Chapter 1

Linear Spaces

The basic background for solving equations is introduced here.

1.1 Linear Operators

Some mathematical operations have certain properties in common. These
properties are given in the following definition.

Definition 1.1 An operator T which maps a linear space X into a linear
space Y over the same scalar field S is said to be additive if

T(z +y) = T(z) + T(y), for all z,y € X,
and homogeneous if
T(sxz) = sT(z), forallz e X,s€ 8.
An operator that is additive and homogeneous is called a linear operator.

Many examples of linear operators exist.

Example 1.1 Define an operator T from a linear space X into it self by
T{(z) = sz, s € S. Then T is a linear operator.

Example 1.2 The operator D = £ mapping X = C![0,1] into ¥ =
C|[0,1] given by

_dx

D(z)—a—

is linear.
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If X and Y are linear spaces over the same scalar field S, then the set
L(X,Y) containing all linear operators from X into Y is a linear space over
S if addition is defined by

(Th + T2)(z) = Ti(z) + Ta(z), for all £ € X,
and scalar multiplication by
(sT)(z) = s(T(z)), forallz € X, s€S.

We may also consider linear operators B mapping X into L(X,Y). For
an ¢ € X we have

B(z)=T,
a linear operator from X into Y. Hence, we have
B(z1,72) = (B(z1))(z2) =y € Y.

B is called a bilinear operator from X into Y. The linear operators B from
X into L(X,Y) form a linear space L(X,L(X,Y)). This process can be
repeated to generate j-linear operators (j > 1 an integer).

Definition 1.2 A linear operator mapping a linear space X into its scalar
S is called a linear functional in X.

Definition 1.3 An operator ¢ mapping a linear space X into a linear
space Y is said to be nonlinear if it is not a linear operator from X into Y.

1.2 Continuous Linear Operators

Some metric concepts of importance are introduced here.

Definition 1.4 An operator F' from a Banach space X into a Banach
space Y is continuous at z = z* if

lim ||z, —z*||, =0 = lim ||F(z,)— F(z")|l, =0

Theorem 1.1 If a linear operator T from a Banach space X into a Ba-
nach space Y is continuous at * = 0, then it is continuous at every point
z of space X.

Proof. We have T(0) = 0, and from lim,_ ||zn]] = 0 we get
lim, o ||T(z,)]] = 0. If sequence {z,}(n >0) converges to z* in X,
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by setting y, = z, — 2* we obtain lim,_, |[yn|| = 0. By hypothesis this
implies that

A (T (za)l| = lim |T (20 — 2*)|| = lim | T (za) = T (27)|| = 0. -
Definition 1.5 An operator F from a Banach space X into a Banach

space Y is bounded on the set A in X if there exists a constant ¢ < oo such
that

|F ()|l <cllzf, for all z € A.

The greatest lower bound (infimum) of numbers ¢ satisfying the above
inequality is called the bound of F' on 4. An operator which is bounded on
a ball (open) U(z,r) = {z € X | ||z — z|| < r} is continuous at 2. It turns
out that for linear operators the converse is also true.

Theorem 1.2 A continuous linear operator T from a Banach space X
into a Banach space Y is bounded on X.

Proof. By the continuity of T there exists £ > 0 such that |T'(z)| < 1,
if ||z <e ForO0#ze X

IT ()]l < £ ll=]l, (L.1)
since |jcz|| < € for |¢| < ey and T (c2)|| = |e| - IT(2)]| < 1. Letting
¢ =¢&"1in (1.1), we conclude that operator T is bounded on X. O

The bound on X of a linear operator T denoted by ||T|| x or simply ||T||
is called the norm of T'. As in Theorem 1.2 we get

IT| = sup [T(z)]l (1.2)

llzll=1
Hence, for any bounded linear operator T

IT@)] <ITI-flel,  forall z € X. (1.3)

From now on, L(X,Y) denotes the set of all bounded linear operators
from a Banach space X into another Banach space Y. It also follows
immediately that L(X,Y) is a linear space if equipped with the rules of
addition and scalar multiplication introduced in Section 1.1.

The proof of the following result is left as an exercise (see also [101],
[124]).

Theorem 1.3 The set L(X,Y) is a Banach space for the norm (1.2).
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1.3 Equations

In a Banach space X solving a linear equation can be stated as follows:
given a bounded linear operator T mapping X into itself and some y € X,
find an z € X such that

T(z)=y. (1.4)
The point « (if it exists) is called a solution of Equation (1.4).

