
Chapter 1 

Linear Spaces 

The basic background for solving equations is introduced here. 

1.1 Linear Operators 

Some mathematical operations have certain properties in common. These 
properties are given in the following definition. 

Definition 1.1 An operator T  which maps a linear space X  into a linear 
space Y over the same scalar field S is said to be additive if 

T ( x  + y) = T ( x )  + T ( y ) ,  for all x ,  y  E X ,  

and homogeneous if 

T ( s x )  = s T ( x ) ,  for all x  E X ,  s  E S. 

An operator that is additive and homogeneous is called a linear operator. 

Many examples of linear operators exist. 

Example 1.1 Define an operator T  from a linear space X into it self by 
T ( x )  = sx,  s  E S. Then T  is a linear operator. 

Example 1.2 The operator D = $ mapping X = C1[O, 11 into Y = 

C[O, 11 given by 

is linear. 



2 Appmximate Solution of Operator Equations with Applications 

If X and Y are linear spaces over the same scalar field S ,  then the set 
L ( X ,  Y )  containing all linear operators from X into Y is a linear space over 
S if addition is defined by 

(TI  + Tz  ) ( x )  = T I  ( x )  + TZ ( x )  , for all x E X ,  

and scalar multiplication by 

( s T ) ( x )  = s ( T ( x ) ) ,  for all x E X ,  s E S. 

We may also consider linear operators B mapping X into L ( X ,  Y ) .  For 
an x E X we have 

a linear operator from X into Y .  Hence, we have 

B is called a bilinear operator from X into Y .  The linear operators B from 
X into L ( X ,  Y )  form a linear space L ( X ,  L ( X ,  Y ) ) .  This process can be 
repeated to generate j-linear operators ( j  > 1 an integer). 

Definition 1.2 A linear operator mapping a linear space X into its scalar 
S is called a linear functional in X .  

Definition 1.3 An operator Q mapping a linear space X into a linear 
space Y is said to be nonlinear if it is not a linear operator from X into Y .  

1.2 Continuous Linear Operators 

Some metric concepts of importance are introduced here. 

Definition 1.4 An operator F fiom a Banach space X into a Banach 
space Y is continuous at  x = x* if 

lim J J x ,  - x*JJx  = 0 ===+ lim J J F  (2,) - F ( x * ) ) ) ,  = 0 
n+m n+m 

Theorem 1.1 If a linear operator T from a Banach space X into a Ba- 
nach space Y is continuous at x* = 0,  then it is continuous at every point 
x of space X .  

Proof. We have T ( 0 )  = 0,  and from limn,, llxnll = 0 we get 
limn,, J J T  (xn)JI = 0. If sequence {x,) (n 2 0 )  converges to x* in X ,  
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by setting y, = x, - x* we obtain limn,, l l y n l l  = 0. By hypothesis this 
implies that 

Definition 1.5 An operator F from a Banach space X into a Banach 
space Y is bounded on the set A in X if there exists a constant c < oo such 
that 

The greatest lower bound (infimum) of numbers c satisfying the above 
inequality is called the bound of F on A. An operator which is bounded on 
a ball (open) U(z, r) = {x E X ( ((x - z((  < r) is continuous a t  z. It turns 
out that for linear operators the converse is also true. 

Theorem 1.2 A continuous linear operator T from a Banach space X 
into a Banach space Y is bounded on X .  

Proof. By the continuity of T there exists E > 0 such that \IT (z)ll < 1, 
if J J z J J  < E. For 0 # z E X 

since llczll < E for I c I  < h, and IIT(cz)II = IcI. IIT(z)ll < 1. Letting 
c = E-I in (1.1), we conclude that operator T is bounded on X .  0 

The bound on X of a linear operator T denoted by llTllx or simply IlTll 
is called the norm of T .  As in Theorem 1.2 we get 

Hence, for any bounded linear operator T 

From now on, L(X,Y) denotes the set of all bounded linear operators 
from a Banach space X into another Banach space Y. It also follows 
immediately that L(X, Y) is a linear space if equipped with the rules of 
addition and scalar multiplication introduced in Section 1.1. 

