)
and (1.31), we find that at an arbitrary point (X,Z) ¢ M of the n + m
dimensional state space this ratio is given by

12l _ 1llg(X, 2)]
x| wlfX,2)|

and depends on the small parameter u. So if ¢ — 0, then beyond the
manifold M two-time-scale motions appear in the solutions of the equations
(1.30)—(1.31), where Z is a fast changing variable and X is a slow changing
variable as shown in Fig. 1.1.

W

Fig. 1.1 Typical phase portrait in the case of a singularly perturbed system.
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1.2.3 Boundary-layer system

Let us introduce a new variable Y = Z — h(X), where Y is a deviation of Z
from manifold (1.36). Then the equations (1.30)~(1.31) may be rewritten
in the form

dX = f(X,Y + (X)), X(0)= X", (1.39)
%—’ti = 90X, Y + h(X) ~ pi (XY + (X)), Y(0) = ¥°, (140)

where Y (0) = Z(0) — (X (0)). After introducing a new time scale to = t/u
into (1.39)—(1.40), we have

X - WY +h(0), X(O) =X, "
% = 9(X, Y+ A(X)) - “3Xf(X Y +h(X)), Y(0) = Y°. (1.42)

From (1.41)-(1.42) it is easy to see that in the new time scale t; we have
dX/dty — 0; that is, the rate of transients of X (t) decreases as u — 0.
As a result, if u tends to zero then from (1.41)—(1.42) the equation of a
boundary-layer system

dy

o =g9(X,Y + h(X)), Y(0)=Y" (1.43)

follows as an asymptotic limit, where X is the frozen variable, i.e., X =~
const.

1.2.4 Stability analysis

The investigation of conditions under which the trajectories of the full
singularly perturbed system (1.30)-(1.31) approximate to the trajecto-
ries of the reduced model (1.37) is important both from a theoreti-
cal viewpoint and for practical applications in control system analy-
sis and design. These conditions were considered in [Tikhonov (1948);
Tikhonov (1952)] and [Vasileva (1963)] for a bounded time interval t €
[0,t1], and then in [Krasovskii (1963); Klimushchev and Krasovskii (1962)]
and [Hoppensteadt (1966)] for an infinite time interval ¢ € [0, co).

The simplified version of stability analysis of the singularly perturbed
systems is provided below, while more detailed analysis may be found, for
instance, in [Khalil (2002)].
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Consider the singularly perturbed system (1.30)—(1.31)

X:f(X’Z)a X(O):XO,
pZ = g(X,2), 2(0)=2°

where the following assumptions are satisfied:

e f(0,0)=0, ¢(0,0)=0.
e The equation g(X,Z) = 0 has an unique isolated root Z = h(X)
such that ~(0) = 0 and

[A(X] < miliX|, V X € Bp, = {X €R™ | | X]| < ps}, 1 >0

e The functions f, g, and h, along with their partial derivatives up
to order 2, are bounded for all Y = Z — h(X) € B,,, where

By, ={Y e R™ | |Y|| < py}.

In addition, we assume that a Lyapunov function V(X) of the reduced
system (1.37) exists such that

allXI? < V(X) < el X2, (1.44)
Dv(x) = 22 x,h(5)) < —eslI X2 (1.45)
] %]] < el X, (1.46)

for all X € B,,, where c; are some positive constants. Therefore, in accor-
dance with Theorem 1.1, the origin of the reduced system (1.37) is expo-
nentially stable.

By introducing the new variable Y = Z — h(X), let us rewrite equations
(1.30)—(1.31) in the form (1.39)-(1.40) and consider the boundary-layer
system (1.43). Assume that a Lyapunov function W(Y) of (1.43) exists
such that

bY|2 < W(Y) < b|Y]P?, (1.47)
dd Wy) = L a(X, Y + (X)) < sV IP, (1.48)
H ” < ba|lY]l, (1.49)

for all Y € B, , where the b; are positive constants. Hence, by Theorem
1.1, the origin of the boundary-layer system (1.43) is exponentially stable.
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Let us consider the function
(X, Y)=(1-d)V(X)+dW(Y) (1.50)

as a Lyapunov function candidate for the singularly perturbed system
(1.39)-(1.40), where 0 < d < 1. Then the derivative of (1.50) along the
trajectories of (1.39)-(1.40) is given by

d” —(1-d) ;’{f(X,YJrh(X))
+§‘2V;/’g(x,1/+ h(X)) - d%—?ﬁgkh—f(x,lfjt h(X)).  (L.51)