Definition 1.6 If T is a bounded linear operator in X and a bounded
linear operator T} exists such that

T\T =TT =1, (1.5)

where I is the identity operator in X (i.e., I(z) = = for all z € X)), then T}
is called the inverse of T and we write Ty = T~1. That is,

T 'T=TT'=1 (1.6)
If T—! exists, then Equation (1.4) has the unique solution
z =T (y). (1.7)
The proof of the following result is left as an exercise (see also [140],
[185], [188]).

Theorem 1.4 (Banach Lemma on Invertible Operators). If T is a
bounded linear operator in X, T~ exists if and only if there is a bounded
linear operator P in X such that P~! exists and

|l - PT| < 1. (1.8)

If T! exists, then
00
Z (I - PT)" (Neumann Series) (1.9)
n=0

and

Rl

1
1T < s =py

(1.10)

Based on Theorem 1.4 we can immediately introduce a computational
theory for Equation (1.4) composed by three factors:
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(A) Existence and Uniqueness. Under the hypotheses of Theorem 1.4
Equation (1.4) has a unique solution z*.

(B) Approzimation. The iteration
Zny1 = P(y) + (I — PT)(zs) (n20) (1.11)

gives a sequence {z,} (n > 0) of successive approximations, which con-
verges to z* for any initial guess zg € X.

(C) Error Bounds. Clearly the speed of convergence of iteration {z,}
(n > 0) to z* is governed by the estimate:

|- PT|"

|Tn — 2 ”_W

1P + Il = PT||™||ol|- (1.12)

1.4 Computing the Inverse of a Linear Operator

Let T be a bounded linear operator in X. One way to obtain an approxi-
mate inverse is to make use of an operator sufficiently close to T'.

Theorem 1.5 IfT is a bounded linear operator in X, T~ exists if and
only if there is a bounded linear operator P in X such that Pl_1 exists, and

1P -T) < A7 (1.13)
If T~ exists, then
o0
=y (I-pP'T)" P (1.14)
n=0
and
P [Eil
T < I < 1 ) 1.15
17 < T =2 < TR A ST (1.15)
Proof. Let P = P! in Theorem 1.4 and note that by (1.13)
=P = ot B =D < IR B - T <L (L16)

That is, (1.8) is satisfied. The bounds (1.15) follow from (1.10) and (1.16).
That proves the sufficiency. The necessity is proved by setting P, = T, if
T-1 exists. O
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The following result is equivalent to Theorem 1.4.

Theorem 1.6 A bounded linear operator T in a Banach space X has an
inverse T~ if and only if linear operators P, P~! exist such that the series

i (I-PT)"P (1.17)

n=0
converges. In this case we have

T!' = i (I - PT)" P.

n=0

Proof. 1If series (1.17) converges, then it converges to T~! (see Theorem
1.4). The existence of P, P~! and the convergence of series (1.17) is again
established as in Theorem 1.4, by taking P = T, when it exists. a4

Definition 1.7 A linear operator N in a Banach space X is said to be
nilpotent if

N™ =0, (1.18)
for some positive integer m.

Theorem 1.7 A bounded linear operator T' in a Banach space X has
an inverse T~ ! and only if there exist linear operators P, P! such that
I — PT is nilpotent.

Proof. 1f P, P! exists and I — PT is nilpotent, then series

3

i(I~PT)"P= (I- PT)"P
n=0 0

2
I

converges to T~! by Theorem 1.6. Moreover, if T~ exists, then P = T~1,
P! =T exists, and I — PT =1 — T™'T = 0 is nilpotent. a

1.5 Fréchet Derivatives

The computational techniques to be considered later make use of the deriva-
tive in the sense of Fréchet [185], [186], [229].

Definition 1.8 Let F' be an operator mapping a Banach space X into a
Banach space Y. If there exists a bounded linear operator L from X into
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Y such that

. |F (zo + Az) — F (z0) — L (Az)]]
1m
| Az||—0 ”A.’l)”

=0, (1.19)

then P is said to be Fréchet differentiable at xg, and the bounded linear
operator

P’ (.’130) =1L (120)

is called the first Fréchet-derivative of F at z¢. The limit in (1.19) is sup-
posed to hold independently of the way that Az approaches 0. Moreover,
the Fréchet differential

8F (zo, Az) = F' (z0) Az (1.21)

is an arbitrary close approximation to the difference F (zo + Az) — F (z)
relative to |Az||, for ||Az|| small.