The proof of the following result is left as an exercise (see also [loll ,  

11241). 

Theorem 1.3 The set L(X, Y) is a Banach space for the n o m  (1.2). 



4 Approximate Solution of Opemtor Equations with Applications 

1.3 Equations 

In a Banach space X solving a linear equation can be stated as follows: 
given a bounded linear operator T mapping X into itself and some y E X,  
find an x E X such that 

The point x (if it exists) is called a solution of Equation (1.4). 

Definition 1.6 If T is a bounded linear operator in X and a bounded 
linear operator TI exists such that 

where I is the identity operator in X (i.e., I (x )  = x for all x E X), then TI 
is called the inverse of T and we write Tl = T-l. That is, 

If T-l exists, then Equation (1.4) has the unique solution 

The proof of the following result is left as an exercise (see also [140], 
11851, [188]). 

Theorem 1.4 (Banach Lemma on Invertible Operators). If T is a 
bounded linear operator in X,  T-' exists if and only if there is a bounded 
linear operator P in X such that P-' exists and 

If T-l exists, then 

00 

T - I  = ( I  - PT)" P (Neumann Series) (1.9) 
n = O  

and 

Based on Theorem 1.4 we can immediately introduce a computational 
theory for Equation (1.4) composed by three factors: 
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(A )  Existence and Uniqueness. Under the hypotheses of Theorem 1.4 
Equation (1.4) has a unique solution a*. 

(B) Approximation. The iteration 

gives a sequence {a,) (n 2 0 )  of successive approximations, which con- 
verges to x* for any initial guess xo E X. 

(C) Error Bounds. Clearly the speed of convergence of iteration {x,) 
(n > 0 )  to x* is governed by the estimate: 

1.4 Computing the Inverse of a Linear Operator 

Let T be a bounded linear operator in X. One way to obtain an approxi- 
mate inverse is to make use of an operator sufficiently close to T .  

Theorem 1.5 If T is a bounded linear operator in X ,  T-' exists if and 
only zf there is a bounded linear operator Pl in X such that PC' exists, and 

If T- l  exists, then 

and 

Proof. Let P = PC1 in Theorem 1.4 and note that by (1.13) 

That is, (1.8) is satisfied. The bounds (1.15) follow from (1.10) and (1.16). 
That proves the sufficiency. The necessity is proved by setting Pl = T ,  if 
T-l  exists. 0 



6 Approximate Solution of Operator Equations with Applications 

The following result is equivalent to Theorem 1.4. 

Theorem 1.6 A bounded linear operator T in a Banach space X has an 
inverse T-' i f  and only i f  linear operators P ,  P-I exist such that the series 

converges. In this case we have 

Proof. If series (1.17) converges, then it converges to T- l  (see Theorem 
1.4). The existence of P ,  P-l and the convergence of series (1.17) is again 
established as in Theorem 1.4, by taking P = T-l ,  when it exists. 0 

Definition 1.7 A linear operator N in a Banach space X is said to be 
nilpotent if 

for some positive integer m. 

Theorem 1.7 A bounded linear operator T in a Banach space X has 
an inverse T- l  and only if there exist linear operators P ,  P-I such that 
I - PT is nilpotent. 

Proof. If P ,  P-' exists and I - PT is nilpotent, then series 

converges to T- l  by Theorem 1.6. Moreover, if T-I exists, then P = T - l ,  
P-l = T exists, and I - PT = I - T - ~ T  = 0 is nilpotent. 0 

1.5 Fr6chet Derivatives 

The computational techniques to be considered later make use of the deriva- 
tive in the sense of FrQchet [185], [186], 12291. 