Because the function f and its partial derivatives up to order 2 are bounded
for all Y € B,,, and because f(0,0) = 0, the Taylor expansion of f(X,Y +
h(X)) yields

of

P +h(X0) = FOGROO) + 55

7Y +O(Y]%),

where
MY + R < Dol X]) H ||<zl, IOUY I < lY )P,

and the [; are some positive constants.
By taking into account the above assumptions, we obtain from (1.51)
the inequality

dv

S - d)es|| X|I* + [(1 = d)eals + dbarm o} | X[V

d
+ [(1 — d)eal2 | X || + dbamily + dbym ||| — ;bg] “Y“2 (1.52)

Then (1.52) can be represented as

dv T
i
dt = min,

where n = {||X||, |Y[|}7 and

T = [’711 ”)’12]
Y21 Y22
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in which

711 = (1 - d)es,
Y2 = Yo1 = —0.5[(1 — d)C4ll + db4m1lo],

ay = %b3 (1= d)eala]| X || — dbamyly — dbgmalyljY|.

Since X € B,,,Y € B,,, and 0 < d < 1, there exists some small p = p* > 0
such that the matrix I" is positive definite:

r'>0.
Then
Mmin(O) 713 < 77T0 < Amax (D) 7113
From (1.44) and (1.47) it follows that some constants di,ds exist such that
dilnl® < v(n) < dalinl|®.

As a result we have

% < 1T < —Amin(D) 03 < —Ald_@
Hence
V(X (t),Y (1)) < v(X(0),Y(0)) exp <_ ,\mz;(r) t)

and, accordingly, we obtain

I < [3—]/2 oo exp (-2 ).

Note that ||[h(X)]] < mi||X|| and Y = Z — h(X); then there exists m > 0
such that

. . Amin (T
O < milaO)] exp (- 2matp)

2dy
where 7 = {||X||,||Z||}T or, in other words, the origin of (1.30)-(1.31)
is exponentially stable. The result may be formulated as the following
theorem.
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Theorem 1.3  Consider the singularly perturbed system (1.80)-(1.31)

X =f(X,2), X(0)=X°,
pZ = g(X,2), 2(0)=2°

under the following assumptions.

e f(0,0)=0, ¢(0,0)=0.
o The equation g(X,Z) = 0 has a unique isolated root Z = h(X)
such that h(0) = 0 and |[A(X)|| < m1||X||, where

my >0, X € By, By, ={X €R" | | X|| < ps}.

o The functions f, g, h and their partial derivatives up to order 2 are
bounded for allY = Z — h(X) € B,,, where

Y €B,,, By, ={Y eR™||Y]| <py}.

e The Lyapunov function V(X) of the reduced system (1.37) exists
such that (1.44)—(1.46) are satisfied for all X € B,,.

e The Lyapunov function W(Y) of the boundary-layer system (1.43)
ezists such that (1.47)-(1.49) are satisfied for allY € B, .

Then there exists u* > 0 such that for all p € (0, u*), the origin of (1.30)-
(1.81) is exponentially stable.

1.2.5 Fast and slow-motion subsystems

The above procedure for obtaining the boundary-layer system may be di-
rectly applied to (1.30)—(1.31) in order to obtain equations of fast-motion
subsystem (FMS) and slow-motion subsystem (SMS). First, by introducing
the new time scale to = t/p into (1.30)—(1.31) we have

X

E{— =/Lf(X,Z), X(O)=X0,

0
dz
dto

where the FMS is given by
dz

pr 9(X,2), Z(0)=2° (1.53)

=g(sz)7 Z(O)ZZO’

in the new time scale ¢, and X(#g) = const during the transients in the
subsystem (1.53).
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By returning to the primary time scale ¢, from (1.53) the FMS equation

u% =g(X,2), 2(0)=2° (1.54)
is obtained, where X (¢) is the frozen variable, i.e., X (t) = const.

