ON THE REPRESENTATION OF LARGE EVEN INTEGER AS A
SUM OF A PRODUCT OF AT MOST 3 PRIMES AND A PRODUCT
OF AT MOST 4 PRIMES*

WANG YUAN

Institute of Mathematics, Academia Sinica

Received 8 July 1955

0. Introduction

V. Brun {1] first proved in 1920 the following result:
Every large even integer is the sum of two integers each being a product of at

most 9 primes. We denote this theorem by (9, 9), and we may define (a, b) similarly.
Brun’s method and his result were improved by several mathematicians, namely:
(7,7) (Rademacher, 1924) [2]
(6,6) (Estermann, 1932) [3]

(5,7), (4,9), (3,15), (2,366) (Ricci, 1937) [11]

(5,5) (Buchstab, 1938) [4]

(4,4) (Buchstab, 1940) [5]

K

)

Professor Hua Loo Keng pointed out that (4,4) may be possibly improved by
the combination of the methods of Selberg [6], Brun and Buchstab. The purpose of
this paper is to prove (3,4), i.e. the following:

Theorem 1. Every large even integer can be represented as a sum of a product
of at most 3 primes and a product of at most 4 primes.

Theorem 2. There are infinitely many integers n such that n has at most 3 prime
factors and n + 2 has at most 4 prime factors.

In this paper, we use p,p’,p”,...,p1,D2,... to denote prime numbers.
It seems possible to use the present method to prove (3,3) but it needs some
complicated numerical calculations.

* Acta Mathematica Sinica, 6:3 (1956) 500-513.



1. Some Computations

Lemma l. Ifz>1and N > 1, then
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+ O(log 2N -loglog 3zN) + O((log log 3x)?),

where pu(n) denotes the Mébius function and Q(n) the number of distinct prime
factors of n.

We refer [7] for the proof.

Lemma 2. Let z > 1, g(1) = 1, g(2) = 1/2, g(p) = 2/p(p > 2) and
gln) = len g{p) for square free number n. Then
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The lemma is proved.

Lemma 3. Letz>1 and

for square free number n. Then
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Lemma 4. Let o, 8 be two numbers such that 2 < a < 8. Then
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See [4] and [8].



2. Theorem A
Let

(w) a=0o0r1, 0 < a;,b; < p;, a; #b, (1<i<r)

be a set of numbers, where 3 = p1 < pa < -+ < p,. < € are all the odd prime numbers
<&. Let Py (x,€) be the number of integers satisfying the following conditions:

n<z, n=a(mod2), n#a;(modp;), n#b (modp;)(1<i<r). (1)

It follows by Sun Zi theorem (Chinese Remainder Theorems) that the systems
of congruences

y=1+a(mod2), y =1+ a(mod2),
y=a; (modp;) (1<i<r); |y=b (modp;) (1<i<r),

have unique solutions a*, b* respectively in the interval 0 <y < 2p; -« - p,..
Now we proceed to show that the number of integers n satisfying (1) is equal to
the number satisfying the following:

n<z, {(n—-a)n—->0")F0(modp,)(1<i<7r), (n—a")(n—>")#0(mod2).
(2)

In fact, if n satisfies (1), then

(n—a*)(n—b") = (n—a:)(n—b;) #0(modp;) (1 <3 <),
(n—a"){n—-b*)=(a—1-a)?=1(mod?2).

On the other hand, if n satisfies (2), then
(n—ai)(n — b)) = (n—a*)(n—b") £ 0(modp;) (1 <i<r),
ie.
n# a; (modp;), n#b;(modp;) (1 <i<r).
We also have
(n—1-a)?=(n—-a")(n-"b*)#0(mod?2),

and thus n Z 1+ a (mod 2), i.e. n = a (mod 2). Therefore n also satisfies (1).



Theorem A. Letc>0and P= Hpsg p. Then
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Since the number of integers satisfying (1) is equal to the number of integers
satisfying (2), Ay = 1, and Ay =0 (d > £¢), we have
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The theorem follows.

3. Applications of Theorem A
First, we estimate the second term of the inequality in Theorem A. Let £ > 3 and
d(k) =3, 1. Then

2Uk) < d(k) and Z d(k) = O(£logé).
k<e
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If [ is an integer > 1 and | < ¢ <[+ 1, then
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(i) Suppose 1 < ¢ < 2. Since



it follows from (4) and Lemma 3 that
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where the following well-known formulas are used:
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By (4) and Lemma 3. Take £ = £/2¢/log® z and d = 2c. Then we have by Theo-

rem A and (3) that (5) holds also for 4 < d < 6, where
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where
k(c) =8 E ;lg ——Ec—/logzg c>3 (10)
! bl .
pp’p’’ <€ bp p pplp//
£<p<p’ <p’’

The case of d > 8 may also be treated.

