CHAPTER 1

Classical Electrodynamics

There are two quite disparate approaches to electromagnetic field theory.
One is a deductive approach that begins with a single relativistic source
potential and deduces from it the full slate of classical equations of elec-
tromagnetism. The other is an inductive approach that begins with the
experimentally determined force laws and induces from them, incorporat-
ing new facts as needed, until the Maxwell equations are obtained. Although
the theory was developed using the inductive approach, it is the deductive
method that shows the majestic simplicity of electromagnetism.

The inductive approach is commonly used in textbooks at all levels.
Coulomb’s law is the usual starting point, with other effects included as
needed until the full slate of measurable quantities are obtained. From this
viewpoint, the potentials are but mathematical artifices that simplify force
field calculations. They simplify the calculation necessary to solve for the
force fields but are without intrinsic significance. The deductive approach
begins with a limited axiomatic base and develops a potential theory from
which, in turn, follow the force fields. In 1959 Aharonov and Bohm, using
the premise that potential has a special significance, predicted an effect that
was confirmed in 1960, the Aharonov—Bohm effect: Magnetic field quanti-
zation is affected by a static magnetic potential even in a region void of
force fields. We conclude that the magnetic potential has a physical signif-
icance in its own right and has meaning in a way that extends beyond the
calculation of force fields. There is physical significance contained in the
deductive approach that is not present in the inductive one.

1.1. Introductory Comments

To begin the deductive approach, consider that the universe is totally empty
of condensed matter but does contain light. What is the speed of the light?
Since there is no reference frame by which to measure it, the question is
moot. Therefore, introduce an asteroid large enough to support an observer
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and his equipment, which determines the speed of light passing him to be
va. Since there is nothing else in the universe, a question about the speed
of the asteroid is moot. Next, introduce a second asteroid, identical to the
first but separated far enough to be independent by any means of which
we are currently aware. An observer on the second asteroid determines the
speed of light passing him to be vg. Will the measured values be the same?
By the cosmological principle, an experiment run in one local four-space
yields the same results as an identical experiment run in a different local
four-space. Therefore we expect that vpa = vg = c.

Next, bring the asteroids into the same local region. Either the speeds
depend upon the magnitude of the local masses or they do not, and if
they do not, there is no change in speed. However, in the local region, a
relative speed between identical asteroids A and B may be determined.
Since there is no way one asteroid can be preferred over the other in an
otherwise empty universe, the two observers continue to measure the same
speed. This condition requires that the speed of light be independent of
the relative speed of the system on which it is measured. Next, bring in
other material, bit by bit, until the universe is in its present form, and the
conclusion remains the same. The speed of light is independent of the speed
of the object on which it is measured, independently of the speed of other
objects.

1.2. Space and Time Dependence upon Speed

Let a pulse of light be emitted from an origin in reference frame F and
observed in reference frame F’. If the speed of light is the same in all
reference frames, if the two frames are in relative motion, and if the origins
coincide at the time the light is emitted, the light positions as measured in
the two frames are:

2t b2t P = oy g P2 (1.2.1)

If the relative speed is such that F’ is moving at speed v in the z-direction
with respect to F, then at low speeds:

=z Y=y, Z=-ut); t'=t (1.2.2)

Since Eq. (1.2.1) is not satisfied by Eq. (1.2.2), it follows that Eq. (1.2.2)
does not extend to speeds that are a significantly large fraction of ¢. To
obtain a transition that is linear in the independent variables, and that goes
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to Eq. (1.2.2) in the low speed limit, consider the linear transformation of
the form:

/

Y=z y=vy; Z=vy(z-vt); t'=At+Bz (1.2.3)

Parameters 7, A and B are undetermined but independent of both position
and time. Since Eq. (1.2.3) approaches Eq. (1.2.2) in the limit of velocity v
much less than ¢, in that limit:

Since the coordinates are independent variables, combining Egs. (1.2.1) and
(1.2.3) and solving shows that:

22 —1-BY) =0; 3P +9%% - PAY) =0,

1.2.5
zt(vy* + ABc?) =0 ( )

Solving Eq. (1.2.5) yields:
A=~= (1—1}2/02)_1/2; B=—(y/c?) (1.2.6)

Combining yields the Lorentz transformation equations:

d=x oy =y L =q(z—0t); =t (vz/c?)) (1.2.7)
This transformation preserves the speed of light in inertial frames.

Equation (1.2.7) forms a sufficient basis upon which to determine results
if events in one frame of reference are observed in another one. Let the
observer be in the unprimed frame. A stick of length Ly as determined in
the moving frame, in which it is stationary, lies along the z-axis. It moves
at speed v past the observer in the z-direction. A flash of light illuminates
the region, during which time the observer determines the positions of the
ends of the moving stick, z; and zo. It follows from Eq. (1.2.7) that the
measured positions are:

21 =7(21 —vtp) and 25 = y(z2 — vitp) (1.2.8)
The length as measured in the stationary frame is:
L= (2 —2) = (55— #)/v = Lo/3 (1.2.9)
It follows that:
L=Lo(1-v?/A)Y2 <Ly (1.2.10)

The observed length of the stick is less than that measured in the rest
frame; this fractional contraction is the Lorentz contraction.
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Next, pulses of light are issued at times ¢}, and ¢}, again in the moving
frame. When does a stationary observer see them, and what is the time
interval between them? Using Eq. (1.2.7) gives:

th = y(ta —vzo/c?) and t) = y(t; —vz1/c?) (1.2.11)

From Eq. (1.2.11) the time difference in the frame at which the two sources
are stationary is:

Ty = th —t) = y[(t2 — t1) —v(z2 — 21)/c?] = 7T (1 —v?/c?)  (1.2.12)
T is the time measured in the stationary frame. Solving for T gives:

T
T =~To = 0 > T, (1.2.13)

(1—v2/c2)1/2 =
The observer measures the time duration between pulses to be more
than that measured in the rest frame; this time expansion is time dilatation.

1.3. Four-Dimensional Space Time

The equality of the speed of light in all inertial frames is the basis for a
system of 4-vectors. Let x1, s, z3 represent the three spatial axes x,y, z
of three dimensions and x4 = ict where i = /—1. The four space-time
dimensions are:

(z1, 22,23, 74) (1.3.1)

Since three of the axes determine lengths and one determines time, a
three-dimensional rotation represents a change in spatial orientation and a
four-dimensional rotation includes a change in time. Such four-dimensional
rotations are Lorentz transformations. These transformations are usually
simple and contain a high degree of symmetry. Such transformations are
covariant with respect to changes in coordinate systems; that is, an equation
that represents reality in one reference frame has the same form in all other
inertial frames.

