
Chapter 1 
Preliminaries 

This introductory chapter concentrates on basic notions and properties con- 
cerning Noetherian rings, factorization of elements in a domain, field exten- 
sions, symmetric polynomials, trace and norm, free abelian groups of finite 
rank, and Noetherian modules, which might not be familiar to  some readers. 
So we include most of necessary proofs for the reader’s convenience. 

0. Conventional Review 

In this book all rings are commutative associative rings with identity 1,  and 
throughout the text, 
N = the set of nonnegative integers, 
Z = the set of integers (ring of integers), 
Zf = the set of positive integers, 
Q = the set of rational numbers (field of rational numbers), 
R = the set of real numbers (field of real numbers), 
C = the set of complex numbers (field of complex numbers). 

Let R be a ring and A a subring of R. Then we insist that A has identity 
1~ and 

And we write 

RX = R - (0). 

If { U i } i E ~  and {Vl, ..., Vm} are collections of nonempty subsets of R, 
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then the sum of {Ui} i ,=~ and the product of {Vl, ..., Vm} are defined as 

v l . . . v m = { c v l . . . v ,  I }  V i E V ,  , 

where the sums involved in both C Ui and VI . . . V, are finite sums. So 
one understands that 
0 the sum of given ideals is an ideal; 

the product of finitely many given subrings (ideals) is a subring (an 

0 for subrings (ideals) I ,  J and K ,  I ( J  + K )  = I J  + I K  = J I  + K I  = 
ideal); and 

( J  + K ) I .  

Let S be a nonempty subset of R and A a subring of R. We set 

Z[S] = the subring of R generated by S 
= { ~ s z  ...s:; I si, E S, m E z+, aj EN} 

A[S] = the subring of R generated by S over A 
= { ~ a ( , , ~ ) s ~  ...s:; 1 a(,,j) E A,  si, E S, m E z+, aj E N} 

(S) = the ideal of R generated by S 

= { c r i s i  I ri E R, si E s } ,  

where the sums involved in Z[S], A[S] and ( S )  are finite sums. If S = 

{sl, ..., s,} is finite, we write Z[S] = Z[sl, ..., sn], A[S] = A [ S I ,  ..., s,], ( S )  = 

(s1, ..., sn) ,  and call them a finitely generated subring, a finitely generated 
subring over A,  and a finitely generated ideal of R, respectively. Clearly we 
can also write ( ~ 1 ,  ..., Sn) = C,=l Rsi. n 

Let R L R '  be a ring homomorphism. Then we insist that 

cp is not the zero-homomorphism and cp(1~) = l ~ , ,  

and we write Kercp, Imcp for the kernel and image of cp, respectively. A very 
useful consequence of the first isomorphism theorem on ring homomorphism 
states that 
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* if R-%A and R-B are ring homomorphisms, cp is surjective, and 
Kercp C Ker$, then there is a ring homomorphism A-%B defined by 
p(a )  = $ ( r ) ,  where cp(r) = a ,  such that the following diagram commutes: 

Kercp L) R A *I JP p o c p = $  

B 

if furthermore 1c, is surjective, then p is surjective as well. 

Let R be a ring with identity 1 = 1 ~ .  If R has no divisors of zero, i.e., 
a, b E R and ab = 0 implies a = 0 or b = 0, then R is called an integral 
domain, or simply a domain. If R is a domain, then so is the polynomial 
ring R[zl , ..., zn] in variables z1 , ..., zn over R. 

If a ,  b E R and ab = 1, then a (hence b)  is called a unit of R. If every 
nonzero a E R is a unit, then R is called a field. 

0.1. Proposition Every finite domain is a field. 

Proof Exercise. 17 

Thus, if p E Z is a prime number, then the ring Z / ( p )  of integers modulo 
p ,  usually denoted Z,, is a field. 

Let K be a field. Consider the set of integers 

o ( ~ )  = { m  E Z+ I m~ = o for some x E K~ . 

If o ( K )  = 0, then the characteristic of K ,  denoted charK, is defined to be 
zero, i.e., charK = 0; if o ( K )  # 0, then charK is defined to be the smallest 
integer p E o(K) .  In the second case p is a prime number (exercise 3). 

1 

Every field has a smallest subfield P (with respect to the inclusion rela- 
tion on subfields), the prime subfield, which is either isomorphic to 

Q, if charK = 0, 

or to  

Z p ,  if charK = p > 0. 

Clearly, every finite field F has charF > 0. If a field K has charK = 
p > 0, then (u + b ) P  = ap + bP for all a ,  b E K (exercise 4). 
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If R is a domain, then the field of fractions of R is constructed via the 
equivalence relation on R x RX  : 

(a ,  b)  - (c,  d )  if and only if bc = ad. 

Write f for the equivalence class represented by (a ,  b) ,  and write Q(R) for 
the quotient set R x R X /  -. Then 

Q ( R ) = { %  I a,bER,  b f o }  

where the addition and multiplication are defined the same as that for 
rational numbers. Thus, in Q(R), 4 = 0 is the zero of the additive group 
(Q(R),  +), = ~ Q ( R )  is the identity of the multiplicative group (Q(R),  .), 
and if a = f # 0 then a-1 = $. 

The ring homomorphism 

XR : R --+ Q(R)  

r r w  - 
1 

is injective. In the case where R is a field, XR is an isomorphism. So we may 
view R as a subring of Q(R) and write R Q(R).  Consequently, if Q(R)[x] 
is the polynomial ring in variable x over Q(R), then R[z] 

If R' is another domain and 9: R --f R' is an injective ring homomor- 
phism, then cp induces an injective ring homomorphism Cp: Q(R) -+ Q(R'), 
where (f) = 3. Hence Q(R) may be viewed as a subfield of Q(R'), 
and consequently Q(R)[z] may be viewed as a subring of Q(R')[x]. It turns 
out that if cp is an isomorphism then so is q. In particular, if Q(R) is the 
field of fractions of the domain R and R c B c Q(R),  where B is a subring 
of Q(R),  then Q(B) = Q(R). 

Q(R)[x].  

We assume that the reader is familiar with the basic structural prop- 
erties of a polynomial ring R [ q ,  ..., x,] in variables x1, ..., x, over the ring 
R, for instance, R is a subring of R [ q ,  ..., z,] consisting of constant poly- 
nomials, every f E R[Q, ..., z,] has a unique expression into the linear 
combination of monomials: f = r,xy' . . . xEn, where cy = (a1, ... ,a,) E 

N" = { (ai, ..., a,) I a1, ..., a, E N}, and the degree of f is defined as 

degf = max a1 + . . + a, r,xy' . . . xzn # 0 is a term of f . { 1 
If f = 0 then conventionally degf is defined as -m. Thus, for f = 

C Tax:' . . . xC,an , g = Crp$ ...xk, one knows how to determine the 
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degree of f + g and f . g according to the addition and multiplication of 
polynomials. 

In particular, we recall the following important properties of a polyno- 

I f f  E R[z] is a nonconstant monic polynomial, i.e., degf 2 1 and f is 
mial ring. 

of the form 

f = rcn + an-lrcn-l +.  . . +ao, ai E R, 

then a division algorithm on g E R[z] by f exists: 

g = q f  + T ,  q,r E R[z] ,  degr < degf. 

Let R be a ring. If Z[sl, ..., s,] is the subring of R generated by 
s1, .,., s,, then there is an onto ring homomorphism from the polynomial 
ring Z [ z l ,  ..., rc,] to Z[sl, ..., s,]: 

Z[Zl, ... , % I  - q s 1 ,  ..., S n ]  

f(z1, .-,4 H f(Sl,...,S,) 

Let A be a subring of R. If A[s l ,  ..., sn] is the subring of R generated 
by sl, ..., s, over A,  then there is an onto ring homomorphism from the 
polynomial ring A[zl ,  ..., rc,] to  Ajsl ,  ..., s,]: 

A [ ~ I ,  . - . , ~ 2 ]  - A[s l ,  ' ' ' 7  sn] 

Exercises 
1. Let A be a subring of the ring R and S C R a nonempty subset of R. 

Show that Z[S] is the smallest subring of R containing S ,  that A[S] 
is the smallest subring of R containing A and S ,  and that (S) is the 
smallest ideal of R containing S. (Here the ordering on subrings and 
ideals is the usual inclusion ordering on subsets.) 

2. Complete the proof of Proposition 0.1. (Hint: If R = { a l ,  ..., a,} is a 
finite domain and 0 # ai E R, then aiR = R.) 

3. Let K be a field. Show that if charK = p # 0, then p is a prime number. 
4. Let K be a field of charK = p # 0. Show that (a  + b ) P  = ap + b P  for 

all a ,  b E K .  (Hint: Check the binomial coefficients of the expansion of 
(a  + b)p.)  
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1. Noetherian Rings 

Since Noetherian ring plays a leading role in commutative algebra, we start 
with this notion. 

Let R be a ring. R is said to satisfy the maximal condition if every 
nonempty set of ideals contains a maximal member with respect to the in- 
clusion relation on ideals. R is said to satisfy the ascending chain condition 
if for every ascending chain of ideals 

I1 c I2 5 . . *  c In . . .  

there is some k such that Ik = I j  for all j 2 Ic. 

1.1. Theorem Let R be a ring. The following are equivalent. 
(i) R satisfies the maximal condition. 
(ii) Every ideal of R is finitely generated. 
(iii) R satisfies the ascending chain condition. 

Proof (i) + (ii) Let I be a nonzero ideal of R. Set 

S = {all finitely generated ideals contained in I } .  

Then S # 0, and by (i) there is a maximal member in S ,  say J = C;=, Rai 
with ai E I .  If J # I ,  then there is some x E I, x 6 J. Thus, J is 
properly contained in J' = J + Rx and J' E S ,  contradicting the choice of 
J .  Therefore I = J ,  a finitely generated ideal. 

(ii) + (iii) Let 

be an ascending chain of ideals in R. Set I = UIi. Then I is an ideal of 
R and hence finitely generated, say I = CE, Raj with aj E I .  Suppose 
aj E Ii3 with il < i2 < ...  < i,. Then aj E Ii,, j = 1, ..., m, and 
consequently I = Ii,. Let k = i,. Then Ik = Ij for all j 2 k. 

(iii) + (i) Let S = {I i}  be a nonempty set of ideals in R. If S did not 
have a maximal member, there would be a strictly ascending chain of ideals 

0 out of S ,  which does not satisfy the chain condition. 

1.2. Definition A ring R satisfying one of the equivalent conditions of 
Theorem 1.1 is called a Noetherian ring. 



Preliminaries 7 

Let R be a ring. If every ideal I of R is a principal ideal, i.e., I = 
(a )  = Ra for some a E I ,  then R is called a principal ideal ring. Principal 
ideal rings are special Noetherian rings. If a principal ideal ring R is also a 
domain, then we simply call R a PID. 

It is a result of the division algorithm in Z and the division algorithm 
in the polynomial ring K[z] ,  where K is a field, that both Z and k[z] are 
PIDs (exercise 1). 

Concerning polynomial rings in finitely many variables over a Noethe- 
rian ring, we have the following celebrated result. 

1.3. Theorem (Hilbert basis theorem) If R is a Noetherian ring then so is 
the polynomial ring R[z] in variable z over R. Hence, the polynomial ring 
R[zl,  ..., z,], in any finitely n variables z1, ..., z,, is Noetherian. 

