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‘We construct the mapping class group transformations that satisfy the pentagon
relation for classical and quantum Teichmiiller spaces coordinatized in terms of
graphs. We derive classical and quantum geodesic algebras governed by the corre-
sponding skein relations.

1. Introduction

This paper is based on the results of our joint papers with V. Fock 3. The
main goal of this activity was to describe a Hilbert space and observable
algebra for 3D quantum gravity. For this, we use the following scheme.
According to E. Verlinde and H. Verlinde ®, the classical phase space of
Einstein gravity in a 3D manifold is the Teichmiiller space of its bound-
ary. (Analogously, the classical phase space for 3D Chern—-Simons theory is
the moduli space of flat connections on the boundary, which was quantized
in 7)) The Teichmiiller space possesses the canonical (Weil-Petersson)
Poisson structure and the symmetry group, which is the mapping class
group. According to the correspondence principle, (1) the observable alge-
bra of the corresponding quantum theory is the noncommutative deforma-
tion of the x-algebra of functions on it governed by the Poisson structure,
(2) the Hilbert spaces of the theory is the *-representation space of this
algebra, and (3) the symmetry group acts on the algebra of observables
by automorphisms. Assuming the quantization of a Poisson manifold ex-
ists and is unique we can solve this problem by constructing a family of
*-algebras, which depend on the quantization parameter 7, and an action
of the mapping class group on this family by outer automorphisms and
showing that this algebra and the action reproduces the classical algebra,
the classical action, and the Poisson structure in the limit A — 0.

In 3, a very closely related problem of describing open 2D surfaces
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was solved. The corresponding Teichmiiller space has a degenerate Weil—
Petersson Poisson structure, while the mapping class group is a symmetry
group. We have managed to describe the deformation quantization of the
corresponding Teichmiiller space, the action of the mapping class group by
outer automorphisms, the representations of the algebra, and the induced
action of the mapping class group on the representation space. Following ®,
the representation space of the observable algebra can be also interpreted
as the space of conformal blocks of the Liouville conformal field theory.
Our construction can be therefore interpreted as the construction of the
conformal block spaces and the mapping class group actions for this CFT.

A mapping class group action can be conveniently described using a tri-
angulation of the surface, which admits the description in terms of graphs.
This construction is close to the cell decomposition of the moduli space a la
Penner and Kontsevich %9,

The key point of the quantization procedure is constructing the quan-
tum mapping class group transformation that consitently defines the mor-
phisms between quantum x-algebras simultaneously preserving the quan-
tum geodesic algebra.

The main mathematical ingredient of the construction is a version of the
quantum dilogarithm by L. D. Faddeev 1°. We interpret the corresponding
five-term relation as the only nontrivial relation in a certain groupoid having
the mapping class group as the maximal subgroup. A similar construction
has been made independently and simultaneously by R. M. Kashaev 1.
However, our construction seems to be simpler and more universal. It
differs from the Kashaev construction by the number of variables in play.
Our coordinates describing the Teichmiiller spaces (see below) span a linear
subspace in the space of the kashaev coordinates for the Liouville theory.
Although being very similar technically (for instance, the spectrum of quan-
tum Dehn twists 2 coincides in the both approaches), these two coordinate
sets admit different interpretations. Say, our set seems to be more suitable
for describing Teichmiiller spaces and geodesic algebras as it matches the
proper Teichmiiller space dimension.

2. Classical Teichmiiller spaces

Recall briefly a classical description of Teichmiiller spaces of complex struc-
tures on Riemann surfaces with holes.

Teichmiiller space T" is a space of complex structures on a (possibly
open) Riemann surface § modulo diffeomorphisms homotopy equivalent to



identity. In the vicinity of a boundary component, the complex structure
is isomorphic as a complex manifold either to an annulus (hole) or to a
punctured disc (puncture).

For technical reasons, instead of the Teichmiiller space T"(S) we con-
sider its finite covering T (S). A point of T (S) is determined by a point
of T*(S) and by the orientations of all holes (not punctures) of S. This
covering is obviously ramified over the subspace of surfaces with punctures.

An oriented 2D surface can be continuously conformally transformed
to the constant curvature surface. The Poincaré uniformization theorem
claims that any complex surface S of a constant negative curvature (equal
—1 in what follows) is a quotient of the upper half-plane H, endowed
with the hyperbolic metric ds? = dzdz/(S32)? w.r.t. the action of a discrete
Fuchsian subgroup A(S) of the automorphism group PSL(2,R),

S =H,/A(S).

In the hyperbolic metric, geodesics are either half-infinite circles with end-
points at the real line R or vertical half-lines; all points of the boundary R
are at infinite distance from each other and from any interior point.

Any hyperbolic homotopy class of closed curves v contains a unique
closed geodesic of the length I(y) = log |A1/A2|, where Ay and A, are (differ-
ent) eigenvalues of the element of PSL(2,R) that corresponds to 7. Recall
that the mapping class group D(S) is the group of homotopy classes of
diffeomorphisms of the surface S. In this section, we give a simple combi-
natorial description of D(S) for any open surface S.

A fat graph that is embedded into an oriented surface inherits the canon-
ical fat structure from the surface orientation.

Denote by |T'|(S) the set of combinatorial types of three-valent graphs
corresponding to a given surface. For any element of |T'|(S) we fix a mark-
ing, i.e., a numeration of the edges. Denote by I'(S) the set of isotopy classes
of embeddings of marked fat graphs into S. The presence of the marking
changes the set of embeddings since some graphs may have nontrivial sym-
metry group. Introducing the marking is a tool to remove this symmetry.
(Here and below the vertical lines | - | indicate the diffeomorphism class.)