Definition 1.8 Let F be an operator mapping a Banach space X into a 
Banach space Y. If there exists a bounded linear operator L from X into 



Linear Spaces 

Y such that 

lim (IF (xo + A x )  - F ( 2 0 )  - L (Ax)ll 

l l  Axil 
= 0,  (1.19) 

IlAxll+O 

then P is said to be FrCchet differentiable at xo, and the bounded linear 
operator 

PI (xo)  = L (1.20) 

is called the first F'rhchet-derivative of F at  X O .  The limit in (1.19) is sup- 
posed to hold independently of the way that A x  approaches 0. Moreover, 
the FrCchet differential 

bF ( xo ,  A x )  = F' ( x o )  A x  (1.21) 

is an arbitrary close approximation to the difference F ( x o  + A x )  - F ( x o )  
relative to llAx11, for 1 1  Ax11 small. 

If Fl and F2 are differentiable at xo, then 

Moreover, if F2 is an operator from a Banach space X into a Banach space 
Z ,  and Fl is an operator from Z into a Banach space Y ,  their composition 
Fl o F2 is defined by 

(Fl o F2) ( x )  = Fl (F2 ( x ) ) ,  for all a: E X .  (1.23) 

It follows from Definition 1.8 that Fl o F2 is differentiable at  xo if F2 is 
differentiable at  xo and Fl is differentiable at  F2(xo)  of Z ,  with (chain 
rule): 

In order to differentiate an operator F we write: 

F(xo  + A x )  - F(xo )  = L(x0, A x ) A x  + q(x0, A x ) ,  (1.25) 

where L(x0, A x )  is a bounded linear operator for given xo, A x  with 

lim L(xo ,  A x )  = L,  (1.26) 
IlAxII+O 

and 

lim I l~(x0 ,  AX)  I 1  = o. 
IlAxll+O IlAxll 



8 Approximate Solution of Operator Equations with Applications 

Estimates (1.26) and (1.27) give 

lim L(xo, Ax) = F1(xo). (1.28) 
Il Azll-0 

If L(xo, Ax) is a continuous function of Ax in some ball U(0, R) (R > O), 
then 

We need the definition of a mosaic: 

Higher-order derivatives can be defined by induction: 

Definition 1.9 If F is (m - 1)-times Fkkchet-differentiable (m 2 2 an 
integer), and an m-linear operator A from X into Y exists such that 

then A is called the m-Fkkchet-derivative of F at xo, and 

Higher partial derivatives in product spaces can be defined as follows: 
Define 

where X1, X2, .  . . are Banach spaces and L(Xj, Xi) is the space of bounded 
linear operators from Xj  into Xi. The elements of Xij are denoted by Lij, 
etc. Similarly, 

denotes the space of bounded bilinear operators from Xk into Xij. Finally, 
we write 

which denotes the space of bounded linear operators from Xj, into 
x.. v132...jm-l. . The elements A = Aijl ,... j, of Xijl j2 ...j, are a generalization 
of m-linear operators [lo], [54]. 

Consider an operator Fi from space 
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into Xi, and that Fi has partial derivatives of orders 1,2,. . . , m - 1 in some 
ball U(xo, R), where R > 0 and 

(0 )  (0) x0 = (xjl ,xj2 ,. . . ,xi",)) E X. (1.36) 

For simplicity and without loss of generality we renumber the original 
spaces so that 

Hence, we write 

xo = ( X ~ ) , X ~ ) , . . . , X ~ ~ ) ) .  (1.38) 

A partial derivative of order (m - 1) of Fi at xo is an operator 

(in Xiqlq2...qm-l) where 

1 <ql,q2,...,qm-l I n .  (1.40) 

Let P(Xqm) denote the operator from Xqm into Xiqlq2...qm-l obtained from 
(1.39) by letting 

(0) x j = x j  , j # q m ,  (1.41) 

for some q,, 1 I q, 5 n. Moreover, if 

exists, it will be called the partial Frkchet-derivative of order m of Fi with 
respect to x,, , . . . , xqm at XO. 