If Fy and F; are differentiable at zg, then
(Fl + Fz)’(zo) = F{(Io) + Fz’(zo) (1.22)

Moreover, if F; is an operator from a Banach space X into a Banach space
Z, and F) is an operator from Z into a Banach space Y, their composition
Fy o Fy is defined by

(Fy o B)(z) = Fi(Fy(z)), forallzeX. (1.23)

It follows from Definition 1.8 that F, o F; is differentiable at zq if Fy is
differentiable at zo and Fj is differentiable at Fy(zp) of Z, with (chain
rule):

(F1 0 F2)'(z0) = F{(Fa(z0)) F3(z0). (1.24)
In order to differentiate an operator F' we write:
F(xzy + Ax) — F(zo) = L(zo, Az)Ax + n{z0, AZ), (1.25)
where L(zp, Az) is a bounded linear operator for given zy, Az with

lim L(zo,Az) = L, 1.26
||A:}:I|T1—00 (IO I) ( )

and

ln(zo, Az)||

lim =0. 1.27
lazj—o  ||Az| (1.27)
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Estimates (1.26) and (1.27) give

. oY
”Alalgrun_.0 L(zo, Az) = F'(z0). (1.28)

If L(xo,Az) is a continuous function of Az in some ball U(0, R) (R > 0),
then .

L(x,0) = F'(zo). (1.29)
We need the definition of a mosaic:
Higher-order derivatives can be defined by induction:

Definition 1.9 If F is (m — 1)-times Fréchet-differentiable (m > 2 an
integer), and an m-linear operator A from X into Y exists such that

[ Ftm=) (o + Az) — FI™ (z) — A(Az)|

lim =0, 1.30
flaz]—0 Az (1:30)

then A is called the m-Fréchet-derivative of F' at xq, and
A= F™ (zq) (1.31)

Higher partial derivatives in product spaces can be defined as follows:
Define

X = L(X;, X3), (1.32)

where X, X5, ... are Banach spaces and L(X}, X;) is the space of bounded
linear operators from X; into X;. The elements of X;; are denoted by L;;,
etc. Similarly,

Xijm = L(Xm,Xij) = L(Xma L(inxl)) (133)

denotes the space of bounded bilinear operators from X into X;;. Finally,
we write

X‘ijljz"'jm =L (Xjk’X‘ijljz---jm-l) R (1.34)

which denotes the space of bounded linear operators from X, into
Xijsja-jm—1- The elements A = Agj, j,...5,, of Xyj j,...;,. are a generalization
of m-linear operators [10], [54].

Consider an operator F; from space

x=]I%, (1.35)
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into X;, and that F; has partial derivatives of orders 1,2,...,m—1 in some
ball U(zg, R), where R > 0 and

To = (1}(0) .’L'(O) . ,Z‘g?‘)) €X. (136)

J17%G2 "

For simplicity and without loss of generality we renumber the original
spaces so that

fi=1,52=2,...,5n =n. (1.37)
Hence, we write
o = (:c(lo),a:go), oz, (1.38)
A partial derivative of order (m — 1) of F; at xo is an operator

8=V F,(z0)
Aigiao.. = ! .
aaadmot 6qu6$q2 e axqm—_l (1 39)

(in Xigiqz---gm-1) Where
1<q1,q,--1qm-1 SN (1.40)

Let P(X,,,) denote the operator from X, into Xig, g,..q,,_, Obtained from
(1.39) by letting

z; =2, j# am (1.41)
for some gm, 1 < gm < n. Moreover, if
6 m—1 m 1.
P'(z{®) = or Flm) _ 87Flzo) (1.42)

= . = :
07, 024,0%¢ - 0%q,_, 0Zq - 074,

exists, it will be called the partial Fréchet-derivative of order m of F; with
respect to Tg,,...,Zq,, at Lo.
Furthermore, if F; is Fréchet-differentiable m times at zg, then

6mFi(xo) _ amE(Io)

Tq " Tq, = s 1.43
0xgy -+ 0zq, O I " Bxg, 0z, - - O, om (143)
for any permutation sy, s2,. .., Sm of integers qi,g2,...,qm and any choice
of points Zg,,...,%q,,, from Xg,..., X, respectively. Hence, if ' =

(FA,...,F:) is an operator from X = Xj X Xz X --- X X, into Y =
Y1 x Y, x ..o x Yy, then

(m) — (Y "t
FU™ (z) (31‘,‘1 o1y, )I_% (1.44)
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i=1,2,...,t, 91,52, -, Jm = 1,2,...,n, is called the m-Fréchet derivative

of Fat g = (z§°),z§°), .. ,zslo)).