Second, let us assume that there is an unique equilibrium point (1.35) of
(1.54) (more precisely, quasi-equilibrium point) that satisfies g(X, Z) = 0.
Moreover, we assume that Z = Z is an exponentially stable equilibrium
point of (1.54).

Finally, on the above assumption of exponential stability of the equi-
librium point Z = Z, we have that Z(t) — Z — 0,V ¢t > 0 as u — 0. So
if the parameter g is small enough, then after rapid decay of transients in
the FMS (1.54) we find that the condition Z = Z is satisfied. Substitution
of Z = h(X) into (1.30) yields the SMS equation (1.37).

1.2.6 Degree of time-scale separation
Let us consider a linear standard singularly perturbed system
X = A1 X + AlY, (1.55)
,U,Y = A X + AsoY, (1.56)
where p is a small positive parameter, X € R", ¥ € R™, and the A;; are
matrices with appropriate dimensions.

In accordance with the above formal algorithm of time-scale separation,
we have that

uY = A X + ApY (1.57)

is the FMS equation, where X = const.
Assume that det Azy # 0 and, moreover, Aa2 is a Hurwitz matrix. Then
it is easy to find that

X=AX (1.58)

s

is the SMS equation, where
Ay = Ay — Ap Ay An

and we assume that A, is a Hurwitz matrix as well.
From a practical standpoint it is useful to have some quantitative criteria,
for the degree of time-scale separation between stable fast and slow motions.
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The ratio

n= ts,sMs/tS,FMs (1-59)

serves as a direct estimation of such a degree, where ¢, ,,; and t; ,,,5 are
the settling times of the SMS and the FMS, respectively. We may also
consider indirect estimates of the degree of time-scale separation between
stable fast and slow motions, where the first estimate is based on solution
of the Lyapunov equation and the second one is based on roots of the FMS
and SMS characteristic polynomials.

Estimate based on solution of Lyapunov equation

The lower and upper bounds (1.17) and (1.19) of the linear differential
equation solution may be used to introduce a quantitative criterion for
degree of time-scale separation between stable fast and slow motions.

First, because the FMS (1.57) is stable, the Lyapunov function V,(Y) =
YTP_Y of the FMS (1.57) may be obtained by solving the Lyapunov equa-~
tion

P Ay + ALP, = -Q,, (1.60)

where Q. = QT, Q. >0, P, = PT, and P, > 0. Then, in accordance with
(1.17), the upper bound of the fast variable Y follows:

1/2 _
i< |32 e (-l ey

Next, since the SMS (1.58) is stable, the Lyapunov function V (X) =
XTP_X of the SMS (1.58) may be obtained by solving the Lyapunov equa-
tion

P,A, + ATP, = -Q,,
where Qg = Qz, Qs >0,and P, = Pg, P, > 0. Then, in accordance with
(1.19), the lower bound of the slow variable X follows:

‘ 1/2
nX(t)nzz[ﬁ“ﬂ@] ||X<o>||2exp( ﬁ:‘*—@it). (162)

)‘max(Ps) - 2)‘min(Ps)
The ratio of the exponents in (1.61) and (1.62),
_ /\min(Ps))\min(QF)
m=

,U'/\ma.x(PF)Amax(QS) ,
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may be used as the degree of time-scale separation between fast and slow
motions. In particular, by choosing Q, = Q, = I we obtain?

Amin (Ps )

—/Jf)\max(PF)' (1.63)

m=

Estimate based on roots of FMS and SMS characteristic
polynomials

Let us consider stable fast and slow subsystems of the linear standard sin-
gularly perturbed system (1.55)—(1.56). Denote by

Fus 1 1 Frums

1 m—1
Apys(8,pu) = det [SI - ;A22:| =s"+ a‘m—l'ﬁs +...+ ﬁao

and
SMS

Agps(8) =detfs] — A ] ="+ aiA_/’fs”"l +...+aq

the FMS and SMS characteristic polynomials, respectively. Assume that
sst, . .,sanS and sfMS, . .,SZMS are the roots of the stable FMS and
SMS characteristic polynomials, respectively. Denote

min . FMS max __ SMS
Whts = izT}Hm]Resi l, weas _iﬁlﬁa.}.(,anesi |

The ratio

min
o = LEms (1.64)

max
wSMS

may be used as a criterion for the degree of time-scale separation between
fast and slow motions.