Furthermore, if Fi is Frkchet-differentiable m times at xo, then 

for any permutation sl, s2, . . . , s, of integers ql, 92, . . . , q, and any choice 
of points xql , . . . , xqm, from Xql , . . . , Xqm respectively. Hence, if F = 

(Fl, . . . , Ft) is an operator from X = X1 x X2 x . . . x X, into Y = 
Yl x Y2 x . - .  x Yt, then 



10 Approximate Solution of Operator Equations with Applications 

i = 1,2 , .  . . , t, jl, jz, . . . , j, = 1,2 , .  . . ,n, is called the m-Rkhe t  derivative 
of F at  xo = (xy) ,  xp ) ,  . . . , xi0)). 

1.6 Integration 

In this section we state results concerning the mean value theorem, Taylor's 
theorem, and Riemannian integration. The proofs are left out as exercises. 

The mean value theorem for differentiable real functions f :  

where c E (a, b), does not hold in a Banach space setting. However, if F is 
a differentiable operator between two Banach spaces X and Y,  then 

where 

L(x, y) = {z : z = Xy + (1 - X)X, 0 5 X 5 1). (1.47) 

Set 

and 

F(X) = F(z(X)) = F(Xy + (1 - X)X). (1.49) 

Divide the interval 0 < X 5 1 into n subintervals of lengths A&, i = 
1,2 , .  . . , n, choose points Xi inside corresponding subintervals and as in the 
real Riemann integral consider sums 

n 

where u is the partition of the interval, and set 

Definition 1.10 If 

S = lim C F (Xi) AXi 
1 4 + O  
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exists, then it is called the Riemann integral from F (A) from 0 and 1, 
denoted by 

Definition 1.11 A bounded operator P (A) on [0, 11 such that the set of 
points of discontinuity is of measure zero is said to be integrable on [0, 11. 

We now state the famous Taylor theorem [161]. 

Theorem 1.8 If F is m-times fie'chet-differentiable in U(xo, R), R > 0, 
and F(")(x) is integrable from x to any y E U(xo, R), then 

where 

1.7 Exercises 

1.1 Show that the operators introduced in Examples 1.1 and 1.2 are indeed 
linear. 

1.2. Show that the Laplace transform 

is a linear operator mapping the space of real functions x = 

x(xl, 22, 23) with continuous second derivatives on some subset D 
of R3 into the space of continuous real functions on D. 

1.3. Define T : C1'[O,l] x C1[O,l] -+ C[O, 11 by 

Show that T is a linear operator. 
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1.4. In an inner product (., .) space show that for any fixed z in the space 

is a linear functional. 
1.5. Show that an additive operator T from a real Banach space X into a 

real Banach space Y is homogeneous if it is continuous. 
1.6. Show that matrix A = {aij), i, j = 1,2,  . . . , n has an inverse if 

1.7. Show that the linear integral equation of second Fredholm kind in 

C[O, 11 

where K(s ,  t )  is continuous on 0 5 s, t < 1, has a unique solution 
X(S) for y(s) E CIO1 11 if 

1.8. Prove Theorem 1.3. 
1.9. Prove Theorem 1.4. 
1.10. Show that the operators defined below are all linear. 

(a) Identity operator. The identity operator Ix : X 4 X given by 
Ix(x)  = x, for all x E X. 

(b) Zero operator. The zero operator 0 : X 4 Y given by O(x) = 0, 
for all x E X. 

(c) Integration. T : C[a, b] 4 C[a, b] given by T(x(t)) = J: x(s)ds, 
t E [a, b ] .  

(d) Differentiation. Let X be the vector space of all polynomials on 
[a, b ] .  Define T on X by T(x(t)) = xl(t).  

(e) Vector algebra. The cross product with one factor kept fixed. De- 
fine Tl : R3 --r R5. Similarly, the dot product with one fixed factor. 
Define Tz : R3 --r R. 

(f) Matrices. A real matrix A = { a i j )  with m rows and n columns. 
Define T : Rn 4 Rm given by y = Ax. 

1.11. Let T be a linear operator. Show: 



Linear Spaces 

(a) the R(T) (range of T )  is a vector space; 
(b) if dim(T) = n < oo, then dim R(T) < n; 
(c) the null/space N(T)  is a vector space. 