4. Two Iteration Theorems

Theorem B;. If Ag(a) and A\i(a) (2 < a < 15) are two increasing functions with
at most finite number of discontinuities of first kind such that

2

Po(z, V%) > Ai(a) —= +o<
log“x

T
log L , 2<a<15, 11
logsw og ogm) <a< (11)

and

cx

Py (z,zY%) < Ap(a)

x
+0 logl , 2<a<15 12
log? z <log3x °8 og:r) == (12)

holds uniformly for (w), where ¢ = 2¢™*V[] 5 (1 — (p_—ll)g) and vy denotes Euler
constant, then

W )= 0, 2<a<r,
Y{a
f ' Ak(2) yEdz, 2<r<a<pB <15,
and
p-1 z+1
w(a):Ak(ﬁ)—Z/ Aqi(2) o dz, 2<7<a<pB<15
a—1
satisfies (11) and (12) respectively. We wusually write ¥(a) = Ai1(@) and

w(a) = Agy1(a).
We refer to [4] for the proof.
Let
(w) a=0o0rl, 0<a;<p, 1<i<r), 0<b;<p; (1<35<s),
ay # by, (v=1,2,...,min(r,s)),

be a set of integers, where £ = p1 < -+ < p, < y are all the odd prime numbers
<z. Let P,(z,y, z) be the number of integers satisfying

n<z, n=a(mod2), n#a;(modp;)(l1<i<r),
n 2 b; (modp;) (1 <i<s). (13)

In particular, we have Py (z,y,2) = Py(z,y), for y = z.
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Theorem Ba. If the inequality

P,(z, %) < A(a) Cﬂ; +O< :1:3 loglogx), 2<a <15
log®x log® z

holds uniformly for (w), where A(d) is an increasing function which has at most
finite number of discontinuities of the first kind, then for any given three positive
numbers a, B,y with 2 < v < 8 < a, we have

— B-1
Pw('r,wl/’yazl/a) >Pw(l',.'l71/ﬁ,1;1/a)_A<(/B 1)a>6/ Z+1dZ x
v

B 1 22 'logzx
+O< :103 loglogz).
log” z

Proof. Ifp, > p,, then the difference between Py, (z, pm,pr) and Py (Z, Prmt1, Dr)
is equal to the number of integers satisfying

n<uz, =a(mod2), n#b (modp;)(1<i<r),
n#aj(modp;) (1 <j<m), n=amn (mod prm+1)- (14)
Denote by af, b and &,, the respective solutions of the congruences
Pm+1Y +@m41 = a; (modp;) (0 <y < py),
Pm+1y + @my1 = bi (modps) (0 <y <ps),
Pmt1y + Gyt = a(mod 2) (0<y<1).

Then af # bf (1 < i < r) and therefore the number of integers satisfying (14) is
equal to the number of integers satisfying

ng%;":l, N =Gy (mod2), n#al(modp;) (1 <i<m),
n # b7 (modp;) (1 < 7). (15)
Let
(wm) 0<a@, <1, 0<Za;<p; (i<m), 0Zb;<p; (j<T).

Then the number of integers satisfying (15) is Py, (£ — am+1/Pm+1, Pm,Pr). Hence

r—a 1
Pw(-rapmapr) - Pw(xypm+lvpr) = Pu/m ('_“m_+7pmapr>
Pm+1

x x
< Py ( ,pm,pr> < P, ( ,pT> .
Prm+1 Pm+1
(16)

Now let us arrange the prime numbers between x'/# and z!/7 as follows:

pe <2VP <pppy <o <py <2V < poy
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We have
Pw(m1m1/ﬂ7ml/a) = Pw(xyplyxl/a>7 P‘w(xv"zl/’y,xl/a) = Pw(w;ps:xl/a)-

Using (16) successively, we obtain

Py(z,zYP 21y < Py (z, 27, 2 *) + Z P,, ( z ,:vl/“>
S/ <pryy <zl Di+1

logzl/

=Pw($,1:1/7,$1/a)+ Z Pwi z ( t )logpi+1

K
T/ <ps <2t/ Di+1 \Pi+1

1
(B=De
< Py(z,za)+ Y Pwi< - (“’ ) = )

)
Pi+1 \Pi+1

x1/B<piy1 L2t/

- Do cr
< Py(z, 27, 2/ ) + Z A <('B
h g pit1log?

z
Pi+1

$1/6<Pi+1Sz1/"’

+0 >

21/B<pyyq <zl

— loglog

pit1log’ 22—

-~ Dit1

Therefore

- 1a B—1 1 1
P, (z,zY8 z'/*) < Py(z, 2"/, 2% + A (————(ﬁ ) (10 + - )

ez T
X +O0( ——logl
log2 z <log3 x 808 x>

— -1
:Pw(x,xl/y’xl/a)+A<w>/ i+l
v

1 22 log? =

+O< ol loglogac),

log3 ey

by Lemma 4, the theorem is proved.

