
I. PRELIMINARIES 

1. Introduction 

According to the "principle of functoriality", "Galois" representations p : 

LF -+ LG of the hypothetical Langlands group LF of a global field F 
into the complex dual group ' G  of a reductive group G over F should 
parametrize "packets" of automorphic representations of the adde group 
G(A). Thus a map X : L~ -+ LG of complex dual groups should give rise 
to  lifting of automorphic representations 7 r ~  of H(A) to those .rr of G(A).  

Here we prove the existence of the expected lifting of automorphic repre- 
sentations of the projective symplectic group of similitudes H = PGSp(2) 
to those on G = PGL(4). The image is the set of the self-contragredient 
representations of PGL(4) which are not lifts of representations of the rank 
two split orthogonal group SO(4). 

The global lifting is defined by means of local lifting. We define the 
local lifting in terms of character relations. This permits us to introduce a 
definition of packets and quasi-packets of representations of PGSp(2) as the 
sets of representations that occur in these relations. Our main local result 
is that packets exist and partition the set of tempered representations. We 
give a detailed description of the structure of packets. 

Our global results include a detailed description of the structure of the 
global packets and quasi-packets (the latter are almost everywhere non- 
tempered). We obtain a multiplicity one theorem for the discrete spectrum 
of PGSp(2), a rigidity theorem for packets and quasi-packets, determine all 
counterexamples to the naive Ramanujan conjecture, compute the multi- 
plicity of each member i n  a packet or quasi-packet i n  the discrete spectrum, 
conclude that i n  each local tempered packet there is precisely one generic 
representation, and that i n  each global packet which l i jb  to a generic repre- 
sentation of PGL(4) there is precisely one representation which is generic 
everywhere. The latter representation is generic if it lifts to a properly 
induced representation of PGL(4, A). 
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We also prove the lifting from SO(4) to PGL(4). This amounts to estab- 
lishing a product of two representations of GL(2) with central characters 
whose product is 1. Our rigidity theorem for SO(4) amounts to a strong 
rigidity statement for a pair of representations of GL(2, A). 

Our method is based on an interplay of global and local tools, e.g. the 
trace formula and the fundamental lemma. We deal with all, not only 
generic or tempered, representations. 

2. Statement of Results 

2a. Homomorphisms of Dual Groups 

Let G be the projective general linear group PGL(4) = PSL(4) over a 
number field F. Our initial purpose is to determine the automorphic repre- 
sentations .rr (Borel-Jacquet [BJ], Langlands [L4]) of G(A), A is the ring of 
adkles of F, which are self-contragredient: .rr E 5, equivalently (Bernstein- 
Zelevinski [BZl]), 8-invariant: .rr 2 %. Here 8, 8(g) = J-ltg-lJ, is the 
involution defined by 

where tg denotes the transpose of g E G ,  and en(g) = .rr(O(g)). Ac- 
cording to the principle of functoriality (Bore1 [Boll, Arthur [A2]) these 
automorphic representations are essentially described by representations 
of the Weil group WF of F into the dual group 2 = SL(4, (C) of G which 
are 6-invariant, namely representations of WF into centralizers ~ ~ ( 8 6 )  of 

1nt (8)6 in e. Here 6 is the dual involution &) = ~ ~ ' ~ 4 - l  J, and d is a 
semisimple element in g.  These centralizers are the duals of the twisted 
(by 86) endoscopic groups (Kottwitz-Shelstad [KS]). In fact these are the 
connected components of the identity of the duals of the twisted endoscopic 
groups ~ ~ ( j . 8 )  x WF.  But in our case the endoscopic groups are split so 

the product of ~ ~ ( 8 6 )  with the Weil group WF is direct. Hence it suffices 
for us to work here with the connected component of the identity. 

A twisted endoscopic group is called elliptic if its dual is not contained 
A 

in a proper parabolic subgroup of G. Representations of nonelliptic en- 
doscopic groups can be reduced by parabolic induction to known ones of 
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.. 
smaller rank groups. For our G, up to conjugacy the elliptic twisted endo- 
scopic groups have as duals the symplectic group H = ~ ~ ( 8 )  = Sp(2, C) 

4 

and the special orthogonal group C = 2,-(o@ = " SO(4, C)" 

which consists of all A @I B = (z: ::) , where 

satisfy det A . det B = 1. Here z E C X  embeds as the central element 
(z, z-l), B = diag(-1, 1, -1 , l )  and w = (! -:I. 

The group i? is the dual group of the simple F-group H = PSp(2) = 

PGSp(2), the projective group of symplectic similitudes, which can also be 
denoted by the shorter symbol PGp(2). It is the quotient of 

GSp(2) = {(g, A) E GL(4) x 6,; t g ~ g  = XJ) 

by its center {(X,X2)) -. G,. Since X is uniquely determined by g (we 
write A = X(g)), we view GSp(2) as a subgroup of GL(4) and PGSp(2) of 
PGL(4). 

The group 6 is the dual group of the special orthogonal group ("S0(4)11) 

Here z t- Em embeds as the central element (z, z). Also we write 

for C ,  where the prime indicates that the two factors in GL(2) have equal 
determinants. 

The principle of functoriality suggests that automorphic discrete spec- 
trum representations of H(A) and C(A) parametrize (or lift to) the 0- 
invariant automorphic discrete spectrum representations of the group of 
A-valued points, G(A), of G .  Our main purpose is to describe this lift- 
ing, or parametrization. In particular we define tensor products of two 
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automorphic forms of GL(2, A) the product of whose central characters is 
1. Moreover we describe the automorphic representations of the projec- 
tive symplectic group of similitudes of rank two, PGSp(2,A), in terms of 
&invariant representations of PGL(4, A). 

Motivation for the theory of automorphic forms is attractively explained 
in some articles by S. Gelbart, see, e.g. [GI. For a more technical intro- 
duction see part 3, "Background", of this volume. It is based on a course 
I gave at the Ohio State University in 2003. It gives most definitions used 
in this work, from adbles to Weil and L-groups, to twisted endoscopy, and 
a proof of (Emil) Artin's conjecture for two dimensional Galois represen- 
tations with image A4, 5 4  in PGL(2, C). 

2b. Unramified Liftings 

We proceed to explain how the liftings are defined, first for unramified 
representations. 

An irreducible admissible representation n of an adkle group G(A) is 
the restricted tensor product @nv of irreducible admissible ([BZl]) rep- 
resentations nv of the groups G(Fv)  of Fu-points of G I  where Fv is the 
completion of F at the place v of F .  Almost all the local components rV 
are unramified, that is contain a (necessarily unique up to a scalar multi- 
ple) nonzero Kv-fixed vector. Here Kv is the standard maximal compact 
subgroup of G(Fv),  namely the group G(R,) of Rv-points, Rv being the 
ring of integers of the nonarchimedean local field F,; G is defined over R, 
at almost all nonarchimedean places v. For such v, an irreducible unram- 
ified G(Fv)-module nv is the unique unramified irreducible constituent in 
an unramified principal series representation l(qv),  normalizedly induced 
(thus induced in the normalized way of [BZ2]) from an unramified char- 
acter q, of the maximal torus T(Fv)  of a Bore1 subgroup B(Fv)  of G(Fv) 
(extended trivially to the unipotent radical N(F,) of B(Fv)) .  The space 
of I(qv) consists of the smooth functions q5 : G(Fu) 4 C with 

&,(a) = det [Ad(a) I Lie N(F,)], and the G(Fv)-action is (g . q5)(h) = q5(hg), 

9, h E G(Fv). 
The character qv is unramified, thus it factors as qv : T(Fv)/T(Ru) -+ 
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C x  . As X, (T)  = Hom(G,, T) - T(F,)/T(R,), q, lies in 

where ? is the maximal torus in the Borel subgroup 5 of e, both fixed in 
the definition of the (complex) dual group e (Borel [Boll, Kottwitz [Ko~]).  
Now 

H O ~ ( X * ( ? ) ,  cX) = x,(?) @ C X  = ? c e .  

Thus the unramified irreducible G(F,)-module n, determines a conjugacy 
class t(n,) = t(I(q,)) in (? represented by the image of 17, in ?. This class 
t(n,) is called the Langlands parameter of the unramified n,. 

