Chapter 1

Preliminaries

1.1 Introduction to Sequential Procedures

Sequential procedures differ from other statistical procedures in that the sample
size is not fixed in advance. The experimenter has the option of looking at a
sequence of observations one (or a fixed number) at a time and decide whether
to: stop sampling and take a decision; or to continue sampling and make a
decision some time later. The order of the sequence of observations which the
experimenter will take is specified in advance. Decision problems in which the
experimenter may sequentially vary the treatments is of a higher order of difficulty
and is called the sequential design problem. For example, consider the following
problem.

Problem 1.1.1 If we wish to compare several drugs or treatments (as in se-
quential screening of cancer drugs), then it should be possible to drop some drugs
out of the trials at an early stage if the results from these are very poor when
compared with the others.

Thus, an essential feature of a sequential procedure is that the number of
observations required to terminate the experiment is a random variable since it
depends on the outcome of the observations. Sequential procedures are of interest
because they are economical in the sense that we may reach a decision earlier via.
a sequential procedure than via a fixed-sample size procedure. In sequential
experiments we need to specify:

1. the initial sample size
2. arule for termination of the experiment

3. the additional number of observations to take if the experiment is to be
continued; and
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4. a terminal decision rule.

Notice that (2) and (3) can be combined into a single rule. Experiments in
which only the number of observations is sequentially dependent, require simpler
theory and will be of general applicability, than the sequential design problem in
which not only the number of trials but also the number of treatments will be
sequentially dependent.

If the experiment has been continued until we observe Xi, X, ..., X, a se-
quential test is completely defined by specifying the disjoint subsets RS,, RL | and
Rg, of m-dimensional Euclidean space Ry, for m = 1,2, ... If (X1, X, ..., Xpn) be-
longs to R% we accept the hypothesis H, we reject H when it belongs to R}, and
we continue sampling if it falls within region RS,. Since the above sets are mutu-
ally exclusive and have union R,,, it suffices to specify any two of the three sets.
The basic problem is a suitable choice of these sets. The criteria for the choice of
these sets will be dictated by the operating characteristic (OC) and the average
sample number (ASN) functions which will be elaborated in the following.

Suppose that the underlying distribution function is indexed by a real-valued
parameter, and suppose that the statistician has to choose between two hypothe-
ses, Hp and Hy. The OC(0) is defined as the probability of accepting Hy when
0 is the value of the parameter. It is desirable that the OC function should be
high for values of 8 that are consistent with Hy and low for values of 8 that are
consistent with H;. For instance, one may require OC() > 1 — a for all § in
Hy and OC(9) < B for 8 in Hj, where o and ( denote the error probabilities.
A sequential test S is said to be admissible if its OC function meets the above
criteria.

As noted earlier, the number of observations required by a sequential proce-
dure is a random variable and of much interest is its expected value when 8 is
the true value of the parameter. This expected value is typically a function of
0, and is called the ASN function. It is desirable to have a small ASN function
for given a and 3. We also desire the expected sample size to be smaller than
those required by the fixed-sample size procedure. Let v (8|D) denote the ex-
pected sample size of procedure D when @ is the true value of the parameter.
If Dy is admissible and if v (8]Dp) = minp v (§|D) then Dy is considered to be
a “uniformly best” test. However, in general, no uniformly best test exists. It
is possible to find an optimal sequential procedure when Hy and H, are simple
hypotheses. Wald’s sequential probability ratio test (SPRT) gives the minimum
ASN at both Hy and H;. The efficiency of a procedure D at 6 is defined as
the ratio of the minimum expected sample number at § to the expected sample
number of D at §. Wald’s SPRT has efficiency equal to 1 at both Hy and H;j.
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1.2 Sampling Inspection Plans

The earliest sequential procedure is the double sampling plan of Dodge and Romig
(1929) for sampling inspection. A lot consisting of n items and rejecting (accept-
ing) the lot if the number of defectives in the sample is > (<) c¢. The drawback of
this scheme is that we might have had more than ¢ defectives earlier than sample
size n. An alternative scheme is: sample one item at a time, reject the lot as soon
as the number of defectives in the sample is > ¢, and accept the lot as soon as
the number of effective items in the sample is > n — ¢ + 1. The required sample
size is at least ¢ and is at most n. This scheme is called curtailed inspection.

