Chapter 1
Preliminaries

This introductory chapter concentrates on basic notions and properties con-
cerning Noetherian rings, factorization of elements in a domain, field exten-
sions, symmetric polynomials, trace and norm, free abelian groups of finite
rank, and Noetherian modules, which might not be familiar to some readers.
So we include most of necessary proofs for the reader’s convenience.

0. Conventional Review

In this book all rings are commutative associative rings with identity 1, and
throughout the text,

N = the set of nonnegative integers,

Z = the set of integers (ring of integers),

Z* = the set of positive integers,

Q = the set of rational numbers (field of rational numbers),

R = the set of real numbers (field of real numbers),

C = the set of complex numbers (field of complex numbers).

Let R be aring and A a subring of R. Then we insist that A has identity
1 A and

1p = 1a.
And we write
R* = R - {0}.

If {U;}iea and {V1,..., Vi, } are collections of nonempty subsets of R,
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then the sum of {U;}:ca and the product of {V4, ..., Vi, } are defined as

Zz‘eA U; = {Z“ij

u’éj € Uz:,} s

Vx---Vm={Zv1~'-vm

where the sums involved in both Y U; and V; ---V,, are finite sums. So
one understands that
o the sum of given ideals is an ideal;
e the product of finitely many given subrings (ideals) is a subring (an
ideal); and
e for subrings (ideals) I, Jand K, I(J+ K)=IJ+IK = JI + KI =
(J+ K)I.

szVi},

Let S be a nonempty subset of R and A a subring of R. We set

Z[S] = the subring of R generated b}; S
= {ngl cespm s, €8, me Z*, oj € N}

A[S] = the subring of R generated by S over A
= {Za(a,j)sf‘l‘ .. ~Sz:‘ I A(a,5) € A, Si; € S, me Z+, a; € N}

(S) = the ideal of R generated by S
= ESES Rs

= {Zrisi

where the sums involved in Z[S}, A[S] and (S) are finite sums. If § =
{s1, .-y sn} is finite, we write Z[S] = Z[s1, ..., sn), A[S] = Als1, ..., 8], (S) =
(81, ..., $n), and call them a finitely generated subring, a finitely generated
subring over A, and a finitely generated ideal of R, respectively. Clearly we
can also write (s1,...,8p) = Y ., Rs;.

r; € R, siES},

Let R R’ be a ring homomorphism. Then we insist that
 is not the zero-homomorphism and ¢(1g) = 1gr,

and we write Kery, Imgp for the kernel and image of ¢, respectively. A very
useful consequence of the first isomorphism theorem on ring homomorphism
states that
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o if R-¥A4 and R-5B are ring homomorphisms, ¢ is surjective, and
Kerp C Kery, then there is a ring homomorphism A-25B defined by
pla) = ¢(r), where ¢(r) = a, such that the following diagram commutes:

Kerp - R % A
’1’} e pop=1
B

if furthermore 1) is surjective, then p is surjective as well.

Let R be a ring with identity 1 = 1g. If R has no divisors of zero, i.e.,
a,b € R and ab = 0 implies a = 0 or b = 0, then R is called an integral
domain, or simply a domain. If R is a domain, then so is the polynomial
ring R[z1, ..., z,] in variables z1, ..., z, over R.

If a,b € R and ab = 1, then a (hence b) is called a unit of R. If every
nonzero a € R is a unit, then R is called a field.

0.1. Proposition Every finite domain is a field.

Proof Exercise. O

Thus, if p € Z is a prime number, then the ring Z/(p) of integers modulo
p, usually denoted Zy, is a field.

Let K be a fleld. Consider the set of integers
o(K) = {mEZ+ lmA:Oforsome)\er}.

If o(K) = @, then the characteristic of K, denoted charK, is defined to be
zero, i.e., charK = 0; if o(K) # 0, then charK is defined to be the smallest
integer p € o{K). In the second case p is a prime number (exercise 3).

Every field has a smallest subfield P (with respect to the inclusion rela-
tion on subfields), the prime subfield, which is either isomorphic to

Q, if charK =0,
or to
Zy, if charK =p > 0.

Clearly, every finite field F' has charF > 0. If a field K has charK =
p > 0, then (a + b)? = aP + bP for all a,b € K (exercise 4).
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If R is a domain, then the field of fractions of R is constructed via the
equivalence relation on R x R*:

(a,b) ~ (¢,d) if and only if bc = ad.

Write  for the equivalence class represented by (a, ), and write Q(R) for
the quotient set R x R*/ ~. Then

Q(R):{% ) a,beR, b;éo}

where the addition and multiplication are defined the same as that for
rational numbers. Thus, in Q(R), % = 0 is the zero of the additive group
(Q(R),+), 1 = 1) is the identity of the multiplicative group (Q(R),"),
and if a = ¢ #0 then a™! = 2,

The ring homomorphism

Ar: R — Q(R)
roe—
1

is injective. In the case where R is a field, Ag is an isomorphism. So we may
view R as a subring of Q(R) and write R C Q(R). Consequently, if Q(R)[x]
is the polynomial ring in variable = over Q(R), then R[z} C Q(R)[z].

If R’ is another domain and ¢: R — R’ is an injective ring homomor-
phism, then ¢ induces an injective ring homomorphism @: Q(R) — Q(R’),
where 7 (%) = %(%%‘ Hence Q(R) may be viewed as a subfield of Q(R'),
and consequently Q(R)[z] may be viewed as a subring of Q(R’)[z]. It turns
out that if ¢ is an isomorphism then so is @. In particular, if Q(R) is the
field of fractions of the domain R and R C B C @Q(R), where B is a subring

of Q(R), then Q(B) = Q(R).

We assume that the reader is familiar with the basic structural prop-
erties of a polynomial ring R[z1, ..., Zn] in variables zi, ..., z,, over the ring
R, for instance, R is a subring of R[z1, ..., x,] consisting of constant poly-
nomials, every f € R[z1,...,Zp] has a unique expression into the linear
combination of monomials: f =Y 7,z ---z%", where a = (a1, ...,an) €
N™ = {{a1,...,an) | a1,...,a, € N}, and the degree of f is defined as

degf:max{a1+---+ah

Tox - Tp™ # 0 is a term of f}.

If f = 0 then conventionally degf is defined as —oco. Thus, for f =
S razdt--z%n, g = Yrpzt' ... zf, one knows how to determine the
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degree of f 4+ g and f - g according to the addition and multiplication of
polynomials.

In particular, we recall the following important properties of a polyno-
mial ring.

If f € R[z] is a nonconstant monic polynomial, i.e., degf > 1 and f is
of the form

f:$"+an_lw”—1+,_,+a0’ a; € R,
then a division algorithm on g € R[z] by f exists:
g=qf+r, ¢, € Rlz], degr < degf.

Let R be a ring. If Z[sy,...,sn] is the subring of R generated by
81, ..., Sp, then there is an onto ring homomorphism from the polynomial
ring Zlz1, ..., 5] to Zlsy, ..., sp]:

Z(z1, .., Tn) — Z[S1, -, Sn

f(@1, 0y zn) = f(81,80)

Let A be a subring of R. If Alsi, ..., sn] is the subring of R generated
by s$i,...,8, over A, then there is an onto ring homomorphism from the
polynomial ring A[z1, ..., 2,] to Als1,..., sn):

Alz1, .oy n] — Als1, .-, Sal

flx1, ey zn) — f(81,.,8n)

Exercises

1. Let A be a subring of the ring R and S C R a nonempty subset of R.
Show that Z[S] is the smallest subring of R containing S, that A[S]
is the smallest subring of R containing A and S, and that (S) is the
smallest ideal of R containing S. (Here the ordering on subrings and
ideals is the usual inclusion ordering on subsets.)

2. Complete the proof of Proposition 0.1. {(Hint: If R = {a,...,a,} is a
finite domain and 0 # a; € R, then a;R = R.)

3. Let K be a field. Show that if char K = p # 0, then p is a prime number.

4. Let K be a field of charK = p # 0. Show that (a + b)? = aP + bP for
all a,b € K. (Hint: Check the binomial coefficients of the expansion of
(a+0)7.)
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1. Noetherian Rings

Since Noetherian ring plays a leading role in commutative algebra, we start
with this notion.

Let R be a ring. R is said to satisfy the mazimal condition if every
nonempty set of ideals contains a maximal member with respect to the in-
clusion relation on ideals. R is said to satisfy the ascending chain condition
if for every ascending chain of ideals

LELC -CI,C--

there is some k such that I = I; for all 7 > k.

1.1. Theorem Let R be a ring. The following are equivalent.
(1) R satisfies the maximal condition.

(ii) Every ideal of R is finitely generated.

(iii) R satisfies the ascending chain condition.

Proof (i) = (ii) Let I be a nonzero ideal of R. Set
S = {all finitely generated ideals contained in I'}.

Then S # 0, and by (i) there is a maximal member in S, say J = Y. ; Ra;
with a; € I. If J # I, then there is some z € I, z ¢ J. Thus, J is
properly contained in J' = J + Rz and J' € S, contradicting the choice of
J. Therefore I = J, a finitely generated ideal.

(i) = (iil) Let

be an ascending chain of ideals in R. Set I = UI;. Then [ is an ideal of
R and hence finitely generated, say I = Z;nzl Ra; with a; € I. Suppose
a; € I;; with iy < ip < --» < ip. Then a; € L;,, j = 1,..,m, and
consequently I = I; . Let k = iy,. Then I = I; for all j > k.

(i) = (i) Let S = {I;} be a nonempty set of ideals in R. If S did not
have a maximal member, there would be a strictly ascending chain of ideals
out of S, which does not satisfy the chain condition. d

1.2. Definition A ring R satisfying one of the equivalent conditions of
Theorem 1.1 is called a Noetherian ring.
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Let R be a ring. If every ideal I of R is a principal ideal, ie., I =
(a) = Ra for some a € I, then R is called a principal ideal ring. Principal
ideal rings are special Noetherian rings. If a principal ideal ring R is also a
domain, then we simply call R a PID.

It is a result of the division algorithm in Z and the division algorithm
in the polynomial ring K[z], where K is a field, that both Z and k[z] are
PIDs (exercise 1).

Concerning polynomial rings in finitely many variables over a Noethe-
rian ring, we have the following celebrated result.

1.3. Theorem (Hilbert basis theorem) If R is a Noetherian ring then so is
the polynomial ring R[z] in variable z over R. Hence, the polynomial ring
Rlzy,...,&p), in any finitely n variables x1, ..., Zn, is Noetherian.

Proof We show that if R[z] is not Noetherian then neither is R, by adopting
a well-known argumentation (as one may easily find at the site !).