We may also consider the ratio of FMS natural frequency to SMS natural
frequency

(ag )/

=2 7 1.65

3 ,u,(ang)l in ( )

as a quantitative criterion for the degree of time-scale separation between
stable fast and slow motions instead of (1.63).

The estimate 1; is more conservative than 7, and 3. The direct estima-

tion (1.59) of the degree of time-scale separation between stable fast and

2Here I is the identity matrix. A list of notation used throughout the book appears
in Appendix B starting on p. 335.
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slow motions can be based on the correlations (2.4) discussed in the next
chapter. From (2.4) we get

; 4 4
T e T wp
Therefore, by (1.59), we obtain
min
n=—us
SMS

1.3 Discrete-time singularly perturbed systems

1.3.1 Fast and slow-motion subsystems

In this section the discrete-time counterpart of the singularly perturbed
system (1.31) is discussed. We will deal with the system of state space
difference equations given by

Xey1 = {In + pA1n } Xp + pnA12Yx, (1.66)
Yit1 = Ao1 X + A2V, (1.67)

where 4 is a small parameter, X € R", Y € R™, and the 4;; are matrices
with appropriate dimensions.

When p = 0, the system (1.66)—(1.67) of dimension n + m degenerates
into the system of dimension m given by

Xi+1 = Xk,

Y41 = A21 Xk + A22Y5.
So if g — 0, then the rate of transients of X decreases and, accordingly,
the fast and slow modes are revealed in the system (1.66)—(1.67), where
a time-scale separation between those modes is represented by the small

parameter u. If p is sufficiently small, then from (1.66)-(1.67) the FMS
equation

Yir1 = A X + AxYs (1.68)

results, where Xy = const during the transients in the system (1.68).
The characteristic polynomial of the FMS (1.68) is

A, s(2) = det(z],, — Aag).



Regularly and singularly perturbed systems 19

Assume that all roots of A,,,;(z) lie inside the unit circle so that the FMS
(1.68) is stable. Then the steady-state of the FMS is given by

Yy = {I;m — A2} 1 Ap1 X (1.69)
Substitution of (1.69) into (1.66) yields the SMS
Xiv1 = {In + p[A11 + Ara(I, — Azo) "1 A1)} Xk,
where the characteristic polynomial of the SMS is
Ags(2) =det(zlm — Agprs)s
where

ASMS = {In + N[All + AIZ(Im - AZZ)—1A21]}-

1.3.2 Degree of time-scale separation

Since the complex variables z and s are related by z = e’s?, the inverse
mapping of the unit circle into the primary strip in the s-plane is given by

1
s= Tsan, (1.70)
where T is the sampling period and Ln z is the principal value of In z. Here
z = 0 is omitted and there is a cut along the negative real axis.
Assume that the following conditions are satisfied:

FMS FMS SMS SMS
1.z ,...,z, andz ,...,2 are the roots of the FMS and

(et
SMS characteristic polynomials, respectively.
2. All roots lie inside the unit circle as shown in Fig. 1.2(a).

3. There are no roots on the cut or at the origin.

FMS

Then, by the mappmg (1.70), we can obtain the sets of roots 51 S, vy S
and s1 N s as shown in Fig. 1.2(b), and construct two polynomials

Apns(s) = H(s - 3 S ), Asns(s) = H(s - 3 S )

to which the previous criteria can be applied.

If we assume that the last mentioned condition is not satisfied, that is,
there is at least one root on the cut or at the origin, then the following
approach may be used.
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s-plane

(b) 5

Fig. 1.2 Roots of the stable FMS and SMS characteristic polynomials in the discrete-
time system (1.66)—(1.67) and their images in the primary strip on the s-plane.

Denote

FMS . SMs
FMs —  MaxX lzz l’ and Tsms = MUN |zz ‘v
i=1,...,m i=1,..,n

r

where we assume that
0 <Tpys <Tgoys < 1.