1.2.1 Sample Size Distribution

Let N denote the random sample size required to terminate the experiment. Then

Py (N = c and reject Hp) = 6°, (1.2.1)

Py (N = c+r and reject Hy) = (Cl_?ﬁzl)ﬁc(l -6, r=12,..,n—c,
(1.2.2)

Py(N=n-~c+1+s and accept Hy) = <n—:+s)93 (1—o)nett,
s = 0,1,..,c—1. (1.2.3)

Now

n
Ep(N) = mpm,
m=1

where p,, denotes the probability that a decision is reached at the m* trial.
(Note that P (N = m|reject Hy) = 0 for m < ¢, and P (N = mlaccept Hp) = 0
for m < n —c+1). Further

pm = Py(reject at stage m) + P (accept at stage m,m > c) (1.2.4)
_ [(m- 1 6° (1 — )™ + m—1 (1- 9)n_c+1 gm—(n—c+1)
n—c

c—1



4 CHAPTER 1. PRELIMINARIES

Hence

n

Eg(N) = of®) Cf) (1-0)™°+(n—c+1)(1-0)"

m=1

= -m m—(n—c+1)
x Y (n_c+1)a (1.2.5)

m=n—c+1
n—c

= CGCZ(TZ_C) (1_9)r+(n_c+1)(1_9)n—c+1

=0
c—1
n—c+1+r
ar. 2.
x;( . ) (1.2.6)

One should prefer the curtailed sampling plan to an equivalent single sampling
plan because F (N|6) for the former lies below the sample size for the single
sampling plan. Consider the case ¢ = 1. Then

n—1
0> (r+1)(1-0)"+n(1-06)"

E(N)9) =
r=0
n—1
= (1-p)) (r+1)y +ny", y=1-19
r=0
n—1 n ) n—1 n—1
= > (r+D)y =D gt = (r+ 1)y = 5y
r=0 i=1 r=0 j=0
n—1
1 — o™
= ZyT = %’ (1.2.7)
r=0 —Y

which is increasing in y. Hence E (N|6) is decreasing in § when ¢ = 1. However,
this is not true for ¢ > 1. (See Table 1.2.1 and the case ¢ = 4).

Table 1.2.1 Giving E (N|6) for various values of n,c, and 6
c=1 c=2 c=4

# |n=10 20 25 10 20 25 10 20 25
.01 9.56 18.20 22.22 | 9.07 19.06 24.01 | 7.07 17.17 22.22
.10 6.51 8.78 9.28|8.76 14.73 1649 | 7.74 18.10 22.58
.20 446 494 498|745 958 9.84 |8.34 16.15 18.02
.30 324 333 333(6.03 664 6.66|850 12.77 13.17
.40 248 250 250486 500 5.00]|813 994 999
.50 200 2.00 200397 400 400|739 800 8.00
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Let
Py () = P (accept lot using the fixed sample procedure ()
c—1
=¥ (") o (16" (1.2.8)
r=0 r
and

P, () = P (accept lot using the sequential rule |6)

Z P (accept lot and N = m|0)

m=n—c+1

_ i (m - 1) g1~ (1 _ g)*=° (1 — §)

n—c
m=n—c+1

n—1
- (1 _ e)n—c+1 Z (n i c) gr—(n—c)

r=n—c

= (1-g)~ et 2 (’" + : - C) 0. (1.2.9)

Il

Then we have following Lemma.
Lemma 1.2.1 P (0) = P, (0) for all n and c.
Proof. Forc=1,P(0)=P () =1-0)".