Suppose that I is an ideal of Rfz] which is not finitely generated. Then
a sequence of polynomials from I can be chosen as follows.

fi € I with least degree nq,
f2 € I — Rfy with least degree no,
fs € I—(Rf1 + Rfs) with least degree ns,

k
fer1 €I - ZRfi with least degree ngy1,

i=1

where n; <ng <nz3 <. <mggp <o
Claim Let a; be the leading coefficient of f;. Then

n
RalcRa1+Ra2C--~C2Ra¢C~~
i=1

is a strictly ascending chain of ideals in R.
If the claim was not true, then Ele Ra; = Zf“Lll Ra; for some k, and

this would yield a1 = Zle ria;, 7; € R. Note that for i = 1,...,k, we

Ihttp://planetmath.org/encyclopedia/ProofofHilbert BasisTheorem.html



8 Commutative Algebra

have

fi = a;x™ + strictly lower degree terms,
7 [T T = rig, ™+ 4 strictly lower degree terms.

It follows that
k k
i=1 i=1

= ag+12™+ + g(z),

while

k k
g(z) = (fk+1 - Zrifiﬂﬂnk*‘_”i) ¢>_Rf;
i=1 i=1
by the choice of fry1. But clearly degg(z) < degfi+1, contradicting the
choice of fry1. Therefore the claim holds, i.e., R is not Noetherian. O

The polynomial ring K[zy,...,Zn,...] in infinitely many variables over a
field K is non-Noetherian, due to the existence of a strictly ascending chain
of ideals:

(1) C (x1,22) T+ T L1,y Tn) To-v

In Chapter 4 we will see that if A is the set of all algebraic integers,
i.e., the set of complex zeros of monic polynomials in Z[z], then A4 forms a
ring and it is not Noetherian; while for a finite dimensional field extension
Q C K with K a subfield of C, AN K is always Noetherian.

Noetherian rings stemming from algebraic geometry are given in Chap-
ter 5.

Exercises

1. Show that Z and K[| are PIDs, where K|[z] is the polynomial ring in
z over a field K.

2. Let R — R’ be an onto ring homomorphism. Show that if R is Noethe-
rian then so is R’

3. Let A be a Noetherian subring of the ring R, and let {r1,...,75} be a
finite subset of R. Show that the subring Afry,...,r,] of R is Noetherian.

4. Let K be a field which, as a subring, is contained in the ring R. Assume
that R is finite dimensional over K. Show that R is Noetherian.
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5. Let R be a Noetherian ring. The ring of formal power series over R is
the associative ring R[[z]] consisting of the formal series

f(.’L') = Zril'i, T € R7

where f(z) =0if and only if r; =0 for all ¢ = 0, 1, ..., and the addition
and multiplication are defined as for the power series with real coeffi-
cients in calculus. Show that R[[z]] is Noetherian. (Hint: Define the
degree of a series as the lowest power of z.)

6. By Theorem 1.3, Z[z] is Noetherian. Show that the ideal I = (2, z) is
not a principal ideal.

7. Let Zs|z,y] be the polynomial ring over the field Z,. Show that in
Zs[z,y]/{z? + = +y3 + 1) the ideal (T,y + 1) is not a principal ideal.

2. Factorization of Elements in a Domain

Let R be a domain. It is easy to see that the set of units in R, denoted
U(R) = {ueR ] uisaunitinR},

forms a group with respect to the multiplication of R. U(R) is called the
group of units in R.

2.1. Definition (i) For r € R, v € U(R), the element y = ur = ru is
called an associate of 7.
(ii) Let r,s € R. 7 is said to be divisible by s, denoted s|r, if r = sz for
some z € R, where s (hence z) is called a divisor (or a factor) of r.

For u € U(R) and r € R, u and ur are called the trivial divisors of r
(note that r = (ur)u™! = (u™1r)u).
(iii) For r € R, if r has only trivial divisors in R, then we say that r is
irreducible in R; otherwise, 7 is reducible in R. (So zero is reducible in any
domain.)
(iv) For r € R, if 7 is reducible, then r = sz with nontrivial divisors s, z.
In this case we say that r has a proper factorization.

Example (i) Let R = Z. Then U(R) = {1}
(ii) Let R = Z[i] where ¢ = v/—1. Then U(R) = {£1, =1} (see Chapter 4
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section 3).

(ili) Let R = Klz] be the polynomial ring in z over a field K. Then
U(R) = K*.

Thus, one easily finds elements in each R that have proper factorization.

2.2. Proposition Let R be a domain, r, s € R. The following hold:

(i) r € R is a unit if and only if r|1.

(ii) Any two units are associates to each other, and any associate of a unit
is a unit.

(iif) r, s are associates to each other if and only if r|s and sjr.

(iv) r is irreducible if and only if every divisor of r is either an associate of
T Or a unit.

(v) Any associate of an irreducible element is irreducible.

Proof Exercise. O

In terms of ideal structure, we may characterize units, divisibility, asso-
ciates and irreducibility, as follows.

2.3. Proposition Let R be a domain and let r, s be nonzero elements of
R.

(i) r € U(R) if and only if (r) = R.

(ii) r|s if and only if (r) 2 (s).

(iii) , s are associates to each other if and only if (r) = (s).

(iv) 7 is irreducible if and only if {r) is maximal among the principal ideals
of R (with respect to the inclusion ordering on ideals).

Proof Exercise. O

2.4. Definition Let R be a domain. We say that factorization into irre-
ducible elements is feasible in R if every nonzero nonunit element may be
expressed as a product of finitely many irreducible elements.

2.5. Proposition Factorization into irreducible elements is feasible in a
Noetherian domain R.

Proof Let R be a Noetherian domain. Suppose that the assertion was
not true. Then the set @ of nonzero nonunit elements which cannot be
factorized into finite products of irreducible elements would be nonempty.
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Since R is Noetherian, let (y) be a maximal member in

S':{(:z;) IxEQ}

Then y is reducible because y € {2, and y = rs for 7, s € U(R). Thus,
(y) is properly contained in (r) N (s) (otherwise r or s would be a unit by
Proposition 2.3). By the choice of (y) we have

rT=P1 " Pry S=Pry1°"Pn

where p;’s are irreducible elements. But then y = p1 -+ prpry1---pn, 2
product of finitely many irreducible elements. This is a contradiction and
hence 2 = {. O

2.6. Definition Let R be a domain in which factorization into irreducible
elements is feasible. For a nonzero nonunit z € R, if any two factorizations

x:pl...pn andz:qlqm

satisfy n = m and (up to the arrangement of divisors) p; = ui¢;, 1 =1,...,n,
where u; € U(R), then z is said to have a unique factorization in R. If every
nonzero nonunit element of R has a unique factorization in R, we say that
R is a UFD (abbreviation of the phrase “unique factorization domain”).

Remark At this stage, it is better to be aware of two facts.

(i) There are Noetherian domains which are not UFDs (see exercise 4 of
this section and Chapter 4 section 3).

(i) There are UFDs which are not Noetherian (exercise 5).

In order to discuss the uniqueness of factorization into irreducible ele-
ments, we introduce the notion of a prime in a domain.

2.7. Definition Let R be a domain, 0 # z € R, and z ¢ U(R). z is said
to be a prime if z]ab implies z|a or z|b for any a,b € R.

2.8. Proposition Let p be a prime in a domain R. The following hold:
(i) Any associate of p is a prime in R.
(if) p is irreducible in R.

Proof Exercise. O
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2.9. Theorem If factorization into irreducible elements is feasible in a
domain R, then R is a UFD if and only if every irreducible element is a
prime.

Proof Since factorization into irreducible elements is feasible in R, by
Proposition 2.2(v), every nonzero nonunit x € R has a factorization

T =Dp1-De

where p; may be an associate of some irreducible element.

First suppose that factorization in R is unique. Let p be an irreducible
element and plab where a # 0, b # 0. Then ab = pc for some 0 # ¢ € R.
Consider the unique factorizations: a =p1-+ Pn,b=q1-  gm,c=71-- - 75,
Then

pc=p(r1,.Ts) = (1 Pn)(q1 - gm) = ab.

By the uniqueness, p divides some p; or some g;. Hence pla or p|b, and this
shows that p is a prime.

Conversely, suppose every irreducible element is a prime. Consider the
factorization into primes

T=p1Pn=4q1" " "qm-

Then p1/q1(¢2- - qm). Without loss of generality we may assume pi|q;.
Then, ¢; = uip; for some u; € U(R) because ¢; has only trivial divisors.
Thus, T = p1--pn = (U1p1)(Q2"'CIm) and py:-pn = (U1(12)(113"'qm)-
After repeating this process n times, up to the arrangements of divisors we
derive q; = w;p; with u; € U(R), and m < n. Similarly, n < m. So n=m.
This shows that factorization is unique in R. (|

2.10. Theorem Every PID is a UFD.

Proof Let R be a PID. Then factorization into irreducible elements is
feasible in R because R is Noetherian.

Let p be an irreducible element in R. Then by Proposition 2.3(iv), (p)
is maximal among all ideals. Suppose p|ab but p [ a. Then (p) is properly
contained in the ideal {p,a). By the maximality of (p) we have (p,a) = R.
It follows that 1 = ph+ ag and b = bph + abq. This yields p|b, showing that
p is a prime. By Theorem 2.9, R is a UFD. d

Remark Recall that before learning a systematic theory on UFDs, in the
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arithmetic theory on R = Z (or in R = K[z] where K is a field) a prime
p is defined as the element which has only the divisors +1 (A € K*), +p
(Ap). If a,b € R, plab but p / a, then the Euclidean algorithm output the
greatest common divisor ged(p,a) =1 in the form

af +pg=1, f,g€R,

that yields p|b immediately as in the above proof. That is why we know,
without arguing that R is a PID, that R is a UFD. Indeed, there is a class
of UFDs that hold a version of Euclidean algorithm, as described below.

2.11. Definition A Euclidean domain is a domain R with a function
(called a Euclidean function):

¢: R*—N

that satisfies
(i) if a,b € R* and alb then ¢(a) < ¢(b); and
(ii) if a,b € R* then there exist ¢,r € R such that

a = gb+r, where either 7 = 0 or ¢(r) < ¢(b).

Example (iv) Z is a Euclidean domain with the Euclidean function given by
the absolute value function. K{z] is a Euclidean domain with the Euclidean
function given by the degree function. (A consequence of applying the
division algorithm to both Z and K{z].)

2.12. Theorem Every Euclidean domain R is a PID.

Proof Let I be a nonzero ideal of R. If ¢ is the associated Euclidean
function on R, let us set

qS(x*):min{qS(x)ENlO;éxEI}.

For any 0 # y € I, y = gz* +r with r = 0 or ¢(r) < ¢(z*). But
r =1y —qz* € I. By the choice of z*, r = 0. Thus, y = gz*. This shows
that I = (z*). O

2.13. Corollary Every Euclidean domain is a UFD.
Proof This follows from Theorems 2.10-2.12. U
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Except for Z and K|z], other Euclidean domains will be given in Chapter
4 section 3.