The mapping class group D(S) obviously acts freely on the space of
embedded marked graphs having the space of combinatorial graphs as a
quotient,

I(5)/D(S) = [T|(5).

Recall that a group can be thought of to be a category with only one object
and with all morphisms being invertible. Analogously, a groupoid is just



a category such that all morphisms are invertible and such that any two
objects are related by at least one morphism. Since the automorphism
groups of different objects of a groupoid are obvicusly isomorphic to each
other, we can associate a group to a groupoid in the canonical way. We
are going to construct the groupoid giving the mapping class group and
admitting a simpler description in terms of generators and relations than
the mapping class group itself.

Definition 2.1. Let the set |I'|(S) be the set of objects. For any two
graphs |T'|, || € |T(S)| let a morphism from |[| to |I'1| be a homotopy
class of marked embeddings of both |I'| and |I';] into S modulo the diagonal
mapping class group action; we denote this morphism by |I',T";|. If we have
three embedded marked graphs I', T';, 'z, then by definition the composition
of |I,T| and |I';, T} is [T, I'z]. The above described category is called the
modular groupoid.

One can easily verify that (1) the multiplication of morphisms is un-
ambiguously defined; (2) the class of the diagonal embedding |I',T"| is the
identity morphism and the inverse of the morphism |I',T';| is |I'1,T'|; (3)
the group of automorphisms of an object is the mapping class group D(S).

To give a description of the modular groupoid by generators and rela-
tions we need to introduce the distinguished sets of morphisms called flips
and graph symmetries. We call a morphism [I',T',| a flip if the embedding
T, is obtained from the embedding I" by shrinking an edge o and blowing
up the obtained four-valent vertex in the other direction (see Fig. 2 below).
We use the notation T'y, in order to emphasize the relation of this graph to
the graph I'. Note that for the given graph I', several marked embedded
graphs may be denoted by I', because no marking of I', is indicated.

To each symmetry o of a graph I" we associate an automorphism, which
is just |T',Ts|.

There is no canonical identification of edges of different graphs even if
a morphism between them is given. However, for two graphs related by a
flip, we can introduce such an identification. It is especially transparent in
the dual picture where a flip just replaces one edge by another. Hence, one
can identify the set of edges of two graphs as far as a representation of a
morphism between the graphs as a sequence of flips is given. We exploit
this identification and denote the corresponding edges of different graphs
by the same letter if it is clear which sequence of flips relating these graphs
is considered. To avoid confusion, note that this identification has nothing
to do with the marking.



In this notation, the graph I'y,...q, is the graph obtained as a result
of consecutive flips oy, ..., a; of edges of a given graph I". There are
three kinds of relations between flips, which are satisfied for any choice of
marking for the graphs entering the relations.

Proposition 2.1. A square of a flip is a graph symmetry: if [Ty, T| is a
flip in an edge o, then |I',Ty| is also a flip and® R.2. |I\T4||Tq, T =
1. Flips in disjoint edges commute: if o and B are two edges having no
common vertices, then R.4. Tag:i TalllTa:T| = |Tap, LplTs, T'|. Five
consecutive flips in edges o and 8 having one common vertex is the identity:
for such o and 3, the graphs I'ap and I'gy are related by o flip and R.5.
IF’FOL“Fa»I‘ﬂallrﬁavFozﬁllraﬂaFﬁ”Pﬁ’Fl =1

The proofs of relations R.2 and R.4 are obvious. Relation R.5 can
be seen more transparently in the dual graph picture. Indeed, a graph
dual to a three-valent graph is a graph having triangular faces. A flip of
the original graph corresponds to removing an edge on the dual graph and
inserting another diagonal of the appearing quadrilateral. Figure 1 shows
that the combination of the five flips is the identity. q.e.d.

Theorem 2.1. 1. Flips and graph symmetries generate the modular
groupoid. 2. The only relations between the generators are R.2, R.4,
R.5, and the natural relations between flips and graph symmetries.

Replacing the mapping class group by the modular groupoid, we can
simply express the latter through generators and relations.

Note that a graph symmetry can be represented as a ratio of two flips
in a given edge and the modular groupoid is therefore generated only by
the flips. We do not describe relations between flips and graph symmetries
in details because they are quite obvious. In fact, the symmetry groups of
I and T', act transitively on on the set of flips |T', |, and this action can
be considered as relations between flips and graph symmetries.

Theorem 1 can be proved using direct combinatorial methods of the
simplicial geometry (cf. Viro 13). However, we give the main idea of another
proof, which is more specific for the 2D situation.

Proof of Theorem 1.

To any connected simplicial complex S we can associate a groupoid by
taking a point in each top-dimensional simplex for objects and the homo-
topy classes of oriented paths connecting the chosen points as morphisms.

2The notation R.n indicates the number n of graphs entering this relation.
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Figure 1. The combination of the five flips is the identity.

The corresponding group is the fundamental group of the topological space
given by the complex.

To any codimension one simplex we can associate two classes of paths
(differing by orientation and having the identity morphism as their product)
connecting adjacent top-dimensional simplices. It is natural to call them
flips. We can associate a relation between the flips to any codimension two
simplex. It is obvious that this set of flips generates the groupoid and that
the only relation between the flips are given by codimension two simplices.