In the case of G = GL(n), take B to be the group of upper triangular 
matrices, T the diagonal subgroup, and q,(al, .  . . , an )  = n q,(ai) (1 5 i 5 
n).  If T, is a generator of the maximal ideal of R, then t(I(q,)) is the 
class of diag(ql(n,), . . . , q,(~ , ) )  in = GL(n, C). If G = PGL(n) then 

A 

q1 . . . qn = 1 and t(I(q,)) is a class in G = SL(n, C). 
We make the following notational conventions: If the components of q 

are qvl 772,,. . . , we write I(ql,, 772,,.. . ) for I(q,). For a representation n 
and a character x we write xn  for g H x(g)n(g), and not x IB n,  reserving 
the notation n-1 @m, or n-1 x n-2, for products on different groups: ( h , g )  H 

nl(h) @ n2(g) (for example, if (h,g) ranges over a Levi subgroup, the 
representation normalizedly induced from the representation T I  n2 on 
the Levi will be denoted by I(n1, n2) or nl x n2, depending on the context). 
We prefer the notation n1 x n2 for a representation of a group which is a 
product of two groups, such as our C = SO(4, F). By a representation we 
mean an irreducible one, unless otherwise is specified. 

2c. The Lifting from SO(4) to PGL(4) 

We next describe our results on our secondary lifting XI, from C = SO(4) 
to G = PGL(4). 

We now return to G = PGL(4), 8 and C = [GL(2) x GL(2)]'/ GL(1). 
Note that an irreducible unramified GL(2, F,)-module n1, is parametrized 
by a conjugacy class t(n1,) in GL(2,C) (the Langlands parameter of the 
representation; its eigenvalues are called the Hecke eigenvalues of the rep- 
resentation). An unramified irreducible representation nl, x n2, of C(F,) 
is parametrized by a class t(nl,) x t(n2,) in 
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(Double prime means detgl . detg2 = 1). If xi, is the unramified con- 
stituent of 

we define the "lift" n1, [XI 7r2, = X1 (nlv x n2,) of TI, x n2, with respect to 
the dual group homomorphism X1 : 6 = SO(4, C) ~t G = SL(4, C) (the 
natural embedding) to be the unramified irreducible constituent n, of the 
PGL(4, Fv)-module I(qv) parametrized by the class 

in = SL(4, C). In different notations, 

provided that ala2blb2 = 1. Note that the inverse image under X1 of 
I(albl, alb2, bla2, a2b2) consists only of 

xI(al ,  a2) x X - l ~ ( b l ,  b2) and xI(b1, b2) x x - l ~ ( a i ,  a2) 

where x is any character of F,X. Thus, X1 is two-to-one unless TI, = ir2, 
(the contragredient of 7r2,), where X1 is injective on the set of orbits of 

multiplication by x in Hom(F,X , C ). 
The rigidity theorem for the discrete spectrum automorphic represen- 

tations of GL(n, A) asserts that discrete spectrum automorphic represen- 
tations 7rl = @nl, and 7r2 = @n2, which have nl, 21 .rm, for almost all 
places v of F are equivalent ( Jacquet-Shalika [JS] , Moeglin-Waldspurger 
[MWl]). Moreover they are even equal, by the multiplicity one theorem 
for GL(n) (Shalika [Shall). Representations of PGL(n, A) (or PGL(n, F,)) 
are simply representations of GL(n, A) (or GL(n, F,)) with trivial central 
character (since H'(F, G,) = {O)), and the rigidity theorem applies then 
to PGL(n). Both multiplicity one theorem, and the rigidity theorem for 
packets (the latter asserts that n = @nv and 7r' = @T; must lie in the 
same packet if n, -- nh for almost all v) hold for SL(2) ([F3]) and fail for 
SL(n), n L 3 (Blasius [Bla]). 

The rigidity theorem holds for C = SO(4); this is the content of the as- 
sertion that the lifting XI is injective, made in the second paragraph of the 
following theorem. The first paragraph asserts that the lifting exists. By 
an elliptic representation we mean one whose character (Harish-Chandra 
[HI) is not identically zero on the set of elliptic elements. 
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2.1 THEOREM (SO(4) TO PGL(4)). Let 7r1 = @.rrl,, 7r2 = 8 ~ 2 ,  be 
discrete spectrum automorphic representations of GL(2, A) whose central 
characters wl, w2 are equal, and whose components at two places vl, v2 are 
elliptic. Then there exists an automorphic representation 7r = A ~ ( n l  x ir2) 
of PGL(4, A) with K, = A1 (571, x ii2,) for almost all v .  

W e  have Al(xlr1 x ~ 2 ~ 2 )  = x1x2A1(r1 x 7r2) for xi : A x / F X  -+ C x  
with (X1X2)2 = 1. 

If r1 = r ~ ( p l ) ,  r 2  = rE(p2)  are cuspidal monomial representations 
of GL(2,A) associated with characters p1, p2 of A2/EX where E is a 
quadratic extension of F such that the restriction of p1p2 to AX is 1 ,  then 

Al(rE(~1)  x r E ( ~ 2 ) )  = 1(2,2)  ( r ~ ( p l & ) l  r E ( ~ 1 ~ 2 ) ) .  
If {rl, 7r2) are cuspidal but not of the f o m  {nE(pl), n ~ ( p ~ ) ) ,  and 7rl # 

x7rz for any quadratic character x of AX IFX, then r1.B nz is cuspidal. 
If nl is the trivial representation l2 and r 2  is a cuspidal representa- 

tion of PGL(2, A), then A1(12 x n2) i s  the discrete spectrum noncuspidal 
PGL(4,A)-module ~ ( v l / ~ 7 r 2 ,  ~ - l / ~ r 2 ) .  Here v(x) = 1x1, and J is the quo- 
tient of the representation ~ ( v l / ~ r ~ ,  u - ' / ~ T ~ )  nomalizedly induced from 
the parabolic subgroup of type (2,2) of PGL(4). 

The global map A 1  is injective on  the set of  pairs nl x ir2 with wl = w2 
up to the equivalence 7r1 x ir2 21 X K ~  x X-1ir2, x a character of A X / F X ,  
and rl x 772 -- ir2 x TI. 

The injectivity means that if 7r1, 7r2, ny, n i  are discrete spectrum auto- 
morphic representations of GL(2, A) with central characters wl, w2, wy, w: 
satisfying wlw2 = 1 = wywi, each of which has elliptic components at least 
at the three places vl, v2, va, and if for each v outside a fixed finite set of 
places of F there is a character X, of F,X such that the set {7 r l ,~ , ,  7 r 2 , ~ ; ~ )  

is equal to the set {7r~,,n~,) (up to equivalence of representations), then 
there is a character x of AX IFX such that the set {7rlx, r z X - l )  is equal to 
the set {R?, 7ri). In particular, starting with a pair 7rlln2 of automorphic 
discrete spectrum representations of GL(2,A) with wlw2 = 1, we cannot 
get another such pair by interchanging a set of their components TI,, ~ 2 ,  

and multiplying 7rlv by a local character and n2, by its inverse, unless 
we interchange TI,  r 2  and multiply rl by a global character and 7r2 by its 
inverse. 

A considerably weaker result, where the notion of equivalence is gener- 
ated only by nl, x iizv -- ir2, x nl, but not by nl, x irzv N-- xV7rlv x X;1ir2v1 



follows also on using the Jacquet-Shalika [JS] theory of L-functions, com- 
paring the poles at s = 1 of the partial, product L-functions 

Our global results are complemented and strengthened by very precise 
local results. If n 2 en there is an intertwining operator A with An(g) = 

n(O(g))A for all g. By Schur's lemma we may assume that A2 = 1. Then 
A is unique up to a sign. We put ~ ( 0 )  = A and n(f x 0) = n(f)A. We 
define XI-lifting locally by means of character relations: 

for all matching functions f ,  fc (and a suitable choice of A). This defini- 
tion is compatible with the one given above for purely induced and 1r2 

and unramified representations. We have XI  (Iz(p, p') x ir2) = Id(pjT2, p1ir2) 
(the central character of the GL(2, F)-module 7r2 is pp'). The local and 
global results are closely analogous. 

2d. Special Cases of the Lifting from SO(4) 

Let us describe some special cases of the lifting XI. When 7r2 = irl is the 
contragredient of nl , Xl (nl x el) is the PGL(4, A)-module normalizedly 
induced from the maximal parabolic of type (3,l) and the PGL(3,A)- 
module sym2(7r1) on the GL(3)-factor of the Levi subgroup (extended triv- 
ially to the GL(1)-factor of the Levi, and to the unipotent radical). Here 
sym2(.rrl) is the symmetric square lifting from GL(2) to PGL(3) ([F3]). 
Indeed, if the local component nl, of nl at v is unramified then t(n1,) = 

diag(a, b) (thus nlv is a constituent of Iz(a, b)), 7rv = X1(7rlv x irl,) has 
t(n,) = diag(a/b, I l l ,  b/a) (thus nv is a constituent of I4(I3(a/bl 1, b / a ) ,  I), 
and 13(a/b, 1, bla) is the symmetric square lifting of Iz(a, b)). We write 
I, to emphasize that the representation is of the group GL(n), and e.g. 
1(3,1)(~3,  nl)  to indicate the representation of GL(4) induced from its max- 
imal parabolic subgroup of type (3,l). However, the results of [F3] are 
stronger, in lifting representations of SL(2, A) to PGL(3, A) and conse- 
quently providing new results such as multiplicity one for SL(2). 