Remark Let K = Q(v/=19). By Theorem 3.4 of Chapter 4, the ring Ax of
algebraic integers in K is not a Euclidean domain. However, Ak is a PID.
The reader is referred to http://www.mathreference.com/id,npid.html for
a beautiful proof on this fact.

We now proceed to show that the polynomial ring R[z] in variable z
over a UFD R is a UFD.

2.14. Lemma (Gauss) Let R be a domain. Then any prime of R is a
prime in Rlz].

Proof Let p be a prime in R and R = R/(p). Then a direct verification
shows that R is a domain, and so is the polynomial ring R[z]. If f,g € R|z]

and p|fg, then fg € (p). For r € R, write ¥ for the image of r in R.
Consider the ring homomorphism

Rlz] % R[z]

Sorizt = ST
Then ¢(fg) = f-g = 0. Since R[z] is a domain, it follows that f = 0 or
g =0, i.e., p|f or plg, as desired. g

Let R be a UFD. Then for any r1,...,7, € R, not all zero, the greatest
common divisor ged(ay, ..., a,) exists in R (exercise 6).

2.15. Definition Let R be a UFD. If a polynomial 7, z™ 47, _ 12" 1 +-- -+
ro = f(z) € R[x] has the property that ged(rn,rn-1,...,70) = d € U(R),
then f(x) is called a primitive polynomial.

2.16. Proposition Let R be a UFD. If f,g € R[z] are primitive then so
is the product fg.

Proof This follows immediately from Gauss lemma. O

2.17. Theorem Let R be a UFD with the field of fractions K = Q(R).
(i) If f € R[z] and f = gh for some g,h € K[z}, then there is a unit



Preliminaries 15

a € K([z] such that ga, a~'h € R[z].
(ii) Let f,g € R[z], where g is primitive. If g|f in K[z] then g|f in R[z].

Proof (i) Let f = gh be as assumed. Let rg € R be the common denomina-
tor of the coefficients of g. Then rog € R[z]. Let d be the greatest common
divisor of all coefficients of rog. Then g; = ag is primitive in R[z], where
a =2 ¢ K, Similarly, there exists § € K such that h; = Bh is primitive
in Rz]. Set aff = ¢, where a and b have only common divisors which come
from U(R). Then

a
Zf = afigh = g1hy and af = bgi1 h1.

Now, if a € U(R), then since ba3 = a, we have ag = g1, o *h = a~1b8h =
a~1bhy have coeficients in R, as desired. So it remains to show that a €
U(R). If not, there would be some prime p dividing a. Hence p|bgi1h1 but
p [ b by the choice of a and b, and p [ g1, p [ h1 because both g; and hy
are primitive. This contradicts Gauss lemma. Therefore, a must be a unit.
(ii) This follows from part (i). O

Let R be a UFD and f(z) € R[z] with degf(x) > 1. If d is the greatest
common divisor of all coefficients of f{z), then f(z) = dfi(z) where fi(z)
is a primitive polynomial. Bearing this fact in mind, Theorem 2.17 enables
us to derive immediately the following.

2.18. Proposition Let R be a UFD with the field of fractions K = Q(R),
p(z) € R[z] with degp(z) > 1. Then p(z) is irreducible in R[z] if and only
if p(z) is irreducible in K{z].

O

2.19. Theorem If R is a UFD then so is R[z].

Proof Since R is a UFD and R C Rjz], by Gauss lemma we need only to
consider polynomials of degree > 1.

Let K = Q(R) be the field of fractions of R. Then K|z] is a UFD. Thus
every f(z) € R[z] with degf(z) > 1 is factorized into a product of finitely
many irreducible elements in K{z]. By Theorem 2.17 and Proposition 2.18,
factorization of polynomials of degree > 1 into irreducible polynomials is
feasible in R[z], and irreducible polynomials in R|[z] are primes. Hence R|[z]
is a UFD. O
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2.20. Corollary For any field K, the polynomial ring K[z1,...,2Z,] in
finitely many variables z1, ..., z, over K is a UFD.
(|

‘We finish this section by Eisenstein’s criterion concerning the irreducibil-
ity of polynomials in R[z], where R is a domain.

2.21. Theorem Let R be a domain and
f(x) =anz™ + -+ a1z +ao
a polynomial in R[z]. Suppose there is a prime p € R such that

(a) p [ an,
(b) pla;, 1 =0,..,n—1,

(c) p* [ ao.

Then f(z) is irreducible in R[z].

Proof Suppose f(z) = g(x)h(z) for g(z), h(z) € R[z]| where
g(z) =cx” 4+ -+t co

hz) =dsz®+ - +diz+ do

with ¢;,d; € Rand r, s > 1, 7+ s =n. Then by (b) and (c), plag = codo
and hence p divides ¢y or dg but not both. Suppose p|co. By (a), we may
let c,, be the first coefficient of g(x) not divisible by p. But note that

am = codm + c1dm—1 + - + Cm—1d1 + cmdo, where p [ endp.

This implies p [ a,,, contradicting (b) because m < n. Hence g(z) or h(z)
must be a unit of R. O

2.22. Corollary If p is a prime number, then the polynomial
f@)=aP 142”2+ +1

is irreducible in Z[z] and hence irreducible in Q|z].
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Proof Note that f(z) = z:_“ll. If we use the translation £ = X + 1, then
(X+1)P-1
X+1)+ ot
FX D+ gy

1 P - P - P

- — P p-1 =24 .. -
X(x+(1)x +(2)x n +(p_1)x+1 1)
:XP—1+(f)XP-2+<72))XP-3+---+p.

Now, using p as the prime needed in Theorem 2.21, we conclude that f(z)
is irreducible in Z[z] and hence irreducible in Q[z] by Proposition 2.18.

Exercises

Complete the proof of Proposition 2.2.

Complete the proof of Proposition 2.3.

. Complete the proof of Proposition 2.8.

Let R = K|[t?,t%] be the subring generated by t2 and ¢3 in the polynomial

ring K[t] over a field K. Show that both t2 and ¢ are irreducible in R

but none is a prime. However t® = t2t2t2 = t3¢3. (See also Chapter 3

(section 2, exercise 2) and Chapter 3 (section 3, Example (iii)).)

5. Show that the polynomial ring R = Klz1,%2,...,Zn,...] in infinitely
many variables over a field K is a UFD. (Hint: Any polynomial in
R belongs to a polynomial ring in finitely many variables over K.)

6. Let R be a domain, a,b € R not all zero. Up to a unit multiple, define
the greatest common divisor of @ and b, denoted ged(a, b), and the least
common multiple of a and b (in case a # 0, b # 0), denoted lem[a, b], as
in Z (or as in K[z] with K a field). (In a similar way, for a1, ...,a, € R,
ged(ay, ..., an) and lem(ay, ..., an) may be defined.)

Show that the following statements are equivalent for a domain R in
which factorization into irreducible elements is feasible.
(a) Ris a UFD.
(b) Every irreducible element of R is a prime.
(c) For every a,b € R, not all zero, ged(a, b) (or led[a, b] in case a # 0,
b # 0) exists.
(d) The intersection of two principal ideals of R is another principal
ideal.
7. Let R be a UFD, f,g € R[z]. Use Theorem 2.17 to show that if f,g

B W b=
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do not have common irreducible divisors in R[z] then f,g do not have
common irreducible divisors in K[z] either, where K = Q(R) is the field
of fractions of R.

8. Let p be a prime number. Show that " — p is irreducible in Z[z] and
hence in Qz].

9. Prove that f = 11yz® + 3y7z% + 92° — 797 — 21 is irreducible in Zlz,y].
(Hint: Consider f in Z[y][z].)

3. Field Extensions

The study of field extensions stems from the study of zeros of polynomials
and the study of irreducibility of polynomials. Let K be a field and f ¢
K[z1,...,z,] a polynomial of degree > 2. Then the property that f has or
does not have a zero in K, and the property that f is reducible or irreducible
over K, all depends on the ground field K, for instance, first consider the
zeros of 2 — 1, 22 — 2 in Q and the zeros of 22 — 3, z> + 1 in R, and
then consider the zeros of the given polynomials by extending Q to R, R to
C. A full demonstration of this aspect is given in Chapter 4 and Chapter
5. In this section we focus on several fundamental topics concerning field
extensions.

Let K, L be fields. If K is a subfield of L (including the case where
K%L is a ring monomorphism), then we call L an eztension field of K,
and from now on K C L is referred to a field extension.

Let K C L be a field extension and S C L a subset of L. Consider the
intersection

K(S)=(Li

of all subfields in L containing S. Then it is an easy exercise to verify that

(a) K(S) is the smallest subfield of L containing S, and
(b) K(S) = Q(K|S]), the field of fractions of K[S] (hence K(S) is also the
smallest subfield of L containing K[S]).

In view of the above (a)—(b), we call K(S) the subfield of L generated by
Sover K. If § = {s1,..., 8n} is finite, then we write K(S) = K(s1,..., )
and call it a finitely generated extension field of K. If § consists of a single
element s, then K(s) is called a simple extension field of K.
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Splitting field

3.1. Definition Let K be a field, and let f(z) be a polynomial in K{z].
If K C L is a field extension such that f(z) factors completely into linear
factors over L, ie., f(z) = a[](z — o) in Liz], and f(z) does not factor
completely into linear factors over any proper subfield of L containing K,

then L is called a splitting field of f(z).

Let K be a field. To see the existence of a splitting field for an arbitrary
f(z) € K[z|, we start with an irreducible polynomial p(z). Note that the
quotient ring

_ Kl
{p(z))
where T is the image of = in L, is a field, for, if p(z) [ (z) then p(z)h(z)+

P(z)g(z) = 1 for some h{z),g{z) € K|z], and hence ¥(z) is invertible in
L. Note that via the natural ring homomorphism K{z] — L we may write

K C L = K[zZ]. Thus,

= {9) = Y A7 | w(e) € Klsl} = K [z),

K|z] C L[z] and consequently p(Z) = 0.
It follows from the division algorithm that p(x) is factorized in L{z] as
p(z) = (¢ - T)pi(2), pi(e) € Liz].

Now, since K|z] is a UFD, an induction on the degree of polynomials, or a
procedure of adding the zeros of each irreducible factor of f(z) successively
to the predecessor extension field, yields the following fact.

3.2. Theorem Let K be a field. Every f(z) € Kz] with degf(z) =n >0
has a splitting field.
a

Example (i) The field Q(/—3) serves as a splitting field for both 2% + 3
and z3 + z? + 3z + 3.

Remark Indeed, any splitting field of f(z) is isomorphic to the one con-
structed before Theorem 3.2. The reader can refer to any textbook speci-
fying field theory for a detailed proof.
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Repeated zeros and separability

Let K be a field and let f(z) € K[z]. In view of Theorem 3.2 we may always
talk about the zeros of f(z) in some extension field of K. Furthermore, we
explore the following

Question When does f(z) have no repeated zeros?