The same is true for an orbifold simplicial complex, where we replace
simplices by quotients of simplices by finite groups. In this case, we must
choose one generic point per each top-dimensional simplex as an object and
orbifold homotopy classes of paths as morphisms. The corresponding group
is the orbifold fundamental group of the orbifold given by the complex. The



groupoid is now generated by flips and groups of top dimension simplices
and still the only nontrivial relations are those given by codimension two
simplices.

Let us consider the Strebel 4 orbifold simplicial decomposition of the
moduli space of complex structures on S. We preserve the notation I'(S)
for the (open domain of) Strebel simplicial complex with the cells of lower
dimensions corresponding to fat graphs with the vertices of higher valences
allowed. The true modular group (not the groupoid) D(S) is then the group
of all nontrivial morphisms |I',T"| for a given graph I'. It is then given by
a representation of the group m;(I'(S)). The obstacle for this group to
be trivial lies just in reductions of the surface S: the closure of the Strebel
graph complex is provided by additional cells that correspond to reductions
of the Riemann surface S and are not described by fat graphs. Thus the
orbifold fundamental group of the moduli space M is just the mapping
class group D(S). Recall that Strebel orbisimplices are enumerated by fat
graphs corresponding to S and the dimension of a simplex is equal to the
number of its edges. One can easily see that the groupoid of the Strebel
complex coincides with the modular groupoid. Moreover, the flips of the
former correspond to the flips of the latter. The relations between flips are
given by codimension two cells, which correspond either to graphs with two
four-valent vertices (which produces relation R.4) or to graphs with one
five-valent vertex (which produces relation R.5). Relation R.2 holds true
for any simplicial complex. q.e.d.

2.0.1. Teichmiller space description using graphs.

Since Strebel !4, the fat graphs have been used to coordinatize the moduli
space. After Penner 8, the fat graphs are used for describing not only
moduli, but also Teichmiiller spaces. We use a version of this description,
which is rather explicit and simple.

Theorem 2.2. Given a three-valent graph I' € T'(S) of genus g and number
of punctures n, there exists a one-to-one correspondence between the set of
points of TH(S) and the set R7# edges of edges of this graph endowed with
real numbers (lengths).

We propose an explicit way for constructing the Fuchsian group A(S) C
PSL(2,R) corresponding to a given set of numbers on edges of a graph



I' € I'(S) such that S = H, /A(S).P For this, we must associate an element
P, € PSL(2,R) to any element of the fundamental group v € 71(S). We
associate the matrix Xz, € PSL(2,R) of the Mobius transformation to

each edge a,
0 —eZal?
Xz =
Za (e—z,,,/z 0 ) : (1

In order to parametrize a path over edges of the graph, we introduce the
matrices of the “right” and “left” turns

() w8

and the operators Rz and Lz of the respective “right” and “left” turns,

e—7/2 _ g 2/2

RzERXZ:< 0 eZ/2 >, (3)
e 2/2 0

Lz=LXz = <_e-Z/2 ezm)- (4)

We introduce now the notion of geodesic (closed geodesic curve) on the
graph. Let a closed path in the graph I' be any oriented path, which starts
and terminates at an oriented edge of the corresponding graph. To each
such path, we set into the correspondence the product of matrices

Pz..z,=Lz Lz, Rz, ,...Rz,Lz, (5)

where the matrices Lz, or Ry, are inserted depending on which turn—left
or right—the path is going on the corresponding step (paths with turnings
back not at the terminate point are equivalent to the corresponding paths
(5) with these turnings removed). If path (5) has the turning back at
the terminate point, we must add additional matrices L or R to it, say,
Pz, .z, — LPz, . z L. Then, trPz. .z, becomes independent on this
turning back as well.

Proposition 2.2. % There is a one-to-one correspondence between the
set of conjugate classes of oriented paths {Pz,..z,} and closed (oriented)
geodesics {v} on the moduli space; the length L, of a geodesic is determined
from the relation

Gy =2cosh(L,/2) = tr Pz,. z,, (6)

bNote that 71(S) is isomorphic to 1 (T).



where Pz, .z, is a unique closed path without turning backs (it is not nec-
essarily a representative of m (') as far as the starting point is erased) that
corresponds to a given conjugate class of oriented paths in T.

In what follows, we call G the geodesic function.

Example 2.1. Consider the geodesic v; surrounding the jth hole (round-
the-face geodesic). Then, obviously, it has the form trRz Rgz,...Rz,,
or trLz Lz, ...Lz, depending on the orientation. In this case, all of the
matrices Ry (L) are upper (lower) triangular and formula (6) implies that

The sign of this sum gives the orientation of the hole.

For each embedded graph I' € I'(S) we therefore obtain a global co-
ordinate system. Hence, there exists a transition map between coordinate
systems corresponding to different embedded graphs, which, in other words,
is a morphism of the modular groupoid. It follows from Theorem 2.1 that
any transition map can be expressed as a composition of the transition
maps corresponding to flips.

For the flip, the transition map is Eq. (8) below. According to Theorem
2.1, these transition maps give the coordinate expression for the action of
the mapping class group.

2.0.2. Weil-Petersson forms

A canonical Poisson structure called the Weil-Petersson structure exists on
T (S). This structure is degenerate, and its Casimir functions are just the
lengths of geodesics surrounding holes.

In the coordinates {Z,}, the Weil-Petersson bracket By, has a very
simple form

Theorem 2.3.