The imaginary property of the fourth dimension represents an essential
difference from spatial ones: the squares of the space coefficients and time
coefficients have different signs. For notational purposes we use Roman or
Greek subscripts to indicate, respectively, three- or four-dimensional ten-
sors. For example, the rotation matrix element in four dimensions is c,
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where, for velocities v directed along the z1-axis:

y 0 0 iyw/e
0 1 0 0
= 1.3.2
Cuv 0 01 0 (13.2)
—iyv/e 0 0 ~y
Four-dimensional and three-dimensional direction cosines follow similar
laws:
Cuv = Cup;  CpuCup = 0up;  det|c,| =1 (1.3.3)
The Lorentz direction cosines c,,, are:
xL = C Ty (1.3.4)
The proper time interval, A7, between two events with space-time coordi-
nates spaced Az, apart is defined to be:

1
(A7) = =S Az Az, (1.3.5)
c
Using three-dimensional notation, the proper time difference is
(Ar)?
(AT)? = (At)? - = (1.3.6)

Since (AT)? can be zero, positive, or negative, AT may be zero, real, or
imaginary. Since the speed of light is the same in all reference frames, by
Eq. (1.2.1) the proper time is also the same in all reference frames. If it is
real, it is “time-like” and if imaginary, it is “space-like”. If time-like, the
proper time is the time separation of the two events in the same frame. If
space-like, there is a frame in which ¢ times the proper time is the spatial
separation of the two events that are simultaneous in that frame.

With 7 as proper time, consider the 4-vector defined by the expression:
_ dz,
U, = O

Since both z, and 7 are independent of details of the particular inertial

(1.3.7)

frame in which it is measured, so is U,; U, is therefore a 4-vector with the
four components:

U_dx_dxdt_v. U_dy_dydt_v
T T @ T T @A Y
. (1.3.8)
U _dz  dzdt U _d(ict)
3T T arar AT g T

The three-dimensional velocity components are v; and the 4-velocity com-
ponents are U,,.
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A particle of mass mg with 4-velocity U, has 4-momentum given by:
P, =myU, (1.3.9)
Combining shows the momentum components to be:
P =mov; pg = ymgic =iW/c; W = ymgc? (1.3.10)

The quantity W, defined by Eq. (1.3.10), is the energy associated with the
moving mass.
The binomial expansion is:

(1+a)"=1+na+ —(n—1)a?£--- (1.3.11)

2'(
This equation combines with the definition of 7, see Eq. (1.2.6), to show
that:

v? 3t
7:14‘ +@+ (1312)
Combining Egs. (1.3.10) and (1.3.12) shows the total energy of the particle:
v? 3vt
W:moc 1+7+874+ (1313)
In the rest frame mg is the rest mass. The particle energy is:
Wy = mpc? (1.3.14)

By Eq. (1.3.14), the first term of Eq. (1.3.13) is the self-energy of the mass.
The second term is the kinetic energy at low speeds and the higher order
terms complete the evaluation of the kinetic energy of the mass at any
speed.

1.4. Newton’s Laws

The Minkowski force is defined to be:

F,= %P# (1.4.1)
This force is a 4-vector with the z-directed component:
= i(mOUl) = ’yg('ymovx) (1.4.2)
dr ot
The corresponding three-dimensional force component is:
Fe = 2 (mar) (1.4.3)

The factor v in Eq. (1.4.3) was known before the full relativistic effect was
understood. Although relativity makes it abundantly clear that the result
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is a space-time effect, it was historically interpreted as an increase in mass
whereby the effective mass m is a function of speed:

m = ymy (1.4.4)

Even with relativity, the nomenclature remains and by definition the effec-
tive mass of a moving particle is equal to Eq. (1.4.4). Since the 4-momentum
is a 4-vector, it is conserved between Lorentz frames. That is,

Wg =W? - p?c? (1.4.5)
The energy is related to momentum, in any given frame, as:
W2 = mict + p?c? (1.4.6)

Since W is second order in v/¢, three-momentum is constant in low speed
inertial frames. Energy is also nearly conserved. However, in high-energy
systems neither energy nor momentum is conserved, only the combination.
This example illustrates a general characteristic of 4-tensors that at low
speeds the real and imaginary parts are separately conserved but at high
speeds only the combined magnitude is conserved.

1.5. Electrodynamics

The three scalars defined so far are speed, ¢, time interval between events in
a rest frame, 7, and mass, mg. A fourth is electric charge, q; electric charge
can have either sign. Just as an intrinsic part of any mass is the associated
gravitational field, G, an intrinsic part of charge is the associated 4-vector
potential field A,. Consider that the individual charges are much smaller
than other dimensions and that there are many of them. For this case choose
a differential volume, with dimensions (z1, x2, x3), in which each dimension
is much less than any macroscopic dimension of interest but contains large
numbers of charges. If both conditions are met, the tools of calculus apply.
Charge density p is defined to be the charge per unit volume at a point.
Charge density pg is defined in a frame in which the time-average position
is at rest. Observers in fixed and moving frames see the same total charge
but, because of the Lorentz contraction, the moving observer determines
the volume containing it to be smaller by a factor of . Therefore, the
charge density in a moving frame is increased by the factor:

P ="1pPo (1.5.1)
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If the charge density moves with 4-velocity U, in a way similar to three
dimensions, the 4-current density is defined to be:

Ju = poUp = {vpov,vicpo} = {J,icp} (1.5.2)

The vector terms within the curly brackets, identified by bold font, indi-
cate the first three dimensions, and the scalar term represents the fourth
dimension. The 4-divergence of the current density is:

0J, ap

TX#_V'LLE_O (1.5.3)
The first equality of Eq. (1.5.3) follows from definition of terms and the
second is true if and only if net charge is neither created nor destroyed.
Pair production or annihilation may occur but there is no change in the
total charge. The zero 4-divergence shows that the net change in the four-
current is always equal to zero. Physically a net change in the total charge
does not occur and charges are created and destroyed only in canceling
pairs.

The 4-vector potential field A,(X,) is defined to be the potential that

satisfies the differential equation:

%A,

—— = 1.5.4

Constant p is defined to be the permeability of free space; it is a dimension-
determining constant and defined to equal 47/107 Henrys/meter.