3.3. Proposition f(z) € K|z] has no repeated zeros if and only if f(z)
and f'(z) = %:—) are coprime, i.e., they do not have nonconstant common
divisor.

Proof Over a splitting field E of f{x), we have
f@)=(z—a))™ - (z—am)™

where the a;’s are distinct. Then it is clear that f(z) and f’(z) have no
nonconstant common divisor over E if and only if n; =1fori=1,...,m.
O

3.4. Proposition Let E be a splitting field of 2" —1 = f(z) € K|[z], where
n > 1. Suppose that charK does not divide n. Then the following hold:
(i) f(z) has exactly n distinct zeros {the nth roots of unity over K) in E.
(ii) Let

Un={acE ] fle) =0}.
Then U, is a cyclic multiplicative subgroup of E*.

Proof (i) By the assumption, this follows from Proposition 3.3.
(ii) That U, forms a subgroup of E* is clear. We show that U, contains
an element of order n. To this end, let

n = p‘lil N pgs
be the factorization of n into primes, and let ¢; = p%- fori=1,...,s. Then,

since the polynomial % — 1 has exactly ¢; zeros in Uy, for each i, there is

€5 et o1
a; € Uy, such that of # 1. Set 8 = /", Then B/ #1 but g% =1.
It follows that each §; has order p§*. Since p{', ..., p¢ are pairwise coprime,
B =B --- B is the desired generator for U,,. O

The last proposition makes the multiplicative structure of a finite field
clear.
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3.5. Theorem Let K be a finite field. Then the multiplicative group K*
of K is cyclic.

Proof If charK = p > 0, then [K : Z,] = m for some m and hence K* has
n = p™ — 1 elements which are all zeros of f(z) = 2™ — 1 € Zp[z]. Since
p [ n, Proposition 3.4 can be applied to this case. O

Since K[z| is a UFD, the general discussion may be further reduced to
irreducible elements.

3.6. Theorem Let K be a field and let ¢(x) € K|z] be irreducible.

(i) If charK = 0, then ¢(z) does not have repeated zeros.

(ii) If charK = p > 0, then ¢{z) has repeated zeros if and only if ¢(z) =
g{zP) for some g(z) € K|z].

Proof We apply Proposition 3.3 to both cases.

(i) If char K = 0, then since ¢(z) is irreducible, we have ¢’(x) # 0 (otherwise
p(x) would be a constant), degg’(z) < degg(x), and hence g(z) and ¢'(z)
are coprime.

(ii) Suppose charK = p > 0. Let ¢(z) = anz™ + 12" 4 tajz+ao
with a, # 0. Then ¢’(z) = nanz™ ! + (n — Dap—12""% + --- + a1 with
degq'(z) = n — 1 < degg(x) = n. Thus,

g(z) and ¢'(z) have a nonconstant common divisor < ra, =0
& p|r, say r = s,p.

Consequently, g(x) has repeated zeros if and only if ¢(z) = apz™® +--- +
a2pT%P +a,zP +ag. Therefore, g(z) = g(zP) where g(y) = ao+apy+azy” +
-+ 4 agpyt, as claimed. O

3.7. Corollary Let K be a finite field and let ¢(z) € K[z] be irreducible.
Then ¢(z) has no repeated zeros.

Proof Since K is finite, we know that charK = p > 0 for some prime
number p. Then Z, is the prime field of K and K is a finite dimensional
Z,-vector space, say dimz, K = n. Hence K has p" elements. Thus, the
multiplicative group of K, which is K*, has order p™ — 1 and AP = ) for
all A € K. (We assumed that the reader is familiar with elementary group
theory.) It follows that if g(z?) € K|z}, say g(z?) = ap+a12P 4 - -+ anz™?,
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n—1
then, after setting a?  =b;,i=0,1,...,n,

g(a:p) =ag+a1z? + -+ a,z"?
= bg—*-bzlarp_*_..._{.ngnp

= (bg + b1z + -+ + bpz™)?,

which can never be irreducible. This shows that the irreducible ¢(z) cannot
have repeated zeros by Theorem 3.6. 0

3.8. Definition If a polynomial f(z) € K[z] has no repeated zeros, then
f(z) is called a separable polynomial over K, and otherwise an inseparable
polynomial over K. (See also Definition 3.11 below.)

Algebraic extension and primitive elements

We now start with a field extension K C L and consider a € L. If there is
some f(z) € K|z} such that f(a) = 0, then we say that « is an algebraic
element over K; otherwise, we say that « is a transcendental element over
K. If every element of L is algebraic over K, then L is called an algebraic
extension field of K, and we refer K C L to an algebraic field extension. If
L contains a transcendental element over K, then K C L is referred to a
transcendental field extension.

Let K C L be a field extension. Then L is naturally viewed as a K-
vector space. In the literature, the dimension dimgL is also called the
degree of L over K, denoted [L : K].

Clearly, if a field extension K C L has finite [L : K}, then L is algebraic
over K. For instance, [C : R] = 2. If L contains a transcendental element
over K, then [L : K] = oo. It is known that e and 7 are transcendental
over Q. So [R : Q] = oo. Another familiar transcendental extension is
K C K(z), where K (z) is the field of fractions of the polynomial ring K[z].
Also, not every algebraic field extension is finite dimensional (exercise 4).

To understand the structure of a field extension K C L, simple extension
plays a key role. Let a € L. Consider the subring K[a] C L and the ring



Preliminaries 23

homomorphism

p: Kle] — Klof

g(z) — gla).
If o is a transcendental element over K, then
Kery = {0} and K[z] = K[a].

If o is algebraic over K, then kerp # {0} and hence Kery = (p(z)) for some
nonconstant p(z) € K|z] because K[z] is a PID. We may assume that p(z)
is monic. It is a consequence of the division algorithm in K|z] that p(z)
has the smallest positive degree among all polynomials in Kerp. This leads
to the following

3.9. Definition For an algebraic element a over K, the monic polynomial
p(z), which is the generator of kery, is called the minimal polynomial of o
over K.

3.10. Theorem Let K C L be a field extension and o € L. If o is
algebraic over K and p(z) is its minimal polynomial, the following hold:
(i) p(z) is irreducible and unique in K[z].

(if) Kx]/(p(z)) = K|¢] is a field containing K. Thus, kla] = K{a).

(iif) If degp(z) = n, then every element 8 € k(a) has a unique expression

B= )\n_la"—l + )\n_la"‘Q 4o N+ Ao, A €K,

Thus, {a""1,...,a,1} forms a K-basis for K(a), [K(a) : K] = n. Conse-
quently, K () is a simple algebraic extension field of K.

Proof Using division algorithm by p(z) in K|[z], all conclusions are easy
exercises. ]

Later in exercise 2 the reader will be asked to show that if a1, ...,a.,, € L
are finitely many algebraic elements over K, then K C K(ay, ..., ap) is an
algebraic field extension and [F : K] < co. When K plays the role as in
the case of Theorem 3.6(1) and Corollary 3.7, our next goal is to show that
the finitely generated algebraic field extension K(ay,...,q;,) is actually a
simple extension. But first, we need the notion of a separable extension.

3.11. Definition (i) Let K C L be a field extension and let o € L be an
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algebraic element over K. If the minimal polynomial p(z) of a over K is
separable in the sense of Definition 3.8, then « is said to be separable over
K; otherwise « is inseparable over K.

(ii) Let K C L be an algebraic field extension. If every element of L is
separable over K, then L is said to be separable over K; otherwise L is
inseparable over K.

By Theorem 3.6 and Corollary 3.7, inseparable field extension is, indeed,
quite rare.

3.12. Theorem Let K C F = K(o1,a2,...,a,) be a finitely generated
algebraic field extension. Suppose that as,...,o,, are separable over K.
Then F = K(§) for some ¥ € F.

Proof If K is finite then so is F' (by Exercise 2), and the conclusion follows
from Theorem 3.5.

Suppose that K is infinite. We consider only the case where F' = K («, 3)
with 8 separable over K since the general conclusion may be obtained by
an induction.

Let L be a field over which the minimal polynomial p(z) of a and the
minimal polynomial ¢(x) of 3 are factorized as

n m

i=1 j=1
where a1, 02,...,an, 51, ..., Bm € L, and oq = o, 1 = . (The existence
of L is guaranteed by Theorem 3.2.) By the assumption, fi,..., B are
distinct. Thus, the equations

a; — oy = Aik(B1 — B), K#1,

have only finitely many solutions Ay € K. Hence, there exists ¢ € K such
that

a;—oy #c(fr—PB), 1<i<n, 2<k<m.

Set ¥ = o + ¢f. Then clearly K(J9) C F. Below we show that g € K(¢)
and then it follows that F = K(9).

Note that a = ¥ — ¢. We have p(d — ¢f) = p(a) = 0. Consider
the polynomial r(z) = p(¢ — cz) € K(9)[z]. Then, by the choice of ¢,
B is the only common zero of ¢(z) and r(z) in F. This shows that the
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minimal polynomial of § in K (9)[z] is of the form ¢ — u for some p € K(9).
Therefore, 8 = u € K(1) as expected. O

3.13. Definition The element ¥ that appears in Theorem 3.12 is called a
primitive element of F.

Example (i) K = Q(v2,v3) = Q(v/2 + V3).

Let F be a field. If every nonconstant polynomial f(z) € Flz] splits in
F,ie, f(z) =TT, Mz — Xi), A\, A € F, then F is said to be algebraically
closed. Clearly, if F is algebraically closed, then there is no proper algebraic
extension of . For instance, the field C of complex numbers is algebraically
closed (this is also known as the content of the fundamental theorem of
algebra). Without proof we mention the following theorem (the reader
is referred to any textbook specializing field theory for the classical proof

given by Emil Artin).

Theorem Let K be a field. Then there is an extension field L of K that
is algebraically closed.

Liiroth’s theorem

Within the context of Theorem 3.6(i), Corollary 3.7 and Theorem 3.12,
it is easy to see that if K C L = K(?) is a simple field extension, then
any intermediate field extension F of K with K C F C L is a simple
extension. The final part of this section deals with a similar situation on
simple transcendental field extension.

Let K be a field and x a transcendental element over K. Given coprime
polynomials u(z),v(z) € K[z], consider h = Zég € K(z) and the simple
extension K C K(h). Set

ho(t) — u(t) = q(t) € K(h)[t],
where K (h)[t] is the polynomial ring in ¢ over K(h).

3.14. Lemma With notation as above, the following hold:
(i) h is transcendental over K.

(if) q(t) is irreducible in K (h)[t].

(iii) [K(z) : K(h)] = degq(t) = max{degu(z), degv(z)}.
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Proof (i) Exercise.

(ii) Note that ¢(t) is linear with respect to h in the polynomial ring K[, t]
which is a UFD. Hence ¢(t) is irreducible in K[, t], for u(z) and v(z) are
coprime by the assumption. It follows from Proposition 2.18 that ¢{t) is
irreducible in K (h)[t].