5.9 )
Buw=2_2 57, "oz, @

voi=1 Vit1

where the sum is taken over all vertices v, while v;, i =1,2,3 mod 3, are
labels of cyclically ordered edges incident to this vertez.
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The proof !5 relies on the independence of this form on the choice of
the embedded graph and of the set of Casimir functions.

The graph transformation that preserves Poisson structure (7) under the
flip operation and becomes an identity after the series of flip transformations
depicted in Fig. 1 for the dual graph (i.e., satisfies the pentagon identity)
has the form depicted in Fig. 2 where

MZ . {AvB,CvaZ} - {A+¢(Z),B—-¢(—Z),C+¢(Z),D—(f)(—-Z), '_Z}
(8)

and, in the classical case '°,

#(Z) =log(e? +1). (9)

Lemma 2.1. Transformation (8) preserves the traces of products over
paths (6), so the classical geodesic lengths are invariant under the action of
the mapping class group.

A B

A+¢(Z) B~ ¢(-2)
\ g /
z /

D - ¢(-2) C+¢(2)

D C
Fig. 2

Although it tautologically follows from geometry (see '°), it can be

verified straightforwardly that transformation (8) with the function ¢(2)
from (9) gives M% = I and satisfies the pentagon relation depicted in Fig. 1.

2.0.3. Geodesic laminations

In what follows, geodesics that have no self intersections are important.
In fact, these geodesics constitute a basis both in classical and quantum
geodesic spaces.

Definition 2.2. Let a geodesic lamination (GL) on a two-dimensional sur-
face be a homotopy class of a collection of finite number of self- and mutually
nonintersecting unoriented closed curves (closed geodesics). We set into the
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correspondence to each GL the product G, ...G,, of quantities (6) of all
geodesics constituting a GL. Then, a GL containing a contractible curve of
length zero is twice the GL with this curve removed.

We call a GL simple if it consists of a single (nonselfintersecting)
geodesic. We call a geodesic graph simple if it does not pass the same
edge of the graph more than once. The set of all graph simple geodesics
obviously depends on the choice of a graph and is always finite.

2.1. Poisson algebra of geodesics and classical skein
relations

The functions {G,} (6) were studied in 6. They generate an algebra (w.r.t.
both the multiplication and the Weil-Petersson Poisson bracket) over Z.

2.1.1. Classical skein relation

Using the relation tr (AB) + tr (AB~!) — tr A tr B = 0, which holds for
arbitrary 2 x 2 matrices A and B with unit determinants, we can “dis-
entangle” any product of geodesic functions, i.e., express it as a unique
finite linear combination of GLs. Let us consider a part of the graph and
introduce the additional factor #G—the total number of geodesics in the
graph that is a union of the corresponding subgraph and the rest of the
graph, which is assumed to be the same for all subgraphs below,—we can
uniformly present the classical skein relation as

~1)#C / + (=1)#C + (-1 #Guzo.
(-1) (-1) (-1)
/ 7 )

2.1.2. Elementary Poisson algebra

Consider now the Poisson structure of geodesics. Two nonintersecting
geodesics have trivial bracket and, by Lemma 2.1, the same holds for ar-
bitrary two geodesics entering one and the same GL. Because a Poisson
bracket {A, B} can be always presented as a sum of the Poisson brack-
ets of constituents of A and B (the Leibnitz rule), it suffices to consider
only “simple” intersections of two geodesics with the respective geodesic
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functions G! and G? of the form

G'=tr!.. X R XLLIXY ...
G? = tr?.. . X3ZL2XLR2XY ...

) (11)
) (12)

where the superscripts 1 and 2 pertain to the matrix spaces.
A bracket between X(lj and X% possesses a simple r-matrix structure,

1, o ins
{Xo, X3} = 201 (e ®€5;) X ® X3, (13)

where the matrix e;; has the unity at the crossing of ith line and jth column
and is zero otherwise. Then, direct calculations give

(61,Ga} = 5(Gu — G, (14)

where G, corresponds to the geodesic that is obtained by erasing the edge Z
and joining together the edges “A” and “D” as well as “B” and “C” in a
natural way (the second term in (10)); Gy corresponds to the geodesic
that passes over the edge Z twice, so it has the form tr ... X¢RzRp...
...XpLzLy ... (the third term in (10)). These are the relations obtained
by Goldman ' in the continuous parameterization (the classical Turaev—
Viro algebra).

Remark 2.1. Because the Poisson bracket satisfies the Leibnitz rule, rela-
tion (14) can be naturally generalized to the case of multiple intersections
(which may occur at the same edge as well).

Example 2.2. For the torus (T’f,l), we have three generators X, Y, Z such
that

(X,Y}={Y,2} ={Z,X} =2

(the Casimir element is X +Y + Z). Then, the geodesic functions for three
graph simple geodesics are
Gx = tt LXyRXy = e Y2782 4 ¢ "Y/2H22 4 oYI2HE2,
Gy = tr LXzRXx = e ~2/27X12 . ¢=2/24X/2 4 (2124 X/2 (15
Gz = t1 LXxRXy = e “X/27Y/2 4 o =X/2¥Y[2 | (X/24Y]2

Il

Introducing the geodesic function

Gy = ttRyRxLzLy = e ~X/2Y/2=2 (X[2=Y[2(o=Z 4 o Z 0y o X/2HY/24Z
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obtained from Gz by the flip transformation, we have {Gx, GX} =Gy /2—
Gz /2, and because relation (10) implies that Gx Gy = Gz + Gz, we obtain

1
{Gx,Gy} = EGXGY + Gz, (16)

i.e., the classical Poisson algebra becomes closed on the subset
{Gx,Gy,Gz} of geodesic functions (other relations are obtained by cyclic
permutations in (16)) for the price of introducing elements of the second
order in the r.h.s. Algebra (16) is the semiclassical limit of the Poisson
504(3) algebra, which is the deformation quantization of (16).