From (1.64) and (1.70) we obtain

Inr.,.s

72 (1.71)

Clnrg,,

The particular feature of the discrete-time FMS (1.68) is that a lower
bound for the settling time exists, which is equal to the settling time of
the deadbeat response.? If all roots of the FMS characteristic polynomial
A,,.s{(z) are located at the origin, then the settling time of the discrete-
time FMS (1.68) is equal to mT (the settling time of the deadbeat response
for arbitrarily chosen initial conditions). However, from (2.4) and (1.70) we
get

47T, 4T,
¢ POl BU — , 1.72
8, FMS lanMS 8,SMS — lnTSMS ( )
where tg ., — 0 8s 7., — 0. Therefore, from (1.72) the value 7,,, can

be found such that the condition ts ., (Fp,s) = M7 is satisfied, where

Tons = €xp(—4/m).

3The notion of the deadbeat response can be found, for instance, in {Lindorff (1965);
Chen (1993); Ogata (1994)].
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So the expressions (1.71) and (1.72) can be used only if the inequality
Toms > Tens Dolds. If v o <7 o then, by (1.59), we get

4

—_— (1.73)
m Inrg,,s

n=z=

1.4 Notes

In this chapter we have discussed the basic principles for approximate anal-
ysis of the properties of the perturbed and singularly perturbed differential
equations. The properties of the regularly and singularly perturbed dif-
ferential equations that we have discussed are used throughout the book
as the basis for an approximate analysis and design of nonlinear control
systems.

Note that the numerical simulation of singularly perturbed differential
equations has some particulars concerning the choice of step size. Usually,
the higher order Runge-Kutta algorithms or Agams-Moulton methods allow
us to obtain numerically stable solutions without special contrivance if the
dimension of the equations is not too high.

There are many references devoted to consideration of particular details
concerned with the analysis of regularly and singularly perturbed systems
of differential equations. These may be found, for instance, in [Vasileva
(1963); Gerashchenko (1975); Kokotovié et al. (1986); Kokotovié and Khalil
(1986)] and [Sastry (1999); Khalil (2002)]. Various aspects of discrete-
time singularly perturbed systems were considered in [Litkouhi and Khalil
(1985); Naidu and Rao (1985); Naidu (1988)].

1.5 Exercises

1.1 The behavior of a dynamical system is described by the equation
e® 1320 420 =0, z(0)=1, zM(0)=1

Determine the lower and upper bounds for || X (¢)].
1.2 The behavior of a dynamical system is described by the equation

2 + 1.5z 4+ 05z + p{22? + [z V]2}/2 = q.

Determine the region of u such that X = 0 is an exponentially stable
equilibrium point of the given system.



22

1.3

1.4

1.5

1.6

1.7

1.8

1.9
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The behavior of a dynamical system is described by the equation
@ + 1.5z1) 4 0.52 + psin(0.5t)| = 0.

Determine the parameter y such that lim; o || X (¢)|l2 < 0.4.
The behavior of a dynamical system is described by the equations

Ty =Ty — T2, pI2=2x1+ 2o,
Obtain and analyze the stability of the SMS and FMS.
The behavior of a dynamical system is described by the equations
i?l =T — T9g, ,Ll.jlg = 2.’131 ~ Tag. (174)

Obtain and analyze the stability of the SMS and FMS. Plot the phase
portraits of the system by computer simulation for u = 0.1,0.5,1 and
compare the results.

Consider the system (1.74). Obtain and analyze the stability of the
SMS and FMS. Determine the parameter u such that 7, = 10.

The behavior of a dynamical system is described by the equations

&1 =1Z9, xg=1x3— 2Ty, uI3=1=T4, UIT4=—T) — T3— T4.

Obtain and analyze the stability of the SMS and FMS. Determine the
parameter u, where: (a) 73 = 10, (b) 12 = 10, (¢) n3z = 10.
Consider the difference equations given by

z1(k+1) =1+ ple1(k) + pza(k), z2(k+ 1) = az1(k) + bxa(k).

Obtain and analyze the conditions for the SMS and FMS stability.
Determine the parameter y such that 1 = 10, where a = 0.35, b = 0.2.
Consider the difference equations given by

z1(k+1) = [1 - plza(k) — plz2(k) + z3(k)],
zo(k + 1) = z1(k) + 0.1z2(k) + 0.223(k),
CEQ(k) +1) = 05371(]{7) + 0.2z2(k) + 0.1z3(k).

Obtain and analyze the conditions for the SMS and FMS stability.
Determine the parameter u such that o = 10.