(iii) By the construction of ¢(t), g(z) = 0. It follows from part (ii) that
q(t) (assuming monic) is the minimal polynomial of z over K(h). Thus,
[K(z) : K(h)] = degq(t) = max{degu(z), degv(z)}, as desired. O

3.15. Corollary (i) Let E be any intermediate extension field of K with
K C EC K(z). Then [K{z) : E] < cc.
(ii) Every automorphism of the ring K(z) which is K-linear is given by

s BEXE e de K, ad—be£0.
cx+d

Proof Exercise. U
3.16. Theorem (Liiroth) Let K be a field and x a transcendental element

over K. Let E be an intermediate extension field of K with K C E C K(x).
Then E = K(y) for some y € K(z) (hence E = K(z)) and [K(z) : E] < co.

Proof By Corollary 3.15, [K(z) : E] < co. Let p(t) € E[t] be the minimal
polynomial of x over E, say

p(t) =t" +rpt™ 44y, T EE.

If we multiply p(t) by the least common multiple, say s, of the denominators
of r;’s, the obtained polynomial

(1) f(z,t) = sp(t) = spt™ + sp_1t™ 1+ -+ 509, s € Kz,

is primitive in K|z][t] with respect to ¢t (check it!). Write deg,f(z,t) for the
degree of f(z,t) int. Then

n = deg, f(z,t) = degp(t) = [K(z) : EJ.

Note that s, = s and all 2+ € E. As z is transcendental over K, there is
at least one I+ € F — K. Set h = ugi; = 4+ for convenience, where u(x)
and v(x) are coprime in K[z]. Then

q(t) = ho(t) — u(t)
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is irreducible in K'(h)[t] and
(2) [K(z) : K(h)] = degq(t) = max{degu(z), degu(z)}

by Lemma 3.14. Since K ¢ K(h) C E C K(z), we complete the proof by
having the equality

K(2): E] = [K(z) : K(h).

To this end, note that ¢(z) = 0 and ¢(t) € E[t]. Hence q(t) = p(t)p1(t)
with pi(t) € E[t], for p(t) is the minimal polynomial of z over E. Thus, by
formula (1),

u(z)v(t) — v(z)u(t) = v(z)p(t)ps1 (t)

- (") sGo.n

S

But f(z,t) is primitive in K[z][t] with respect to ¢. It follows from Theorem
2.17(ii) that

(3) u(z)u(t) —v(z)u(t) = df(z,t), de Klz][t].

Suppose deg; f(z,t) = m. Then max{degu(z), degv(z)} < m by formula
(1). So the above formula (3) implies that

(4) deg, (u(@)(t) - v(@)u(t) = m

and d is a constant. Note that u{z)v(t) — v(z)u(t) is antisymmetric in z
and t. Therefore, (2) + (4) yields

[K(z) : K(h)] = max{degu(z),degv(z)} = m
= deg, (u(z)o(t) — v(z)u(t))
= deg,(u(z)v(t) — v(z)u(t))

= degtf(xv t)

as desired. (ml
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More results concerning field extensions are given in section 5 and

(Chapter 3 Theorems 1.8 and 2.4).

@

4.

Exercises

. Let K C L be a field extension and o1,...,c0n, € L. Show that if

a1, ..., 0y are algebraic over K, then K C F = K(ay,...,an) is an
algebraic field extension and [F : K] is finite. (Hint: Note that F =
K(a1)(as) - - - (ag) and use Theorem 3.10(iii).)

Let K C L C E be a tower of algebraic field extension, i.e., L is algebraic
over K and F is algebraic over L. Use exercise 1 to show that F is also
algebraic over K. Moreover, show that if [L : K] < oo and [E : L] < o0,
then [F: K| =[L: K|[E: L]. (Hint: f o € F and Apa™ + -+ Aja +
Ao =0 for A; € L, then consider K C K(Aq, ..., 0) € K(Ap, ..., A¢)(@).)
Use Theorem 3.10(iii) to show that if K C L is a field extension, then
all elements of L which are algebraic over K form a subfield KofL
containing K. K is called the algebraic closure of K in L. (Hint: For
o, B € L, algebraic over K, consider K C Klo] C k[o]{8].)

Let F be the subfield of C consisting of all algebraic elements over Q.
Use (section 2, exercise 8) to show that [F': Q] = co.

Show that if K is an algebraically closed field, then K is infinite (or
equivalently, that a finite field cannot be algebraically closed). (Hint:
If F = {a1,...,0n} is a finite field, consider the polynomial p(z) =
[Ty (z — a0) +1 in Fla])

. Let d € Z be square-free. Then every element o € Q(\/E) is of the form

a =7+ sv/d, where r, s € Q. Show that « has the minimal polynomial
palr) = 22 — 2rz + (r? — s2d).

Let F = Q(v/2, ¥/5). Find a primitive element for F.
Prove Lemma 3.14(i).

. Complete the proof of Corollary 3.15.

Symmetric Polynomials

Let R be a ring and R|z1, ..., Zn] the polynomial ring in variables z1, ..., zn
over R. Put

N = {a = (a1, ..., ) I o; € N}.
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Then every element f(zi,...,Zn) € R[21,...,Z,] has a unique expression

(x)  flz1,..Zn) = anm‘l"‘ ceezon, o= (0, ..., 0n) €N, ¢ € R.
[ 4

Let S, denote the permutation group of {1,2,...,n}. A polynomial
f(z1, ..y @) € R[z1, ..., 5] is said to be symmetric if

f(.’L‘l, ,.’L‘n) = f(xw(l),xn(Z)’ ...,:E,r(n)), for all m € S,,.
For example, 27 4 22 4 22, (21 + 22 + 23 + z4)(71T273%4)>.
Important symmetric polynomials are those elementary symmetric poly-
nomials:
81(11,'1, ,iL‘n) =T+ I + 4z,

$2(Z1y .0 Tn) = T1Z2 + T1T3 + -+ + T1Tn

+zox3 + ToTy + -+ T2Tp

+ZTp—2Zn—1 + Tpn—2Tn

+Tn—1Tn

8k(Z1,y 00 Tn) = E Ti Ty -+ Ty,
1< <ip << <n

Sn(Z1y ey Tn) = T1T2 -+ Tp.

Let R[s1,...,8n) be the subring of R[zi,...,z,] generated by R and
{s1,82,...,8,}. Then it is clear that every g(s1,s2,....,8n) € R[s1,...,54]
is a symmetric polynomial. The next theorem, due to Newton, shows that
the converse is also true.
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4.1. Theorem If f = f(z1,..,2,) is a symmetric polynomial in
R[z1,...,xy), then f(zy,..,z,) € R[sl, cey Sp)-

Proof To reduce f = f(z1,...,2n) = 3, a2y’ -+ 22" into a polynomial
in elementary symmetric polynormals, in view of previous (*) we order the
set of monomials

{x‘f“x§2 ez | (o, ..., ) € N”}
by the lexicographic ordering:
x?l.. " <log T ﬂl...zgn

if and only if

ay = 1, ag = Bg,...,a5_1 = as—1 While oy < 5 for some s < n.

Thus, the terms of f are ordered lexicographically (note that <., is a
total ordering), and we may assume that the leading monomial of f is

Al SR
an .
Since f is symmetric, 7r(1) ”(2) T, 7, occurs in f for every m € S,.

It follows that the leading monomial of f has the property that a; > ap >
- > a,. For example, the leading monomial of

shighr ke — (g 4z )R vy e zp )k
is
l‘llcl+"‘+k".’l,'l2€2+m+k" . '-T:Zn-
By choosing k1 = a1 —ag, ..., kn—1 = Qn_1—Qn, kn = O0p, We can make this

the same as the leading monomial of f. Suppose that the leading coefficient
of fisc, then f — cs1 3'2“2 -+ - skn has a lexicographic leading term

daefiaf? - afr, B> B> 2 Bn

which comes after cz7*z5? ...z in the ordering. Since only a finite num-

ber of monomials z]'z}? -- -z~ in f satisfying v1 > 72 > .-+ > v, follow
2 n g

z$zg? ...z lexicographically, a finite number of repetitions of the above

process reduce f to a polynomial in s1,..., $n. O

Example (i) The symmetric polynomial

2 2 2 2 2
f= mf:vg + zix3 + T125 + 123 + THT3 + TaT3
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is written lexicographically. And by the method given in the proof we may
derive that f = s1s2+3s3. Similarly, (z1+xz2)(z1+3)(T2+73) = s152—S$3.

An application of symmetric polynomials to field extension is given as
follows.

If K C L is a field extension, anz™ +an_12” 1+ +ap = f(z) € K[z]
with degf(z) = n, and f(r;) = 0 with r1,...,rn € L, then, f(z) factors in
Liz] as

flx) =an(z —r1)(x —712) - (T —Tp)

= an(z" + 17" + oz R 4 4 )

where ¢; = (—1)!s;(r1,72,...,7n), 1 = 1,...,n. After comparing coefficients
of both sides, we have

(=1)'ansi(r1,72, cyTn) =an_; € K, i=1,.,n.

4.2. Corollary Let K C L be a field extension, a,z" + ap_1z" ! +
o~ +ap = f € Klz] with degf = n, and f(r;) = 0 with ry,...,7, €
L. If h(zi,..,zn) € Kiz1,...,2,) is a symmetric polynomial, then
h(ry,re,...,ma) € K, i.e., {r1,...,7} defines a function

K[Sl,...,sn] — K

h = R(T1, s Tn)
O
Example (ii) Suppose that r1, r2, r3 are the zeros of f(z) = 3 +22 —z+1
in C. Find 7% + 72 4+ 72 and 73 + 73 + 3.

Solution Since f(z) = (z ~ r1)(z — r2)(x — r3), it follows that

T1+Te+ T3 = -1,
T172 + 7173 + ror3 = —1,
17273 = —1.

From (11 + 72 +73)% = 72 + 73 + 12 + 2(r172 + r173 + Tor3) we derive that
2 +r2+r2 =142 =3; and from f(zi) = 0,4 =1,2,3, we derive that
i +ri=—i+ri+rd)+(ri+ratry) —3=-7.
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More generally, the following recurrence relations, called Newton’s for-
mulas, can be used to establish formulas for p; = (—1)%(z} + 2% +--- +2%),
t > 1, in terms of sy, s9, ..., 5,.

D1 +Sl =0>
P2+ s1p1 + 252 =0,

p3 + 51p2 + s2p1 + 353 = 0,

Pn + S1Pn—182Pn—2 + -+ + Sp—1p1 + nsp = 0.
We close with an application to polynomial building.
Example (iii) Let r1,72,73 be the zeros of f(z) = 2° —z 4 2 in C. Find
the polynomial g(z) that has zeros 77,73, 72.

