Chapter 1

INTRODUCTION

1.1 Where do ODEs arise

The theory of ordinary differential equations deals with the large time be-
havior of the solution z(t,zo) of the initial value problem (LV.P.) of the
first order system of differential equations:

dzr
-Jil- = fi(t, 21,22, ,Zn)

dzx.
— = f'n(t1 T1,T2,y " "T’n)

dt
$1(0)=xi0, i=1)21"’1n

or in vector form

dx

_d? - f(t’ .’B), (1'1)

112(0) =X
where z = (1, *,Zn), f = (f1,-*,fa), f : D — R", Disopenin Rx R".

If the right-hand side of (1.1) is independent of time ¢, i.e.,

‘fi—f = f(z), z€QCR", (1.2)

then we say that (1.2) is an autonomous system. In this case, we call f
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a vector field on its domain Q. If the right-hand side depends on time
t, we say that (1.1) is a nonautonomous system. The most important
nonautonomous system is the periodic system, i.e., f(t,z) satisfies

f+w,z) = f(t,2)

for some w > 0 (w is called the period). If f(¢,z) = A(t)x where A(t) €
R™ ™ then we say that P

x
is a linear system of differential equations. It is easy to verify that if
o(t),9(t) are solutions of (1.3), then ap(t) + By(t) is also a solution of
linear system (1.3) for , 3 € R. The system

d
22— Alt)z +g(t) (1.4)
dt
is called linear system with nonhomogeneous part g(t). If A(t) = A, then
dz
—=A 1.
7 = AT (1.5)

is a linear system with constant coefficients. A system (1.1) which is not
linear is called a nonlinear system. It is usually much harder to analyze
nonlinear systems than the linear ones. The main difference is that linear
systems can be broken down into parts. Through the superposition princi-
ple, Laplace transform, Fourier analysis, we find a linear system precisely
equals to the sum of its parts. However, nonlinear systems are the most
phenomena in our daily life and, do not have a superposition principle. In
the following we present some important examples of differential equations
from physics, chemistry and biology.

Example 1.1.1 mi +cz + kx = 0.

This describes the motion of a spring with damping and restoring forces.
Applying Newton’s law, F' = ma, we have

ma = m¥ = F = —ct — kz = Friction + restoring force.

Let y = ©. Then we obtain

{3z
j=-%y- Ez.
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Example 1.1.2 m% + ¢z + kxz = F coswt. This describes the motion of a
spring with external periodic force. It can be rewritten as

Ty _ y
( ] ) - ( -2y~ %24 Fcosuwt ) ‘
If ¢ = 0 and w = /k/m, then we have “resonance”. ([BD], p. 184)
Example 1.1.3 Electrical Networks (|BD], p. 184)
Let Q(t) be the charge on s capacitor at time £. Use the

Kirchoff’s 2nd law: In a closed circuit, the impressed voltage equals the
sum of the voltage drops in the rest of the circuit.

_— _ . C
O N

Fig. 1.1

1. The voltage drop across a resistance of R{ohms) equals RI (Ohm’s
law)

2. The voltage drop across an inductance of L(henrys) equals L%

3. The voltage drop across a capacitance of C(farads) equals Q/C

Hence

_dI Q
E(t)=L— +RI+ 5.
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Since I(t) = %%, it follows that
d’Q
L dt?

The equation of electric network is similar to that of mechanical vibration
with Ly - m, R — ¢ and é—»k.

Q

+RY 4 Q E(t).

Example 1.1.4 Van der Pol Oscillator (K], p. 481, [HK], p. 172)
v t+ew'(u?—1)+u=0, 0<e<l.

2

Let E(t) = # + %- be the energy. Then

E't) = v +ud =u(—ew'(u® — 1) ~u) +ud,
N2y <0y luf>1
= (W) (v 1)‘{>o, Il < 1.

Hence the oscillator is “self-excited”.

Example 1.1.5 Van der Pol Oscillator with periodic forcing
u" + er/(u? — 1) + u = Acoswt.

This is the equation Cartwright and Littlewood studied in 1945 and it led
Smale to construct Smale’s horseshoe in 1960. It is one of the model equa-
tions in chaotic dynamical systems [Sm)].