Proof We show that if R[x] is not Noetherian then neither is R, by adopting 
a well-known argumentation (as one may easily find at  the site ' ) .  

Suppose that I is an ideal of R[z] which is not finitely generated. Then 
a sequence of polynomials from I can be chosen as follows. 

f i  

f 2  

f3 

E I with least degree nl, 
E I - Rfl with least degree n2, 
E I - (Rf i  + Rf2) with least degree n3, 

k 

f k + 1  E I - I R f i  with least degree nk+l, 
i=l 

where n1 5 722 I 123 5 ' . . I nk+l 5 . . . . 
Claim Let ai be the leading coefficient of fi. Then 

n 

Ral c Ral + Ra2 c . . * c C R a i  c . . . 
i=l 

is a strictly ascending chain of ideals in R. 

this would yield ak+l = 

k If the claim was not true, then Rai = Cfz; Rai for some k, and 
riai, ri E R. Note that for i = 1, ..., k, we k 

http://planetmath.org/encyclopedia/Proofo~ilbertBasisTheorem. html 
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have 

fi 
~ i f i P k + l - ~ i  = ra.xnk+1 2 2  + strictly lower degree terms. 

= aizna + strictly lower degree terms, 

It follows that 

while 
/ k \ k  

by the choice of f k + l .  But clearly degg(s) < degfk+l, contradicting the 
choice of f k + l .  Therefore the claim holds, i.e., R is not Noetherian. 0 

The polynomial ring K[z l ,  ..., z,, ...I in infinitely many variables over a 
field K is non-Noetherian, due to  the existence of a strictly ascending chain 
of ideals: 

(51) c ( 2 1 , 5 2 )  c . . * c (51, ”’, 5,) c . . * . 

In Chapter 4 we will see that if A is the set of all algebraic integers, 
i.e., the set of complex zeros of monic polynomials in Z[x], then A forms a 
ring and it is not Noetherian; while for a finite dimensional field extension 
Q C K with K a subfield of C, A n K is always Noetherian. 

Noetherian rings stemming from algebraic geometry are given in Chap- 
ter 5. 

Exercises 
1. Show that Z and K [ z ]  are PIDs, where K[z] is the polynomial ring in 

x over a field K .  
2. Let R + R‘ be an onto ring homomorphism. Show that if R is Noethe- 

rian then so is R’. 
3. Let A be a Noetherian subring of the ring R, and let { T I ,  ..., r s }  be a 

finite subset of R. Show that the subring A[rl,  ..., T,] of R is Noetherian. 
4. Let K be a field which, as a subring, is contained in the ring R. Assume 

that R is finite dimensional over K .  Show that R is Noetherian. 
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5. Let R be a Noetherian ring. The ring of formal power series over R is 
the associative ring R[[z]]  consisting of the formal series 

i=O 

where f(z) = 0 if and only if ri = 0 for all i = 0,1, ..., and the addition 
and multiplication are defined as for the power series with real coeff- 
cients in calculus. Show that R[[s]]  is Noetherian. (Hint: Define the 
degree of a series as the lowest power of x.) 

6. By Theorem 1.3, Z[x] is Noetherian. Show that the ideal I = (2, x) is 
not a principal ideal. 

7. Let Zz[z,y] be the polynomial ring over the field Z2. Show that in 
&[x, y]/(z2 + z + y3 + 1) the ideal (TI g) is not a principal ideal. 

2. Factorization of Elements in a Domain 

Let R be a domain. It is easy to see that the set of units in R,  denoted 

U ( R )  = {u E R I u is a unit in R , 

forms a group with respect to the multiplication of R. U(R) is called the 
group of units in R. 

1 

2.1. Definition (i) For r E R, u E U(R),  the element y = ur = ru is 
called an associate of r.  
(ii) Let r ,s  E R. r is said to be divisible by s, denoted s [ r ,  if r = sz for 
some z E R, where s (hence t) is called a divisor (or a factor) of r. 

For u E U(R)  and r E R, u and ur are called the trivial divisors of r 
(note that r = (ur)u-l = (u-lr)u).  
(iii) For r E R, if r has only trivial divisors in R, then we say that r is 
irreducible in R; otherwise, r is reducible in R. (So zero is reducible in any 
domain.) 
(iv) For r E R, if r is reducible, then r = sz with nontrivial divisors s, t. 
In this case we say that r has a proper factorization. 

Example (i) Let R = Z. Then U(R) = {fl}. 

(ii) Let R = Z[i]  where i = fl. Then U(R) = {fl, f i }  (see Chapter 4 
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section 3). 

(iii) Let R = K [ z ]  be the polynomial ring in z over a field K .  Then 
U ( R )  = K X .  

Thus, one easily finds elements in each R that have proper factorization. 

2.2. Proposition Let R be a domain, T ,  s E R. The following hold: 
(i) r E R is a unit if and only if 7-11. 
(ii) Any two units are associates to  each other, and any associate of a unit 
is a unit. 
(iii) r ,  s are associates to each other if and only if rIs and S I T .  
(iv) T is irreducible if and only if every divisor of T is either an associate of 
r or a unit. 
(v) Any associate of an irreducible element is irreducible. 

Proof Exercise. 

In terms of ideal structure, we may characterize units, divisibility, asso- 
ciates and irreducibility, as follows. 

2.3. Proposition Let R be a domain and let r ,  s be nonzero elements of 
R. 
(i) r E U ( R )  if and only if ( r )  = R. 
(ii) T I S  if and only if ( r )  2 (s) .  
(iii) r ,  s are associates to each other if and only if ( r )  = (s) .  
(iv) T is irreducible if and only if ( r )  is maximal among the principal ideals 
of R (with respect to the inclusion ordering on ideals). 

Proof Exercise. 

2.4. Definition Let R be a domain. We say that factorization into irre- 
ducible elements i s  feasible in R if every nonzero nonunit element may be 
expressed as a product of finitely many irreducible elements. 

2.5. Proposition Factorization into irreducible elements is feasible in a 
Noetherian domain R. 

Proof Let R be a Noetherian domain. Suppose that the assertion was 
not true. Then the set R of nonzero nonunit elements which cannot be 
factorized into finite products of irreducible elements would be nonempty. 
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Since R is Noetherian, let (y) be a maximal member in 

S = { ( x )  I X F Q } .  

Then y is reducible because y E R, and y = rs for r ,  s # U ( R ) .  Thus, 
(y) is properly contained in ( r )  n (s) (otherwise r or s would be a unit by 
Proposition 2.3). By the choice of (y) we have 

where pi’s are irreducible elements. But then y = P I  * *.p,p,+l .-.p,, a 
product of finitely many irreducible elements. This is a contradiction and 
hence R = 0. 

2.6. Definition Let R be a domain in which factorization into irreducible 
elements is feasible. For a nonzero nonunit x E R, if any two factorizations 

satisfy n = m and (up to the arrangement of divisors) pi = Uiqi, i = 1, ..., n, 
where ui E U ( R ) ,  then x is said to have a unique factorization in R. If every 
nonzero nonunit element of R has a unique factorization in R, we say that 
R is a UFD (abbreviation of the phrase “unique factorization domain”). 

Remark At this stage, it is better to be aware of two facts. 
(i) There are Noetherian domains which are not UFDs (see exercise 4 of 
this section and Chapter 4 section 3). 
(ii) There are UFDs which are not Noetherian (exercise 5). 

In order to  discuss the uniqueness of factorization into irreducible ele- 
ments, we introduce the notion of a prime in a domain. 

2.7. Definition Let R be a domain, 0 # x E R, and x # U ( R ) .  x is said 
to be a prime if xlab implies xla or xlb for any a,  b E R. 

2.8. Proposition Let p be a prime in a domain R. The following hold: 
(i) Any associate of p is a prime in R. 
(ii) p is irreducible in R. 

Proof Exercise. 
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2.9. Theorem If factorization into irreducible elements is feasible in a 
domain R, then R is a UFD if and only if every irreducible element is a 
prime. 

Proof Since factorization into irreducible elements is feasible in R, by 
Proposition 2.2(v), every nonzero nonunit x E R has a factorization 

2 = P I f .  . pel 

where pi  may be an associate of some irreducible element. 
First suppose that factorization in R is unique. Let p be an irreducible 

element and plab where a # 0, b # 0. Then ab = pc for some 0 # c E R. 
Consider the unique factorizations: a = p l .  . + pn, b = 4 1 .  . . qm, c = TI . . . T ~ ,  

Then 

PC = ~ ( ~ 1 1  * * . i  rs) = (PI . . *pn)(ql. . ' qm) = ab. 

By the uniqueness, p divides some pi  or some q j .  Hence pja or p)b ,  and this 
shows that p is a prime. 

Conversely, suppose every irreducible element is a prime. Consider the 
factorization into primes 

Then pl1q1 (q2 . . . qm).  Without loss of generality we may assume plIq1. 
Then, 41 = ulpl for some u1 E U ( R )  because q1 has only trivial divisors. 

After repeating this process n times, up to  the arrangements of divisors we 
derive qi = uipi with ui E U ( R ) ,  and m 5 n. Similarly, n 5 m. So n = m. 
This shows that factorization is unique in R. CI 

Thus, z = ~ 1 . e . p ~  = (uip1)(~2***qm) and p 2 * * * p n  = (ulq2)(q3 *'.qm)* 

2.10. Theorem Every PID is a UFD. 

Proof Let R be a PID. Then factorization into irreducible elements is 
feasible in R because R is Noetherian. 

Let p be an irreducible element in R. Then by Proposition 2.3(iv), ( p )  
is maximal among all ideals. Suppose plab but p /y a. Then ( p )  is properly 
contained in the ideal ( p ,  a ) .  By the maximality of ( p )  we have ( p ,  u )  = R. 
It follows that 1 = ph + aq and b = bph + abq. This yields pjb, showing that 

0 p is a prime. By Theorem 2.9, R is a UFD. 

Remark Recall that before learning a systematic theory on UFDs, in the 
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arithmetic theory on R = Z (or in R = K[x]  where K is a field) a prime 
p is defined as the element which has only the divisors fl (A E K " ) ,  f p  
(Ap). If a,  b E R, plab but p /y a,  then the Euclidean algorithm output the 
greatest common divisor gcd(p, a )  = 1 in the form 

a f + p g = L  f , g E R ,  

that yields plb immediately as in the above proof. That is why we know, 
without arguing that R is a PID, that R is a UFD. Indeed, there is a class 
of UFDs that hold a version of Euclidean algorithm, as described below. 

2.11. 
(called a Euclidean function): 

Definition A Euclidean domain is a domain R with a function 

4 :  RX-N 

that satisfies 
(i) if a ,  b E R X  and a [ b  then $(a )  5 4(b ) ;  and 
(ii) if a,  b E RX then there exist q, r E R such that 

a = qb + T,  where either r = 0 or $(r)  < 4(b ) .  

Example (iv) Z is a Euclidean domain with the Euclidean function given by 
the absolute value function. K [ x ]  is a Euclidean domain with the Euclidean 
function given by the degree function. (A consequence of applying the 
division algorithm to both Z and K[x].)  

2.12. Theorem Every Euclidean domain R is a PID. 

Proof Let I be a nonzero ideal of R. If 4 is the associated Euclidean 
function on R, let us set 

4(x*) =min 4 ( x )  E N  O # x  E I . { } 
For any 0 # y E I ,  y = qx* + r with T = 0 or 4(r) < 4(x*). But 
T = y - qx' E I .  By the choice of xi, T = 0. Thus, y = qx'. This shows 
that I = (x*). 0 

2.13. Corollary Every Euclidean domain is a UFD. 

Proof This follows from Theorems 2.10-2.12. 0 
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Except for Z and K[x] ,  other Euclidean domains will be given in Chapter 
4 section 3. 