Forc=2, P (8) =P (8)=(1—60)"+nb(1—0)"L.
Now assume it is true for any ¢ and consider the case ¢+ 1. That is, assume

and we wish to show that
‘< /n ‘fr+n—c—1
> ( )0’6 -0 *=a-0m°y ( )er. (1.2.11)
k.—_O k T‘=0 r

Subtract (1.2.10) from (1.2.11) and cancelling a common factor (1 — )"~ it
suffices to show that

(z)ac___i(r-!—n;c—l)gr_(l_e)g(T—f—:—c)m’

r=0 r=0
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or
) - = E{0r ) -
¢ ¢ r=0 r T
c—1
T+N—C\ iy
+Tz=;( . )0 ,
or .
n—1\ . —[r+n—c—1\, <=(s+n—c-1\,,
Co)r=- (M e ()
or )
— (r+n—c—1 /s+n—c—1
0=— 0" s
;( r—1 ) +s=1< s—1 )9’

which is obviously true. B

Remark 1.2.1 Lemma 1.2.1 can also be established by showing that all
the sample paths leading to accepting the lot are exactly the same in both the
sampling schemes.

1.3 Stein’s Two-stage Procedure

In this section we present a certain hypothesis-testing problem for which fixed-
sample and meaningful procedures do not exist. However, a two-stage procedure
has been given for the same problem. Consider the following problem.

Let X be distributed as normal with mean § and variance o2, where § and o2
are both unknown. We wish to test Hy : § = 6y against the alternative hypothesis
H;y : 0 > 09; this is known as Student’s hypothesis.

It is well-known that given a random sample X;, X, ..., X,,, the uniformly
most powerful unbiased test of Hy against H; is to reject Hy when

T= w >itn-11-a (1.3.1)
where X and s denote the mean and the standard deviation of the observed X;’s
and t,_1,1—q denotes the 100(1 — o)™ percentile of the t-distribution with n — 1
degrees of freedom. If 1 — 7 (8, 0) denotes the power of the test in (1.3.1), then
7 (0o, 0) = 1 —q, irrespective of the value of 0. However, when one is planning an
experiment, one is interested in knowing the probability with which the statistical
test will detect a difference in the mean when it actually exists. However, the
power function of “Student’s” test depends on ¢ which is unknown. Hence, it is
of interest to devise a test of Hy versus Hj, the power of which does not depend
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on o. However, Danzig (1940) has shown the nonexistence of meaningful fixed-
sample test procedures for this problem. Stein (1945) proposed a two-sample (or
two-stage) test having the above desirable property, where the size of the second
sample depends on the outcome of the first.

1.3.1 The Procedure

A random sample of size ng observations X1, Xo, ..., Xp,, is taken and the variance
o? is then estimated by

R ix? -1 (ix-)z . (1.3.2)
no-11"" mo\m
Then calculate n as 2
nzmax{[;} +1,n0+1}, (1.3.3)

where z is a previously specified constant and [y] denotes the largest integer less
than y, and draw additional observations Xp,+1, Xng+2, ---, Xn. Evaluate, accord-

ing to any specified rule that depends only on s?, real numbers a; (i = 1,2, ..., 1)
such that

n n

dai=lai=ay=..=an, $*Y al=z (1.3.4)

i=1 i=1
This is possible since

. = 2 1 z
mln;ai =~ < = (1.3.5)

by (1.3.3), the minimum being taken subject to the conditions a; +as+...+a, =
l,a1 =a3 = ... = ay,.

Define T’ by
o i %Xi— 0
vz
" a (X, — 60 0-90
- S0t 136
Then n (X — )
_ 2ui=1 % \Ai —
V=TT
is such that
var (Uls) = Zai <?>
=1
o2
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Also, it is well-known that V = (ng — 1) s2/0? is distributed as central chi-
square with ng — 1 degrees of freedom.

Uls® £ normal (0,0%/5%).

Hence s
U—a—|s2 2 normal (0,1).