5. Proofs of Theorems

Let A{a) and A(«) be two increasing functions with at most finite number of dis-
continuities such that

Aa) < +O<Lloglogm>

log?z log’z

< Py(z,z'%) < Aa) cz +O< x3 logloga:), 2<a<15,
log“x log” x

holds uniformly on (w). We denote these functions by Ag(e), A¢(a),
AM(a), Ai(a),....
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By (6), (7), (9) and Theorem B;, we have

o 10 9 8 7 6 5 4
Ao(c)| 99.98181*|79.78469|60.88817|43.51554/26.70925| 9.18109 0
Ao(a){100.02073*(82.7207 |68.52511|54.39352|43.0082 |34.89666|29.39023

Divide the interval @« — 1 < £ < 8 — 1 into n subintervals u; < z < uq; (i =
0,1,...,n — 1), where ug = o — 1 and u, = B — 1. Since A(@) and A(a) are
increasing functions, we have

B 1 Ystl 241
/ / 7 dz,
a—1
B-1 1

| A%
a—1

Take u,47 — us = 0.02. Starting from Ao(a) and Ag(a), we obtain the following
table by Theorem B; with several iterations

and

“5+1z+1d
z

o 10 9 e 6 5
Ai(a)| 99.98181%(80.71187 29.28627|11.75811
A;(2)[100.02073*81.36441 43.0082 |34.89666

Therefore by Theorem Bo, 3.2
. ' 1
Py (z, /4 1/5)>Pw(m,xﬁ,:c1/5)—A(32X5)/ rrl,, =
3

4.2 z log? z
x
—I—O( 3 loglogz>
log” x
3.2x5H 32 241
1/5
> Py(z, x5, /%) — {A( ) )/3 2 dz
3.4x5\ [z+1 3.6x5Y\ [*Cz4+1
A d
+A< 4.4 >/32 22 det ( 4.6 >/34 2 Y

3.8x5\ /38241 z+1 } cx
A d A4/ —
* < 4.8 >/3.6 22 @+ AW 10g2$

+O( 2:3 loglogx>
log” x
> (11.75811 — 10. 75728) + O< log logm)
log® z log®
= 1.00083— = +o( z 1oglogx> . (17)
log”z log” =

*A(10) = 100.02073 and A(10) = 99.98181 are taken from Buchstab [5].
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(a) Suppose that z is an even number. Let a = 1,a; = 0,b; = z(modp;)
(i = 1,2,...). Then it follows by (17) that there exists a constant zy such
that

P, x,x1/4,m1/5 = 1> , I > To.
wl ) ; log2:L‘ 0

pln=p>zl/4
pl(z—n)=>p>zl/5

This shows that there exists an integer n < z such that the prime divisors of
n and £ = n are greater than z'/4 and z!/° respectively, i.e. the respective
numbers of prime factors of n and x — n are at most 3 and 4. Theorem 1 is
proved.

(b) Take a =1,a, =0,b; =p; —2(i =1,2,...). Then (17) becomes

P, :z:,a:l/4,xl/5 = 1> @ , I > .
wl ) Z log? z 0

n<x
pin=p>zl/4
pl(n+2)=>p>z1/5

Theorem 2 follows.

A. Selberg announced that some results might be possibly obtained by his
method, for example, (2,3) in [9] and (3,3) in [10]. However, the proofs of these
results did not appeared in the literature till now.

The present method can also be used to prove the following results which will
be published in other papers.

Let F(z) be an irreducible polynomial of degree k without any fixed prime
divisor and 7(N; F(z)) be the number of integers z in the interval 1 < z < NN such
that F'(x) are primes. Then we have the following results:

(a) There exist infinitely many z such that F(z) is a product of at most [2.1k]
primes.

(b)

N N
. < 97
n(N; F(z)) < 2e MFlogN +0(logN> ,

where ~ is Euler constant, ur a constant depending on F(z) and the constant
implicit in “0” depending on F(z) only.

Under the assumption of Generalised Riemann hypothesis (GRH), i.e. the
assumption that the real parts of zeros of all Dirichlet’s L-functions are <1/2,
we have the following two results:

(c) Every large even integer is a sum of a prime and a product of at most 4 primes.
(d) (p,p +2) is called a pair of twin primes, if p and p + 2 are all prime numbers.
Let Z3(N) be the number of primes such that p < N and (p,p + 2) is twin



15

primes. Then

Z(N)<8+9) [] (1_ (p—11)2> log]\;N +O(log]ZN>’

p>2

where € is any pre-assigned positive number and the constant implicit in “O”
depends on ¢ only.
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