Taking the 4-divergence of Eq. (1.5.4) then combining with Eq. (1.5.3)
gives:

0 0? A — 0? 0A,  0J, _0
09X, 0X;0X5 ¥ 0Xz0X5 0K, | OX,
Combining, it follows that:
0A,/0X, =0 (1.5.5)

Equation (1.5.5) shows that the divergence of A, is zero, from which it
follows that, like charge, the total amount of 4-potential does not change. If
transitions are made between different reference frames changes occur in the
components of the potential but not in the sum over all four components.

The four-dimensional Laplacian of Eq. (1.5.4) may be integrated over
all space to obtain an expression for the potential itself. By Eq. (A.6.2) the
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potential of a moving charge is:

Aa(X,) 4W/// (.t f/;;dv’ (1.5.6)

The integral is over all source-bearing regions, dV' is differential volume,
X, are the 4-coordinates of the field point, X/v are the 4-coordinates at the
source point, R is the vector from the source point to the field point. At
low speeds Eq. (1.5.6) simplifies to:

Jo(r';t' —R/C) .,
Aa(X,) 477// ROG.X) A A 2l | 7 (1.5.7)

Substituting in the three-dimensional values of J, results in the three-
dimensional potentials:

rit /// r,t— R/c)dv
T ar R(r—r,t)
p(r',t' —R/c)
O(r,t) = —icAy(r,t) = 47T€/// Rir—7.0) LR s 174

The constant ¢ is defined to be the permittivity of free space; it is a

(1.5.8)

dimension determining constant and defined to be exactly equal to 1/(uc?)
Farads/meter.

For a point charge, instead of a charge distribution, the corresponding
4-potential is:

ug Ug (8 —R/c)

A (X)) =22 1.5.9
(X5) 4 (R—R-v/c) ( )
The three-dimensional potentials are:
poqu(r’,t' —R/c)
Arit)y=——"—"-—"—"—"""=-
(r,) 4t (R—R-v/c)
(.t —R/c) (1.5.10)
o(r,t) = LT 22O

4r R—R-v/c)

If the charge moves at a speed much less than ¢ Eq. (1.5.10) is the usual
three-dimensional vector and scalar potential field of individual charges.

It is apparent from Eq. (1.5.10) that a charge moving towards or away
from a field point generates potentials with magnitudes respectively larger
or smaller than the low speed value.
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1.6. The Field Equations

If pg is the charge density in an inertial reference frame in which the average
speed of the charges is zero, then p = ~ypq is the charge density in a moving
frame. The charge density and the three-dimensional current density J;
were extended to form the 4-current density, as shown by Eq. (1.5.2), from
which the Laplacian of the 4-potential was defined by Eq. (1.5.4). Other
useful 4-tensors follow from four-dimensional operations on the 4-potential
A, (X,); some especially important ones follow.

A second rank antisymmetric tensor of interest follows from the poten-
tial by the equation:

_0Az  0A,
- 0X, 0Xg

fas (1.6.1)
Antisymmetric 4-tensors are spatial arrays of six numbers and, in common
with all antisymmetric tensors, the trace is zero:

fra =0 (1.6.2)

Writing out the six values that appear in the upper right portion of the
4-tensor, and using the result to define the function ®, gives:
0Ay O0A; O0A, O0A,
f12 = - = - = Bz
6X1 8X2 ox 8y

OAs _0As _0A, OA. |

3= 5%, " 0xXs 0z dy
OA1  OAs  0A, A,

f31:ax3 X, 0z oz ~Bv

0A, OA; 0D OA, i

(1.6.3)

fiyj=m —— — ——— = — _ __
14 0X;y 0X4y cOx  icoOt ¢

i00  0A, i
fog = - — —

¢ dy icot ¢ v
f, - 102 _O0A, i
T 02 dcot ¢ ¢

With the deductive approach to electromagnetism Eq. (1.6.3) are the defin-
ing terms for field vectors E and B. The result written in tensor form is:

0 B, -B, —iE/c

-B 0 B, —iB/c
f) = : v v 1.6.4
® B, -B. 0 —iE./c (1.6.4)

iEg/c iEy/c iE./c 0
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Differentiating f,g with respect to Xz results in the equality chain:
of, 0 (0A 0A, 0?A 0?A,
B = B — = B — = /*LJOL (1.6.5)
0Xg 0Xp\0X, 0Xg 0Xp0X, 0Xg0Xg
Combining terms gives:
Ofap
= pda 1.6.6
ax, M (1.6.6)
Evaluation of Eq. (1.6.6) gives:
oty _ 0B, 0B, 10E; _ ]
0Xg Oy 9. @ o M=
ofpp 0By 0B, 10E,
_— = _——— — — = MJU
0Xp3 0z dr % Ot ‘ L6
ofs3 0B, 0B, 10E. _ ] (1.6.7)
0X; oz oy ot ¢
cOlyy  OE, OB, OE. p
i9Xg  Or Oy 0z ¢

These are the nonhomogeneous Maxwell equations and relate fields to

sources. In three-dimensional notation:
1 OE
2ot
The nonhomogeneous Maxwell equations relate force field intensities E
and B to sources p and J. The first order terms of E and B are, respec-
tively, independent of and proportional to the first power of the speed of
the charge.

It follows from the definition of f,z that:
Ofye | Ofga | Ofay

VxB-— =uJ; eV-E=p (1.6.8)

ox, " ox, T ox, (1.6.9)
Evaluation of Eq. (1.6.9) for each tensor component gives:

f f. f. B. B, B,
312+523+331_3 %) 17) v _
6X3 8X1 8X2 82 ox 8y
8f24 8f41 8f12 _ 1 OBZ .
0X, X, | 0Xy e o ) =0 -
Of3a n Of40 n Ofaz 1 3B$ 0 (1.6.10)
0Xy  0Xs3  0Xy o )
Ofig | Ofyz  Ofz1 l % —0
8X3 8X1 6X4 a ic ot a
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These are the homogeneous Maxwell equations and relate force field vec-

tors E and B. In three-dimensional notation:
0B
VXEfaz(); V-B=0 (1.6.11)

Another useful 4-vector is the force intensity, defined by the equation:
F =1f.3J3 (1.6.12)
Evaluation of each component of Eq. (1.6.12) gives:
FY =F] =1J,B, - J.B, + pE,
Fy =F] =J.B; — J.B. + pE,
Fy =F'=1J,B, —J,B, + pE. (1.6.13)
Fy = é(EmJI +E,J, +E.J.)