Although we do not obtain here a new proof of the existence of the 
symmetric square lift of discrete spectrum representations of PGL(2, A), 
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we do obtain new character identities, relating the 8-twisted character of 
I ( ~ , ~ ) ( s ~ ~ ~  7r2,l) with that of n2 x ir2. Clearly in this case the lift X1 is 
injective: if 

then nl = 7r2 = nox for some character x of AX IFX. 
In particular, if ./rl is a one dimensional representation g I-+ ~ ( d e t  g) of 

GL(2, A), then X1(nl xirl) = 1(3,1)(13, 1) is the representation of PGL(4, A) 
normalizedly induced from the trivial representation of the maximal par- 
abolic subgroup of type (3,l). An alternative purely local computation of 
this twisted character is developed in [FZ]. 

Let n1 = n(p) be a cuspidal monomial representation of GL(2, A) asso- 
ciated with a character p of Ag/EX where E is a quadratic extension of 
F (denote by a the nontrivial element of Gal(E/F)). Then 

where XEIF is the quadratic character of AX /FXNEIFAg (NEIF is the 
norm map from E to F).  Moreover, 

is an induced representation from the parabolic subgroup of type (2,1,1) of 
PGL(4). Note that the central character of the GL(2,A)-module n(p) is 

pIAX, for any character p of A;/ E X .  If n(p) is a PGL(2, A)-module 
we have that the restriction of p to A g / F X  is XE/F, nontrivial but trivial 
On FXNEIFl$g. 

If n1 = rE(p1),  7r2 = nE(p2), cuspidal monomial representations of 
GL(2,A) associated with characters p1, p2 of Ag/EX where E is a qua- 
dratic extension of F such that the restriction of plp2 to AX is 1, then 

Indeed 
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where CE = Ag/EX (globally, and EX locally), and the representation 
corresponds to 

where p1p2(a2) = 1 and pi (z) = pi(z), p17Z1p27i2 = 1 and pi(z) are abbre- 
viated to pi in the line of z. When p1 = &' we have 7r(plp2) = 7r(pl/pl) 

and 7r(plpz) = I(xE/F,  1). Thus 

Note that if p : A: 4 C X  has = 1 # P/p  then there are 
quadratic extensions E2, E3 and characters pi : A& /E: 4 C X  with 

T E ~  (pi) = TE (P). 
Another interesting special case is when 7rl is taken to be the triv- 

ial representation 1 2  of PGL(2, A) while 7r2 is a cuspidal representation 
of PGL(2,A). Then Al(12 x n2) is the discrete spectrum noncuspidal 
representation ~ ( v ' / ~ 7 r 2 ,  v-'l27r2) of PGL(4, A), the quotient of the nor- 
malizedly induced 1(v l /~7r~ ,  vP1/'7r2) from the parabolic of type (2,2) of 
PGL(4). Here v(x) = 1x1. Indeed, 1 2  is the quotient of the induced 
~ ( v l / ~ ,  vP1l2). Hence 

is the quotient ~(v, ' /~7r2, ,  6 1/27r2,) of the induced 1 ( d / ~ 7 r ~ ,  , G 1/27r2v) 
for all v where 7r2, is unramified. Hence it is ~ ( v ' / ~ 7 r ~ ,  v-1/27r2) globally 
by the rigidity theorem for this noncuspidal discrete spectrum ([MWl]). 

On the set of pairs 7rl x 7rz such that at least one of 7rl or 7r2 is one 
dimensional, the lifting XI  is injective. Indeed, a discrete spectrum rep- 
resentation of GL(2, A) with a one-dimensional component is necessarily 
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one-dimensional. If n2 is not cuspidal but rather trivial, then the quotient 
J ( v ' / ~ ~ ~ ,  V-'l2l2) of ( ~ ' / ~ 1 ~ ,  v-l l2l2)  is not discrete spectrum, but the 
induced 14(13) from the trivial representation of the (3,l)-parabolic; this 
is Xl(12 x 12). 

2e. The Lifting from PGSp(2) to PGL(4) 

We now turn to the study of our main lifting A,  and of the automorphic 
representations of the F-group H = (PSp(2) =) PGSp(2) = GSp(2)/Gm, 
where the center (6, of 

GSp(2) = {g E GL(4); t g ~ g  = X J ,  3X = X(g) E G,} 
A .. 

consists of the scalar matrices. Its dual group is H = Sp(2, C) = 2,-(0) C 

= SL(4,C), where $(g) = J - l t g - ' ~ .  It has a single elliptic endoscopic 
group Co  different than H itself. Thus 

where go = diag(-1, 1,1, -I) ,  and Co = PGL(2) x PGL(2). Write Xo for 
the embedding eo - El and X for the embedding g -  6. 

The embedding Xo : & = SL(2, C) x SL(2, C) - = Sp(2, C) defines 
the "endoscopic" lifting 

Here 7r2(pi, 1-1:') is the unramified irreducible constituent of the normal- 
izedly induced representation I(pi ,  p i1 )  of PGL(2, F,) (pi are unramified 
characters of F:, i = 1, 2); ~ ~ ~ ~ ~ ( ~ ) ( p ~ , ~ ~ )  is the unramified irreducible 
constituent of the PGSp(2, F,)-module IPGSp(2) (PI, p2) normalizedly in- 
duced from the character n . diag(a,P,y,6) ++ pl(a/y)pz(a/P) of the 
upper triangular subgroup of PGSp(2, F,) (n is in the unipotent radical, 
a 6  = Py). 

The embedding X : = Sp(2, C) - SL(4, C) = defines the lifting X 
which maps the unramified irreducible representation ~ ~ ~ ~ ~ ( 2 ) ( p l ,  p2) of 
PGSp(2, F,) to .rr4(p1, 1-12> 1-12', p l l ) l  an unramified irreducible representa- 
tion of PGL(4, F,). 
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The composition X o Xo : 60 = SL(2, C) x SL(2, C) + 6 = SL(4, C) 

takes n2(p1, pyl)  X 7r2(p2, p;l) to 

namely the unramified irreducible PGL(2, F,,) x PGL(2, FU)-module 7r2 x .rrh 
to the unramified irreducible constituent 7r4 (n2, T; )  of the PGL(4, F,,)- 
module I4(.rr2, T; )  normalizedly induced from the representation 7rz 8 7rh of 
the parabolic of type (2,2) of PGL(4, F,,) (extended trivially on the unipo- 
tent radical). For example X o Xo takes the trivial PGL(2, F,,) x PGL(2, F,,)- 
module 1 2  x l2 to the unramified irreducible constituent 7r4(12, 12) of 
14(12, 12), and 1 2  x 7r2 to 7r4(12, 7r2) = 7r4(v1/27r2, ~ - ' / ~ 7 r ~ ) .  Note that this 
last .rr4 is traditionally denoted by J. 

The definition of lifting is extended from the case of unramified rep- 
resentations to that of any admissible representations. For this purpose 
we define below norm maps from the set of 8-stable &regular conjugacy 
classes in G = G ( F )  to the set of stable conjugacy classes in H = H(F), 
and from this to the set of conjugacy classes in Co(F) ,  extending the norm 
maps on the split tori in these groups which are dual to the dual groups 
homomorphisms X and Xo. This is used to define a relation of match- 
ing functions f ,  fH and fc, (they have suitably defined matching orbital 
integrals) and a dual relation of liftings of representations. 

To express the lifting results we use the following notations for induced 
representations of H = PGSp(2, F ) .  For characters p l ,  p2, a of FX with 
p1p2a2 = 1 we write p1 x p2 A (T for the H-module normalizedly induced 
from the character 

a, b, X E FX, of the upper triangular minimal parabolic of H. 
For a GL(2, F)-module 7r2 and character p we write 7r2 A p for the 

PGSp(2, F)-module normalizedly induced from the representation 

(here the product of the central character w of 7r2 with p2 is 1) of the Siege1 
parabolic subgroup (whose unipotent radical U(2) is abelian). 
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We write p x 7r2, if wp = 1, for the representation of PGSp(2, F) nor- 
malizedly induced from the representation 

X(g) = det g, of the Heisenberg parabolic subgroup (whose unipotent rad- 
ical U ( l )  is a Heisenberg group). 