1.12. Let X, Y be vector spaces, both real or both complex. Let T : 

D(T) + Y (domain of T )  be a linear operator with D(T) X and 
R(T) G Y. Then, show: 

(a) the inverse T-l  : R(T) + D(T) exists if and only if 

(b) if T-I exists, it is a linear operator; 
(c) if dim D(T) = n < oo and T-l exists, then dim R(T) = dim D(T). 

1.13. Let T : X + Y, P : Y + Z be bijective linear operators, where X ,  
Y,  Z are vector spaces. Then, show: the inverse (ST)-' : Z + X 
of the product S T  exists, and 

1.14. If the product (composite) of two linear operators exists, show that 
it is linear. 

1.15. Let X be the vector space of all complex 2 x 2 matrices and define 
T : X + X by T(x) = cx, where c E X is fixed and cx denotes 
the usual product of matrices. Show that T is linear. Under what 
conditions does T-I exist? 

1.16. Let T : X + Y be a linear operator and dim X = dim Y = n < oo. 
Show that R(T) = Y if and only if T-' exists. 

1.17. Define the integral operator T : C[O, 11 + C[O, 11 by y = T(x), where 
y(t) = J: k(x, s)x(s)ds and k is continuous on [O,l] x [O,l]. Show 
that T is linear and bounded. 

1.18. Show that the operator T defined in lO(f) is bounded. 
1.19. If a normed space X is finite dimensional then show that every linear 

functional on X is bounded. 
1.20. Let T : D(T) + Y be a linear operator, where D(T) X and X, Y 

are normed spaces. Show: 

(a) T is continuous if and only if it is bounded; 
(b) if T is continuous at a single point, it is continuous. 

1.21. Let T be a bounded linear operator. Show: 
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(a) x, + x (where x,, x E D(T)) + T(x,) + T(x); 
(b) the null space N(T) is closed. 

1.22. If T # 0 is a bounded linear operator, show that for any x E D(T) 
such that llxll < 1, we have llT(x)11 < IITII. 

1.23. Show that the operator T : P + P defined by y = (yi) = T(x), 
Yi = y ,  x = (xi), is linear and bounded. 

1.24. Let T : C[O, 11 + C[O, 11 be defined by 

Find R(T) and T-' : R(T) -, C[O, 11. Is T-' linear and bounded? 
1.25. Show that the functionals defined on C[a, b] by 

are linear and bounded. 
1.26. Find the norm of the linear functional f defined on C[-1, I] by 

1.27. Show that 

define functionals on C[a, b]. Are they linear? Bounded? 
1.28. Show that a function can be additive and not homogeneous. For 

example, let z = x+iy denote a complex number, and let T : C + cC 
be given by 

T(z)  = 2 = x - iy. 

1.29. Show that a function can be homogeneous and not additive. For 
example, consider the operator T : R2 -, R given by 
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1.30. Let F be an operator in C[O, 11 defined by 

Show that for xo, z E C[O, 11 

1.31. Find the F'rCchet-derivative of the operator F in IWL given by 

1.32. Find the first and second F'rkchet-derivatives of the Uryson operator 

in C[O, 11 at  xo = xo(s). 
1.33. Find the F'rkchet-derivative of the Riccati differential operator 

from C1[O, s] into C[O, s] at zo = zo(t) in C1[O, s]. 
1.34. Find the first two F'rkchet-derivatives of the operator 

1.35. Consider the partial differential operator 

from C2(1) into C ( I ) ,  the space of all continuous function on the 
square 0 _< a, /3 5 1. Show that 

where A is the usual Laplace operator. 
1.36. Let F(L)  = L3, in L(x).  Show: 
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1.37. Let F ( L )  = L - l ,  in L ( x ) .  Show: 

provided that L;' exists. 
1.38. Show estimates (1.45) and (1.46). 
1.39. Show Taylor's Theorem 1.8. 
1.40. Integrate the operator 

from Lo = I  to L1 = A ,  where 111 - A / (  < 1. 