These equations relate force and power to the interaction of the charges
and the fields. In three-dimensional notation:

F'=pE+JxB; —icFy =E-.J (1.6.14)

To assist in the interpretation of Eq. (1.6.12), consider the 4-scalar
formed by taking the scalar product:

FlJo =fapladsg =0 (1.6.15)

The second equality of Eq. (1.6.15) follows from the antisymmetric charac-
ter of f,3 and shows that the 4-vector F) is perpendicular to the 4-current
density. Since the 4-current density is proportional to the 4-velocity, it fol-
lows that F) is also perpendicular to the 4-velocity. Consider the differential
with respect to proper time of the square of the 4-velocity:

d dU d

f— a7:7 — 2 = 1. .1
(UalUa) =200 % = (=) = 0 (1.6.16)

dr

Therefore both the 4-acceleration and F)) are perpendicular to the
4-velocity. This is a necessary but insufficient requirement for F)) to be
the force density.

This approach to the Maxwell equations is based upon the original
axiom relating a charge to its accompanying potential. The form of the
source shows that only charges produce a 4-curvature of the 4-potential
field. The technique is a neat way both to package the electromagnetic
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equations and to show that they take the same form in all inertial coordi-
nate systems. The relationship between fields E and B and the potentials
follows from Eq. (1.6.3). By direct comparison:

aAj—aAi:Bk:VxA:B

Ori O 1.6.17
L0 OA g (ver A g .
8xi 81& - 8t o

1.7. Accelerating Charges

The potentials surrounding electric charges in uniform motion are given by
Eq. (1.5.10) and the force fields are related to the potential by Eq. (1.6.3).
The partial derivative operations of Eq. (1.6.3) take place at the field posi-
tion and time, (r,t). The position and time at the source, (¥',t'), do not
enter into the operations. To carry out the operations it is convenient to

define S by the equation:
S = (R - RC' ”) (1.7.1)

Operating upon the potential while keeping terms involving charge
accelerations gives:

_ a1 _RY 1 ARV

1
B=—RxE
Re %

Keeping only first order terms in powers of v/c leads to:

4 J(R_RY) 4+ L 9
B= L {(R RY) + SR x (Rx m”)}

pyq R 0
B=- -
47rR3RX ('v+ - 8tv)

The equations show that: A stationary charge produces an electric field
intensity that varies as the inverse square of the radius, but there is no

(1.7.3)

magnetic field. If the charge is moving, both electric and magnetic field
intensities exist that are proportional to the speed of the charge and varying
as the inverse square of the radius. If the charge is accelerating, both electric
and magnetic field intensities exist in proportion to the acceleration of the
charge and the inverse radius. Where charge distributions are applicable
Eq. (1.7.3) take the form of spatial integrals over charge bearing regions.
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1.8. The Electromagnetic Stress Tensor

Another result of four-dimensional field analysis is the electromagnetic
stress tensor. It is defined as the symmetric, second rank 4-tensor T, g:

1
IJ'Taﬁ = fomfnﬁ + Zéaﬁfl/afl/a (181)

A symmetric 4-tensor consists of an array of ten independent numbers.
It may be shown, after some algebra, that the force density 4-vector of
Eq. (1.6.12) is related to the electromagnetic stress tensor as:

FY = 0Tas3/0Xs (1.8.2)

The independent components of T, follow from Egs. (1.6.7) and (1.8.1).
The result is:

€ 1
Ty, = =(E2 -E2-E?)+ —(B2 -B2 - B?
11 2( T y z)+2u( T y z)
1
Tio = EEzEy + ;BmBy

_ &2 2 2 i2_2_2
T22—2(Ey E; EI)+2u(B B B

y z :E)
1
Tog = EEyEz + 7ByBZ
i

1
Tay = S(E2 — B} — E}) + 5— (B2 — B - B))
. a (1.8.3)
T31 = EEZEZL’ + *Bsz
W

€ 2 2 2 1 o 2 2
Ty = =(E E E — (B B B

1
1
T24 = 7(EzBa: - EmBz)
w’cu
1

The tensor may be written in the form:

(x )
(T) = ‘ e (1.8.4)
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By definition w = Ty4 is equal to:

1
+ —B? (1.8.5)

€2
Ty =-E
4= 5 2

Tjj is the three-dimensional electromagnetic stress tensor:

1 1
%[Ei —E2 - E2] BBy +  BaBy B+ BiB,

1 2 2 2
+ E[Bx - By 7Bx}

1 1
cEyEy + —ByBy Z[E2 — E2 - E2] ¢ByE, + —ByB,
(T) = g ? 1 in2 2 2 g
—[B; —B; — B
+ 2/14[ y z x]
1 1 € 9 9 2
¢E,Ex + —B,By ¢E,Ey + —B,B, ~[E2 — E2 - E2]
W 1z 2 1
o B2 _ B2 _ B2
+ QN[ z X y}
(1.8.6)
N is the three-dimensional Poynting vector:
N=(ExB)/u (1.8.7)

Symmetric tensors of rank two in three dimensions reduce from six to three
components by transforming to the principal axes and aligning one axis
with the source field intensity. For example, if there is no magnetic field
and if the electric field intensity is directed along the z-axis the tensor
reduces to:

. E2 0 0
(T)=35{ 0 -E* 0 (1.8.8)
0 0 —E?

To interpret the stress tensor, consider the four-dimensional spatial integral
of Eq. (1.8.2). The equation may be written:

/ / / / o FIYAX, dX,dX,dX), = / / / / ¢y Cjﬁdx’dx’dx’dxg

(1.8.9)

Working with the left side:

//// L FVdXdX5dX5dX) = /// FYdX}dX5dX5dX)
= //// F;dX1dX2dX3dX4
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Working with the right side:

/ / / / < O"GdX’ nAX,dX,dX, = / / / / oo Tag) —ga —oBl 4xX! dX,dX,dX),
9, X,
_ / / / / ¢ T, dX, dX,dX,

The last equality results since the integral at the limits of the spatial inte-
grals vanish. Working with the last integral, note that:

s Toa = ApCrathy Thy (1.8.10)
Since cjgch, = 0dpy it follows that c,zToa = c,,Tog from which
el o Ths = chyToo. This leaves the equality:

/ / / / FIdX, dX,dX,dX), — / / / o ToadXdXydX,  (1.8.11)

Since ¢, = Uy /ic this may be written:

1
/// FYaX} dX,dX,dX), = %///TaaUaXmddeXg (1.8.12)

To change the 4-integral into a three-dimensional one, differentiate by (ict)
to obtain:

/ / / FdXydXpdX = Fy = — 5o / / / TooUadX1dXodXs (1.8.13)

Since all time integrals are zero at time ¢ = —oo, time integration has a
value only at present time, ¢.