1.6 Integration

In this section we state results concerning the mean value theorem, Taylor’s
theorem, and Riemannian integration. The proofs are left out as exercises.
The mean value theorem for differentiable real functions f:

f(b) = f(a) = f'(c)(b - a), (1.45)

where ¢ € (a, b), does not hold in a Banach space setting. However, if F is
a differentiable operator between two Banach spaces X and Y, then

|1 F(z) -~ F(y)ll < jesthE’y) I @) - llz ~ yll, (1.46)
where
Liz,y)={z:z= y+ (1 - Nz, 0<A<1}. (1.47)
Set
20) = y+(1-Nz, 0<A<I, (1.48)
and
FO\) = F(z(\) = FOw + (1 — Na). (1.49)

Divide the interval 0 < XA < 1 into n subintervals of lengths AX;, i =
1,2,...,n, choose points A; inside corresponding subintervals and as in the
real Riemann integral consider sums

Y F)AN =) F(M)AN, (1.50)
o i=1
where o is the partition of the interval, and set
lo} = n%aix JAD YR (1.51)
Definition 1.10 If
S = lim F(A)AN (1.52)

lo]—0
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exists, then it is called the Riemann integral from F'(A) from 0 and 1,

denoted by
1 y
s:/ F()\)d)\z/ F(\)d (1.53)
0 T

Definition 1.11 A bounded operator P (A) on [0, 1] such that the set of
points of discontinuity is of measure zero is said to be integrable on [0, 1].

We now state the famous Taylor theorem [161].

Theorem 1.8 If F is m-times Fréchet-differentiable in U(xq, R), R > 0,
and F™(z) is integrable from x to any y € U(zo, R), then

F(y mz LF™(@)(y —2)" + Rm(e,y),  (154)

sup HF(’") l|||_y_zL’ (1.55)
TEL(z,y)

m—1
{]F(y) - ¥ LFM @)y - 2"
n=0

where

1 m-—1
R (z,y) = / F™Oy+(1-Xaz)(y-o)™ %dx. (1.56)
0

1.7 Exercises

1.1 Show that the operators introduced in Examples 1.1 and 1.2 are indeed

linear.
1.2. Show that the Laplace transform
0? 02 0?
A= 52V oz T oa2

is a linear operator mapping the space of real functions z =
z(z1, 2, z3) with continuous second derivatives on some subset D
of R3 into the space of continuous real functions on D.

1.3. Define T : C"[0,1] x C'[0,1] — CI|0, 1]} by

_ 2 d z\ dzz dy
T(z,y) = (ad—tz 5:1?) (y) dt2 +B ,0<t<1.

Show that T is a linear operator.
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1.4. In an inner product {-,-) space show that for any fixed z in the space
T(z) = (z,2)

is a linear functional.

1.5. Show that an additive operator T from a real Banach space X into a
real Banach space Y is homogeneous if it is continuous.

1.6. Show that matrix A = {a;;}, 4,5 = 1,2,...,n has an inverse if

n
|lai;| > %Z|az’j| >0, 1=12,...,n.
Jj=1
1.7. Show that the linear integral equation of second Fredholm kind in
Clo, 1]

1
z(s) — /\/O K(s,t)z(t)dt = y(s), 0< A<,

where K (s,t) is continuous on 0 < s,¢ < 1, has a unique solution
z(s) for y(s) € C[0,1] if

1 -1
Al < [max/ ]K(s,t)|dt] .
{0.1} Jo

1.8. Prove Theorem 1.3.
1.9. Prove Theorem 1.4.
1.10. Show that the operators defined below are all linear.

(a) Identity operator. The identity operator I'x : X — X given by
Ix(z) =z, forall z € X.

(b) Zero operator. The zero operator O : X — Y given by O(z) = 0,
for all z € X.

(c) Integration. T : Cla,b] — Cla,b] given by T(z(t)) = fol z(s)ds,
t € [a,b].

(d) Differentiation. Let X be the vector space of all polynomials on
[a,b]. Define T on X by T(z(t)) = #'(t).

(e) Vector algebra. The cross product with one factor kept fixed. De-
fine T} : R?® — R5. Similarly, the dot product with one fixed factor.
Define T3 : R® — R.

(f) Matrices. A real matrix A = {a;;} with m rows and n columns.
Define T : R®™ — R™ given by y = Az.

1.11. Let T be a linear operator. Show:
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(a) the R(T) (range of T') is a vector space;
(b) if dim(T") = n < oo, then dim R(T') < n;
(c) the null/space N(T') is a vector space.

1.12. Let X,Y be vector spaces, both real or both complex. Let T :
D(T) — Y (domain of T') be a linear operator with D(T') C X and
R(T) C Y. Then, show:

(a) the inverse T~!: R(T) — D(T) exists if and only if
T(z)=0=>2z2=0;

(b) if T} exists, it is a linear operator;
(c) if dim D(T) = n < co and T ! exists, then dim R(T") = dim D(T)).