These inductions are normalized by multiplying the inducing represen- 
tation by the character p H ( det(Ad(p))l Lie u1'I2, as usual. For example, 

Note that 7r x a E ir IT w o  and p(7r x o)  = T IT po. 
Complete results describing reducibility of these induced representa- 

tions, stated in Sally-Tadic [ST] following earlier work of Rodier [ R o ~ ] ,  
Shahidi [Sh2,3], Waldspurger [Wl], are recorded in chapter V, section 1, 
Propositions 2.1-2.3, below. For notations see chapter 11, section 4. 

For properly induced representations, defining A- and Ao-liftings by char- 
acter relations (A(rH) = 7r4 if tr 7r4(f x 8)  = trnH(fH) for all matching f ,  
fH ,  and Ao(7rl x 7r2) = 7 r ~  if tr7rH(fH) = tr(.rrl x n2)(fc0) for all matching 
fH, fCo), our preliminary results (obtained by local character evaluations), 
are that w-I x 7r2 A-lifts to 7r4 = IG(7rZ,ji2), that p7rg p-I (here w = 1) 
A-lifts to 7r4 = IG(pr 7r2, pP1), and that 12(p, pP1) x 7r2 Ao-lifts from Co to 
p7r2 x pP1 on H = PGSp(2, F ) .  

Let x be a character of FX/FX2. It defines a one-dimensional rep- 
resentation xH(h) = x(X(h)) of H ,  which A-lifts to the one-dimensional 
representation ~ ( g )  = ~ ( d e t  g) of G (if h = Ng then X(h) = det g; on 
diagonal matrices N(diag(a, b, c, d)) = diag(ab, ac, db, dc)). The Steinberg 
representation of H A-lifts to the Steinberg representation of G, and for 
any character x of FX with X2 = 1 we have A(XH S ~ H )  = x StG 

2f. Elliptic Representations 

Our finer local lifting results concern elliptic representations (whose char- 
acters are nonzero on the elliptic set). They follow on using global tech- 
niques. Elliptic representations include the cuspidal ones (terminology of 
[BZ]. These are called "supercuspidal" by Harish-Chandra, who used the 
word "cuspidal" for what is currently named "discrete series" or "square 
integrable" representations). 
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2.2 LOCAL THEOREM ( P G S p ( 2 )  TO P G L ( 4 ) ) .  ( 1 )  For any unordered 
pair 7r1, 7r2 of square integrable irreducible representations of PGL(2,  F )  
there exists a unique pair nf;, TE of tempered (square integrable if nl # n2, 
cuspidal if nl # 7r2 are cuspidal) representations of H with 

for all matching functions f ,  f H ,  fco . 
If 7rl = 1r2 is cuspidal, 7 r f ;  and 7rG are the two inequivalent constituents 

of 1 >a 7r1.  

If 7r1 = 7r2 = a s p 2  where a is  a character of F X  with a2 = 1, then nf; 
and 7rG are the two tempered inequivalent constituents 7 ( v 1 l 2  sp2, c ~ v - l / ~ ) ,  
~ ( v ~ / ~ l ~ , a v - ~ / ~ )  of 1 >a u s p a .  

If 7rl = c s p 2 ,  a2 = 1, and 7r2 is cuspidal, then 7rL is the square inte- 
grable constituent ~ ( u v ~ / ~ T ~ ,  a ~ - l / ~ )  of the induced av1/27r2 >a U U - ' / ~ ;  KG 
is cuspidal, denoted here by 

If 7r1 = a s p ,  and 7r2 = [ a s p 2 ,  C (# 1 = t2) and a (a2 = 1 )  are 
characters of F X ,  then 7r; is the square integrable constituent 

-112. - of the induced [ v 1 / 2  sp2 >aav , 7rH is cuspidal, denoted here by 

( 2 )  For every character a of and square integrable 7r2 there 
exists a nontempered representation 7rG of H such that 

for all matching f ,  f ~ ,  fc , .  Here 
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(3) For any characters J, a of FX/FX2 and matching f ,  fH,  fc, we 
have that tr(aJ12 x a12)(fc,) is 

and tr I ~ ( a ( l 2 ,  a l2 ;  f x 0) is 

H e r e X = 6 -  i f J f 1  a n d X = L i f J = l .  
(4) Any 0-invariant irreducible square integrable representation n of 

G which is not a A1-lift is a A-lift of an irreducible square integrable 
representation n~ of H ,  thus trn(f  x 8)  = trnH(fH) for all matching 
f ,  f H .  In particular, the square integrable (resp. nontempered) con- 
stituent b([v, u-1/2nz) (resp. L(Ju, of the induced representa- 
tion [v >a u-1/27r2 of H, where n2 is a cuspidal (irreducible) representation 
of GL(2, F )  with central character E # 1 = E2 and <n2 = n2, A-lifts to the 
square integrable (resp. nontempered) constituent 

of the induced representation ~ - ' /~7r2 )  of G = PGL(4, F ) .  

These character relations permit us to introduce the notion of a packet of 
an irreducible representation, and of a quasi-packet, over a local field. Thus 
we say that the packet of a representation n~ of H consists of n~ alone un- 
less it is tempered of the form n& or n& for some pair 7r1, 7r2 of (irreducible) 
square integrable representations of PGL(2, F ) ,  in which case the packet 
{nH) is defined to be {7r&, n i ) ,  and we write Ao(nl x n2) = {n;, n;) and 
~({n;,nG)) = IG(nl ,n2).  Further, we define a quasi-packet only for the 
nontempered (irreducible) representations n g  and L = L(uJ, E x U U - ~ / ~ ) ,  
to consist of {n;, n;) and {L, X),  X = x(Ju112 sP2, J O V - ~ / ~ ) .  We say 
that 0 1 2  x n2 Ao-lifts to the quasi-packet Ao(a12 x n2) = { n i l  n;), 
which in turn A-lifts to Ic(a12,nz), and similarly, a J l 2  x 0 1 2  Ao-lifts 
to Ao(aJ12 x 0 1 2 )  = {L, X )  which A-lifts to  IG(aJ12, 012). 

Conjecturally our packets and quasi-packets coincide with the L-packets 
and A-packets conjectured to exist by Langlands and Arthur [A2-31. 

Using the notations of section V. l l  below, we state the analogue of 
these results in the real case: F = R. For clarity, denote nl and n2 



18 I. Preliminaries 

above by 7r1 and n2. In (I) ,  7r1 = 7rk, and 7r2 = nk,, kl 2 k2 > 0 
and k l ,  k2 are odd, are discrete series representations of PGL(2,R), and 
n; is the generic 7rztkZ , 7rG is the holomorphic n ~ ~ , 1 k 2 ,  which are discrete 

+ series representations of PGSp(2, R) when kl > k2. When kl = k2, 7rH 

is the generic and 7rH is the nongeneric (tempered) constituents of the 
induced 1 x 7r2k1+1. There is no special or Steinberg representation of 
GL(2,R); the analogue is the lowest discrete series n l .  The nk are self 
invariant under twist with sgn. In (2) with 7r2 = K2k+3 ( k  2 O), T; is 
L ( ~ ~ ~ / ~ T ~ ~ + ~ , o v - ~ / ~ ) ,  7 r ~  is 7 r i  is 7rg:3,1. In (3), if < = sgn 
then X is the tempered 7rG c 1 XI n1, if < = 1 then X is L ( V ' / ~ T ~ ,  c r ~ - l / ~ ) .  
Both of these X ,  as well as L(vJ,< x a ~ - l / ~ ) ,  are not cohomological. In 
(4), ,rr2 is 7r2k+2, L(<v, v-lI27r2) is L(sgnv, ~ - ~ / ~ 7 r ~ ~ + ~ ) ,  b(<v, v-1/27r2) is 

hol Wh 
"2k+3,2k+l @ ,rr2k+3,2k+l' 

2g. Automorphic Representations 

With these local definitions we can state our global results. These global 
results are partial, since we work with test functions whose components 
are elliptic at least at three places, and consequently we cannot detect 
automorphic representations which do not have at least three components 
whose (8-) characters are nonzero on the (8-) elliptic set. Thus we fix 
three places {vl, v2, v3) and discuss only TI x 7r2, 7 r ~  and T = ITG whose 
components there are (8-) elliptic. 