To examine results of these equations, consider a charge moving with
low speed in the z-direction. With the axis in the direction of motion, the
sum T,,U, takes the form:

Tsa U, = %E% (1.8.14)

Combining gives:

F= /F"dV - % {:2/(;1#) dV} (1.8.15)

The sign was changed to represent reaction of the field on its source, rather
than vice versa. For a low speed particle undergoing differential acceleration
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Eq. (1.8.15) takes the form:

d dp
F=— = — 1.8.1
gy (mwv) g7 (1.8.16)
The mass is calculated as:
1 € o
m = ?2/ (iE )dv (1.8.17)

The interpretation accorded these equations is that Eq. (1.8.17) is
Newton’s law for electromagnetic mass, confirming that F is a force. The
expression for the mass shows that (¢E?/2) is the energy density of an
electric field.

1.9. Kinematic Properties of Fields

To further analyze the kinematic properties of fields, begin with the four-
dimensional force equation, Eq. (1.6.14):

F'=pE+JxB; —icFy =E-J (1.9.1)

To express this equality in a way that depends upon the fields only, it is nec-
essary to substitute for p and J from the nonhomogeneous electromagnetic
equations, Eq. (1.6.8):

F'=c¢E(V-E)—-B x <1V><B—68E>
1 ot
X e (1.9.2)

It is helpful to add zero to each equation in the form of terms proportional
to the homogeneous Maxwell equations, Eq. (1.6.11). The added terms are:

lB(V~B)—€E>< (VxE—i—aB) and

ot
. B (1.9.3)
Combining gives:
F'=¢{E(V-E)-E x (VxE)}
1 1 ON

P 1
icFy = <6E2 +—

B2 ‘N
ot \ 2 2 >+V
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Writing the first of Eq. (1.9.4) in tensor form gives:

0 1 1 1 10
Y =— EE; — —6;ExE —| BiB; — =6;;BB - ==N;
o () (g )} - 5
(1.9.5)
Integrating over a closed three-dimensional volume gives:

1 1 1
7{ {S(EiEj - 25ijEkEk> o (BiBj - 251jBkBk>} ds;

1 0N,
:/<02 = +Fy) av (1.9.6)

By Eq. (1.8.16) the last term on the right is the rate of change of momentum
of all charges contained within the volume, p ... Therefore, the first term
on the right is the rate of change of field momentum, pg4. It follows that
the left side of the equation is equal to the force on the charges and fields
within the volume of integration. The results may be written as:

1 v d
Pela = 3 /NdV; F'=pE+J xB = & Ponarge (1.9.7)

Since F" is a force density, it follows from Eq. (1.9.7) that the electric field
intensity is a force per unit charge. Since a wave travels at speed ¢, by the
first of Eq. (1.9.7) the momentum passing through a planar surface is:

1

By definition dS is a differential vector area normally outward from the
surface.

Integrating the second of Egs. (1.9.1) and (1.9.4) over a three-
dimensional volume gives:

/(E L3)dV = % <;E2 + 21MB2> av + ?{N -dS (1.9.9)

Since the field intensity is a force per unit charge it follows that the left side
of Eq. (1.9.9) is the rate at which energy enters the volume of integration.
Therefore the volume integral on the right side must be the rate at which
energy increases in the interior, and the surface integral must be the rate
at which energy exits through the surface. It follows that the energy in the
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electromagnetic fields is equal to:

W = /( E2+B2> av (1.9.10)

It also follows that the rate at which energy exits the volume through
the surface is:

j{N s (1.9.11)

A different formulation of Eq. (1.9.10) that is sometimes useful is
by rewriting it in terms of the potent1als. Combining Eq. (1.9.10) with
Egs. (1.6.8) and (1.6.17) results in:

W:/[pd)—i—J-A]dV—i—f[—s(ng)—ki(AxB) .ds

OA OE
+5/ [_E'atJFA'at] av (1.9.12)

For a charge moving at a constant speed, or if the charge acceleration is
small enough so the energy escaping into the far field is negligible, only the
first term of Eq. (1.9.12) is significant. For that case the total field energy
may also be expressed as:

Wz/[p(I>+J~A}dV (1.9.13)

1.10. A Lemma for Calculation of Electromagnetic Fields

A lemma is needed to assist in the unrestricted and systematic calculation
of electromagnetic fields about known sources. To obtain it, begin with the
general form for fields in a source-free region containing time-dependent
fields:
OE
—en,
Taking the curl of Eq. (1.10.1) and then substituting back and forth as
needed gives:

B
V xB :OZVXE+€M% (1.10.1)

0’B O0’E
Vx(VxB)—&—suW:O:Vx(VxE)—i—suW (1.10.2)
This shows that, away from sources, E and B satisfy the same partial
differential equation.
0%

VA — enm =0 (1.10.3)
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This is useful because of an associated lemma that begins with the vector
field F(r,t), defined by

F=Vx (rv) (1.10.4)

The lemma is that if ¥ satisfies Eq. (1.10.3) then F satisfies the differential
equation:

2
F
V x(VxF)+ Eu%? =0 (1.10.5)

To verify that Eq. (1.10.5) is correct, multiply Eq. (1.10.3) by (—r), then

take the curl:
32
—V x (rV?0) 4 eu@[v x (r¥)] =0 (1.10.6)

Comparing Egs. (1.10.4) through (1.10.6) shows that Eq. (1.10.5) is
satisfied if:
V x{Vx[Vx(r¥)}=-Vx(rv?v) (1.10.7)

To confirm Eq. (1.10.7), begin with the identity for the curl of a scalar-
vector product:

Vx(r®)=9(Vxr)—rx V¥ (1.10.8)
Since V x r = 0, it follows that:
VX[V (r®)]=-Vx(rxVP) (1.10.9)
Combining Egs. (1.10.7) and (1.10.9) gives:
V X [V x(rxV¥)] -V x (rvi¥) =0 (1.10.10)

Two identities from vector analysis are:

V(A-B)=Ax(VxB)+Bx(VxA)+(B-V)A+(A-V)B
Vx(AxB)=A(V-B)-B(V-A)+(B-V)A-(A-V)B
(1.10.11)
Putting A =r and B = VVU:
V(r-VV)=(r-V)V¥ + (V¥ -V)r=(r-V)V¥ + V¥
V x (vx V¥) =rV20 - 2VV + (r- V)VU
Combining Egs. (1.10.10) and (1.10.12):
V x (rx V¥) —rV2¥ + VU 4+ V(r - V¥) =0 (1.10.13)

Since the curl of the gradient vanishes, taking the curl of Eq. (1.10.13)
yields Eq. (1.10.10) and completes the proof.