Remark Let K = Q ( a ) .  By Theorem 3.4 of Chapter 4, the ring dK of 
algebraic integers in K is not a Euclidean domain. However, AK is a PID. 
The reader is referred to http://www.mathreference.com/id,npid.html for 
a beautiful proof on this fact. 

We now proceed to show that the polynomial ring R[x] in variable x 
over a UFD R is a UFD. 

2.14. Lemma (Gauss) Let R be a domain. Then any prime of R is a 
prime in R[x].  

Proof Let p be a prime in R and R = R/(p).  Then a direct verification 
shows that R is a domain, and so is the polynomial ring R[x].  If f ,  g E R[x] 
and p l f g ,  then f g  E ( p ) .  For T E R, write F for the image of T in R. 
Consider the ring homomorphism 

R[x] 5 R[x] 

Then p(fg)  = 7 . 3  = 0. Since R[x] is a domain, it follows that = 0 or 
17 9 = 0, i.e., p l f  or pjg,  as desired. 

Let R be a UFD. Then for any T I ,  ..., T, E R, not all zero, the greatest 
common divisor gcd( a1 , . . . , a,) exists in R (exercise 6). 

2.15. Definition Let R be a UFD. If a polynomial T , Z ~ + T ~ - I Z ~ - ' + . .  .+ 
TO = f(x) E R[x] has the property that gcd(Tn,rn-l, ..., T O )  = d E U(R) ,  
then f ( x )  is called a primit ive  polynomial. 

2.16. Proposition Let R be a UFD. If f,g E R[x] are primitive then so 
is the product f g. 

Proof This follows immediately from Gauss lemma. 

2.17. Theorem Let R be a UFD with the field of fractions K = Q(R). 
(i) If f E R[x] and f = gh for some g, h E K[x] ,  then there is a unit 
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a E K[z]  such that gal  a-lh E R[x].  
(ii) Let f , g  E R[x] ,  where g is primitive. If 91 f in K[x]  then g l f  in R[z].  

Proof (i) Let f = g h  be as assumed. Let TO E R be the common denomina- 
tor of the coefficients of 9. Then rog E R[x].  Let d be the greatest common 
divisor of all coefficients of rag. Then g1 = ag is primitive in R[x],  where 
a = 3 E K ,  Similarly, there exists /3 E K such that hl = ph is primitive 
in R[x]. Set = f ,  where a and b have only common divisors which come 
from U ( R ) .  Then 

a ,f = aPgh = g l h l  and a f  = b g l h l .  

Now, if a E U ( R ) ,  then since b a P  = a ,  we have ag = 91, a-lh = a - l b p h  = 
a - l b h l  have coefficients in R, as desired. So it remains to show that a E 
U ( R ) .  If not;, there would be some prime p dividing a. Hence p lbg lh l  but 
p /y b by the choice of a and b, and p /y 91, p 1 hl because both g1 and hl 
are primitive. This contradicts Gauss lemma. Therefore, a must be a unit. 

0 (ii) This follows from part (i). 

Let R be a UFD and f(x) E R[x] with degf (x) 2 1. If d is the greatest 
common divisor of all coefficients of f(z), then f(z) = d f l ( z )  where f l ( z )  
is a primitive polynomial. Bearing this fact in mind, Theorem 2.17 enables 
us to derive immediately the following. 

2.18. Proposition Let R be a UFD with the field of fractions K = Q(R),  
p ( z )  E R[z] with degp(z) 2 1. Then p ( z )  is irreducible in R[x] if and only 
if p(x) is irreducible in K[z] .  

17 

2.19. Theorem If R is a UFD then so is R[z] 

Proof Since R is a UFD and R c R[s],  by Gauss lemma we need only to  
consider polynomials of degree 2 1. 

Let K = Q(R) be the field of fractions of R. Then K[x]  is a UFD. Thus 
every f (x) E R[x] with deg f (x) 2 1 is factorized into a product of finitely 
many irreducible elements in K [ z ] .  By Theorem 2.17 and Proposition 2.18, 
factorization of polynomials of degree 2 1 into irreducible polynomials is 
feasible in R[z],  and irreducible polynomials in R[x] are primes. Hence R[z] 
is a UFD. 17 
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2.20. 
finitely many variables 2 1 ,  ..., z, over K is a UFD. 

Corollary For any field K ,  the polynomial ring K [ z l ,  ..., z,] in 

0 

We finish this section by Eisenstein’s criterion concerning the irreducibil- 
ity of polynomials in R[z],  where R is a domain. 

2.21. Theorem Let R be a domain and 

f(.) = a,zn + . . . + a15 + a0 

a polynomial in R[z].  Suppose there is a prime p E R such that 
(a) P X an, 

(c) P2 1.0. 

(b) plai, i = 0, ..., 71 - 1, 

Then f ( z )  is irreducible in R[z]. 

Proof Suppose f(z) = g(z)h(z) for g(z), h(z)  E R[z] where 

g(.) = c,zT + . . . + c1z + co 

with ci,dj E R and T ,  s > 1, T + s = n. Then by (b) and (c), p)ao = cod0 

and hence p divides co or do but not both. Suppose ~ 1 % .  By (a), we may 
let c, be the first coefficient of g(z) not divisible by p .  But note that 

This implies p 
must be a unit of R. 

a,, contradicting (b) because m < n. Hence g(5)  or h(z )  

2.22. Corollary If p is a prime number, then the polynomial 

f ( z )  = zp-l + z p - 2  + . * * + 5 + 1 

is irreducible in Z[z] and hence irreducible in Q[z]. 



Preliminaries 17 

Proof Note that f(z) = 9. If we use the translation z = X + 1, then 

(X + 1)” - 1 
f (x  + + ( X  + 1) - 1 

= 1 (xp+ (;) xp-l+ (;) x p - 2  +.  .. + ( ) x + 1 - 1) 
X P-1 

= x p - l +  (;) x p - 2  + (;) XP-3 + . . . + p .  

Now, using p as the prime needed in Theorem 2.21, we conclude that f(z) 
is irreducible in Z[z] and hence irreducible in Q[x]  by Proposition 2.18. 

Exercises 
1. Complete the proof of Proposition 2.2. 
2. Complete the proof of Proposition 2.3. 
3. Complete the proof of Proposition 2.8. 
4. Let R = K[t2,  t3] be the subring generated by t2 and t3 in the polynomial 

ring K[t]  over a field K .  Show that both t2 and t3 are irreducible in R 
but none is a prime. However t6 = t2t2t2 = t3t3. (See also Chapter 3 
(section 2, exercise 2) and Chapter 3 (section 3, Example (iii)).) 

5. Show that the polynomial ring R = K[z1,z2 ,..., 2, ,... ] in infinitely 
many variables over a field K is a UFD. (Hint: Any polynomial in 
R belongs to a polynomial ring in finitely many variables over K.)  

6. Let R be a domain, a ,b  E R not all zero. Up to a unit multiple, define 
the greatest common divisor of a and b, denoted gcd(a, b),  and the least 
common multiple of a and b (in case a # 0, 6 # 0), denoted lcm[a, b] ,  as 
in Z (or as in K[z]  with K a field). (In a similar way, for a l ,  ..., a, E R, 
gcd(a1, ..., a,) and lcm(a1, ..., a,) may be defined.) 

Show that the following statements are equivalent for a domain R in 
which factorization into irreducible elements is feasible. 
(a) R is a UFD. 
(b) Every irreducible element of R is a prime. 
(c) For every a,  b E R, not all zero, gcd(a, b)  (or lcd[a, b] in case a # 0, 

(d) The intersection of two principal ideals of R is another principal 

7. Let R be a UFD, f , g  E R[s] .  Use Theorem 2.17 to show that if f,g 

b # 0) exists. 

ideal. 
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do not have common irreducible divisors in R[x] then f, g do not have 
common irreducible divisors in K[x]  either, where K = Q(R)  is the field 
of fractions of R. 

8. Let p be a prime number. Show that xn - p is irreducible in Z[x] and 
hence in Q[x].  

9. Prove that f = l lyx8 + 3y7x5 + 9x5 - 7y7 - 21 is irreducible in Z[x, y ] .  
(Hint: Consider f in Z[y][x].)  

3. Field Extensions 

The study of field extensions stems from the study of zeros of polynomials 
and the study of irreducibility of polynomials. Let K be a field and f E 
K [ x l ,  ..., x,] a polynomial of degree 2 2. Then the property that f has or 
does not have a zero in K ,  and the property that f is reducible or irreducible 
over K ,  all depends on the ground field K ,  for instance, first consider the 
zeros of x2 - 1, x2 - 2 in Q and the zeros of x2 - 3, x2 + 1 in R, and 
then consider the zeros of the given polynomials by extending Q to EX, R to 
C. A full demonstration of this aspect is given in Chapter 4 and Chapter 
5. In this section we focus on several fundamental topics concerning field 
extensions. 

Let K ,  L be fields. If K is a subfield of L (including the case where 
K Z L  is a ring monomorphism), then we call L an extension field of K ,  
and from now on K C L is referred to a f ield extension. 

Let K C L be a field extension and S c L a subset of L. Consider the 
intersection 

of all subfields in L containing S. Then it is an easy exercise to verify that 

(a) K ( S )  is the smallest subfield of L containing S ,  and 
(b) K ( S )  = Q ( K [ S ] ) ,  the field of fractions of K[S]  (hence K ( S )  is also the 

smallest subfield of L containing K [S]) .  

In view of the above (a)-(b), we call K ( S )  the subfield of L generated by 
S over K .  If S = {sl, ..., s,} is finite, then we write K ( S )  = K(s1, ..., s,) 
and call it a finitely generated extension field of K .  If S consists of a single 
element s, then K ( s )  is called a simple extension field of K .  
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Splitting field 

3.1. Definition Let K be a field, and let f(z) be a polynomial in K [ z ] .  
If K 2 L is a field extension such that f(x) factors completely into linear 
factors over L,  i.e., f(z) = a n ( .  - ai) in L [ z ] ,  and f(x) does not factor 
completely into linear factors over any proper subfield of L containing K ,  
then L is called a splitting field of f(z). 

Let K be a field. To see the existence of a splitting field for an arbitrary 
f(z) E K [ z ] ,  we start with an irreducible polynomial p ( z ) .  Note that the 
quotient ring 

where z is the image of z in L,  is a field, for, if p ( z )  ,Y$(z) then p(x)h(z) + 
$(z)g(z) = 1 for some h(z) ,g(z )  E K [ z ] ,  and hence $(z) is invertible in 
L. Note that via the natural ring homomorphism K [ z ]  -+ L we may write 
K c L = K[T].  Thus, 

- 

K [ z ]  c L[z]  and consequently p ( l )  = 0. 

It follows from the division algorithm that p ( z )  is factorized in L[x] as 

P ( Z )  = (. - T)Pl(z), P l ( X )  E L M .  

Now, since K [ x ]  is a UFD, an induction on the degree of polynomials, or a 
procedure of adding the zeros of each irreducible factor of f(z) successively 
to the predecessor extension field, yields the following fact. 