Solution Suppose the desired polynomial is of the form g(z) = z° + Az% +
Bz + C. Then

A=—(r?+7r3+72) = —pa(r1,72,73)
= —s1(r1,72,73)% + 285(r1, 72, 73)
=042(<1) = -2,

B = 7‘%7‘% + 7‘%7‘% -+ ’f'g’f‘% = 52(7‘1,7‘2,7‘3)2 - 281(7‘1,7‘2,7‘3)83(7‘1,7‘2,7‘3)

2,22 2 _
C = —rirjry = —s3(r1,r2,73)° = —4.

Hence g(z) = 2° — 222 + = — 4.

Exercises
1. Express the product (¢? + z3)(2% + 3)(z3 + 2%) in terms of s1, s, s3.
2. Let r1,72,73 be the zeros of f(z) = 3 — 6z + 11 — 6 in C. Determine
the polynomial g(z) that has zeros r? +r2, r? 4+ %, r2 4 r2.
3. Let r1,72,73,74 be the zeros of f(z) = asz* + a3z + a22? + a1+ ag in
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C, where a; € Q. Suppose a4 = —5 and the elementary polynomials in
T1,T2,T3,T4 are 81 = %, 8§ =16, 53 = —8, 84 = —%5. Find ag, as,a1,ag-

4. Let R be a ring. A polynomial belonging to R[z1,..,%y] is said to be
antisymmetric if it is invariant under even permutations of the variables,
but changes sign under odd permutations. Let

Show that

(a) A is antisymmetric, and

(b) if 2r = O implies r = 0 for r € R, then any antisymmet-
ric polynomial f is expressible as a polynomial in the elemen-
tary symmetric polynomials, together with A. (Hint: Note that
f(@1, T2, T3,y 0oy Tn)) = — (T2, T1, T3, oy Tn)y 2 (21, %1, 23,0y Tn) =
0. Thus, f vanishes when z; = z3. So a division on f by z; — 22 in
Rlza, ..., zs)[x1] yields (z1 —x2)|f. Similarly, (z1—z3)|f, 1 =3,...,n.
Writing f = [[, 4, (z1 — i) f1, where fi € R[z2, ..., z,] and is anti-
symmetric. Now an induction on n finishes the proof.)

5. Trace and Norm

Throughout this section we let K C L be a simple algebraic field extension,
that is, L = K(9), ¥ € L. If p(z) € K|[z] is the minimal polynomial of 9
over K, we may set a tower of field extensions

KCcLCE

such that E contains all distinct zeros of p(x), say ¥1 = 9,99, ..., ¥y, where
m < n=[L: K] = degp(z), that is, F contains the splitting field of p(z).

5.1. Proposition With notation as above, there are exactly m distinct
ring monomorphisms L — FE that are K-linear. Moreover each K-linear
monomorphism L — E is given by ¥ — ¥;, 1 <1 < m.

Proof If o: L — E is a monomorphism as described, then 0 = o(p(9)) =
p(a(9)), L.e., o(F) is a zero of p(z). Note that the elements of L are of the
form 3" A;99. It follows that if L5E and L"5E are two K-linear ring
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monomorphisms such that o1 (¢) = g2(¥), then o = o5.
Conversely, each ¥; defines a desired monomorphism

g L — K

SN - A

because all ¥;’s have the same minimal polynomial p(z). O

With the help of Proposition 5.1 we may determine, for every o € L,
the minimal polynomial p,(z) of o over K and the splitting field of p,(z).
To see this, let o1, ..., 0, be all distinct monomorphisms L — E defined by
o:(9) =9, i =1,...,m. Suppose that each ¥; has multiplicity e; > 1, that
is, p(z) = [[1=,(z — ¥:)% in E[z]. Then

e1+et+ e =n= degp(x),

and each a € L = K(9) is associated to a monic polynomial in E{z], that
is,

m

fa(m) = H(ZL’ — O’i(Oé))ei.

i=1

For convenience, we call f,(z) the total polynomial of c.

5.2. Proposition Let K C L = K() C E be as above. For any a € L =
K (9), the following hold:

() falz) € Klz].

(ii) Let po{x) € KJz] be the minimal polynomial of a over K. Then
falx) = pa(z)® for some s > 1.

(i) F contains the splitting field of the minimal polynomial pe(x) of «
over K.

Proof (i) Since a = r(9) = 277 A, where r(z) = 77} hiz? € Kzl
we have

m

fa(z) = [[(@ = ou(r(9)))*

i=1

= [[@@ - r(®:))=.

=1
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Note that all A\; € K. After expanding the latter product we see that the
coefficients of f,{(z) are given by symmetric polynomials in the n zeros of
p{z). By Corollary 4.2, f,{(z) € K|z].

(i) By part (i), fa(z) € Kz] and fo(e) = 0. It follows that f,(z) =
pa(z)*h{z), where h(z) € K|z] and pa(z), h(z) are coprime and both are
monic. If h(z) is not a constant, then some o;(e) is a zero of h(z). Let
a=r(¥) = Y0 M with r(z) = 7 Aiat € K[z]. Then o3(a) = (%)
and h(oi(a)) = h(r(¥;)) = 0. Set g(z) = h(r(z)) € K|z]. Then g(¢;) =
h{r(¥;)) = 0 implies p(z)|g(z), for p(z) is the minimal polynomial of ¥
and hence the minimal polynomial of each 9;. It follows that 0 = g(¢#) =
h(r(9)) = h(a) and pa(z)|h(z), a contradiction. This shows that h(z) is a
constant and h(z) = 1 because it is monic. Thus, f,(z) = pa(z)*.

(iii) By parts (i) and (ii), fo(z) € Kz] and fo(z) = []2,(z — 03(a))® =
pa(z)® for some s > 1. So p,(z) factors into linear divisors over E. O

We now introduce two functions on L that will play important roles in
Chapter 3 section 3 and throughout Chapter 4.

Let o € L = K(¥). By Proposition 5.2(1), the total polynomial f,(z)
of a belongs to K{z]. By the definition, fo(z) = [[i~,(z — 0i(a))®, where
er+ - +en =n = [L: K] = degp(z). If we check the expanded
expression of f,(z), then fo(z) = ™ + cho1x™ ' + -+ + 1T + o with
Cno1 = — 3 i €0i(a) and ¢ = (—1)"[[i~; os(a)®. Thus, we have ob-
tained two well-defined functions:

Tpx: L— K
a Zeio‘i(a)
i=1
NL/KZ L — K

o Hai(a)e"

i=1

5.3. Definition For a € L, Ty k() is called the trace of o in K and
Ny, k() is called the norm of a in K.

5.4. Proposition For o, 3 € L, A, 1 € K, the following hold:
(@) Toyx(Aea+ ppP) = ATy k() + pTyk (B)-
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(i) Tk (aB) = Txy1(Ba).
(111) NL/K(Q,B) = NL/K(a)NL/K(,B)-

Proof Exercise. O

Knowledge on bilinear forms needed by the next theorem and Chapter
3 Theorem 3.2 is given as an appendix at the end of this section.

Viewing L as an n-dimensional K-vector space, Proposition 5.4 enables
us to define a symmetric bilinear form on L:

LxL — K

(@, 8) — Tr/k(af)

5.5. Theorem For K C L = K(¥) with [L : K| = n, if the minimal
polynomial p(z) of ¥ over K has n distinct zeros 9, = 9,9, ...,9,, then
the bilinear form defined above is nondegenerate.

Proof Set r(k) = (9%, ...,9%), k= 0,...,n — 1, and write V for the Vander-
monde matrix

r(0) 1 1 -1
7‘(1) 191 192 "-971
v=| r@ |=| % 9 - 9
rin—1) UABRE AR

Let o1,...,0, be all the n distinct K-linear monomorphisms from L to E
as described in Proposition 5.1 such that oy(9) = ¥;, i = 1,...,n. If we
consider the standard K-basis {1,9, ..., 9" !} of L, then since

Ty k(8%07) = > ai(9F07) Z 9597 = 9(k)(9(5))t,
i=1
the matrix of the bilinear form is given by
(Ty/x(9597)) = VV?
and hence
det (T x (9599)) = (det(V))>.

Since all the ¥; are distinct, det(V) = [[;,;(9; — ¥;) # 0. This shows that
the bilinear form is nondegenerate. O
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5.6. Corollary If K C L is a finite dimensional separable field extension,
then Theorem 5.5 hold.
ad

Appendix. Bilinear forms

Let U and V be two vector spaces over a field K, U x V = {{u,v) | u €
U, v € V} the Cartesian product of U and V. A bilinear form on U x V is
a mapping

<, > UxV-— K

{u,v) — <u,v>
satisfying

< Aup + pug,v > = A <up,v>+p<u,v>

<u, vy 4 pve > = A <u,v; > +p <u,vy >

for all ug,us € U, v1,v2 € Vand A\, u € K.

A bilinear form < , > on V x V is called a bilinear form on V. A
bilinear form < , > on V is said to be symmetric if < z,y >=< y,z >
forall z,y e V.

If < , > is a bilinear form on U x V which satisfies

< u,v’ >=0 for all u € U implies v" =0, and
<u',v>=0for all v € V implies v/ =0,

then < , > is called a nondegenerate bilinear form.

Let U and V be finite dimensional K-spaces. Given a basis {u1, ..., um}
of U and a basis {vy,..,v,} of V,if < |, > is any bilinear form on U x V,
then there is an associated m x n matrix A = (a;;) with

a;; =< Us, V5 >, i=1,...,m, j=1,..,n,

and < , > is completely determined by A, that is, given

m n
(1) U= Z Ay, v= Z,ujvj,
i=1 j=1
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it follows from the bilinear property of < , > that

<u,v > =< Y AU, 3 piv; >
=3 Ay < uq, v >
= 2. Aitijf

a0 Qin 251
= (A1, .01 Amn)
Am1 - Omn Hn
Conversely, any m X n matrix over K yields a bilinear form on U x V in
this way.

Now, suppose that {u},...,ul,} and {v},...,v,,} are new bases for U and
V respectively, and that

m

n
(2) U= Z Nug, v= Z TANS
i=1

=1
Then it follows from a change of bases and (1) that

ALy oes Am) = (M4 AL P,

(115 e bin) = (1,5 o5 B0)Q
for some invertible matrices P = Prxm, @ = @nxn- Thus,

/

M1
<uv>= (M, AR )PAQH | ¢ ],
Py

and consequently, the matrix referred to the new bases is PAQ".

5.7. Theorem (i) Let U and V be finite dimensional vector spaces over a
field K, where dimglU = m and dimgV =n. If < , > is any nondegen-
erate bilinear form on U x V, then m = n, and for any basis {u1,...,u,} of
U there exists a unique basis {v1,...,v,} of V such that

0,if § # j,

< Ui ¥ >=5”={1 ifi=j



Preliminaries 39

(ii) A bilinear form < , > on a finite n-dimensional K-space V' is nondegen-
erate if and only if the associated matrix A = (ai;), where a;; =< v;,v; >,
is invertible for any basis {v1,...,un} of V.