(1.10.12)
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1.11. The Scalar Differential Equation

To solve Eq. (1.10.3) it is useful to remove the time-dependent portion. For
that purpose use the Fourier integral expansion:

U(r,t) = / Y(r,w)e™ dw (1.11.1)
Substituting Eq. (1.11.1) into Eq. (1.10.3) leads to:

/OO (V2 + E*)e™ dw = 0 (1.11.2)

— 00

By definition k2 = w?ep. For this equation to be zero for all values of w,
the integrand of Eq. (1.11.2) must equal zero:

V2 +k*)p =0 (1.11.3)

This is the Helmholtz equation, solutions of which combine with
Egs. (1.10.3) to (1.10.5) to obtain the full solution for vector fields.
Certain differential vector operations in spherical coordinates are listed
in Table 1.11.1. Using spherical coordinates with 6 the polar angle from the
z-axis, ¢ the azimuth angle from the z-axis, and r the radial distance from

Table 1.11.1. Differential vector operations, spherical coordinates.

Orthogonal line elements: dr,rdé,rsin 6 d¢

. O 18y 1 31/’}
dient = =50 - ER
Gradien {(Vd’) or (Vo r 960 (V¥)s rsinf O¢
1 1
Divergence of vector A: ol %(7’2A7») + Tsind %(Sin 0Ag) + 7 sind %A¢

Components of curl A:

1 O(sinfAy)  OAyp
A), = e v
(VX A)r rsin 0 [ a0 o¢ }
1 0A, 10(rAy)
A)y = - =
(VXA rsinf O¢ r  Oor
1[0(rAy) 6AT}
Ay, = - | —2~2  —
(V> A)g r |: or a6

10 (00 Lo o L o0
Laplacian of ¥ = V2Ww: ¢ == (7272 50 \""0%0 ) T menr e a2
aplacian o {7“ or (T 8T) * r2sin 6 06 (sm 89) * r2sin? 0 0¢2 }
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the origin, by Table 1.11.1 the Helmholtz equation is given by:
1 [ &q 1 0% 10 [ 50U
r

—|sinf—| + ——— + = —
r2sin 6 r2gin20 092 r20r

00

2, —
87"] +k2p =0 (1.11.4)

Dividing the equation by k2 shows that the radial dependence of the solu-
tion is a function only of the product ¢ = kr, and therefore ¢ may be written
as ¥ (0,0, ¢). A theorem applicable to problems using spherical coordinates
is that the complete solution of Eq. (1.11.4) is obtained by summing over
all possible functions (e, 8, ¢) where:

P(r,0,¢) = R(0)O(0)P () (1.11.5)

To obtain (0,0, ¢), it is necessary to begin by solving for the solutions
of Eq. (1.11.5) that involve only one independent variable. After obtaining
the functional forms, all possible products are formed and weighted by a
constant multiplying coefficient. The coefficient is determined by matching
boundary conditions. Finally, all individual product functions with appro-
priate coefficients are summed.

Substituting Eq. (1.11.5) into Eq. (1.11.4) and multiplying by
r2/U(r,0, ) gives:

1 d ( d@) 1d°  1d (QdR
—— — | sinf— ———t=—|0"—
Osind do de ® d¢? Rdo do

The first two terms are independent of the radius and the last two terms
are independent of the angles, yet the two sets equal each other’s negative,
requiring both sets to be constant. The constant is known as the separation
constant. A convenient choice of separation constant is for the radial terms
to equal v(v + 1) and the angular terms —v(v + 1), and results in the
separated, complete differential equations:

1 d ( 2dR>+(1_V(V;2F1)>R:0 (1.11.7)

) +0?2=0  (1.11.6)

2do \7 o
d d de 0 d*¢
— |sinf— - 1)0d = 1.11.
Y {sm d9}+sin29d¢2+y(y+ )© 0 ( 8)

The radial equation is a differential equation with one independent variable.
The angular equation may be written as:
1d°®

sind d [, dO© . 9
?@ l:stde] +V(V+1)Sln 9+6@ :0 (].].].9)
The first two terms of Eq. (1.11.9) are functions of 6 only and the third
is a function of ¢ only, yet the terms equal each other’s negative. Again,
both sets are constant. Putting the first two terms equal to m?, where m
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is the second separation constant, results in two separated equations, each
involving only one independent variable:

1 d - de m2

sin 6 df (ana(w) + (V(V +1) - 2 )9 =0 (1.11.10)
e,

T d=0 (1.11.11)

Solutions of the separated differential equations and tabulated functions
are in the Appendix.

Solutions of the radial equation are spherical Bessel, Neumann, and
Hankel functions, respectively, j,(c0),y,(c), and h,(c). A particularly
important linear combination is Hankel functions of the second kind and
integer order: hy(c) where “¢” represents any integer value of “v”. Solu-
tions of the zenith angle equation are associated Legendre functions; solu-
tions are, in some instances, of integer order and in others of noninteger
order. In all cases, the orders of the radial and zenith angle solutions are
the same. Trigonometric functions form the solutions of the azimuth angle
equation: sin ¢, cos ¢, and exp(+ime). Since all solutions to be considered
extend over the full range of azimuth angle, zero through 27, only integer
values of degree m, are present. With exponential notation, the exponent
may have either sign. With symbol z, (o) representing a linear combination
of possible radial solution forms, rather than writing the solution as two
separate sums it is written as:

" (r, 0, ¢) = z,(0)O™ (h)e”™? (1.11.12)

With this notation, completeness requires m to include the full set of posi-
tive and negative integers, however the degree of the Legendre function is
always positive.