2.2. General Poisson algebras of geodesics

In order to generalize Example 1, we must find the graph on which graph
simple geodesics constitute a convenient algebraic basis. This is the graph
in Fig. 3 in which m edges connect crosswise two horizontal line subgraphs;
two-point vertices at the ends of these subgraphs are fictitious. Simple
closed geodesics in this picture are those and only those that pass exactly
two different “vertical” edges of the graph (see the example in Fig. 3); they
can be therefore enumerated by the numbers of these edges, and we denote
them G;; where ¢ < j. The geodesic Poisson algebra for G;; is

(0, j<k,

0, k<i, j<l,

GikGﬂ—ij Gy, i<k<j<l,
1 Gy Gu— Gy, j=k,
Gil—%GijGil, ’i=k,j<l
Gik_% Gij Gij, Jj=1,i<k.
The graph in Fig. 3 has genus % ~ 1 and two holes if m is even and genus
(m —1)/2 and one hole if m is odd. Such geodesic bases for m even and
smooth Riemann surfaces were considered in 7. The Poisson algebras of
geodesics obtained there coincide ezactly with (17). These are the so-called
s04(m) algebras whose representations were constructed in !°.

In mathematical literature, this algebra have also appeared as the Pois-
son algebra of the monodromy data (Stokes matrices) of some matrix differ-
ential equation ?° and on the symplectic groupoid of upper-triangular ma-
trices A 1. For the m X m-matrices, there are [%2] central elements of this
algebra generated by the polynomial invariants f g()\) = det( G+ X GT) =
3= fi G)AL. The total Poisson dimension d of algebra (17) is ZXm=1 _ (2],

2 2
and for m = 3,4,5,6,... we have d = 2,4,8,12,.... The dimensions of the

{Gij, Gu} = (17)
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corresponding Teichmiiller spaces are D = 2,4, 8,10, ..., so we see that the
Teichmiiller spaces are embedded as the Poisson leaves into algebra (17);
the dimensions of these special leaves become lesser than the highest di-
mensions of the Poisson representations of algebras (17) starting with the
genus 2 surface with two holes.

3. Quantization

A quantization of a Poisson manifold, which is eqiuvariant under a discrete
group D action, is a family of *-algebras AP depending on a positive real
parameter i with D acting by outer automorphisms and having the follow-
ing properties. 1. (Flatness.) All algebras are isomorphic (noncanonically)
as linear spaces. 2. (Correspondence.) For % = 0, the algebra is isomorphic
as a D-module to the *-algebra of complex-valued functions on the Poisson
manifold. 3. The Poisson bracket on A° given by {a1,a2} =lims_0 I%l
coincides with the Poisson bracket given by the Poisson structure of the
manifold. Here we construct a quantization of a Teichmiiller space T"(S)
that is equivariant w.r.t. the mapping class group. Let T™(T), where
I' € T'4(9), be an algebra generated by the generators Z (one generator
per one (unoriented) edge «) with the relations

(2%, Z}] = 2mih{za, 25} (18)
(cf. (7)) and the *-structure
(Za)* = 2% (19)

Here z, and {-,-} stand for the respective coordinate function and the
Poisson bracket on the classical Teichmiiller space. Because of (7), the
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right-hand side of (18) is a constant takmg only five values 0, +27ik, and
+4rih.

On the modular groupoid language, we have constructed one *-algebra
per object. Now, in order to describe the equvariance we must associate
a homomorphism of the correponding *-algebras to any morphism of the
modular groupoid. For this, we must associate a morphism of algebras to
any flip and verify that the relation M2 = I (Fig. 2) and the five-term
relation depicted in Fig. 1 for the dual graph are satisfied by the algebra
morphisms.

We now define the flip morphisms by Eq. (8) with the (quantum) func-
tion

B _mh e”"P?

9(z) = ¢7(z) = 2 /Qsinh(wp) sinh(rhp) ap, (20)
where the contour {2 goes along the real axis bypassing the origin from
above.

Function (20) is the Faddeev !© generalizations of the quantum diloga-
rithm. The described algebras and morphisms between them must satisfy
the following properties.

Theorem 3.1. 1. The family of algebras T*(T') is a quantization of T(S),
where I' € To(S). 2. The center of the algebra is generated by the sums
Doact ZE over all edges a € I surrounding a given face I. 8. In the
limit h — 0, morphism (8), (20) coincides with the classical morphism
(8), (9). 4. Morphism (8), (20) is indeed the x-algebra morphism. 5.
The morphisms THT) — TY™T) given by Zh ZY" commute with
morphisms (8). 6. The flip morphisms satisfy the two-term relation M2 =
I (cf. (8)). 7. The flip morphisms satisfy the pentagon identity in Fig. 1.