Proof (i) Let {u1,...,u,} be any basis of U. Consider the linear mapping
induced by < , >

o V—*Km’—‘{()q,...,)\m) l A EK}

v o= (<unv >, e, < Um,v )

Then ¢ is injective because < , > is nondegenerate. Thus, n = dimgV <
dimgU = m. Similarly we also have m < n. Hence m = n.

Note that o is now an isomorphism. If we use the standard basis
{e1,...,em} of K™, where

e; =(0,..,0,1,0,...,0), j=1,...,m,
N —

7j-1

and write v; for the inverse image of e; under o, then it is clear that
{v1,...,vm} is a basis for V and < u;,v; >= &, 1,5 = 1,...,m. I
{vl,...,v,} is another basis of V with this property, then o(v; —v;) = 0
implies v; = v}, i = 1, ...,m, because ¢ is injective.

(i) This follows from part (i) and previous discussion on the associated
matrices of < , > with respect to given bases.

Exercises

1. Complete the proof of Proposition 5.4.

2. Let d € Z be square-free, K = Q(\/a) Find all Q-linear ring monomor-
phisms K — C.

3. Let K = Q(\/E) be as in exercise 2 above, a = r + sv/d. Show that
Tko(a) = 2r and Ngg(a) = r? — s?d. (Compare with section 3,
exercise 6.)

4. Let 9 = v2++/3, K = Q(¥9). Find the minimal polynomial p(z) of .
(Hint: Note that Q(v/2), Q(v/3) C K. Any Q-linear ring monomorphism
o: K — C induces a Q-linear ring monomorphism o;: Q(v/2) — C and
a Q-linear ring monomorphism o2: Q(v/3) — C, such that o(d) =
01(v2) + 02(V/3). The answer is p(z) = z* ~ 10z% 4 1.)

Can you generalize this result to ¥ = \/p + /g for arbitrary square-
free p # ¢7
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6. Free Abelian Groups of Finite Rank

Let G be an abelian group with the binary additive operation + and the
identity element 0. For g € G, we write Zg for the cyclic subgroup of G
generated by g, and consequently, we write 3 9e0 Zg for the subgroup of
G generated by a nonempty subset Q C G.

A subset Q = {g;}ics of G is said to be Z-linearly independent if for
any finitely many g¢;,, giz, ..., Gi, € §2, there do not exist sy, ..., 8, € Z, not
all zero, such that s1g;, + s2gi, + -+ + sngi, = 0. If Q is not Z-linearly
independent, then it is Z-linearly dependent.

6.1. Definition Let Q@ = {g;}icqs C G. If G = Zgien Zg; and Q is Z-
linearly independent, then G is called a free abelian group and € is called
a Z-basis of G, or just a basis of G.

Below we focus on free abelian groups with finite Z-basis.

6.2. Proposition If a free abelian group G has two bases {g1, ..., g} and
{h1, .., A}, then m = n.

Proof Suppose m < n. Then, as dealing with vector bases over a field in
linear algebra, after expressing each g; as a Z-linear combination of h;’s,
we may derive, by passing to Q, that {g1,...,gn} is Z-linearly dependent,
a contradiction. Hence, m > n. By symmetry, n > m. Thus, m = n as
desired. ad

6.3. Definition An abelian group G with a basis of n elements is called a
free abelian group of Z-rank n, or just a free abelian group of rank n.

Z is a free abelian group of rank 1 and {1} is a basis for Z. The direct
sum

" =77 - &L= {(kl,...,kn)

ke
of n copies of Z, where
(kl, e kn) + (1?1, ,Zn) = (kl + gl; Y Zn),

m(k1, ..., kn) = (mks,...,mky), m € Z,
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is a free abelian group of rank n with the standard basis

e;=(0,.,0,1,0,...,0) | i=1,..,n
——

6.4. Proposition Any finitely generated abelian group G = Y. ; Zg; is a
homomorphic image of some free abelian group of rank n. If G is free and
{91, -, 9rn} is a basis of G, then G = Z™.

Proof Exercise. 0

In view of Proposition 6.4, from now on we write

i=1

for the free abelian group G with basis {g1,...,gn}

Let M,(Z) be the set of all n x n matrices over Z. If A € M,(Z) and
det(A) = +£1, then we say that A is unimodular.
If A € M,(Z) is unimodular, then A is invertible and

1
-1 __ * *
B det(A)A +4

where A* is the adjoint matrix of A. Clearly, the construction of A* implies
A* € M,(Z). 1t follows that A=t € M,(Z).

6.5. Lemma If {u1,...,un} is a basis for the free abelian group G, then
{v1,.-;Un}, where

n
v; = E iUy, Qg5 € Z,1=1,..,n,
J

is a basis for G if and only if A = (a;;) is unimodular.
Proof With the help of the above remark, this is an easy exercise. O
6.6. Theorem Let G be a free abelian group of rank n and H a nonzero

subgroup of G. Then the following hold:
(1) H is free of rank s < n.
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(ii) There exist a basis {g1,...,gn} for G and integers £1,...,¢;, € Z* such
that {£1g1,...,£59s} is a basis for H.

Proof We prove the theorem by induction on the rank of G. If rankG =1,
then G' = Z and the conclusions (i) and (ii) are clear.

Suppose the assertions (i) and (ii) are true for any free abelian group of
rank < n.

Let G be a free abelian group of rank n and let H be a nonzero subgroup
of G. Then, with respect to a fixed basis {e1,...,en} of G, H contains
elements

(1) h =kie; + -+ + kpen, some k;’s are positive.

Choose a basis {z1,...,2,} of G such that ¢, is the smallest positive co-
efficient with respect to (1), and rearrange the members of this basis (if
necessary) so that H contains an element of the form

fi =Lz +moze + -+ MpZnp.
On division by £, write
(2) m;=Ft1qi+1i, QT €Z, 0<r; < ¥, 2<1< .
If we define

g1=21+@r2+ -+ qnn

g2 = T2
gn = Tn,

then
91 1ge- qn z1
g2 01---0 T3
In 00..-1 Tn

where the square matrix is clearly unimodular. By Lemma 6.5, {91, z2, ..., Z» }
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is a basis of G. With respect to this new basis and previous formula (2),

fi =4z +meze + -+ + mpTy
=f01(g1 — @2Z2 — *** — @nTn) + MaZo + -+ + Mp Ty
= {191 + {m2 — l1g2)z2 + - - + (Mmp — L1gn)Zn

= {191 +T2T2 + -+ Tpy.
By the choice of £1, we must have ro = --- =1, = 0. It follows that
(3) f1="tg1.

Now, with respect to the new basis {g1,22,...,2,}, each h € H has the
expression

h=cigi+cozo+ -+ cnZn, ¢ € Z.

Write ¢; = €19 + r with q,7 € Z, 0 < r < £;. Then by the above (3), H
contains

h—qfi =£1q91 + g1 — 01991 + CaZg + -+ + + Cnn

=191 +C2x2 + - + Chn.
Again by the choice of #; we have r = 0. This yields

n
qf1 +caTy + -+ CnZn = h € Zf1 + G* with G* = (P Za;.
=2

Thus
p: H— G*

h — cozo+ -+ cun

defines a group homomorphism and H = Zf; + ¢(H). Note that o(H) is
a subgroup of G* that is free of rank n — 1. By the induction hypothesis,
there exist basis {g2,...,gn} of G* and integers {5, ..., €5 € ZT, where s <
n — 1, such that {f2gs,...,¢rgs} forms a basis for ¢(H). Thus, {{1g
f1:4292, ..., €595} forms a basis for H, as desired.

oo

6.7. Theorem Let GG be a free abelian group of rank n and H a subgroup
of G. The following statements hold:
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(i) G/H is finite if and only if rankG = rankH.
(ii) If rankG = rankH = n, {z1,...,z,} is a basis for G, {y1,...,yn} is a
basis for H, and

n
Yi = E QijTj, Qi € Z,i=1,..,n,
j=1

then the number of elements of G/H is equal to |det(A)|, where A = (a;).

Proof (i) By Theorem 6.6, choose a basis {gi1,...,gn} of G and a basis
{fi,.n fs} of H with f; = £;9, and ¢, € Z*,i=1,...,s <n. Thus

G=292g2% - ®Zgn

H=70g1 ®Zlgs®--- & ZLlsg,

and we have the group isomorphism

G/H =20, 020, - © Le, © (29511 - © Lgy)

S n S n
D kigi+ Y kigi D Rt Y kig
i=1 i=1

j=s+1 J=s+1

It follows that G/H is finite if and only if n = s.
(ii) By the proof of part (i), if G/H is finite then it has exactly £,45--- ¢,
elements. Employing the chosen bases in part (i), we have

n
9i = sz'jxj
j=1
n
fi= Zcijgj ={;9;
j=1

vi= > dijf;
j=1
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Then (b;;) = B and (d;;) = D are unimodular, and

0. 0
00y 0
C=l(ey)=1| . . :
00---4,

Taking the matrix A = (ai;) from the assumption of part (ii) into ac-
count, we get A = BCD and det(A) = det(B)det(C)det(D). Therefore,
|det(A)| = £1ly -~ L.

Exercises
Let i = /—1. Show that Z[i] = {a + bi | a,b€ Z} X Z O Z.
Complete the proof of Proposition 6.4.
Complete the proof of Lemma 6.5.
An abelian group G is said to be torsion-free if G does not have finite or-
der nonzero element. Show that a finitely generated torsion-free abelian
group is free of finite rank. (Hint: Use Proposition 6.4 and refer to the
proof of Theorem 6.7.)
5. Show that a finitely generated abelian group G is either finite or iso-
morphic to the direct sum of a free abelian group of finite rank and a
finite abelian group.

Ll ol e

7. Noetherian Modules

Let R be a ring.

7.1. Definition Let M be an abelian group with the binary additive
operation + and the identity element 0. We say that M is an R-module if
there is a mapping

a: RxM-— M

(r,m) — a(r,m)=rm

(called the R-action on M) satisfying
(M1) (r + s)m = rm + sm,

M2) r(m +m') = rm +rm/,

{M3) r{sm) = (rs)m,
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(M4) Im=m
forall7,s € Rand m,m’ € M.

By definition, a Z-module is nothing but an abelian group M (binary
operation is written additively). Conversely, given an (additive) abelian
grooup M, M can be made into a Z-module by defining

Om =0 and lm =m for m € M,
then inductively
(n+1ym=nm+mforncZ, me M,
and
(—n)m = —nm for n € Z*, m € M.

If R = K is a field, then an R-module is nothing but a K-vector space.
In this sense we may view an R-module as the generalization of a vector
space. However, since not every nonzero element in an arbitrary ring R is
a unit, many of the techniques developed in vector space theory cannot be
performed directly to deal with R-modules.