3.2. Theorem Let K be a field. Every f(z) E K [ z ]  with degf(z) = n > 0 
has a splitting field. 

Example (i) The field Q(G) serves as a splitting field for both x2 + 3 
and z3 + x2 + 3x + 3. 

Remark Indeed, any splitting field of f(z) is isomorphic to the one con- 
structed before Theorem 3.2. The reader can refer to any textbook speci- 
fying field theory for a detailed proof. 
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Repeated zeros and separability 

Let K be a field and let f(z) E K[z] .  In view of Theorem 3.2 we may always 
talk about the zeros of f(z) in some extension field of K .  Furthermore, we 
explore the following 

Quest ion When does f(x) have no repeated zeros? 

3.3. Proposition f(z) E K [ z ]  has no repeated zeros if and only if f(z) 
and f'(z) = are coprime, i.e., they do not have nonconstant common 
divisor. 

Proof  Over a splitting field E of f(z), we have 

f(z) = (z - C y p  . . . (z - a,)n" 

where the ails are distinct. Then it is clear that f(z) and f'(z) have no 
nonconstant common divisor over E if and only if ni = 1 for i = 1, ..., rn. 

0 

3.4. Proposition Let E be a splitting field of zn - 1 = f(z) E K[x] ,  where 
n 2 1. Suppose that charK does not divide n. Then the following hold: 
(i) f(z) has exactly n distinct zeros (the nth roots of unity over K )  in E. 
(ii) Let 

un = { a  E E I f ( a )  = o}. 
Then U, is a cyclic multiplicative subgroup of EX. 
Proof  (i) By the assumption, this follows from Proposition 3.3. 
(ii) That U, forms a subgroup of EX is clear. We show that U, contains 
an element of order n. To this end, let 

el . . . p z s  n = Pl 

be the factorization of n into primes, and let qz = 2 for i = 1, ..., s. Then, 
since the polynomial xQ* - 1 has exactly qz zeros in U,, for each i, there is 

at E U, such that a: # 1. Set pt = # 1 but p:' = 1. 
It follows that each pz has order p:%. Since p ; l ,  . . . ,pss  are pairwise coprime, 

e,-1 

Then p,". 

,O = . . pS is the desired generator for U,. 

The last proposition makes the multiplicative structure of a finite field 
clear. 
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3.5. Theorem Let K be a finite field. Then the multiplicative group K X  
of K is cyclic. 

Proof If charK = p > 0, then [K : Z,] = m for some m and hence K X  has 
n = p" - 1 elements which are all zeros of f(z) = zn - 1 E Z,[zc]. Since 

I3 p /y n, Proposition 3.4 can be applied to this case. 

Since K[z] is a UFD, the general discussion may be further reduced to 
irreducible elements. 

3.6. Theorem Let K be a field and let q(z) E K[z] be irreducible. 
(i) If charK = 0, then q(z) does not have repeated zeros. 
(ii) If charK = p > 0, then q(z) has repeated zeros if and only if q(z) = 

g(zP) for some g(z) E K[z]. 

Proof We apply Proposition 3.3 to both cases. 
(i) If charK = 0, then since q(z) is irreducible, we have q'(z) # 0 (otherwise 
p ( z )  would be a constant), degq'(z) < degq(z), and hence q(z) and q'(z) 
are coprime. 
(ii) Suppose charK = p > 0. Let q(z) = a,zn + an-1zn-l+ . . . + alz + a0 
with a, # 0. Then q'(z) = na,zn-l + (n - l ) a , - l ~ ~ - ~  + .. + a1 with 
degq'(z) = n - 1 < degq(z) = n. Thus, 

q(z) and q'(z) have a nonconstant common divisor H ra, = 0 
* plr, say r = s,p. 

Consequently, q(z) has repeated zeros if and only if q(z) = atpxtP + . . . + 
azpz2P+apxP+ao. Therefore, q(z) = g(zP) where g(y) = ao+a,y+a2py2+ 

0 . . . + a tpy t ,  as claimed. 

3.7. Corollary Let K be a finite field and let q(z) E K[z] be irreducible. 
Then q(z) has no repeated zeros. 

Proof Since K is finite, we know that charK = p > 0 for some prime 
number p .  Then Z, is the prime field of K and K is a finite dimensional 
Z,-vector space, say dimz,K = n. Hence K has pn elements. Thus, the 
multiplicative group of K ,  which is K X ,  has order pn - 1 and XP" = X for 
all X E K .  (We assumed that the reader is familiar with elementary group 
theory.) It follows that ifg(zp) E K[z], sayg(zP) = ao+a lzP+~~~+a ,zRP ,  
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then, after setting a:"-' = bi, i = 0,1, ..., n, 

which can never be irreducible. This shows that the irreducible g(x) cannot 
cl have repeated zeros by Theorem 3.6. 

3.8. Definition If a polynomial f(x) E K[x]  has no repeated zeros, then 
f(x) is called a separable polynomial over K ,  and otherwise an inseparable 
polynomial over K .  (See also Definition 3.11 below.) 

Algebraic extension and primitive elements 

We now start with a field extension K C_ L and consider CY E L. If there is 
some f(x) E K[x]  such that ~ ( c Y )  = 0, then we say that cy is an algebraic 
element over K ;  otherwise, we say that a is a transcendental element over 
K .  If every element of L is algebraic over K ,  then L is called an algebraic 
extension field of K ,  and we refer K 2 L to an algebraic field extension. If 
L contains a transcendental element over K ,  then K c L is referred to a 
transcendental field extension. 

Let K C L be a field extension. Then L is naturally viewed as a K -  
vector space. In the literature, the dimension dimKL is also called the 
degree of L over K ,  denoted [L : K ] .  

Clearly, if a field extension K C L has finite [ L  : K ] ,  then L is algebraic 
over K .  For instance, [C : R] = 2. If L contains a transcendental element 
over K ,  then [L : K ]  = co. It is known that e and 7r are transcendental 
over Q. So [R : Q] = 00. Another familiar transcendental extension is 
K c K ( z ) ,  where K ( x )  is the field of fractions of the polynomial ring K[x] .  
Also, not every algebraic field extension is finite dimensional (exercise 4). 

To understand the structure of a field extension K C L,  simple extension 
plays a key role. Let CY E L. Consider the subring K[cy] C L and the ring 
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homomorphism 

p :  K[z] - K[a] 

If a is a transcendental element over K, then 

Kerp = (0) and K[z] K[a]. 

If a is algebraic over K ,  then kerp # (0) and hence Kerp = (p(z ) )  for some 
nonconstant p(z)  E K[x] because K[z]  is a PID. We may assume that p(z)  
is monic. It is a consequence of the division algorithm in K[z] that p ( z )  
has the smallest positive degree among all polynomials in Kerp. This leads 
to the following 

3.9. Definition For an algebraic element a over K, the monic polynomial 
p ( z ) ,  which is the generator of kerp, is called the minimal polynomial of a 
over K. 

3.10. Theorem Let K C L be a field extension and a E L. If a is 
algebraic over K and p ( z )  is its minimal polynomial, the following hold: 
(i) p ( z )  is irreducible and unique in K[z]. 
(ii) K[rc]/(p(z)) 
(iii) If degp(z) = n, then every element p E t ( a )  has a unique expression 

K[a]  is a field containing K .  Thus, k [ a ]  = K(a) .  

= Xn-1an-’ + X n - 1 ~ n - 2  +.  . + Xla + Xo, X i  E K.  

Thus, {an-’, ..., a, 1) forms a K-basis for K(a) ,  [K(a) : K] = n. Conse- 
quently, K(a) is a simple algebraic extension field of K .  

Proof Using division algorithm by p ( z )  in K[z], all conclusions are easy 
exercises. 0 

Later in exercise 2 the reader will be asked to show that if a1, ..., a, E L 
are finitely many algebraic elements over K, then K C K(a1, ..., a,) is an 
algebraic field extension and [F : K ]  < 00. When K plays the role as in 
the case of Theorem 3.6(i) and Corollary 3.7, our next goal is to show that 
the finitely generated algebraic field extension K(a1, ..., a,) is actually a 
simple extension. But first, we need the notion of a separable extension. 

3.11. Definition (i) Let K C L be a field extension and let a E L be an 
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algebraic element over K .  If the minimal polynomial p ( z )  of a over K is 
separable in the sense of Definition 3.8, then a is said to be separable over 
K ;  otherwise a is inseparable over K .  
(ii) Let K L be an algebraic field extension. If every element of L is 
separable over K ,  then L is said to be separable over K ;  otherwise L is 
inseparable over K .  

By Theorem 3.6 and Corollary 3.7, inseparable field extension is, indeed, 
quite rare. 

3.12. Theorem Let K C F = K(a1, a2, ..., a,) be a finitely generated 
algebraic field extension. Suppose that 0 2 ,  ...,am are separable over K .  
Then F = K ( 6 )  for some 6 E F .  

Proof If K is finite then so is F (by Exercise 2),  and the conclusion follows 
from Theorem 3.5. 

Suppose that K is infinite. We consider only the case where F = K ( a ,  p) 
with p separable over K since the general conclusion may be obtained by 
an induction. 

Let L be a field over which the minimal polynomial p(z)  of a and the 
minimal polynomial q(z) of P are factorized as 

n m 

i= 1 j=1 

where al,a2 ,..., an,,& ,..., Pm E L,  and a1 = a, p1 = 0. (The existence 
of L is guaranteed by Theorem 3.2.) By the assumption, PI,  ...,Dm are 
distinct. Thus, the equations 

ai - a1 = &(PI - P k ) ,  k # 1, 

have only finitely many solutions Xik  E K .  Hence, there exists c E K such 
that 

ai - a1 # c(p1 - Pk), 1 5 2 5 n, 2 5 k 5 m. 

Set 6 = a + cP. Then clearly K ( 6 )  C F .  Below we show that ,B E K(1Y) 
and then it follows that F = K(6) .  

Note that a = 6 - cP. We have p ( 6  - cp) = p ( a )  = 0. Consider 
the polynomial r ( z )  = p ( 6  - a) E K(d)[ z ] .  Then, by the choice of c, 
,f? is the only common zero of q(z) and ~ ( x )  in F .  This shows that the 
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minimal polynomial of p in K(t9)[x] is of the form t - p for some p E K(t9). 
Therefore, p = p E K(t9) as expected. 

3.13. Definition The element 6 that appears in Theorem 3.12 is called a 
primitive element of F .  

Let F be a field. If every nonconstant polynomial f(z) E F[x]  splits in 
F ,  i.e., f(z) = ny=l A(z - Ai), A, X i  E F ,  then F is said to be algebraically 
closed. Clearly, if F is algebraically closed, then there is no proper algebraic 
extension of F .  For instance, the field C of complex numbers is algebraically 
closed (this is also known as the content of the fundamental theorem of 
algebra). Without proof we mention the following theorem (the reader 
is referred to any textbook specializing field theory for the classical proof 
given by Emil Artin). 

Theorem Let K be a field. Then there is an extension field L of K that 
is algebraically closed. 

Liiroth's theorem 

Within the context of Theorem 3.6(i), Corollary 3.7 and Theorem 3.12, 
it is easy to  see that if K C L = K(t9) is a simple field extension, then 
any intermediate field extension F of K with K L is a simple 
extension. The final part of this section deals with a similar situation on 
simple transcendental field extension. 