1.12. Radiation Fields in Spherical Coordinates

Replacing B by puH more closely matches common usage. For what lies
ahead we are concerned only with free space and there p is merely a unit-
determining parameter that measures the magnetic field in amperes per
meter instead of webers per square meter.

The field calculation procedure is due to Hansen, and begins with the
vector theorem that a field with zero divergence is completely specified by
its curl. It is, therefore, helpful to introduce the two independent field sets:

nHy =rxVV¥; and Eg;=rx VU, (1.12.1)
Symbol n = /u/e indicates the wave impedance.
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Since the free space divergences of both vectors are zero, solutions of
Eq. (1.12.1) provide the complete set of possible values for vectors H;
and Es. The remaining field solutions, Hs and E;, may be obtained from
Eq. (1.12.1) using the Maxwell curl equations. The total fields, (E; + Es)
and (Hy +Hs), are then complete. If the boundary conditions are matched,
the fields are also unique.

In what follows we use the notation that time dependence is exp(iwt)
and azimuth angle dependence is exp(—jmg), where i? = j2 = —1. The
reasons for separate notation are that it permits separation of polarization
and time dependencies and it permits restriction of separation constant m
to the field of positive integers, without loss of generality. With Hansen’s
method the defining terms for phasor fields are, see Eq. (1.10.4):

nHi =rx Vi, and Eo=rx Vi), (1.12.2)

A tilde over a vector indicates that it is a phasor. It is required that the
scalar functions satisfy the Helmholtz equation, Eq. (1.11.3). For integer
modes, the results are solutions in the form of Eq. (1.11.12):

Y1 =Fllm)n(0)0) e (1.12.3)
Y = j G(£,m)z(0)0F e 7™
The order is not restricted to integer values and the radial function z,(o)
may be any linear combination of spherical Bessel and Neumann functions.
The zenith angle function may be any linear combination of associated
Legendre functions. Both the applicable functions and the constant mul-
tiplying coefficients F(¢, m) and G(¢,m) are determined by the boundary
conditions.

Applying the operation of Eq. (1.12.2) to Eq. (1.12.3) gives the result:

rX Vi =——— =+ (1.12.4)

Combining gives:

MY

E, = JG(l, m)z(0) { 'émeé + QZ)%

B AmOyt  dep | L
nH; = F(¢,m)ze(0) [39 g ]e

(1.12.5)

o imé
sin 0 }
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Taking the curl of the second of Eq. (1.12.5) and then applying the
Maxwell curl equation leads to:

doe m@
H, = —iG(¢ Ime L (L +1)=OpF £ £
Ly = —iG(tmpe ™ {jete-+ %0y 4 o (35000 + O
(1.12.6)
The carat indicates a unit vector and a dot superscript indicates:
1d
zp(0) = EE[JZZ(J)] (1.12.7)

Taking the curl of the first of Eq. (1.12.5) and then applying the Maxwell
curl equation leads to:

E, = iF(/, m)e—f"w{e(u 1)%95 f+z;<d(?9f f— ’:fjé ¢)} (1.12.8)

The total fields are the sum of Egs. (1.12.5), (1.12.6) and (1.12.8). They

may be written as:

oo /L

= Z Z éF f m g + 1) ( )Gnl(COS 9)6_3m¢
£=0 m=0
:—Z]ZZZ g—i—l) ( )G)Z”(cose)e_jm‘b
£=0 m=0 o
o0 14
D der moml
B = i ? L l —jme
0 [2_; 701 [z (£, m)z} 0 G(t,m)z s ]e
= m; (1.12.9)
H = —L F 4 s '7E _Jm¢
e ;mz::oz [ (6, m)ze =)= —1G(E,m)z;— = L
o ¢ - .
Bo = - |iE ‘ L _ L | n—ime
’ ’ éz:;)mz::oZ {Z (£,m)z; sin @ G(l,m)ze dé }e
N/ - )
ﬁ = i— F E 4 _ . ) —jme
T] 6 j Z Z 1 |: ( am)Zz Sin G(é7 )Ze :|

Without loss of generality, the phases of constants F(¢, m) and G(¢, m) and
multiplying factor i~ have been picked for later convenience. Coefficients
F(¢,m) multiply the radial component of the electric field terms and are
TM (transverse magnetic) fields and modes, where “T” indicates transverse
to the radial direction. Coefficients G(¢,m) multiply the radial component
of the magnetic field and are TE (transverse electric) fields and modes.
Terms with £ = m = 0 have no radial fields and are the TEM (transverse
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electric and magnetic) fields and mode. This result is valid for all possible
electromagnetic field solutions.

Keeping only the real or only the imaginary part with respect to “j”
provides, respectively, z or y polarization of the electric field intensity. The
fields are right or left circularly polarized, respectively, with j =i or j = —i.
Since this result applies to all time-dependent outgoing waves, it follows
that it also applies when the rate of change is arbitrarily small. Hence, it
describes fields in the limit as the frequency goes to zero, a static charge
distribution. Because of this general result, it is helpful to obtain a physical
view of what constitutes field sources. The sources of coefficients F(¢,m)
and G(¢,m) for static fields are discussed in the appendix, Secs. A.28
and A.29.

Consider a few special cases of Eq. (1.12.9). If the described fields are
contained within a source-free region of space, and if that space is loss
free, solutions have positive, integer values of orders and integer values of
degrees. Spherical Bessel functions, which have no singularities, form the
radial portion of the solution; spherical Neumann functions, which have
singularities, are not present.

Associated Legendre functions of the first kind, and of integer order,
which have no singularities, form the angular portion of the solution; frac-
tional order associated Legendre functions and those of the second kind,
which have singularities, are not present.

In the main, if the fields originate at a point and support an outward
flow of energy from that point, the radial portion of the solution consists of
spherical Hankel functions of the second kind. A solution within an enclosed
space that excludes the z-axis, but has rotational symmetry, is described
by associated Legendre functions of both the first and second kind, with
noninteger, positive-real orders and integer degrees.

In all cases, if the medium in which the fields exist is “lossy”, the sep-
aration constants are complex numbers with a positive real part. Since all
cases of interest in this book concern lossless media and a full 27 spatial
rotation about the z-axis, both the order and degree are real and degrees
have only integer values.