From the definition it is clear that if M is an R-module then everyr € R
defines an endomorphism of the abelian group M, that is, pr: M — M with
pr(m) = rm. One easily checks that this yields a ring homomorphism o:
R — EndzM with o(r) = p,, where EndzM is the ring of endomorphisms
of M. Conversely, if M is an abelian group then any ring homomorphism
¢: R — EndzM induces an R-module structure: rm = ¢(r)(m). This is
the idea of modern representation theory of rings and algebras.

Two special kinds of module will be used frequently in the follow-up
chapters:

e If R is a subring of a ring S (note that 1r = 1lg by our convention
made on rings), then § is an R-module with the action given by the
ring multiplication.

e If I is an ideal of the ring R. Then I is an R-module with the action
given by the ring multiplication.

Let M be an R-module and N an {additive) subgroup of M. If re € N
forallr € Rand z € N, then N is called an R-submodule of M.

Given a family {N;}ics of R-submodules of M, the sum ), N; of
subgroups forms an R-submodule in a natural way; and the intersection
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Nier N; is an R-submodule.
Given an R-submodule of a module M, an R-action on the quotient
group M/N is defined as

rm=7m, r€R, meM/N.

With the R-action defined above, M/N is called the quotient R-module
determined by N.

Let M and N be R-modules. An R-module homomorphism from M to
N is a homomorphism of abelian groups #: M — N satisfying ¥(rm) =
ri(m) for all 7 € R and m € M. It can be verified directly that Kery is an
R-submodule of M, that Im% is a submodule of N, and furthermore, that
the following R-module isomorphism theorems hold:

(a) M/Kery = Imy.

(b) Let A, B be submodules of the R-module M. Then, (A + B)/B =
A/{AN B).

(c) Let A, B be submodules of the R-module M. If A C B then
(M/A)/(BJA)~ M/B.

(d) Let N be a submodule of the R-module M. Then there is a bijection

between the submodules of M which contain N and the submodules of
M/N:

o .A+—>(A+N)/N

such that a(A + B) = a(A) + a(B) and a(AN B) = a(A) N «a(B) for
all submodules A, B of M containing N.

Let S C M, where M is an R-module, and T'C R. Put

TS = {ﬁnite sums Zrimi

ri €T, szS}

With notation as above, the reader is also asked to check the following
statements.

(e) If T = R, then RS forms an R-submodule of M; moreover, RS =
Y m,es Bm; and it is the smallest R-submodule of M containing 5.
(f) If T is an ideal of R, then T'M forms an R-submodule.

The R-submodule N = RS obtained in part (e) above is called an R-
submodule of M generated by S, where S is called a set of generators of
N. If M = RS with a finite set of generators § = {ms,...,m,}, then
M =53] | Rm; and is called a finitely generated R-module.
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Given a family of R-modules {M;};c s, the direct sum of abelian groups

@Mi = {(mi)iej I 0 # m; € M; for only finitely many m,—}
ieJ

is an R-module, where
(ma)ics + (Mi)ies = (mi + mi)ies,
r(my)ies = (rms)ies, T € R,

and is called the direct sum of {M;}icy.

For the direct sum ®;cyM; of given R-modules defined above, it is
not hard to see that there is an injective R-module homomorphism M; —
BicgM; with m; — (@;)icg, where z; = m; and x; = 0 for j # i. Hence
M; is isomorphic to a submodule of @;c;M;. Conversely, let {N;};cs be a
family of submodules of some R-module M, and let N =3, _; N;. Then

¢: PN —N= N

e iedJ

(Ti)ieq >

defines an R-module homomorphism. If ¢ is an isomorphism then N is
said to be the direct sum of its submodules N;, ¢ € J, and we also write
N = @iy N;.

Let M be an R-module and suppose that M = @;c s M, for some sub-
modules M; C M, i € J. Then it is clear that every element m € M has a
unique expression m = »_my, i.e.,, > m; = 0 if and only if m; = 0.

7.2. Definition An R-module M is said to be free if there are §; € M,
i € J, such that M = &,csRE;, where {{;}ics is called an R-basis of M.

Example (i) Any vector space V over a field K is a free K-module. Any
free abelian group (as defined in section 6) is a free Z-module.

(ii) For any set J of indices, F' = ®;csR; with R; & R (as R-modules) is a
free R-module.

7.3. Proposition Any R-module M is the homomorphic image of some
free R-module.
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Proof The R-module homomorphism @epr B — M = Emé p Bm de-
fined by > 7 — Y. rmm does the job. a

An R-module M is said to be Noetherian if every R-submodule of M is
finitely generated.

7.4. Theorem For an R-module M, the following statements are equiva-
lent.
(i) M is Noetherian.

(ii) For any ascending chain
MiCMC---CM, C--

of R-submodules in M, there is some k such that My = M; for all 7 > k.
(iii) Every nonempty set of R-submodules has a maximal element with
respect to C.

Proof Exercise (see the proof of Theorem 1.1). O

7.5. Theorem (i) Let ¢: M — H be an onto R-module homomorphism.
If R is Noetherian then so are Keryp and H.

(ii) Let N be an R-submodule of the R-module M. Then M is Noetherian
if and only if N and M/N are Noetherian.

Proof To better understand the argumentation, the reader is reminded to
bear the foregoing R-isomorphism theorems (a)-(d) in mind.

(i) This follows from the fact that ascending chains of R-submodules in
Kery and H correspond to some ascending chains of submodules in M.
(ii) If M is Noetherian then so are N and M/N by part (i). Now let

MicMyC---CM,C---
be an ascending chain of R-submodules of M. Then
NnMiycNNM;C---CNNM,C---
is a chain of R-submodules in IV and for some £ > 1
(1) NNMy=NNMyys, 1=1,2,....

On the other hand, we also have a chain of R-submodules in M/N

M+ N My + N M,+ N
N TN ST NT
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and (without loss of generality) for £ > 1
@) My+N My +N
N N

Thus, for m € My, formula (2) implies m = m’ + z for some m' € M,
and z € N. But then

i=1,2,..

:Ezm—m,CMe+¢ﬂN=MgﬂN

by (1) above. It follows that m — m/ = m” with m” € My N N, and
consequently m = m’ + m” € M,. This shows that M; = M, for j > ¢,
that is, M is Noetherian. O

7.6. Theorem (i) Given finitely many Noetherian R-modules My, ..., M,
the direct sum ®;_; M; is a Noetherian R-module.

(i) If R is a Noetherian ring and M is a finitely generated R-module, then
every submodule of M is Noetherian, in particular, M is Noetherian.

Proof (i) Set M = M1®Mj;. Then M; and M/M; = M, are Noetherian by
the assumption. It follows from Proposition 7.5(ii) that M is Noetherian.
Now an induction on s shows that @f_,M; is Noetherian.

(ii) Suppose M = 37 , R&;, & € M. Then there is an onto R-module
homomorphism

RDED--BR — M= R
i=1

iy T = iy ik
So the conclusion now follows from part (i) and Theorem 7.5. a

We complete this chapter with the celebrated Krull’s intersection theo-
rem.

7.7. Theorem (Krull) Let R be a Noetherian ring and I an ideal of R.
Given a finitely generated R-module M, let

o0
U= ﬂ I"M.

n=1

Then IU = U.
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Proof First note that every I” M, hence U and IU are R-submodules. So
it is clear that we need only to show U C IU. For this purpose, noticing
UNnIU = 1IU, let us consider

Q= {S’ } S a submodule ofM,SﬁU=IU}.

Then 2 has a maximal member, say S, with respect to C on submodules,
for M is Noetherian by Theorem 7.6.
Claim For the maximal S obtained above, there is some n such that I"M C
S, and consequently, U = I"M NU C SNU =1U.

To find the above claimed n, let I = 57_; R&;, & € I. If we can find,
for each &;, some n; such that

(%) M CS,

then there will be some n, large enough, such that "M C S. As a matter
of fact, we may reach the above mentioned property (*) for any a € I. To
see this, define, for each & > 1, the R-submodule

Mk={meM‘akm€S}.
Then we obtain an ascending chain
My CMyC---CM,C--

and there is some z such that M, = M; for all § > 2. For this fixed z,
obviously IU C (a*M + S)NU. On the other hand, if v € (a*M + S)NU,
then u = a*m +v withm e M and v € S. Hence au € aU C IU C S, and
a*t'm € S. This shows that m € M, 41 = M,, and it follows that a*m € S.
But this yields v € SN U = IU, and consequently IU = (¢*M + S)NU.
If a*M + S = M, then U = IU; otherwise, by the maximality of S in ,
a*M C S, as desired. a

7.8. Corollary Let R be a Noetherian domain, and let M be a finitely
generated torsion-free R-module, i.e., for r € Rand m € M, rm = 0 implies
r =0 or m = 0. Then

ﬁ "M = {0}.

n=1

Proof This follows from Theorem 7.7 and later exercise 6.
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Exercises

. Find all Z-submodules of Z and all Z-module homomorphisms Z — Z.
. Complete the proof of Proposition 7.4.
. Let R be a domain with the field of fractions K. Let A € R be nonzero

and nonunit. Show that R[}], the subring of K generated by + over
R, is not a finitely generated R-module. (Hint: If there was a finite set
of generators, then 1, %, Xl;, - )‘% would be a set of generators for some
s > 0. After expressing /\ﬁ as an R-linear combination of the foregoing
generators, see what happens.)

Show that there is no nonzero Z-module homomorphism Q — Z.

Let R be a ring and let I1,..., I be finitely many ideals of R. Suppose
that R/I; is Noetherian, j = 1,...,;s, and that NS_;I; = {0}. Show
that R is Noetherian. (Hint: Consider the R-module homomorphism
R — ®i_(R/I;) with r — 3 x;, where z; =F € R/I;, j = 1,...,5.)
For any ring R, one may also define matrices (7;j)mxn of finite order
with entries r;; € R, define addition and multiplication of matrices, and
define the determinant, adjoint and inverse of a square matrix, as in
classical linear algebra.

Let M = >";_, R¢; be a finitely generated R-module, where & € M,
1=1,...,s, and let I be an ideal of R. Show that if IM = M then there
is some r € R such that M = {0} and 1 —r € I. (Hint: Note that
IM = M implies & = E;zl ai;€,1=1,...,8, a;; € I. Thus

a1 —1 a2 - ay &1 0
ao1 g — 1.+ ag &2 0
as1 sy - Gsg—1 &s 0

Multiplying by the adjoint (a;;)* of (ai;), it follows that det(a;;)M =
{0}, where det(a;;) =1 — a for some a € I.)

. Let R and K be as in exercise 3 above. Use problem 6 to show that

K is not a finitely generated R-module. (Hint: Take a nonzero nonunit
A € R and note that AK = K.)

. Let R = Alzi,...,z,] be the polynomial ring in z1,...,z, over a ring

A Let Ri=), . . o Az -z, i €N, which is called the ith
homogeneous part of R. Show that, as A-modules, R = ®;enR;, and

that, as subsets, R;R; = R;;j, 1,7 € N.