Let K be a field and x a transcendental element over K .  Given coprime 
polynomials u ( x ) , v ( x )  E K [ x ] ,  consider h = - E K ( z )  and the simple 
extension K c K ( h ) .  Set 

F 

where K(h)[ t ]  is the polynomial ring in t over K ( h ) .  

3.14. Lemma With notation as above, the following hold: 
(i) h is transcendental over K .  
(ii) q ( t )  is irreducible in K(h)[t] .  
(iii) [ K ( z )  : K(h)]  = degq(t) = max{degu(rc), degv(x)}. 
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Proof (i) Exercise. 
(ii) Note that q( t )  is linear with respect to h in the polynomial ring K [ h ,  t ]  
which is a UFD. Hence q( t )  is irreducible in K [ h ,  t ] ,  for u(z) and ~ ( z )  are 
coprime by the assumption. I t  follows from Proposition 2.18 that q ( t )  is 
irreducible in K(h)[t] .  
(iii) By the construction of q ( t ) ,  q(z) = 0. It  follows from part (ii) that 
q ( t )  (assuming monic) is the minimal polynomial of z over K(h) .  Thus, 

I3 [ K ( z )  : K(h)]  = degq(t) = max{degu(s), degv(z)}, as desired. 

3.15. Corollary (i) Let E be any intermediate extension field of K with 
K 
(ii) Every automorphism of the ring K ( z )  which is K-linear is given by 

E C K ( z ) .  Then [ K ( z )  : El < co. 

Proof Exercise. 0 

3.16. Theorem (Luroth) Let K be a field and z a transcendental element 
over K .  Let E be an intermediate extension field of K with K $ E C K ( z ) .  
Then E = K(y) for some y E K ( z )  (hence E E K ( z ) )  and [ K ( z )  : El < 00. 

Proof By Corollary 3.15, [ K ( z )  : E]  < co. Let p ( t )  E E[t] be the minimal 
polynomial of z over El say 

If we multiply p ( t )  by the least common multiple, say s, of the denominators 
of ri’s, the obtained polynomial 

is primitive in K[z][ t ]  with respect to t (check it!). Write degtf(z, t)  for the 
degree of f ( z ,  t )  in t .  Then 

n = deg,f(z,t) = degp(t) = [ K ( z )  : El. 

Note that s, = s and all 2 E E. As 
at least one 
and u(z) are coprime in K[z] .  Then 

is transcendental over K ,  there is 

E E - K .  Set h = # = $ for convenience, where u(z)  

q ( t )  = hv(t)  - u(t)  
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is irreducible in K(h)[ t ]  and 

(2) [ K ( z )  : K ( h ) ]  = degq(t) = max{degu(z), degv(z)} 

by Lemma 3.14. Since K 2 K ( h )  & E C K ( z ) ,  we complete the proof by 
having the equality 

[K(z )  : El = [ K ( z )  : K(h)] .  

To this end, note that q(z) = 0 and q ( t )  E E[t].  Hence q( t )  = p ( t ) p ~ ( t )  
with p l ( t )  E E [ t ] ,  for p ( t )  is the minimal polynomial of z over E. Thus, by 
formula (I), 

But f(z,  t )  is primitive in K[z][ t ]  with respect to t .  It follows from Theorem 
2.17( ii) that 

(3) u(z)v( t )  - v ( ~ ) u ( t )  = df(z,t), d E K[z][ t ] .  

Suppose deg5f(z,t) = m. Then max{degu(z), degv(z)} 5 m by formula 
(1). So the above formula ( 3 )  implies that 

(4) deg,(u(z)v(t) - v(z)u( t ) )  = m 

and d is a constant. Note that u(z)v( t )  - w(z)u(t) is antisymmetric in z 
and t. Therefore, (2) + (4) yields 

[ K ( z )  : K(h)]  = max{degu(z), degv(z)} = m 

as desired. 

= n = [ K ( z )  : El, 
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More results concerning field extensions are given in section 5 and 
(Chapter 3 Theorems 1.8 and 2.4). 

Exercises 
1. Let K L be a field extension and a1, ...,a, E L. Show that if 

a1, ..., a, are algebraic over K ,  then K 2 F = K(cr1, ...,am) is an 
algebraic field extension and [F : K ]  is finite. (Hint: Note that F = 

K(al ) (a2) .  . + (a,) and use Theorem 3.10(iii).) 
E be a tower of algebraic field extension, i.e., L is algebraic 

over K and E is algebraic over L. Use exercise 1 to show that E is also 
algebraic over K .  Moreover, show that if [L  : K ]  < co and [E : L] < 00, 
then [E : K ]  = [L : K ] [ E  : L].  (Hint: If a E E and Anan + .. . + Xla + 
XO = 0 for X i  E L,  then consider K C: K(X,, ..., XO) C K(X,, ..., X o ) ( a ) . )  

3. Use Theorem 3.10(iii) to show that if K C: L is a field extension, then 
all elements of L which are algebraic over K form a subfield of L 
containing K .  2 is called the algebraic closure of K in L. (Hint: For 
a l p  E L,  algebraic over K ,  consider K & K[a]  

4. Let F be the subfield of C consisting of all algebraic elements over Q. 
Use (section 2, exercise 8) to show that [F : Q] = co. 

5. Show that if K is an algebraically closed field, then K is infinite (or 
equivalently, that a finite field cannot be algebraically closed). (Hint: 
If F = {ul,  ..., un} is a finite field, consider the polynomial p ( x )  = 
ny="=,x - ui) + 1 in F[x].)  

6. Let d E Z be square-free. Then every element a E a(&) is of the form 
a = r + s d ,  where r, s E Q. Show that a has the minimal polynomial 

2. Let K L 

k[a][p] . )  

pa(.) = x2 - 2 r x  + (r2 - s2d). 

7. Let F = Q(a, 8). Find a primitive element for F. 
8. Prove Lemma 3.14(i). 
9. Complete the proof of Corollary 3.15. 

4. Symmetric Polynomials 

Let R be a ring and R[xl ,  ..., x,] the polynomial ring in variables 51, ... , x ,  
over R. Put  

N" = { a  = (a1, ..., a,) ai E N  . I >  
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Then every element f(z1, ..., 2,) E R [ q ,  ..., z,] has a unique expression 

Let S, denote the permutation group of {1,2, ..., n}. A polynomial 
f(sl, ..., 2,) E R[zl, ..., z,] is said to be symmetric if 

For example, 5: + 5; + xi, ( 2 1  + 2 2  + 5 3  + ~ ) ( ~ 1 1 ~ 2 ~ 3 a ) ~ .  

nomials: 
Important symmetric polynomials are those elementary symmetric poly- 

Let R[sl, ..., s,] be the subring of R[xl ,  ..., xn] generated by R and 
{ s 1 , s 2  ,... ,s,}. Then i t  is clear that every g ( s 1 , s 2  ,..., s,) E R[sl, ..., s,] 
is a symmetric polynomial. The next theorem, due to Newton, shows that 
the converse is also true. 
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4.1. Theorem If f = f(z1 ,..., 2,) is a symmetric polynomial in 
R[zl,  ...,z,], then f(21, ...,2n) E R[si, ..., sn].  

Proof To reduce f = f(sl, ..., 2,) = c, c,z~' . . . zEn into a polynomial 
in elementary symmetric polynomials, in view of previous (*) we order the 
set of monomials 

{ 2 y i Z ; z . . * 2 , : -  I (a1 ,...,a,) E N n  

by the lexicographic ordering: 

2 ~ 1  . . . 2:n +lez 271 . . . 25 

if and only if 

a1 = P1 , a2 = P z ,  ..., a,-1 = a3-1 while a, < p, for some s 5 n. 

Thus, the terms of f are ordered lexicographically (note that +lez is a 
total ordering), and we may assume that the leading monomial of f is 

Since f is symmetric, zztl)zzi2, . . . x;;,, occurs in f for every 7r E S,. 
It follows that the leading monomial of f has the property that 011 2 a2 2 

2 a,. For example, the leading monomial of 

xy'x;' . . . x;n. 

k i  k 2 . .  .sk - - ( 2 1  + . . . + 2 , ) k l  . . . ( 2 1  . . . 2 , ) k n  
$1 s 2  

is 

++"' 

By choosing kl = a1 -aZ, ..., k,-1 = a,-1 -a,, k,  = a,, we can make this 
the same as the leading monomial o f f .  Suppose that the leading coefficient 
of f is c, then f - c s f ' s ~  . . . s? has a lexicographic leading term 

d$ x p  . . . xk , P1 2 P 2  2 . . .  2 Pn 

which comes after c ~ y ' x ~ ~  . . . x:n in the ordering. Since only a finite num- 
ber of monomials x ~ ' x ~  . . . 22 in f satisfying y1 2 7 2  2 . . . 2 7, follow 
~ ~ ' I C ; ~  . . . xgn lexicographically, a finite number of repetitions of the above 

0 process reduce f to a polynomial in s1, . . . , s, . 

Example (i) The symmetric polynomial 
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is written lexicographically. And by the method given in the proof we may 
derive that f = s l s 2 + 3 s 3 .  Similarly, ( I C 1 + 2 2 ) ( z l + x 3 ) ( 2 2 + 2 3 )  = s 1 s 2 - s 3 .  

An application of symmetric polynomials to field extension is given as 
follows. 

If K C L is a field extension, a,xn + a , - ~ x " - ~  +. . . + ao = f(x) E K [ x ]  
with degf(z) = n, and f ( ~ i )  = 0 with T I ,  ..., T~ E L ,  then, f(x) factors in 
L[x]  as 

f(x) = a,(z - T1) (Z  - T Z ) .  (x - r,) 

= an(xn + c 1 x n - l  + C2xn-2  + . . . + cn) 
where ci = ( - ~ ) Z S ~ ( T ~ , T ~ ,  .,., T" ) ,  i = 1, ..., n. After comparing coefficients 
of both sides, we have 

( -1 ) iUnSi (T1 ,T2 ,  ..., T,) = a,-< E K ,  2 = 1, ..., n. 

4.2. 
. . .  + ao = f E K [ x ]  with degf = n, and f ( ~ i )  = 0 with T I ,  ..., T, E 
L. If h ( x 1 ,  ..., 2,) E K [ q ,  ..., x,] is a symmetric polynomial, then 
h ( r l , ~ 2 ,  ..., T,) E K ,  i.e., { T I ,  ..., T,} defines a function 

Corollary Let K C L be a field extension, a,xn + an-lxn-l + 

K [ s 1 ,  ..., s,] - K 

Example (ii) Suppose that T I ,  7-2, 7-3 are the zeros of f(z) = s3+x2 -x+1 
in C. Find T: + T;  + T: and T: + T ;  + T: .  

Solution Since f(x) = (x - T ~ ) ( z  - ~ 2 ) ( x  - ~ 3 ) ,  it follows that 

7-1 + 7.2 + T3 = -1,  
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More generally, the following recurrence relations, called Newton's for- 
mulas, can be used to establish formulas for pi  = (-1)%(z2, + xi + . . . + zk), 
i 2 1, in terms of s1, s2, ..., sn. 

. .  

Pl + s1 = 0, 

Pz + SlPl + 2sz = 0, 

. . .  

Pn + SlPn-1~2pn-2 + .  . . + sn-lpi+ TLS, = 0. 

We close with an application to polynomial building, 

Example (iii) Let r1,rz,r3 be the zeros of f(x) = x3 - z + 2 in C. Find 
the polynomial g(x) that has zeros rf , r;, rg . 