Let us explain the reason for this restriction. The (noninvariant) trace 
formula, as developed by Arthur, involves weighted orbital integrals and 
logarithmic derivatives of induced representations. Arthur's splitting for- 
mula shows that these can be expressed as products of local distributions, 
which are all invariant (orbital integrals or traces of induced representa- 
tions) except at most at rank(H) places. Working with test functions 

fH = C 3 f ~ ~  with rank(H)+l components f~~ with tr7T~w(fHw) = 0 for 
every tempered properly induced representation nH, of Hv (equivalently: 
fHv whose orbital integrals vanish on the regular nonelliptic set of H,), all 
non elliptic terms vanish. We call such fHv elliptic. At an additional place 
we use a regular Iwahori biinvariant component (see [FKl], [FK2], [F2] or 
[FS;VI]) to annihilate the singular orbital integrals. For the twisted trace 
formula we use the twisted rank, which is equal to rank(H), to obtain the 
same vanishing. This removes all complicated terms in the trace formulae 
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comparison. Here rank means the F-dimension of a maximal split torus in 

the derived group, or in the derived group of the group of fixed points of 
the involution in the twisted case. 

For very little effort we can reduce the number of restrictions to two, 
rather than three. Using elliptic components fHu , ,  fH,, , implies that the 
local factors at each v # vl, vz, in the terms in the trace formula, are 
invariant. We then use at a third, nonarchimedean, place v3 a regular- 
Iwahori function (as in [FKl], [FK2], [F2], [F3;VI]). Similar choice is made 
for the twisted formula. The geometric sides of the trace formulae consist 
now of elliptic terms only. As the distributions at v3 which occur in the 
trace formula are invariant, such f H V 3  can also be taken to be a spherical 
function with the same orbital integrals as the Iwahori-regular component. 
The resulting equality of discrete and continuous measures (the continuous 
measure comes from the spectral sides), which are invariant distributions 
in fHu3,  implies their vanishing by the (standard) argument of "generalized 
linear independence of characters" (using the Stone-Weierstrass theorem) 
employed in this context in [FKl], [FK2], [F2], [F3]. To simplify our 
exposition we do not record this argument here, but our global results 
can safely be used with two restriction, at vl, vz, rather than three. 

One can do better, and require that only one component, f ~ , ,  be ellip- 
tic, at a single real place v. This argument, explained in Laumon [Lau], 
requires very extensive referencing to much of Arthur's deep analysis of the 
distributions appearing in the trace formula. Inclusion of these arguments 
here would have made this work more complicated than the relatively el- 
ementary exposition I wish to present. However, our results are provable 
for global representations with a single elliptic component at a real place. 
This suffices for all purposes of studying the decomposition of the e-adic 
cohomology with compact supports of the Shimura variety associated with 
our group, and any coefficients, as a Galois-Hecke module ([F7]). 

These constraints will be removed once the trace formulae identity is 
established for general test functions. This is being developed by Arthur. 
A simpler method, based on regular functions, has been introduced when 
the rank is one (see [F2;I], [F3;VI], [F4;III]) to establish unconditional 
comparison of trace formulae. But it has not yet been extended to the 
higher rank cases. 

With this reservation, emphasized by a *-superscript in the following 
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Global Theorem, the discrete spectrum representations of PGSp(2, A), i.e. 
H(A), can now be described by means of the liftings. They consist of 
two types, stable and unstable. Global packets and quasi-packets define 
a partition of the spectrum. To define a (global) [quasi-] packet {7rH), 
fix a local [quasi-] packet {7rHv) at each place v of F, such that {7rH,) 

contains an unramified member 7rkV (and then {nHV) consists only of 7rkv 

in case it is a packet) for almost all v. The [quasi-] packet {nH) is then 
defined to consist of all products @,7rhV with 7rhv in {7rHv) for all v, and 
n&, = 7r&, for almost all v .  The [quasi-] packet {nH) of an autornorphic 
representation TH is defined by the local [quasi-] packets {TH,) of the 
components 7 r ~ ~  of 7 r ~  at almost all places. 

The discrete spectrum of PGSp(2, A) will be described by means of 
the Ao- and A-liftings. We say that the discrete spectrum .rrl x n2 Ao-lijls 
to a packet {7rH) (or to a member thereof) if {nHv) = Ao(7rlv x 7rzv) 
for almost all v, and that a packet {TH) (or a member of it) A-lifts to an 
irreducible self-contragredient automorphic representation 7r if A ( { T ~ ~ ) )  = 

7rv for almost all v. The unstable spectrum of PGSp(2,A) is the set of 
discrete spectrum representations which are Xo-lifts; its complement is the 
stable spectrum. A [quasi-] packet whose automorphic members lie in the 
(un)stable spectrum is called a(n un)stable [quasi-] packet. 

2.3 GLOBAL THEOREM* (PGSp(2) TO PGL(4)). The packets and 
quasi-packets partition the discrete spectrum of the group PGSp(2, A), thus 
they satisfy the rigidity theorem: if 7 r ~  and 7rh are discrete spectrum rep- 
resentations locally equivalent at almost all places then their packets or  
quasi-packets are equal. 

The A-lifting is a bijection between the set of packets (resp. quasi- 
packets) of discrete spectrum representations i n  the stable spectrum ( o f  
PGSp(2, A)) and the set of self contragredient discrete spectrum representa- 
tions ofPGL(4, A) which are one dimensional, or cuspidal and not a A1 -lift 
from C(A) ( o r  residual ~(vl '~7r2 ,  where 7r2 is a cuspidal repre- 
sentation of GL(2, A) with central character J # 1 = J2 and Jm = ~ 2 ) .  

The Ao-lifting is a bijection between the set of pairs of discrete spectrum 
representations 

{7rl x 7r2,7r2 x TI; 7r1 # 7r2) of PGL(2, A) x PGL(2, A), 

and the set of packets and quasi-packets i n  the unstable spectrum of the 
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group P G S p ( 2 , A ) .  The A-lifting is a bijection from this last set to  the 
set of automorphic representations I G ( r l ,  7r2) of PGL(4 ,  A), normalizedly 
induced from discrete spectrum 7rl x ~2 (7r l  # 7r2)  on  the parabolic subgroup 
with Levi factor of type ( 2 , 2 ) .  If 7rl x 7r2 is cuspidal, its Ao-lift is a packet, 
otherwise: quasi-packet. 

Each member of a stable packet occurs i n  the discrete spectrum of the 
group PGSp(2,  A) with multiplicity one. The multiplicity m(7rH) of a mem- 
ber 7 r ~  = @ T H ,  of an  unstable [quasi-]packet Xa(nl x 7r2) (rl # 7r2) is not 
( "stable", or) constant over the [quasi-]packet. If 7r1 x 7r2 is cuspidal, i t  is 

Here n ( 7 r ~ )  is the number of components 7rzv of 7 r ~  ( i t  is bounded by the 
number of places v where both 7r1, and 7r2, are square integrable). Each 
7 r ~  with m(7rH) = 1 is cuspidal. 

The multiplicity m(7rH) ( i n  the discrete spectrum of P G S p ( 2 , A ) )  of 
7 r ~  = @ T H ,  from a quasi-packet Xo(al2 x 7r2) ,  where 7r2 is a cuspidal 
representation of P G L ( 2 , A )  and a is a character of A X / ~ X A X 2 ,  is 

where n(7rH) is the number of components n;, of T H ,  and ~ ( n 2 ,  s )  is the 
usual &-factor which appears i n  the functional equation of the L-function 
L(7r2, s ) .  I n  particular T;  = @n;, ( n ( 7 r ~ )  = 0) is i n  the discrete spectrum 
if and only i f  & ( a m ,  $) = 1. 

Finally we have rn(.rrH) = (l+(-l)n("H)) for 7 r ~  = @ T H ,  i n  Xo(aJ12 x 

a12) with n ( 7 r ~ )  components 7 r ~ ,  = X,. Here 7 r ~  = @L, (n(7r~)  = 0 )  i s  
residual. 
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2h. Unstable Spectrum 

Note that the quasi-packet Xo(aJ12 x a12)  is defined by the local quasi- 
packets 

for every v,  where J (# I ) ,  a are characters of A X / F X  with J2 = 1 = a2 
and J,, a, are their components. When E,, a, are unramified, this quasi- 
packet contains the unramified representation IT:, = L,. Members of 
this quasi-packet have been studied by means of the theta correspondence 
by Howe and Piatetski-Shapiro, see, e.g., [PSl], Theorem 2.5. They at- 
tracted interest since they violate the naive generalization of the Ramanu- 
jan conjecture, which expects the components of a cuspidal representation 
to be tempered. (The form of the Ramanujan conjecture which is ex- 
pected to be true asserts that the components of a cuspidal representation 
of PGSp(2, A) which A-lifts to a representation of PGL(4, A) induced from 
a cuspidal representation of a Levi subgroup, are tempered.) Members of 
this quasi-packet are equivalent at almost all places to the quotient of the 
properly induced representation v[ x J >a o ~ - ' / ~ .  