1.13. Electromagnetic Fields in a Box

It is helpful for the analysis of radiation problems that follow to know the
possible modes in a rectangular cavity, the energy associated with the dif-
ferent modes, and the number of independent modes that can exist. To that
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end consider all possible electric field modes that can exist inside an other-
wise empty, rectangular cavity that is confined by walls of infinite conduc-
tivity. From Eqs. (1.11.2) and (1.11.3) the wave number k is, by definition:

kE=w/c (1.13.1)

Whatever time dependence a set of fields may have, it is most easily
analyzed at a single frequency only. For each frequency, see Eqs. (1.6.8)
and (1.6.11), the Maxwell equations in an empty hollow chamber are:

)
k
V-H=0; V-E=0

=h

nH= -V xE; E:—%Vx(nﬁ)

(1.13.2)

Let the cavity be a rectangular box that extends from 0 to a along the
xr-axis, 0 to b along the y-axis, and 0 to d along the z-axis. Boundary
conditions applied to perfectly conducting walls require all parallel electric
field components to be zero at the surface. Since by Eq. (A.7.3) the fields
are also spatial sinusoids the most general forms of possible electric field
components are:

E. = E; cos(kxx) sin(kyy) sin(k,z)e™"
E, = Eysin(kyx) cos(kyy) sin(k,z)e™" (1.13.3)
E, = Ejsin(kyx) sin(kyy) cos(k,z)e™"

Constants Eq,Es, and E3 are specific to each particular problem. Since

k satisfies Eq. (A.5.17) it is also a vector, and since by Eq. (1.13.2) the
divergence is equal to zero, it follows that:

k-E=0=k-E, +kEy+k,E; (1.13.4)

Applying this condition shows that two of the field constants can be
expressed as functions of the other. The electric field set is equal to:
Ex=— hxks E3 cos(kxx) sin(kyy) sin(k,z) cos wt
X k')% + k; X v Z
B kyk,
VT UR2 4+ k2

E, = Es sin(kxx) sin(kyy) cos(k,z) cos wt

(1.13.5)

Ej3 sin(kxx) cos(kyy) sin(k,z) cos wt

This leaves Eq. (1.13.5) with only one unknown field coefficient. Operat-
ing on Eq. (1.13.3) with the first curl equation of Eq. (1.13.2) gives the
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accompanying set of magnetic field components:

nHy = %[kyEg — k,Eo] sin(kxx) cos(kyy) cos(k,z)e"
nH, = %[kZEl — ky B3] cos(kxx) sin(kyy) cos(k,z)e™" (1.13.6)
nH, = %[kXEQ — kyE1] cos(kxx) cos(kyy) sin(k,z)e™"

Substituting the field coefficients of Eq. (1.13.5) into (1.13.6) shows that
H, = 0 and the other field components are:

kyk )
nHy = iEs (k2 2 ) sin(kyx) cos(kyy) cos(k,z)e™"
L | (1.13.7)
nH, = iE3 <X> cos(kyx) sin(kyy) cos(v,z)e™!
v k2 + k2 Y

Comparing Egs. (1.13.5) and (1.13.7) shows that the electric and magnetic
fields are out of time phase. Since the ideal cavity is lossless, the energy
is constant and the total electric and magnetic energy is constant. That
energy is, therefore, twice the magnetic energy. Integrating over the volume,
V = abd, gives the total energy:

k’2
W = 16E§(1+ k2+k2)v (1.13.8)

With ¢, m, n equal to integers, the conducting boundary condition is:

Ir mm nmw
=2 ky=—; k=— 1.13.
kx p ky b k, 7 (1.13.9)
Combining and introducing w as the energy per unit volume gives:
r mm nm
hy = %, =T g, 2 BT 1.13.1
a Yy b d ( 3 0)
+d)?
_ g1y rd 1.13.11
5531+ ) —

The dual solution follows by starting with all possible magnetic field com-
ponents then put E, = 0. The two polarizations are independent and give
dual results.

A related problem is to find the number of possible solutions within
volume V. For this case let the cavity be cubic, from which a = b = d. The
number of available states is equal to the number of spatial points in the
positive quadrant of k-space. For integers ¢, m, n much greater than one
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the number of points is nearly equal to the volume of that quadrant and,
in k-space, the unit length is 7/a. The total number of points is therefore
1/4 the volume in phase space:

1 3 27T s k kd
N=-_ (9) / d¢/ sineda/ g =V (1.13.12)
8 s 0 0 0 67T2

The above argument follows from possible values of the electric field
intensity inside the regions then obtaining the magnetic field and the con-
dition H, = 0 from it. The argument is equally valid starting with magnetic
field intensity then obtaining the electric field, and the condition E, = 0
from it, and gives an equal number of solutions. Therefore the total number
of possible solutions is:

%

=33 (1.13.13)
X

The two solution types represent the two possible field polarizations.
The number of states between frequencies w and w + dw follows:

1 2
ZaN= "2

This expression may be used to evaluate the number of energy states avail-
able in free space by imagining all space to be in an enclosed system then
letting the dimensions of the system become infinite.

1.14. From Energy to Electric Fields

The energy associated with an electric field is given by integral equations
Eq. (1.9.10). Using it, it is commonly considered that the local energy den-
sity at each point in the field is

w(r,t) = eE(r,t) - E*(r,t)/4 (1.14.1)

It is often convenient to express this energy in terms of wave number k.
Since k is a vector it may be used as a basis for dimensions, that is, in
k-space. For this purpose it is convenient to express the field in coordinate
space as an integral over all constituent parts in k-space:

E(r,t) = ﬁ / E,, (k,w)e“=k1 4k dw (1.14.2)

— 00
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To evaluate the k-space field, E, (k,w), consider the integral expression
drawn from Eq. (1.14.2):

/ E(r,t)e @ =¥ N qrqy
= / dk dw / E, (k,w)e! (=< 1t—l=K])qp q¢

= (2m)? /Oo dk dwE,, (k,w)d(w — )5k — k') = (27)*E, (K, ')

— 00

It follows that:

E,(k,w) = ﬁ / E(r, t)e " “t=knqrdy (1.14.3)

The two forms of electric field intensity, therefore, form a Fourier integral
transform pair. It follows that the electric field energy in k-space is:

— 00

w(k,w) = cE(k,w) - B* (k,w) /4 (1.14.4)

It follows from Eqs. (1.14.1) and (1.14.4) that in both coordinate systems
the field intensities are proportional to the square root of the energy density.
Since only the scalar product between the field intensities is known, three-
dimensional vectors are not completely specified by this argument. It is,

however, complete for one-dimensional cases such as, for example, scalar
fields.
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