Solution Suppose the desired polynomial is of the form g(z) = x3 + Ax2 + 
Ba: + C. Then 

A=-(rf+r; +rg) = - ~ 2 ( r l , r 2 , ~ 3 )  

= -s1(r1,r2,r3)2 + 2sz(r1,r2,r3) 
= 0 + 2(-1) = -2, 

= (-1)2 - 2(0)(-2) = 1, 

C = - T ~ T ; T ~  = - ~ 3 ( ~ 1 ,  ~ 2 ,  ~ 3 ) ~  = -4. 

Hence g(z) = x3 - 2rc2 + z - 4. 

Exercises 
1. Express the product (xf + x;)(z? + zi)(zz + xg) in terms of sl, s2 ,  s3. 
2. Let T1,TZlT3 be the zeros of f(z) = x3 - 6z + 11 - 6 in C. Determine 

3. Let TI, r2,r3, 7-4 be the zeros of f(z) = adz4 + a3x3 + 1322' + alx + a0 in 
the polynomial g(a:) that has zeros r: + r;, T: + r i ,  r; + T: .  
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@, where ai E Q. Suppose a4 = -5 and the elementary polynomials in 
T I , T Z , T ~ , ~ ~  are s1 = %, s 2  = 16, s3 = -8, s4 = -E. Find a3,a2,a1,ao. 

4. Let R be a ring. A polynomial belonging to R[xl,..,xn] is said to  be 
antisymmetric if it is invariant under even permutations of the variables, 
but changes sign under odd permutations. Let 

3 1 

i<j 

Show that 
(a) A is antisymmetric, and 
(b) if 2r = 0 implies T = 0 for r E R, then any antisymmet- 

ric polynomial f is expressible as a polynomial in the elemen- 
tary symmetric polynomials, together with A. (Hint: Note that 

0. Thus, f vanishes when 21 = 5 2 .  So a division on f by x1 - x2 in 
R[Q, ..., xn][xl] yields (21 -xz)lf. Similarly, (z1 -xi)lf, i = 3, ..., n. 
Writing f = niZ1(x1 - xi)fi, where f l  E R[x2, ..., x,] and is anti- 
symmetric. Now an induction on n finishes the proof.) 

f(x11x21x3, ...,xn) = -f(x2,xl,x3, ... ,xn)r 2f(xl,xl ,x3, . . . ,%) = 

5 .  Trace and Norm 

Throughout this section we let K s L be a simple algebraic field extension, 
that is, L = K ( 6 ) ,  6 E L. If p(x) E K[x]  is the minimal polynomial of 6 
over K, we may set a tower of field extensions 

K c L c E  

such that E contains all distinct zeros of p(x) ,  say dl = d ,  8 2 ,  ..., 6,, where 
m 5 n = [L  : K] = degp(x), that is, E contains the splitting field of p(x). 

5.1. Proposition With notation as above, there are exactly m distinct 
ring monomorphisms L -+ E that are K-linear. Moreover each K-linear 
monomorphism L --f E is given by 6 4 6i, 1 5 i 5 m. 

Proof If a: L t E is a monomorphism as described, then 0 = a(p(6))  = 
p ( a ( d ) ) ,  i.e., ~ ( 1 9 )  is a zero of p(x). Note that the elements of L are of the 
form EX,@. It follows that if L Z E  and L"2.E are two K-linear ring 
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monomorphisms such that a1(6) = a2(6), then 01 = 02. 
Conversely, each 6i defines a desired monomorphism 

a i :  L - E 

C X j S j  H cxj79; 

because all t9i's have the same minimal polynomial p ( z ) .  0 

With the help of Proposition 5.1 we may determine, for every a E L,  
the minimal polynomial pa(.) of a over K and the splitting field of p a ( % ) .  
To see this, let a1, ..., em be all distinct monomorphisms L 4 E defined by 
ai(6) = t9i ,  a = 1, ..., rn. Suppose that each 6i has multiplicity ei 2 1, that 
is, p ( z )  = nzl(z - 6i)ei in E[z] .  Then 

el + e2 + . . . + em = n = degp(s), 

and each a E L = K ( 8 )  is associated to a monic polynomial in E[z] ,  that 
is, 

For convenience, we call fa(z) the total polynomial of a. 

5.2. Proposition Let K 
K(6) ,  the following hold: 

(ii) Let pa(.) E K[z]  be the minimal polynomial of a over K .  Then 
fa(z) = pa(z)' for some s 2 1. 
(iii) E contains the splitting field of the minimal polynomial pa(.) of a 
over K .  

Proof (i) Since a = ~ ( 2 9 )  = Cyi: A@, where T(X) = CyL; Xixi E K [ z ] ,  
we have 

L = K(6)  c E be as above. For any a E L = 

(9  f a ( z )  E Wzl. 

i= 1 
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Note that all X i  E K .  After expanding the latter product we see that the 
coefficients of fa(z) are given by symmetric polynomials in the n zeros of 
p ( z ) .  By Corollary 4.2, fa(z) E K [ z ] .  
(ii) By part (i), fa(.) E K [ z ]  and f a (a )  = 0. It follows that fa(z) = 
pa(s)sh(z) ,  where h(z) E K[z]  and p a ( z ) ,  h(z) are coprime and both are 
monic. If h(z) is not a constant, then some C ~ ( C Y )  is a zero of h(z) .  Let 
CY = r(6)  = Eyz: Xi62 with r ( z )  = CyI; Xizz E K[z] .  Then ai(a) = r(6i) 
and h(ai(a)) = h(r(6i))  = 0. Set g(z) = h(r(z ) )  E K [ z ] .  Then g(Si) = 

h(r(6i))  = 0 implies p(z)lg(z),  for p ( z )  is the minimal polynomial of 6 
and hence the minimal polynomial of each 6i. It follows that 0 = g(6) = 
h(r(6))  = h(a) and pa(z)lh(z),  a contradiction. This shows that h(z) is a 
constant and h(s) = 1 because it is monic. Thus, fa(z)  = pa(z ) ' .  
(iii) By parts (i) and (ii), fa(.) E K[z]  and fa(z) = nEl(z - a i ( ~ ~ ) ) " ~  = 
p , ( ~ ) ~  for some s 2 1. So pa(.) factors into linear divisors over E. 

We now introduce two functions on L that will play important roles in 
Chapter 3 section 3 and throughout Chapter 4. 

Let Q E L = K(6) .  By Proposition 5.2(i), the total polynomial f a ( z )  
of CY belongs to K[z] .  By the definition, fa(z) = nEl(z - o ~ ( c Y ) ) " ~ ,  where 
el + .. . + em = n = [L  : K ]  = degp(z). If we check the expanded 
expression of fa(z), then fa(.) = zn + &-1zn-' + ...  + c1z + co with 
c++l = - eiai(a)  and co = nzl o~(Q)~+ .  Thus, we have ob- 
tained two well-defined functions: 

m 

TLIK:  L + K 

m. 

i= 1 

i= I 

5.3. Definition For Q E L,  TL/K(Q) is called the trace of Q in K and 
NL,K(Q) is called the norm of CY in K .  

5.4. Proposition For Q , P  E L,  X,p E K ,  the following hold: 
(i) TL/K(XCY + PP) = XTL/K(CY) + /-LTL/K(P). 
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Knowledge on bilinear forms needed by the next theorem and Chapter 
3 Theorem 3.2 is given as an appendix at  the end of this section. 

Viewing L as an n-dimensional K-vector space, Proposition 5.4 enables 
us to  define a symmetric bilinear form on L: 

L x L -  K 

T L / K ( Q P )  

5.5. Theorem For K C L = K(6) with [L : K] = n, if the minimal 
polynomial p ( z )  of 6 over K has n distinct zeros 61 = 6,192, ..., 8,, then 
the bilinear form defined above is nondegenerate. 

Proof Set r ( k )  = (6!, ..., d i ) ,  Ic = 0, ..., n - 1, and write V for the Vander- 
monde matrix 

r(0) 1 1 ... 1 

V =  [ ;;;; I=[ :; :; ::: :: I *  
... 

r (n  - 1) 6:-' q - 1  . . . 6;-1 
Let ~ 1 ,  ..., on be all the n distinct K-linear monomorphisms from L to  E 
as described in Proposition 5.1 such that ai(6) = 6i, i = l,...,n. If we 
consider the standard K-basis {1,6, ..., of L, then since 

n n 
T,/,(6k@) = c Ci(6k6j) = c s p t  = d( Ic ) (6 ( j ) ) t ,  

( T L / K ( d W ) )  = VVt 

i= 1 i=l 

the matrix of the bilinear form is given by 

and hence 

det (T~/~(s~dj)) = (det(V))2. 

Since all the 6i are distinct, det(V) = n,,,(6i - 6j) # 0. This shows that 
0 the bilinear form is nondegenerate. 
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5.6. Corollary If K & L is a finite dimensional separable field extension, 
then Theorem 5.5 hold. 

cl 

Appendix. Bilinear forms 

Let U and V be two vector spaces over a field K ,  U x V = { (u ,v )  [ u E 
U ,  v E V )  the Cartesian product of U and V .  A bilinear form on U x V is 
a mapping 

satisfying 

< ,  >: U X V -  K 

(u,v)  ++ < u,v > 

< xu1 + p u 2 , v >  = x < u1,v > 3-p < U 2 , V  > 

< u,xv1 + p v 2  > = x < u,v1 > -I-p < u,v2 > 

for all u1,u2 E U ,  211,212 E V and A,p E K .  

bilinear form < , 
for all z,y E V. 

A bilinear form < , > on V x V is called a bilinear form on  V .  A 
> on V is said to  be symmetric if < x, y >=< y ,  x > 

If < , > is a bilinear form on U x V which satisfies 

< u, v’ >= 0 for all u E U implies v’ = 0, and 

< u’, v >= 0 for all ‘u E V implies u’ = 0, 

then < , > is called a nondegenerate bilinear form. 

Let U and V be finite dimensional K-spaces. Given a basis {ul ,  ..., um} 
of U and a basis {VI, .., vn} of V ,  if < , > is any bilinear form on U x V ,  
then there is an associated m x n matrix A = (a i j )  with 

aij =< ui, vj >, i = 1, ..., m, j = 1, ..., n, 

and < , > is completely determined by A,  that is, given 

i= 1 j=1 
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itf follows from the bilinear property of < , > that 

< U , Y  > = < c x i u i , c p j v j  > 

Conversely, any m x n matrix over K yields a bilinear form on U x V in 
this way. 

Now, suppose that {ui, ..., u&} and {Y;, ..., v i }  are new bases for U and 
V respectively, and that 

m. n 

i= 1 j = 1  

Then it follows from a change of bases and (I) that 

(A l ,  ..., A,) = (A;, ..., A&)P, 

(PI, ' " 7  pn) 1 (pi, . . . t ~ i ) Q  
for some invertible matrices P = PmX,, Q = Qnxn. Thus, 

< u , Y  >= (A;, ..., A ~ ) P A Q ~  

and consequently, the matrix referred to the new bases is PAQt. 

5.7. Theorem (i) Let U and V be finite dimensional vector spaces over a 
field K ,  where dimKU = m and dimKV = n. If < , > is any nondegen- 
erate bilinear form on U x V, then m = n, and for any basis {ul, ..., un} of 
U there exists a unique basis {vl, ..., vn} of V such that 

0, if i # j ,  
1,if i = j. 