Proofs. The proofs of Properties 1, 2, and 6 are obvious. The proof of
Property 3 is provided if

%%qsﬁ(z) =log(e? +1). (21)

Taking into account that lim,_,_ ¢"(z) = 0, it suffices to prove that
limpy_,0 ;%d)h(z) = +1 The left-hand side of the latter equality can be

¢This result was independently obtained by R. M. Kashaev 11
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easily computed using residues:
h —ipe*P? ) e "P?
hm——hz-—hm 7r/ dz_/____
¢'(2) =0 2 [q sinh(7wp)sinh(nhp) P=3 q sinh(mp) ap

/ / —-zpz -1 R e—ipz
Oti s1nh(7rp) Tt er e sinh(mp)

== 0 (22)

_
21

In order to prove Property 4 we must verify that [4 + ¢"(Z),B —
¢"(~Z)} = 0 and [A + ¢"(Z), D — $"(—2Z)] = —2wih (other relations are
obviously satisfied). For this, we first verify the identity

th(z) — ¢h(“z) =z (23)
Indeed,
B h_py_ _Th e e =
¢ (2) — ¢ (~2) = 9 /Q sinh(7p) sinh(7Ap) ap =

—zpz p wh ) e~z
</ / > sinh(7p) sinh(7hp) p= 727”11682:0 sinh(7rp) sinh(mhp) -
Using this property, we can transform the commutators,
[A+¢"2),B - ¢h<— ) = [A,B] [4,6"(=2)) + [¢"(2), B] =
P _ 9 n Y .k -
-—27mh< 1 ( " (=Z)) + 62(;15 (Z))
Analogously,
[A+¢"(2),D - ¢"(-2)] = [4,D] - [4,4"(~2)] + [¢"(2), D] =
_ . 8 h 8 h _ .
= 2mih (5( M (—2)) + 5245 (Z)) = 2mih.
We need to prove also that the morphism preserves the real structure

what is obviously equivalent to the realness condition for the function ¢"(z).
We have

h e'ipE
BN = T _
o(z) = 2 /Q sinh(mp) sinh(wfip) dp

Th Pz wh R
2 _/_Q sinh(7p) sinh(7hp) ap 2 Jq sinh(mp) sinh(7fip) p=¢(2)

For checking Property 5 we must verify that the morphism Tﬁ(P) —
TY™MI') commutes with a flip. It means that (A + ¢"(Z))/h = A/h +
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&M Z/R), (B — ¢/M(=2))/h = A/h — $M(—Z/}R), etc. Therefore, it suffices
to prove that

¢"(2)/h=¢'Mz/h). 2
Indeed,
1/h i e
¢/ (z/R) = 2k Jq sinh(mp) sinh(rp/R) v
_a =147 d(gh) = ¢h(z)/ﬁ. O (25)

" 2k Jq sinh(rhq) sinh(mq)

Now let us pass to the proof of most nontrivial Property 7. The property
can be reformulated as follows. There are seven generators involved in
the sequence of flips depicted in Fig. 1 for the dual graph, where they are
denoted as A, B,C, D, E, X, and Y. During a flip, the piece of graph shown
in Fig. 1 just gets cyclically rotated. Denote by A;, B;, C;, Dy, E;, X;, and Y;
the algebra elements associated to the edges of this piece of graph after 1
flips are performed. From (8), (20), these elements are changed as follows:

Xit1 Y — ¢"(-X3)

Yin ~X;

At D;

Biy1 | =1 E; (26)
Cit1 A; + o X5)

Diyq B; — ¢"(—X;)

Ei C; + ¢™M(Xi)

We are going to prove that this operator transformation is five-periodic.

Assume for a moment that the five-periodicity of X; is proven. Then,
the five-periodicity of V; is obvious, since Y;41 = —X;. The five-periodicity
of, say, A; follows from the calculation

Xip1 =Yi— ¢MXi) = —X; 1 — ¢"(X)
Therefore,
M(—Xi) = —Xiy1 — Xiy
Taking into account (23), we have

oMX) = Xi— X1 — Xin
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Now we can use these identities to transform A4; 5:
Aits = Diyg = Biyg — ¢"(—Xiy3) = Eiyg — ¢™(~Xiy3) =
= Cit1 + ¢"(Xip1) — O"(—Xiys) = Ai + $M(X0) + 6"(Xip1) — PM(=Xiys) =
=Ai + (Xi — Xic1 = Xig1) + (Xig1 = Xi — Xig2) + (Xiga + Xigo) =
=A;i+Xipqa — Xio1 = As
We have shown that the five-periodicity of A; (and therefore the one of
B;,C;, Dy, E;, and Y;) follows form the five-periodicity of X;.

Now we need to prove the five-periodicity of X;. Let us introduce four
new algebra elements

U=eXi;, V=e U=eXilh V= Y/h
They satisfy the following commutation relations
UiV = qViUs, U:V; = §Vits,
UiV; = ViU, ViU; = UV, Ui = (U, Vi = (Vo) (27)
where
q= e?mit G= e2mih,

These variables are transformed in an especially simple way,

Uiy = V! (28)
Viei = Ui(1 + ¢Vi) (29)
Uioy = V71 (30)
Vi1 = Vi(1 + V). (31)

As the first step of the proof, we consider the inverse transformation laws
for X; and Y;:

Xii==Y; Yo =X +¢"(V2).
Equations (28) and (30) are obvious. Then, using the standard formula
e A+F(B) _ eAej,f“"'Bl F(2)dz
we obtain
Viey = e¥iot = Xobdh00) X o [T g _
et z -—2 wh ~ip(z—mik,
= Usexp ( h/ —ip) s?nh 7r;: smh(l'/)rhp) dp) = Usexp <7r7h /Q Ep?s%dp) -

= U’L(]' + qV
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The proof of (31) is analogous.