Example 1.1.6 Second order conservative system

%+ g(z) =0,
or equivalently
T = T2,
Zg = —g(z1).

The energy E(z1,72) = 123 + V(z1), where V(z1) = [;* g(s)ds, is the
potential. Then the energy E satisfies

d
EE_O'

Example 1.1.7 Duffing’s equation
i+(e®-1)=0
The potential V(z) = —(1/2)z? + (1/4)z* is a double-well potential.
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Fig. 1.2

Example 1.1.8 Duffing’s equation with damping and periodic forcing.
i+ Bz + (23 - 2) = Acoswit.
This is also a typical model equation in chaotic dynamical systems.

Example 1.1.9 Simple pendulum equation

d’6 g .
at—2+zsm9—0

———
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F = ma
. d%0
—mgsind = mf-. o
~ Example 1.1.10 Lorentz equation ([S], p. 301, [V])
& =o(y—z)
y=rr—y—zz whereo,r,b>0.
z=2ay—bz

When 0 =10, b= g, r = 28, (z(0),y(0), 2(0)) = (0,0,0), we have the
“butterfly” phenomenon.

Example 1.1.11 Michaelis-Menten Enzyme Kinetics ([K], p. 511), (LS},
p- 302)

Consider the conversion of a chemical substrate S to a product P by enzyme
catalysis. The reaction scheme

k
E+Skél ESBELP

was proposed by Michaelis and Menten in 1913. The law of Mass action
states that the rate of reaction is proportional to the concentrations of re-
actants. Then according to the law of mass action, we have the following
equations:

2 18) = ~k[BYS] + k- [ES] + RalBS],

%{S] = —kl[E][S] + k-—l[ES]a

%[Es] = ky [E][S] — k_1|ES] — ka|ES],
d
E[P] = ko[ES],

with initial concentrations
[E](0) = Eq, [51(0) = So, [ES](0) = [P](0) = 0.
Since

d

#E1=0,

d
¥ [ES] +

then
(ES] + [E] = Eo.
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Let
u= [ES]/C(), V= [S]/So, T = k1 Ept,
and
— (k +k)/kS €= Co/Soy A= L Cy=Eo/14x
k= -1 2 120, ¢ — Lo/ 20, _k—1+k2, 0 — &0 .

Then we have the equation of singular perturation

dr 14k
Z—:=—v+(v+fc)\)u/(1+n)

u(0) =0, v(0) =1.

We shall study this example in Chapter 9.

Example 1.1.12 Belousov-Zhabotinskii Reaction [M]

d
e—f=qy-—my+w(1—z)

dt

dy

= — _qy— )
5dt qy—zy+2fz
& _ .,

dt

where ¢, 8, ¢ are small, f ~ 0.5. This is an important oscillator in chemistry.

Example 1.1.13 Logistic equation.
Let z(t) be the population of a species. Then z(t) satisfies

dr 2 z
-(E-—r:c—bx —r:l:(l——E), r,0>0

where K is the carrying capacity of the species and r is the intrinsic growth
rate.

Example 1.1.14 The Lotka-Volterra model for Predator-Prey interaction.
Let z(t), y(t) be the population of a prey and a predator at time ¢t respec-
tively. ((M], pp. 124 and 62). Then we have the following two predator-prey
models of Lotka-Volterra type:

dx ___
% = ax — bxy,

a,b,c,d >0,
% zcxy—dys
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and
S =rz(l— %) — by,

%:cxy—dy.

The first model assumes the prey species grows exponentially in the absence
of predation while the second assumes the prey species grows logistically
with carrying capacity K.

Example 1.1.15 The Lotka-Volterra two species competition model. ([M])
Let z;(t), i = 1,2, be the population of i-th competing species. We assume
that the i-th species grows logistically in the absence of competition with
intrinsic rate r; and carrying capacity K;. In the following model, o, 8 > 0
are called the competition coefficients. The model takes the form:

ﬁ—rav 1—ﬂ — QT
p7aA s K, 1Z2

d
% = ro%p (1 - —;—%) — pz1z2
a:1(0) > 0,.’1:2(0) > 0.