< U i , Y j  >= 6 . .  - 
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(ii) A bilinear form < , > on a finite n-dimensional K-space V is nondegen- 
erate if and only if the associated matrix A = (ai j ) ,  where aij =< Vi, v j  >, 
is invertible for any basis {q, ... ,v,} of V. 

Proof (i) Let {u~, ..., u,} be any basis of U .  Consider the linear mapping 
induced by < , > 

0 : V - Km = { ( A i l  ..., A,) I X i  E K} 

Then 0 is injective because < , > is nondegenerate. Thus, n = dimKV 5 
dimKU = m. Similarly we also have m 5 n. Hence m = n. 

If we use the standard basis 
{el, ... , em}  of Km, where 

Note that 0 is now an isomorphism. 

ej = (0,...,0,1,0,...,0), j = l,...,m, + 
j - 1  

and write vj for the inverse image of ej under 0, then it is clear that 
{ w ~ , . . . , ~ ~ }  is a basis for V and < uilvj  >= S i j ,  i , j  = l,...,m. If 
{w;, ... ,&} is another basis of V with this property, then a(vi - v:) = 0 
implies zli = v:, i = 1, ..., m, because a is injective. 
(ii) This follows from part (i) and previous discussion on the associated 
matrices of < , > with respect to given bases. 

Exercises 
1. Complete the proof of Proposition 5.4. 
2. Let d E Z be square-free, K = Q(&). Find all Q-linear ring monomor- 

phisms K 4 C. 
3. Let K = a(&) be as in exercise 2 above, a = r + s&. Show that 

T K , Q ( ~ )  = 2 r  and N K I Q ( ~ )  = r2 - s2d. (Compare with section 3, 
exercise 6.) 

4. Let 6 = 4 + a, K = Q(6). Find the minimal polynomial p ( z )  of 6. 
(Hint: Note that ()(A), a(&) c K .  Any Q-linear ring monomorphism 
u: K -+ C induces a Q-linear ring monomorphism GI: Q(a) --f Q1 and 
a Q-linear ring monomorphism 0 2 :  a(&) -+ Q1, such that ~ ( 6 )  = 

a l ( 4 )  + 02(&) .  The answer is p ( z )  = x4 - lox2 + 1.) 
Can you generalize this result to 6 = fi + 4 for arbitrary square- 

free p # q? 
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6. Free Abelian Groups of Finite Rank 

Let G be an abelian group with the binary additive operation + and the 
identity element 0. For g E G, we write Z g  for the cyclic subgroup of G 
generated by g ,  and consequently, we write C g E n Z g  for the subgroup of 
G generated by a nonempty subset R C G. 

A subset S2 = {gi}iE J of G is said to be Z-linearly independent if for 
any finitely many gi l l  gi2, ...,gin E 0, there do not exist s1, ..., sn E Z, not 
all zero, such that slgil + s2gi2 + . . . + sngin = 0. If R is not Zlinearly 
independent, then it is Zlinearly dependent. 

6.1. Definition Let = {gi}iGJ C G. If G = C g i E n Z g i  and R is Z- 
linearly independent, then G is called a free abelian group and $2 is called 
a Zbasis of G, or just a basis of G. 

Below we focus on free abelian groups with finite Zbasis. 

6.2. Proposition If a free abelian group G has two bases (91,  ...,gn} and 
{ h l ,  ..., hm}, then m = n. 

Proof Suppose m < n. Then, as dealing with vector bases over a field in 
linear algebra, after expressing each gi as a Zlinear combination of hi's, 
we may derive, by passing to Q, that (91,  ..., gn}  is Zlinearly dependent, 
a contradiction. Hence, m 2 n. By symmetry, n 2 m. Thus, m = n as 
desired. 0 

6.3. Definition An abelian group G with a basis of n elements is called a 
free abelian group of Z-rank n ,  or just a free abelian group of rank n. 

Z is a free abelian group of rank 1 and { 1) is a basis for Z. The direct 
sum 

of n copies of Z, where 

( k l ,  .., kn) + (e l ,  ..., en) = ( k l  + e,, ..., k, + en>, 
m ( k 1 ,  ..., kn) = ( m k l ,  ..., mkn), m E Z, 
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e i = ( O  ,..., O , I , O  ,..., 0 )  

41 

i = l ,  ..., n 

6.4. Proposition Any finitely generated abelian group G = Cy=l Zgi is a 
homomorphic image of some free abelian group of rank n. If G is free and 
(91, ..., g n }  is a basis of G, then G E Z". 

Proof Exercise. 

In view of Proposition 6.4, from now on we write 

n 

i= 1 

for the free abelian group G with basis (gl, ...,gn}. 

Let M,(Z) be the set of all n x n matrices over Z. If A E Mn(Z)  and 

If A E Mn(Z)  is unimodular, then A is invertible and 
det(A) = f l ,  then we say that A is unimodular. 

A-l = - A* =&A* 
det(A) 

where A* is the adjoint matrix of A. Clearly, the construction of A* implies 
A* E M,(Z). It follows that A-' E M,(Z). 

6.5. Lemma If {ul,  .,., u,} is a basis for the free abelian group G, then 
(~11, ..., vn}, where 

n 

vi = C a i j u j ,  aij E Z, i = 1 ,..., n, 
j 

is a basis for G if and only if A = (ai j )  is unimodular. 

Proof With the help of the above remark, this is an easy exercise. 

6.6. Theorem Let G be a free abelian group of rank n and H a nonzero 
subgroup of G. Then the following hold: 
(i) H is free of rank s I n. 
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(ii) There exist a basis (91, ...,gn} for G and integers [ I ,  ..., ls E Zf such 
that { e l g l ,  ...,e,gs} is a basis for H .  

Proof We prove the theorem by induction on the rank of G. If rankG = 1, 
then G 2 Z and the conclusions (i) and (ii) are clear. 

Suppose the assertions (i) and (ii) are true for any free abelian group of 
rank < n. 

Let G be a free abelian group of rank n and let H be a nonzero subgroup 
of G. Then, with respect to a fixed basis {el, ..., en} of G, H contains 
elements 

(1) h = klel + . . . + knen, some ki's are positive. 

Choose a basis { X I ,  ..., x n }  of G such that !I is the smallest positive co- 
efficient with respect to (l), and rearrange the members of this basis (if 
necessary) so that H contains an element of the form 

On division by e l ,  write 

If we define 

92 = 5 2  

then 

[f] = [;:::: ;] [:) X n  

Sn 0 0 . . .  

where the square matrix is clearly unimodular. By Lemma 6.5, (91, x2, ..., x,} 
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is a basis of G. With respect to this new basis and previous formula (2), 

f l  = C l x l +  7712x2 + . . . + mnx, 

= C l g l i  7-252 + . . . + r,x,. 
By the choice of Cl ,  we must have r2 = . . . = r,  = 0. It follows that 

(3) f l  = a m .  

Now, with respect to  the new basis { g 1 , 2 2 ,  ..., x n } ,  each h E H has the 
expression 

h = c l g l +  ~ 2 x 2  + . . . + GX,, ci E Z. 

Write c1 = C 1 q  + r with q,r E Z, 0 5 r < e l .  Then by the above (3), H 
contains 

h - q f l  = Ciqgi + r g l  - C1qg1+ ~ 2 x 2  + . . . + GZ, 

h ++ ~ 2 x 2  +-..+Gz, 

defines a group homomorphism and H Z f 1  + p ( H ) .  Note that p ( H )  is 
a subgroup of G* that is free of rank n - 1. By the induction hypothesis, 
there exist basis ( 9 2 ,  . . . , g n }  of G' and integers &, ..., C, E Z+, where s 5 
n - 1, such that {&g2, . . . ,Cngs}  forms a basis for cp(H). Thus, {C lg l  = 

0 f 1 , [ 2 g 2 ,  ..., ! , g S }  forms a basis for H ,  as desired. 

6.7. Theorem Let G be a free abelian group of rank n and H a subgroup 
of G. The following statements hold: 
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(i) G I H  is finite if and only if rankG = rankH. 
(ii) If rankG = rankH = n, ( 5 1 ,  ..., xn}  is a basis for G, { y l ,  ..., yn}  is a 
basis for H ,  and 

then the number of elements of G I H  is equal to  Idet(A)I, where A = (ai j ) .  

Proof (i) By Theorem 6.6, choose a basis (91, ...,gn} of G and a basis 
{ f l ,  ..., fs} of H with fi = eigi and ti E Z+ , i = 1, ..., s 5 n. Thus 

and we have the group isomorphism 

It follows that G I H  is finite if and only if n = s. 
(ii) By the proof of part (i), if G I H  is finite then it has exactly e l l2  . - . e n  
elements. Employing the chosen bases in part (i), we have 

j=1 

j = 1  
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Then ( b i j )  = B and ( d i j )  = D are unimodular, and 

c = (c .  23 .) = [!!;!/! 
. .  
0 0 . . .  en 

Taking the matrix A = (a i j )  from the assumption of part (ii) into ac- 
count, we get A = BCD and det(A) = det(B)det(C)det(D). Therefore, 
Idet(A)I = l l & . . . l , .  

Exercises 
1. Let i = G. Show that Z[i] = { a  + bi [ a, b E Z} Z Z @ Z. 
2. Complete the proof of Proposition 6.4. 
3. Complete the proof of Lemma 6.5. 
4. An abelian group G is said to be torsion-free if G does not have finite or- 

der nonzero element. Show that a finitely generated torsion-free abelian 
group is free of finite rank. (Hint: Use Proposition 6.4 and refer to  the 
proof of Theorem 6.7.) 

5. Show that a finitely generated abelian group G is either finite or iso- 
morphic to the direct sum of a free abelian group of finite rank and a 
finite abelian group. 

7. Noetherian Modules 

Let R be a ring. 

7.1. Definition Let M be an abelian group with the binary additive 
operation + and the identity element 0. We say that M is an R-module if 
there is a mapping 

a :  R x M d  M 

( r , m )  H a ( ~ , m )  = rm 

(called the R-action on M )  satisfying 
(Ml) ( r  + s)m = rm + sm, 
(M2) r(m + m’) = rm + rm’, 
(M3) r ( s m )  = (rs)m, 
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(M4) l m = m  
for all r,  s E R and m, m' E M .  

By definition, a Z-module is nothing but an abelian group M (binary 
operation is written additively). Conversely, given an (additive) abelian 
grooup M, M can be made into a Z-module by defining 

Om = 0 and lm = m for m E M ,  

then inductively 

(n + l )m = nm + m for n E Z', m E M, 

and 

(-n)m = -nm for n E Z', m E M. 

If R = K is a field, then an R-module is nothing but a K-vector space. 
In this sense we may view an R-module as the generalization of a vector 
space. However, since not every nonzero element in an arbitrary ring R is 
a unit, many of the techniques developed in vector space theory cannot be 
performed directly to deal with R-modules. 

From the definition it is clear that if M is an R-module then every r E R 
defines an endomorphism of the abelian group M ,  that is, pr :  M + M with 
p,(m) = rm. One easily checks that this yields a ring homomorphism 0: 
R + EndzM with u(r)  = pr ,  where EndzM is the ring of endomorphisms 
of M .  Conversely, if M is an abelian group then any ring homomorphism 
9: R 4 EndzM induces an R-module structure: rm = p(r)(rn) .  This is 
the idea of modern representation theory of rings and algebras. 