Now in order to prove that X; is five-periodic, it suffices to verify
that both U; and U; are five-periodic. Indeed, if only the operator U;
is five-periodic, it does not suffice because the logarithm of an opera-
tor is ambiguously defined. However, if we have two families of opera-
tors U and U, which depend continuously on A, then, assuming the exis-
tence of an operator X (depending on A continuously) such that U = X
and U = eX/%, this operator appears to be unique. (It can be found as
lim 4y /h)_,o(UmU") /(m + n/h) for any irrational value of A.) The five-
periodicity of sequence (29) (and (31)) is a direct calculation using (27).

Corollary 3.1. 1. Let K be an operator acting in the Hilbert space L?(R)
and having the integral kernel

K(z,z) = F*(2)e” 7o, (32)

where

. ~ —l e—ipz
F*(z) = exp ( 4 /Q psinh(mp) sinh(7hp) dp) 9

Then the operator K is unitary up to a multiplicative constant and satisfies
the identity

K°® = const. (34)

2. Let h=m/n be a rational number and assume that both m and n are
odd. Introduce a linear operator L(u) acting in the space C™ and depending
on one positive real parameter u through its matriz

L(u); = F™(j,u)¢*", (35)
where
j—1
FMju) = 1+ w)/m [T + ¢ 1ut/m) L
k=0

Then the following identity holds:

Lw)L(v+w)L(v+ve ' +u )Lw v +u ) Lw ™)y =1.  (36)
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3.1. Geodesic length operators

The aim of this paragraph is to imbed algebra of geodesic functions (6) into
a suitable completion of the constructed algebra T(S).

For any <, function G, (6) can be expressed in terms of the graph
coordinates on T,

1
Gy=trPz ..z, = E exp 3 E mi(y,®)2q ¢, (37)
JjEeJ acE(T)

where m;(7,a) are integer numbers and J is a finite set of indices. In

~h
order to find the quantum analogues of these functions, we denote by T
a completion of the algebra T" containing e®2= for any real z. Let for any

~Fi
closed path v on S, the quantum geodesic operator Gﬁ €T be

1 ,
G,';‘ =%trPg .2, X = Z exp {5 Z (mj(’y,a)ZZ+27mhcf(’y,a)) ,
jes aEeE(T)
ke{i}

(38)
where the quantum ordering %-% implies that we vary classical expression
(37) by introducing additional integer coefficients cj (v, @), which must be
determined from the conditions pelow.

Note that the operators {G%} can be considered as belonging to the

—~h N
algebra T . In terms of the generators of T, they are

1
G} = Zexp % Z (mJ'(’)’,a)Zz + 27ric;-‘('y,a)) , (39)
jeJ a€E(I)

Now let us formulate the defining properties of quantum geodesics.

1. The mapping class group action A(S) (8) preserves the set {Gh},
i.e., for any 6 € A(S) and any closed path <y, we have 6(Gz) = G?A,.

2. Geodesic algebra. The product of two quantum geodesics is a linear
combination of quantum geodesic laminations (QGLs) governed by the skein
relation 22. Analogously to the classical case, a QGL is a set of self- and
mutually nonintersecting quantum geodesics.

3. Unorientness. Quantum traces of direct and inverse geodesic opera-
tors coincide.

4. Exponents of geodesics.

A quantum geodesic wa with nonnegative winding number n is ex-
pressed via G,"; exactly as in the classical case,

Gh, =2T.(G%/2), (40)
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where Ty, (z) are Chebyshev’s polynomials. 5. For any < and +/, the oper-
1

ators G,’? and Gf, commute. 6. If closed paths v and 4" do not intersect,
then the operators G,’; and G,’;, commute. Property 6 implies that all quan-
tum geodesics constituting a QGL mutually commute. We denote the Weyl
ordering by a usual normal ordering symbol : - :, i.e.,

ce®e®... et = Mt for any set {ai: a; # —a;}.

Proposition 3.1. If a (quantum) mapping class group transformations (8)
transform a graph simple geodesic vy into the graph simple geodesic 7, then,
for the both corresponding quantum geodesic functions, all c?(’y,a) =0 in

(38).

Example 3.1. Quantum geodesics for torus. For the torus, there are
three graph simple quantum geodesics, which are exactly (15) in the Weyl-
ordered form. Then, the quantum geodesics G obtained from G by the
flip transformation is

C~T‘Z — e X/2-Y/2-Z | X[2-Y/2-Z |  X/[2-Y/2 -2 cos(mh) + e X/2-Y/242Z

4 e X/24Y /242 (41)

The product of two graph simple geodesic functions is
GGl = e'™h2Gh 4 e —iTM2Gh, (42)
This algebra is exactly the so,(3) quantum algebra studied in 19, i.e., it
is a finitely generated algebra with the lexicographic basis. Indeed, denoting

g= e """ [A,B), =¢/?AB—q"'Y/?BA, and £ = ¢— ¢!, we obtain from
(42)

Gk, GY], = €G%,  [GV.G3l,=€Gk, (G}, GXla=¢GY,  (43)
with the only central element (the quantum Markov relation)

M= GYGy Gy - ¢'/2((G%)* + ¢ *(G})* + (G)*). (44)

3.2. Algebra of quantum geodesics

Let v, and 7y be two graph simple geodesics with one nontrivial intersection.
So, for G} and G, formula (38) implies, by virtue of Lemma 3.1, the mere
Weyl ordering.

After some algebra, we obtain (cf. (14))

G?Gg — e—iwh/2G% + eiwh/2é%’ (45)
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where G% literally coincides with the Weyl-ordered G; in the classical case
(cf. (14)), whereas G% contains the quantum correction term,

Gh = Xtritro...(ef; ®ed)[Xz ® X3]...;
=:tritra...(e}; ® €%) [ X} ® X5 +2(1 — cosmh)e]; @ e3,] ... : .