1.13. Let T: X - Y, P:Y — Z be bijective linear operators, where X,
Y, Z are vector spaces. Then, show: the inverse (ST)"!:Z — X
of the product ST exists, and

(ST) ' =T"'s .

1.14. If the product (composite) of two linear operators exists, show that
it is linear.

1.15. Let X be the vector space of all complex 2 x 2 matrices and define
T:X — X by T(z) = cz, where ¢ € X is fixed and cz denotes
the usual product of matrices. Show that T is linear. Under what
conditions does T~! exist?

1.16. Let T : X — Y be a linear operator and dim X = dimY =n < oco.
Show that R(T) =Y if and only if T~! exists.

1.17. Define the integral operator T : C[0,1] — C[0, 1] by y = T(z), where
y(t) = fol k(z,s)z(s)ds and k is continuous on [0,1] x [0, 1]. Show
that T is linear and bounded.

1.18. Show that the operator T defined in 10(f) is bounded.

1.19. If a normed space X is finite dimensional then show that every linear
functional on X is bounded.

1.20. Let T : D(T) — Y be a linear operator, where D(T) C X and X,Y
are normed spaces. Show:

(a) T is continuous if and only if it is bounded;
(b) if T is continuous at a single point, it is continuous.

1.21. Let T be a bounded linear operator. Show:
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(a) zn — x (where zn,, z € D(T)) = T(z,) — T(z);
(b) the null space N(T) is closed.

1.22. If T # 0 is a bounded linear operator, show that for any z € D(T)
such that ||z|| < 1, we have || T'(z)| < ||T|-

1.23. Show that the operator T : £ — ¢ defined by y = (y;) = T(z),
yi = %, x = (x;), is linear and bounded.

1.24. Let T : C[0,1] — C[0, 1] be defined by

y(t) =/O z(s)ds.

Find R(T) and T! : R(T) — C[0,1]. Is T~! linear and bounded?
1.25. Show that the functionals defined on Cla,b] by

b
fie) = [ eOw(®d (€ Cla.b)
fa(z) = crzla) + caz(b)  (c1, c2 fixed)

are linear and bounded.
1.26. Find the norm of the linear functional f defined on C[-1,1] by

0 1
f(:c)=/ :c(t)dt—/o z(t)dt.

-1

1.27. Show that

fi(@) = maxa(t), folz) =mina(®), J=(a,b)
define functionals on Cf[a,b]. Are they linear? Bounded?

1.28. Show that a function can be additive and not homogeneous. For
example, let z = z+iy denote a complex number, andlet T : C — C
be given by

T(z)=z=1x—1iy.
1.29. Show that a function can be homogeneous and not additive. For
example, consider the operator T : R? — R given by
2

T((z,m)) =
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1.30. Let F be an operator in C[0, 1] defined by

Show that for zq,z € C[0,1]

1
S

s+t

F’(.’L‘())Z = :B()(S)/

o S+t

z(t)dt + 2(s) /1 To(t)dt.
0

1.31. Find the Fréchet-derivative of the operator F in RZ given by

. 22+ 77+ 27y — 3
F(”)z( z+y° )

15

1.32. Find the first and second Fréchet-derivatives of the Uryson operator

1
Uz) = / k(s,t,z(t))dt
0
in C[0,1] at o = zo(s).
1.33. Find the Fréchet-derivative of the Riccati differential operator

R(2) = % 1 p)2? + alt)z +7(0)

from C’[0, s} into C[0, s] at zo = zo(t) in C'[0, s].
1.34. Find the first two Fréchet-derivatives of the operator

2 2 _
F(z):(z +y 3) in R,

v rsiny
1.35. Consider the partial differential operator

F(z) = Az — o*

from C?(I) into C(I), the space of all continuous function on the

square 0 < a, 8 < 1. Show that

-F’(-TO)‘z = Az(a, ﬂ) - 2z0(a,6)z(a,ﬂ),

where A is the usual Laplace operator.
1.36. Let F(L) = L3, in L(z). Show:

F'(Lo) = Lo[ |Lo + L§[ ] + [ ] Lo.
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1.37. Let F(L) = L', in L(z). Show:
F'(Lo) = -Lg'[ Lo,

provided that Ly exists.
1.38. Show estimates (1.45) and (1.46).
1.39. Show Taylor’s Theorem 1.8.
1.40. Integrate the operator
F(L)=L"! in L(X)

from Lo = I to Ly = A, where ||[T — A]| < L.