Two special kinds of module will be used frequently in the follow-up 
chapters: 

If R is a subring of a ring S (note that 1~ = 1s by our convention 
made on rings), then S is an R-module with the action given by the 
ring multiplication. 
If I is an ideal of the ring R. Then I is an R-module with the action 
given by the ring multiplication. 

Let M be an R-module and N an (additive) subgroup of M .  If rz  E N 
for all r E R and x E N ,  then N is called an R-submodule of M .  

Given a family {Ni}i,=r of R-submodules of M, the sum xiGI Ni of 
subgroups forms an R-submodule in a natural way; and the intersection 
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ni, I Ni is an R-submodule. 

group M / N  is defined as 
Given an R-submodule of a module M ,  an R-action on the quotient 

riTi = i%i, r E R, m E MIN.  

With the R-action defined above, M / N  is called the quotient R-module 
determined by N .  

Let M and N be R-modules. An R-module homomorphism from M to  
N is a homomorphism of abelian groups $: M + N satisfying $(rm) = 
r$(m) for all r E R and m E M .  It can be verified directly that Kerll, is an 
R-submodule of M ,  that Im$ is a submodule of N ,  and furthermore, that 
the following R-module isomorphism theorems hold: 

(a) M/Ker$ Im$. 
(b) Let A ,  B be submodules of the R-module M .  Then, ( A  + B ) / B  2 

(c) Let A ,  B be submodules of the R-module M .  If A B then 
( M / A ) / ( B / A )  E M / B .  

(d) Let N be a submodule of the R-module M .  Then there is a bijection 
between the submodules of M which contain N and the submodules of 
M / N :  

A / ( A  n B).  

a :  A - ( A + N ) / N  

such that a ( A  + B )  = a ( A )  + a(B)  and a ( A  n B )  = a ( A )  n a(B)  for 
all submodules A, B of M containing N .  

Let S C M ,  where M is an R-module, and T G R. Put  

1 T S  = finite sums C r i m i  I ri E T ,  mi E s { 
With notation as above, the reader is also asked to check the following 

statements. 

(e) If T = R, then RS forms an R-submodule of M ;  moreover, R S  = 

( f )  If T is an ideal of R, then T M  forms an R-submodule. 
Rmi and it is the smallest R-submodule of M containing S. 

The R-submodule N = R S  obtained in part (e) above is called an R- 
submodule of M generated by S ,  where S is called a set of generators of 
N .  If M = RS with a finite set of generators S = {rnl, ..., ms}, then 
M = C:==, Rmi and is called a finitely generated R-module. 
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Given a family of R-modules { Mi}iE J ,  the direct sum of abelian groups 

@Mi = { (mi) ic j  1 0 # mi E Mi for only finitely many mi 
i E J  

is an R-module, where 

and is called the direct sum of { M i } i E ~ .  
For the direct sum &jMi of given R-modules defined above, it is 

not hard to see that there is an injective R-module homomorphism Mi - 
@iGjMi with m, k ( X ~ ) % ~ J ,  where xi = mi and xj  = 0 for j # i. Hence 
Mi is isomorphic to a submodule of @ i € ~ M i .  Conversely, let { N ~ } ~ E J  be a 
family of submodules of some R-module M ,  and let N = CiE Ni. Then 

defines an R-module homomorphism. If 4 is an isomorphism then N is 
said to be the direct sum of its submodules Ni ,  i E J ,  and we also write 

Let M be an R-module and suppose that IM = @iEJMi for some sub- 
modules Mi c M ,  i E J .  Then it is clear that every element m € A4 has a 
unique expression m = C mi, i.e., C mi = 0 if and only if mi = 0. 

N = @iEJNZ. 

7.2. Definition An R-module M is said to be free if there are 
i E J ,  such that M = @iE J R J ~ ,  where {<i}i, J is called an R-basis of M .  

E M ,  

Example (i) Any vector space V over a field K is a free K-module. Any 
free abelian group (as defined in section 6) is a free Z-module. 

(ii) For any set J of indices, F = @iE jRi with Ri 
free R-module. 

R (as R-modules) is a 

7.3. Proposition Any R-module M is the homomorphic image of some 
free R-module. 
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Proof The R-module homomorphism C%mcMRm -+ M = z m E ~  Rm de- 
fined by Crm H zr,m does the job. 

An R-module M is said to be Noetherian if every R-submodule of M is 
finitely generated. 

7.4. Theorem For an R-module M ,  the following statements are equiva- 
lent. 
(i) M is Noetherian. 
(ii) For any ascending chain 

Mi M2 C_ c Mn c * * *  

of R-submodules in M ,  there is some k such that Mk = Mj for all j 2 k. 
(iii) Every nonempty set of R-submodules has a maximal element with 
respect to G. 
Proof Exercise (see the proof of Theorem 1.1). 0 

7.5. Theorem (i) Let p: M -+ H be an onto R-module homomorphism. 
If R is Noetherian then so are Kercp and H .  
(ii) Let N be an R-submodule of the R-module M .  Then M is Noetherian 
if and only if N and M / N  are Noetherian. 

Proof To better understand the argumentation, the reader is reminded to 
bear the foregoing R-isomorphism theorems (a)-(d) in mind. 
(i) This follows from the fact that ascending chains of R-submodules in 
Kerp and H correspond to  some ascending chains of submodules in M .  
(ii) If M is Noetherian then so are N and M / N  by part (i). Now let 

Mi c Mz c . . .  c M, c . . .  
be an ascending chain of R-submodules of M .  Then 

N n M ,  c N n M 2 c . . . c N n M n c . . .  

is a chain of R-submodules in N and for some l 2 1 

(1) N n Me = N n Me+i, i = 1,2 ,  .... 
On the other hand, we also have a chain of R-submodules in M / N  

c ~ c ' . .  c M n + N  c . . .  M i + N  M2+N 
N N N 
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and (without loss of generality) for Z 2 1 

Me+N M e + i + N  , , 2 = 1,2,  ... -- - 
N N 

Thus, for m E Me+i, formula (2) implies m = m' + x for some m' E Me 
and x E N .  But then 

x = m - m' c Me+in N = Men N 

by (1) above. I t  follows that m - m' = m" with m" E Me n N ,  and 
consequently m = m' + m" E Me. This shows that Mj = Me for j 2 e ,  
that is, M is Noetherian. 

7.6. Theorem (i) Given finitely many Noetherian R-modules M I ,  ..., M,, 
the direct sum is a Noetherian R-module. 
(ii) If R is a Noetherian ring and M is a finitely generated R-module, then 
every submodule of M is Noetherian, in particular, M is Noetherian. 

Proof (i) Set M = M1@M2. Then M I  and M/M1 M2 are Noetherian by 
the assumption. I t  follows from Proposition 7.5(ii) that M is Noetherian. 
Now an induction on s shows that @:==,Mi is Noetherian. 
(ii) Suppose M = C&, RJi, Ji E M .  
homomorphism 

R @ R @ - @ R  

Then there is an onto R-module 

So the conclusion now follows from part (i) and Theorem 7.5. 0 

We complete this chapter with the celebrated Krull's intersection theo- 
rem. 

7.7. Theorem (Krull) Let R be a Noetherian ring and I an ideal of R. 
Given a finitely generated R-module M ,  let 

00 

U =  n IW. 
n= 1 

Then IU = U .  



Preliminaries 51 

Proof First note that every InM, hence U and I U  are R-submodules. So 
it is clear that we need only to show U g IU.  For this purpose, noticing 
U n I U  = IU,  let us consider 

R =  S S a s u b m o d u l e o f M , S n U = I U  . 

Then R has a maximal member, say S ,  with respect to  C on submodules, 
for M is Noetherian by Theorem 7.6. 
Claim For the maximal S obtained above, there is some n such that I"M C 
S ,  and consequently, U = InM n U 

To find the above claimed n, let I = xi==, R&, & E I .  If we can find, 
for each ti, some ni such that 

{ I  } 

S n U = I U .  

(*I ("M 2 s, 
then there will be some n, large enough, such that I"M C S. As a matter 
of fact, we may reach the above mentioned property (*) for any a E I .  To 
see this, define, for each k 2 1, the R-submodule 

M k = { m E M I a k m E S  1 . 
Then we obtain an ascending chain 

Mi E M2 5 . . .  Mq 5 . . .  

and there is some z such that M, = Mj for all j 2 z .  For this fixed z ,  
obviously IU 2 (aZM + S )  n U .  On the other hand, if u E (aZM + S )  n U ,  
then u = azm + u with m E M and u E S. Hence au  E aU 2 I U  C_ S ,  and 
az+'rn E S. This shows that m E M,+1 = M,, and it follows that azm E S. 
But this yields u E S n U = IU,  and consequently I U  = (aZM + S )  n U .  
If azM + S = MI then U = I U ;  otherwise, by the maximality of S in R, 

0 a"M 2 S ,  as desired. 

7.8. Corollary Let R be a Noetherian domain, and let M be a finitely 
generated torsion-free R-module, i.e., for r E R and m E MI r m  = 0 implies 
r = 0 or m = 0. Then 

n=l 

Proof This follows from Theorem 7.7 and later exercise 6. 
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Exercises 
1. Find all Zsubmodules of Z and all Zmodule homomorphisms Z -+ Z. 
2. Complete the proof of Proposition 7.4. 
3. Let R be a domain with the field of fractions K .  Let X E R be nonzero 

and nonunit. Show that R[ i ] ,  the subring of K generated by over 
R, is not a finitely generated R-module. (Hint: If there was a finite set 
of generators, then 1, i, +, ..., would be a set of generators for some 
s > 0. After expressing as an R-linear combination of the foregoing 
generators, see what happens.) 

1 

4. Show that there is no nonzero Zmodule homomorphism Q --f Z. 
5.  Let R be a ring and let Ill ... , I s  be finitely many ideals of R. Suppose 

that R/ I j  is Noetherian, j = 1, ..., s, and that n g l I j  = (0). Show 
that R is Noetherian. (Hint: Consider the R-module homomorphism 
R ---f @j=,(R/Ij) with r H C x j ,  where x j  = F E R/I j ,  j = 1, ..., s.) 

6. For any ring R, one may also define matrices (rij)mxn of finite order 
with entries rij E R,  define addition and multiplication of matrices, and 
define the determinant, adjoint and inverse of a square matrix, as in 
classical linear algebra. 

Let M = ct=, R& be a finitely generated R-module, where & E M ,  
i = 1, ..., s, and let I be an ideal of R. Show that if I M  = M then there 
is some r E R such that r M  = (0) and 1 - T E I .  (Hint: Note that 
I M  = M implies & = C,"=, aijtj, i = 1, ..., S, aij E I .  Thus ( al:~La:l:l:;: ::: l )  (i) = is) 

asi as2 ... a s s  - 

Multiplying by the adjoint (aij)* of (aij), it follows that det(aij)M = 

{0}, where det(aij) = 1 - a for some a E I . )  
7. Let R and K be as in exercise 3 above. Use problem 6 to show that 

K is not a finitely generated R-module. (Hint: Take a nonzero nonunit 
X E R and note that XK = K.)  

8. Let R = A[xl, ..., xn] be the polynomial ring in x~ , . . . , x ,  over a ring 
A. Let Ri = Ccrl+...+a,=i Ax:' . . . xzn , i E N, which is called the ith 
homogeneous part  of R. Show that, as A-modules, R = @ i E ~ R i ,  and 
that, as subsets, RiRj = Ri+j, i , j  E N. 