Here e}j ® e?i is the standard r-matrix that permutes the spaces “1” and

“2,” and as a result, the “skein” relation of form (14) appears. Locally, this
relation has exactly the form proposed by Turaev ?2, i.e., for intersecting
graph simple geodesics, we have the defining relation

h G}%

Gz

G} (46)

(The order of crossing G and G% depends on which geodesic function occu-
pies the first place in the product; the rest of the graph remains unchanged
for all items in (46)) Note, however, that if the corresponding geodesics
v and <y, are graph simple, we may turn the geodesic 51"% again into the
simple geodesic ég’ by performing the quantum flip w.r.t. the edge Z.

If we now compare two unambiguously determined expressions: Gh! ,
which must be Weyl ordered, and G% obtained from the geodesic algebra,
we find that G = ég’ . This is a hint, which eventually results in the

following lemma 3.

G

Lemma 3.1. There exists quantum ordering %...% (88), generated by the
geodesic algebra, that is consistent with quantum mapping class group trans-
formations (8), i.e., the quantum geodesic algebra must be invariant under
the action of the quantum mapping class group. For a single crossing of
two simple QGLs, the relation has form (46).

Lemma 3.2. If more than one intersection of two QGLs occur, the quan-
tum skein relations must be applied simultaneously at all intersection
points.

Lemma 3.2 implies the Riedemeister moves for a graph as soon as we
set the empty loop to be — e~ — ¢, That is, for arbitrary three inter-
secting geodesics, applying (46) simultaneously at all intersection points,
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we obtain
3 2 3 2
VoA
A2
—_— 1
/\ \ 4
and 2 3 2 3

(48)

Example 3.2. Quantum algebra M; 2. Let us consider the quantum
geodesic algebra of torus with two punctures and the basic graph in Fig. 4,
which is a particular case of the graph in Fig. 3.

Fig. 4

There are six graph simple geodesics in Fig. 4: X; = tr RyR,L.Ly,
X, = tI‘LyLmeRc, Yi = trL,Ry, Yo = trRyL., Z; = trLyRaLch,
and Zy = tr RyLyR;L4. (The Weyl normal ordering is assumed.) Then it is
straightforward to verify using the skein relations (or directly using formulas
(3) and (4)) that the corresponding algebra has the following structure
(cf. 23). Let C(t;,t2,ts) denote the set of cyclic commutators of so,(3)
algebra, [t;,tit1]g = &tiyo, ©=1,2,3mod3 (cf. (43)). Then, the algebra
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M1,2 is
C(X11227)/1); C(XQ’YI,ZI); C(Xh}/Q’Zl); C(X2aZ2:Y2);
[X1, X2] = [Y1,Y2] = 0, [Z1, Z2] = E(V1Y2 ~ X1 Xs). (49)

This algebra was studied in 22 in relation with the Kauffman bracket skein
quantizations.

Algebra (49) possesses two central elements (related to geodesics around
the holes),

Z1Zy — q"1Ya — ¢ 1 X1 X, (50)

and
X1XoY1Ye ~ @2 X Y12, — ¢ 2 X2 ZYs — ¢ P XN 25 — 42X\ Z20Ys
+Y? + Y7+ ¢* 22 + 9223 + g7 X + ¢° X3, (51)

and admits a lexicographic ordering, as follows from (49).

3.3. Quantizing the Nelson—Regge algebras

Algebra (17) was quantized by the deformation quantization method
in 17,25,
is convenient to represent the elements a;; as chords connecting the points
of the cyclically ordered set of indices 4,5 € {...,m,(1,2,...,m),1...}.
Then, three variants are possible: if two chords do not intersect, then the
corresponding geodesics do not intersect as well and the quantum geodesics
commute (Fig. 5a); if two chords have a common vertex, then the corre-
sponding geodesics intersect at one point and the three quantum geodesics
aij, ajk, and a; (as in Fig. 5b) constitute the quantum subalgebra so4(3);
if two chords intersect in the middle point (Fig. 5¢), then the corresponding
geodesics a;; and ag, ¢ < k < j < I, have double intersection and satisfy
the commutation relation

We are now able to implement quantization conditions (18). It

(a5, akt] = €(akaz — aqajr). (52)
J J i k
k
i
7 k j
l a b l C
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4. Conclusion

In this paper, we briefly reviewed the action of the mapping class group
on the classical and quantum Teichmiler spaces. We considered algebras
of classical and quantum geodesics, which are parameterized by the edge
lengths of graphs; these lengths coordinatize the Teichmiiller space. Ele-
ments of the quantum mapping class group satisfy the pentagon relation
and preserve the classical and quantum geodesic structures; these elements
establish automorphisms between quantum geodesic algebras corresponding
to different graphs representing the Riemann surface.

In higher dimensions (g > 2 for n = 1), addition restrictions on quan-
tum algebras M, , corresponding to moduli spaces must appear (likewise
the Schottky problem concerning the period matrix structure.) Using the
similar approach, R. Kashaev have found the quantum Licuville central
charge using the modular and mapping class group transformations acting
in the space Mj; %.

The author expresses his gratitude to the organizers and speakers for
the hospitality and the atmosphere of creativity during the Woods Hole
meeting.

The paper was supported by the Russian Program ”Nonlinear Dynamics
and Solitons.”
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