Let 7r2 be a cuspidal representation of PGL(2,A), a a character of 
A X / F X A X 2 .  The packet Ao(a12 x 7r2) contains the constituent 7r; = 

@,7r;, of the representation av1/27r2 x av-1/2 pv av-1/27r2 x prop- 
erly induced from an automorphic representation, hence it is automorphic 
by [L4]. It is known that 7r; is residual precisely when L(a7r2, $) # 0; 
hence &(an2, $) = 1 in this case. 

Let n(7r2) denote the number of square integrable components of 7r2. 
The quasi-packet Xo(a12 x 7r2) thus consists of 2n("2) (irreducible) repre- 
sentations. If n(7r2) 2 1, half of them in the discrete spectrum, all cuspidal 
if L(a7r2, $) = 0, all but one: T; = @,7r;,, are cuspidal if L(a7r2, i )  # 0. 
If n(7r2) > 1 and L(a7r2, $) = 0, the automorphic nonresidual 7rG is cuspi- 
dal when  an^, i) = 1. 

If 7r2 has no square integrable components (n(7rz) = O), the packet 
Ao(a12 x 7r2) consists only of 7rG. This 7rG is residual if L(a7r2, a )  # 0; 
cuspidal (by [PSI], Theorem 2.6 and [PS2], Theorem A.2) if L ( u T ~ ,  i )  = 0 
and &(a7r2, i )  = 1; or (automorphic but) not in the discrete spectrum 
otherwise: L(a7r2, i )  = 0 and 4 0 7 r 2 ,  i )  = -1. In this last case the Ao- 
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lift of 0 1 2  x 7r2 is not in the discrete spectrum, and there is no discrete 
specrtum representation A-lifting to IG(al2, 7r2). 

At a place v where 7r2, is induced I(p,, p;l), the packet 

is the irreducible induced p,a,12 >a p;l, which A-lifts to the induced 

Ic (p,, a, 12, p;'), and not the irreducible induced 

which A-lifts to the reducible induced IG (p,, a, I(V;/~, v,"~), p;'), which 
has the constituent I G ( ~ , ,  0 ~ 1 2 ,  pul) .  

Members of the quasi-packet Ao(a12 x n2) were studied numerically 
by H. Saito and N. Kurokawa, and using the theta correspondence by 
Piatetski-Shapiro and others, see [PSI], Theorem 2.6. They attracted in- 
terest since they violate the naive generalization of the Ramanujan con- 
jecture. They are equivalent at almost all places to the quotient of the 
properly induced representation av1/27r2 a ~ - ' / ~ .  

A discrete specrtum representation 7 r ~  with a local component 

(whose packet consists of itself), where 7r2, is a cuspidal representation 
with central character Jv # 1 = t: and tV7r2, = ~ ~ T T Z ~ ,  is in the packet of 

L(ut ,  Here 7r2 is cuspidal with central character J # 1 = J2, 
hence [7r2 = 7r2, whose components at  v are 7r2, and J,. It A-lifts to 

v-1/27r2). At v with t, = 1 the component 7r2, is induced. If 
7rzv = I ( p v , p v t v ) ,  J: = 1 and p: = 1 (in particular whenever [, # 1 

- 
and 7r2, is not cuspidal), then L(v,[, , v, 1127r2,) is Lv = L(vvEV , J, x 

pvv11/2), which A-lifts to Ic(pv12,  pvJv12), and its packet contains also 
- 

X, = x ( v ~ / ~ J ,  sp2,, J , ~ , I / ~  'I2). Thus the packet of 7 r ~  is determined 
by {L,, X,) at all v where 7r2, = I(p,, p,J,), p: = 1 = <:, and by the 
singleton {L, = L(v,<,, v,1127r2,)) at  all other v, where 7rzV is cuspidal, 
or J, = 1 and 7rzv = I(pv,p;'), p: # 1. Each member of this infinite 
packet occurs in the discrete specrtum with multiplicity one, and is cuspi- 
dal, with the exception of L(vJ, v-'I27r2) = @vL(v,J,, vi1127r2v), which is 
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residual ([Kim], Theorem 7.2). Members of the packet L(u[, are 
considered in the Appendix of [PSI] and its corrigendum. 

If rl and r 2  are cuspidal but there is no place u where both are square 
integrable, Ao(rl x r 2 )  consists of a single irreducible cuspidal representa- 
tion. This instance of the lifting Xo - where 7ri are cuspidal - can also be 
studied ([Rb]) using the theta correspondence for suitable dual reductive 
pairs (S0(4), PGSp(2)) for the isotropic and anisotropic forms of the or- 
thogonal group, to describe further properties of the packets, such as their 
periods. 

2i. Generic Representations 

Our proof of the existence of the lifting X uses only the trace formula, 
orbital integrals and character relations. However, for cuspidal represen- 
tations TI, 7r2 of PGL(2, F ) ,  F local, we get only the character relation 

Here f on G = PGL(4, F )  and f~ on H = PGSp(2, F )  are any matching 
functions, and m = m(r l , r2 )  is a nonnegative integer. To prove multi- 
plicity one theorem for PGSp(2, A) we need the fact that m = 0. 

Our proof is global. It uses the following results from the theory of 
the theta correspondence, Whittaker models and Eisenstein series. (1) 
Ginzburg-Rallis-Soudry [GRS], Theorem A: Each representation I(r1, r 2 )  
of PGL(4,A) normalizedly induced from a cuspidal representation nl x 
7r2 of its (2,2)-parabolic, where r1 # 7r2 are cuspidal representations of 
PGL(2,A), is a A-lift of a unique generic cuspidal representation r~ of 
SO(& A) = PGSp(2, A). (2) Kudla-Rallis-Soudry [KRS], Theorem 8.1: If 
r o  is a locally generic cuspidal representation of Sp(2, A) and the partial 
degree 5 L-function L(S, TO, ids, s)  is # 0 at s = 1 then TO is (globally) 
generic. (3) Shahidi [Shl], Theorem 5.1: If r o  is a generic cuspidal rep- 
resentation of Sp(2, A), then L(S, ro, id5, s)  is # 0 at s = 1. See chapter 
V, section 7, and the final remark in section 6, for further comments. We 
do not use the assertion (attributed to "a yet to be published result of 
Jacquet and Shalika") in the Remark following the statement of Theorem 
8.1 in [KRS], p. 535 (that a cuspidal representation of GSp(2) is generic iff 
it lifts to GL(4)), which contradicts - at least as stated - our result that all 
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representations but one in a packet of PGSp(2) are nongeneric, yet they 
all lift to PGL(4). 

Our global proof resembles (but is strictly different from) the second 
proof of [F4;II], Proposition 3.5, p. 48, which is also based on the theory 
of generic representations. This Proposition claims the multiplicity one 
theorem for the discrete spectrum of U(3, E I F ) .  However, the proof of 
[F4;II], p. 48, is not complete. Indeed, the claim in Proposition 2.4(i) in 
reference [GP] to [F4;II], that "L& has multiplicity I", is interpreted in 
[F4;II] as asserting that generic representations of U(3) occur in the discrete 
spectrum with multiplicity one. But it should be interpreted as asserting 
that irreducible .rr in L& have multiplicity one only i n  the subspace L& 
of the discrete spectrum. This claim does not exclude the possibility of 
having a cuspidal T' perpendicular and equivalent to T c Li,,. 

Multiplicity one for the generic spectrum would follow via this global 
argument from the statement that a locally generic cuspidal representation 
is globally generic (multiplicity one implies this statement too). In our 
case of PGSp(2) we deduce from [KRS], [GRS], [Shl] that a locally generic 
cuspidal representation which is equivalent at almost all places to a generic 
cuspidal representation is globally generic. A proof for U(3) still needs to 
be written down. 

The usage of the theory of generic representations in the proof described 
above is not natural. A purely local proof of multiplicity one theorem for 
the discrete spectrum of U(3) based only on character relations is proposed 
in [F4;II], Proof of Proposition 3.5, p. 47. It is based on Rodier's result 
[Roll that the number of Whittaker models is encoded in the character 
of the representation near the origin. Details of this proof are given in 
[F4;IV] in odd residual characteristic in the case of basechange for U(3). 
It implies that in a tempered packet of representations of U(3, E I F )  there 
is precisely one generic representation, and that each generic packet of 
discrete spectrum representations of U(3, AE/AF) - where a generic packet 
means one which lifts to a generic representation of GL(3,AE) - would 
contain precisely one generic member. Moreover, a locally generic cuspidal 
representation of U(3, A E / A ~ )  is generic. 