Since the distribution of U i|s2 does not involve s, we infer that U 2 is uncondi-
o o
tionally distributed as normal(0, 1) and is independent of s2. Consequently

Us/o _
[m—DWﬂm-mW_U

= tno1. (1.3.7)

If f(z,y) denotes the joint density of Us/o and s2, then

f(z,y) = f(zly) f2 (y) = 9 () fe2 (y)»

where g (z) is the density of Us/o because

/f@wﬁ@=g@%

So, Us/o and s? are stochastically independent. i.e., U has the t-distribution
with ng—1 degrees of freedom irrespective of the value of o. Hence,the test based
on T" is unbiased and has power free of o. Then in order to test for the one-sided
alternative 6 > 6y, the critical region of size « is defined by

(>ig aiX; — o) oty 1y
\/z no—L,1—o-

(1.3.8)

The power function is then
l-n(@)=P {tn0_1 > tng—1,1-a + (00 — 6) /\/;} . (1.3.9)

Analogues critical region, with similar power function independent of ¢, holds for
the two-sided alternative: 8 # 6.

As mentioned earlier, the above test is not used in practice. However, a
simpler, and slightly more powerful, version of the test is available, as we now
show. (Intuitively Stein’s test wastes information in order to make the power of
the test strictly independent of the variance.) Instead of (1.3.3), take a total of

n=max{[32] +1,no}, (1.3.10)

z
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observations and define

T = [ ZX—GO]
—1/22()(—9 (A 90)\/_

= =I5

_ (9 Gso) VT (1.3.11)
One can easily establish that U’ has a t-distribution with ng — 1 degrees of
freedom. Since n > s?/z, we have |(§ — 6g) v/n/s| > [(6 — 6o) //Z|. So, if we
employ critical region T" > tp,-1,1—¢ instead of (1.3.8) the power of the test will
always be increased. Also, the number of observations will be reduced by 1 or
left the same.
Suppose we want the power to be 1 — 3 when 6 = 8 + § where § is specified.
Then power at 0y + 6 is

X -0
P{ﬂ;——)- > tpg-1lma — —— 9——9o+5}
‘ )
= P{tno 1> tng-1,1—- a_—\s/__}

= l_ﬂa

provided tny—1,1-a — 64/N/s = —tpy,—11-5 Where X denotes the sample mean.
Now solving for n we obtain

82 [tno—1,1—a + tno—1,1-5]"
82 '

(1.3.12)

Similarly in the two-sample case let X 2 normal (,ul, 02), Y £ normal (,uz, 02)
and X,Y be independent. Suppose we wish to test Hy : p; = po versus Hj :
o > pp. Suppose we wish to have error probability o when Hy is true and power
1 — 3 when py — py = 4. In the first stage we observe (Xi, Xa, ..., Xp,) and
(1, Y2, ..., Yy,) and compute

1 e - \2 = 12

2

= Xi - Xn i In . i

= =) ;( o)+ (Yi=Yu,) (1.3.13)
Then the total sample size to be drawn from each population is

n = max (n',no) ,
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where 9
;L 52 [tatne—1),1-a + t2(no—1),1-5)
= 52 .

Moshman (1958) has investigated the proper choice of the initial sample size
ng in Stein’s two-stage procedure and believes that an upper percentage point
of the distribution of the total sample size, n when used in conjunction with
the expectation of the sample size, is a rapidly computable guide to an efficient
choice of the size of the first sample. However, the optimum initial sample that
maximizes a given function involves an arbitrary parameter which has to be
specified by the experimenter from non-statistical considerations.

If the initial sample size is chosen poorly in relation to the unknown o2, the
expected sample size of Stein’s procedure can be large in comparison to the sample
size which would be used if 02 were known (which it is not). For example, this
can occur if o2 is very small; then (if % were known) a small total sample size
would suffice, but one may use ng much larger (hence being inefficient). However,
this problem is not of practical significance.

n

(1.3.14)