This type of a local argument was introduced in [FKl] in the proof 
of the metaplectic correspondence and the multiplicity one theorem for 
the discrete spectrum of the metaplectic group of GL(n, A). We have not 
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carried out this local proof in the case of PGSp(2) as yet. 

In the case of PGSp(2) our global proof implies that a local tempered 
packet contains precisely one generic representation, and that a global 
packet which lifts to a generic representation of PGL(4,A) contains pre- 
cisely one everywhere generic representation. The latter is generic if the 
packet is unstable (in the image of the lifting Xo). We do not show that 
a locally generic cuspidal representation of PGSp(2, A) which is stable (X- 
lifts to a cuspidal representation of PGL(4, A)) is generic. 

There is some overlap between our results on the existence of the X- 
lifting and the work of [GRS] which asserts that the weak (i.e., in terms of 
almost all places) lifting establishes a bijection from the set of equivalence 
classes of (irreducible automorphic) cuspidal generic representations of the 
split group S0(2n+11 A), to  the set of representations of PGL(2n, A) of the 
form .rr = I(.rrl,. . . , T,), normalized induction from the standard parabolic 
subgroup of type (2n1, . . . , 2nT), n = nl  + . . . + n,, where .rri are cuspidal 
representations of GL(2ni, A) such that L(S, xi, A', S) has a pole at s = 1 
and .rri # .rrj for all i # j ,  and the partial L-function is defined as a 
product outside a finite set S where all .rri are unramified. Of course we 
are concerned only with the case n = 2, where PGSp(2) 2. SO(5). 

Our characterization of the lifting X is (as in [GRS]) that I(.rrl,.rrz), 
cuspidal representations .rr1 # TZ of PGL(2, A), are in the image; and that 
self contragredient cuspidal representations .rr of PGL(4, A) are in the image 
of the lifting X from PGSp(2, A) (= SO(5, A)) precisely if they are not in 
the image of the lifting X1 from SO(4, A). The cuspidal .rr = X(nH), generic 
TH, are characterized in [GRS] as the .rr 2. ?r such that L(S, T, A', s)-I is 
0 at s = 1. Thus the characterization of the cuspidal image of X here is 
complementary to but different than that of [GRS]. 

However, the methods of [GRS] apply only to generic representations, 
while our methods apply to all representations of PGSp(2). In particular, 
we can define packets, describe their structure, establish multiplicity one 
theorem and rigidity theorem for packets of PGSp(2), specify which mem- 
ber in a packet or a quasi-packet is in the discrete spectrum, and we can 
also A-lift the nongeneric nontempered (at almost all places) packets to 
residual self-contragredient representations of PGL(4, A). Our liftings are 
proven in terms of all places, not only almost all places. In addition we 
establish the lifting X I  from SO(4) to PGL(4), determine its fibers (that 
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is, prove multiplicity one theorem for SO(4) and rigidity in the sense ex- 
plained above), and show that any self-contragredient discrete spectrum 
representation of PGL(4,A) which is not a A-lift from PGSp(2,A) is a 
XI-lift from SO(4, A). 

2j. Orientation 

This work is an analogue for (SO(4), PGSp(2), PGL(4)) of [F3], which 
dealt with (PGL(2), SL(2), PGL(3)), thus with the symmetric square lift- 
ing, and of [F4], which dealt with quadratic basechange for the unitary 
group U(3, E I F ) ,  thus with (U(2, E I F ) ,  U(3, E I F ) ,  GL(3, E)) .  These 
works use the twisted - by transpose-inverse (and the Galois action in the 
unitary groups case) - trace formulae on PGL(4), PGL(3), GL(3, E )  . They 
are based on the fundamental lemma: [F5] in our case, [F3;V] and [F4;I] in 
the other cases. The technique employed in these last works benefited from 
work of Weissauer [W] and Kazhdan [Kl]. The present work, which deals 
with the applications of the fundamental lemma and the trace formula to 
character relations, liftings and the definition of packets, is analogous to 
[F3;IV] and [F4;II]. 

The trace formula identity is proven in [FS;VI] and [F4;III] for all test 
functions. Here we deal only with test functions which have at least three 
elliptic components. The trace formulae identity for a general test function 
has not yet been proven in our case. Perhaps the method of [AC] could be 
used for that, as it has been applied in a general rank case. It would be 
interesting to pursue the elementary techniques of [F3;VI] and [F4;III], and 
[F2;I], which establish the trace formulae identity for basechange for GL(2) 
by elementary means, based on the usage of regular, Iwahori test functions. 
In particular the present work does not develop the trace formula. It only 
uses a form of it. 

Our approach uses the trace formula, developed by Arthur (see [All), 
as envisaged by Langlands e.g. in his work on basechange for GL(2). 

Of course Siegel modular forms have been extensively studied by many 
authors (e.g., Siegel, Maass, Shimura, Andrianov, Freitag, Klingen ...) over 
a long period of time, and several textbooks are available. 

As noted above, an important representation theoretic approach alter- 
native to the trace formula, based on the theta correspondence, Weil rep- 
resentation, Howe's dual reductive pairs, L-functions and converse theo- 
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rems, has been fruitfully developed in our context of the symplectic group 
by Piatetski-Shapiro, Howe, Kudla, Rallis, Ginzburg, Roberts, Schmidt, 
Soudry, and others, see, e.g., [PSI, [KRS], [GRS], [Rb], [Sch]. 

A purely local approach to character computations is developed in [FZ]. 

Our results are used by P.-S. Chan [Ch] to determine the representations 
of GSp(2) which are invariant under twisting by a quadratic character. 

The classification of the automorphic representations of PGSp(2) has 
applications to the decomposition of the &ale cohomology with compact 
supports and twisted coefficients of the Shimura varieties associated with 
GSp(2), see [F7]. Our techniques extend to deal with admissible and au- 
tomorphic representations of GSp(2), but this we do not do here. 

The present part is divided into five chapters: I. Introduction, 11. Basic 
Facts, 111. Trace Formulae, IV. The Lifting A l l  V. The Lifting A. Each is 
divided into sections. Definitions or propositions are numbered together 
in each section. 

3. Conjectural Compatibility 

Our local results are analogous to those of Arthur [A2], who verified them 
in the real case, and are consistent with his conjectures. We shall assume 
in this section, not to be used anywhere else in this work, familiarity with 
[A2], [A3], and briefly highlight some of the definitions and conjectures of 
[A21 in our context, in our notations (H,  Co in place of Arthur's G, H) .  
For brevity we write WF for the Weil group of the local field, but as in 
[A2], 2.1, this group has to be the motivic Galois group of the conjecturally 
Tannakian category of tempered representations of all GL(n)'s in the global 
case, a complex pro-reductive group, or an extension of WF by a connected 
compact group (WF x SU(2, IR) in the p-adic case). 

Thus @(HIP)  denotes the set of g-conjugacy classes of admissible (in 
particular, pr2 04 = idWF) maps 

( b : W F - + L ~ = g ~ ~ ~  ( g = L ~ O ) .  

It  contains the subset @t,,,(H/F) defined using the 4 with bounded 
Irn(pr, 04). Note that for a split adjoint group H over F, 2 is simply 

A ,-. 
connected, and for any semisimple s in H, the centralizer Co = ZH^(s) of 

s in 2 specifies the endoscopic group H uniquely (up to isomorphism). 
A 

Write S4 = S,f = ZE(4(WF)) (centralizer in the connected group H of 
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the image of m), Ẑ  = z ~ ( ~ H )  c I?, and note that S+ = s+/s$Z^ is a 
finite abelian group, conjecturally in duality with the packet II+ to be as- 
sociated with 4 E IItemp(H/F) (this is the case when F = R, see [A2]). 
Arthur [A21 defines a further set Q(H/F)  of g-conjugacy classes of maps 
$ : WF x SL(2, C) 4 L~ such that $JWF E atemp(H/F),  and a map 

which embeds Q(H/F)  in @(H/F).  Each 11, can be viewed as a pair 

(quotient by S#-conjugacy). Then Qtem,(H/F) embeds in 9 ( H / F )  as the 

(4 , l ) .  Put 
S+ = s,H = z g ( $ ( W ~  x SL(2, C))). 

A 

a subgroup of S+,, and there is a surjection S$ = S$/S$Z -n S+, . The 
group S$ is in duality with the quasi-packet II$ conjecturally associated 
with 111. Globally, the quasi-packet II$ contains no discrete spectrum rep- 
resentations of H unless S$ is finite. 

A A 

Let us review the examples of [A2], where H = Sp(2,C) > Co = 

SL(2, C) x SL(2, C) = { (i  i ) } The parameter $ can be described 

by the maps 

(4 = 41 x 4 2 ,  P = PI x pz) : WF x SL(2, C) -+ SL(2, C) x SL(2, C). 

If 4i : WF 4 SL(2, C) are irreducible and inequivalent, p = 1, 

S$ = 212 x 212, S$ = 212. This is a "classical" tempered case, as Im4i 
are bounded. 

If 41 = 42 is irreducible, p = 1, S+, = O(2, C) = S$ (this group consists 

of the diag(g,g*), g* = wtgplw, w = ( y  i ) ,  which commute with (o, ), 
thus gtg = I), S$ = SO(2, C) and S+, = S$ = 212 (= (diag(w, w))). 
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These cases correspond to Xo(7rl x 7r2), where 7r1, 7r2 are in the discrete 
spectrum; a local packet consists of 2 = [2/2] elements. A global packet 
in the second case consists of no discrete spectrum representations since 
S+ = O(2,C) is not finite. In the first case, where 7r2 # 7r1, the packet 
consists of 2" irreducibles, where n is the number of places where both nl 
and n2 are square integrable; half of the members in the packet are in the 
discrete spectrum (one, if n = 0). 

If 41 is irreducible and Im(42) C {f I), and p = 1 x id, we have S+, = 

212 x C X  (= {diag(~, z, z-I, L); z E C X ,  L E {f 1))), S4, = {I), S$ = 

212 x 212, S+ = 2/2. This is the case of Xo(7rl x 4zlz), where 4 z  is a 

character. 
If Im4i c {&I) but 41 # 42, and pi = id, 5'4, = C X  x C X  (= 

{diag(z,t,t-l, z-I); z, t E e x ) ) ,  S+, = {I), S+ = 212 x 212, S+ = 212. 
This is the case of Xo($l12 x 4212), where # 4 2  are characters of 
F ~ / F ~ ~  or A ~ / F ~ A ~ ~ .  

If = 42 with image in {&I), and pi = id, S+, = GL(2,C) (= 
{diag(g, g*); g E GL(2, C))), S4, = {I), S+ = O(2, C), S+ = 212. This is 
the case of Xo(411z x 4112), whose packet contains no discrete spectrum 
representations, and indeed S+ = O(2, @) is not finite. 

In addition we determine that the multiplicity d+ of [A2], p. 28, is one. 

4. Conjectural Rigidity 

This section explains the rigidity theorem for SO(4) via the principle of 
functoriality. It is based on conversations with J.-P. Serre at Singapore. 

4.1 PROPOSITION. Let 771, 772, qi, 77;: WF -' GL(2, @) be (irreducible 
continuous) representations of the Wed group WF of F which are un- 
ramified at almost all places v (so they depend there only on the Frobe- 
nius element) with 71 8 y21WFv Y 71 8 qil W f i  for almost all v and 
with det ql . det 72 = det 7: . det 7;. Then there exists a homomorphism 
x : WF -' C X  such that 7; = xql and q; = X-172, or qh = xq2 and 

q; = x-l71. 

Since the subgroup of WF generated by the Frobenii is dense, we may 
consider instead a group r (instead of W F ) ,  and two representations pi 
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(instead of 771 €4 q2) which are locally conjugate, which means that pl(y) 
is conjugate to p:!(y) for each y in I?, or alternatively that the restrictions 
of pl,  p:! to  any cyclic subgroup are conjugate. We wish to know whether 
they are conjugate as representations. 

We say that a group G over @ has the rigidity-property if for any group I?, 
any two locally conjugate representations pl,  pz : r + G(C) are conjugate. 
Variants are naturally defined (for special r and p). For example, if r 
is finite and G = GL(n), character theory asserts that locally conjugate 
p1, pz : I? + GL(n, C) are conjugate. The group G = GL(n) has the 
rigidity-property for any semisimple continuous representations pl , pz of 
the Weil group. On the other hand, the group PGL(n, C) does not have 
the rigidity-property since it is the dual group of SL(n), for which rigidity 
does not hold. 

In our case we wish to know whether locally conjugate pl,  pz into 
SO(4, C) are conjugate. They are not, but almost are: they are conjugate 
in O(4, C), which is the semidirect product of SO(4,C) with an element 
which maps 771 @ 772 to 772 €4 71. We proceed to explain this via the group 
theoretical notion of fusion control. 

4.2 DEFINITION. Given groups G > H' > H we say that H' controls 
the fusion of H in G if for any sets A, B in H and g in G with gAg-' = B 
there is h in H' with hah-l = gag-' for every a in A, namely h-'g lies in 
the centralizer CG(A) of A in G. 

4.3 EXAMPLE. Let S be an abelian p-Sylow subgroup in a finite group 
G, and N = NG(S) the normalizer of S in G. Then S c N c G and N 
controls the fusion of S in G. 

PROOF. Since S is abelian and A is a subset of S we have that S 
is contained in the centralizer CG(A) of A in G. Hence S is a p-Sylow 
subgroup of CG(A). Now the abelian S commutes with any subset B of 
S, hence g-lSg commutes with gP1Bg = A, and so g-lSg is a p-Sylow 
subgroup of CG(A) for any g in G. Since p-Sylow subgroups are conjugate, 
there is u in CG(A) with g-lSg = USU-'; take h = gu E NG(S). Then 
hah-' = guau-'g-' = gag-' for any a in A. 0 

4.4 EXAMPLE. Let G be an algebraic reductive group, T a maximal 
torus and N = NG(T) the normalizer of T in G. Then T C N c G and N 
controls the fusion of T in G. 
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PROOF. If A is any subset of the abelian T,  we have that T lies in 
the centralizer CG(A) of A in G. Hence T is a maximal torus in CG(A). 
Now T commutes with any of its subsets B ,  hence g-lTg commutes with 
gP1Bg = A, and so gP1Tg is a maximal torus in Cc(A). Since maximal 
tori of a reductive group are conjugate, there exists u in CG(A) such that 
g-lTg = uTu-l. Hence h = gu lies in NG(T) and satisfies huh-' = 

guau-l = gag-' for any a in A. 0 

4.5 PROPOSITION. Let S = tS be a symmetric matrix in GL(n, C).  Put 
g* = Stg-lS-l.  Then the orthogonal group O(S, C) = {g E GL(n, C); g = 

g*) controls its own fusion in GL(n, C).  

PROOF. Suppose that A, B are subsets of O(S,C) and g E GL(n,C) 
satisfies gAg-l = B. For each a in A we have a* = a ,  hence g*ag*-' = 

(gagp1)* = gag-l (as b = b* for b = gag-l). Then c = g-lg* commutes 
with each a in A, and c*-l = StcS-' = Stg*tg-lS-l = g-lStg-l~-l = 

g-lg* = c. Let d be a square root of c, thus c = d2. Using the bino- 
mial expansion u1i2 = Emo ( ! ) (u  - 1)" for a unipotent matrix u and 
(rei~)1/2 = r 1 / ~ e i ~ / 2  (0 < 9 < 27r, r > O), the Jordan decomposition 

c = su = US and diagonalization, we express d as a function f (c) in c, 
where f satisfies f (xyx-l) = x f (y)xV1 and f ( tz )  = f (x). Then 

and h = (gd)* = g*d* = gcd-l = gd satisfies (gd)a(gd)-' = gag-', for all 
a in A. 0 

4.6 COROLLARY. If pi, p2 : r 4 O(S,C) are representations of a 

group r into the orthogonal group O(S, C),  and there is g in GL(n, C) with 
pz = gplg-l, then there is h in O(S, C) with pz = hplh-l. 0 

REMARK. The last Proposition and its Corollary hold (with the same 
proof) for the symplectic group Sp(S, C), defined using S = - tS. 

4.7 PROPOSITION. Let 771, 772, qi,  7;: r -+ GL(2,C) be representations 
of a group r with 771 @I 772 E 77; @I 77; in GL(4, C) and det 71 . det 72 = 

detrl', . det 77;. Then there exists a homomorphism x : r -t C X  such that 
q', = xql and 7; = x-lq2 or 77; = ~ 7 7 2  and 77; = x-'ql. 
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PROOF. The tensor products p = 71 8 772 and p' = 7: 8 77; have images 
in SO(S, C) C O(S, C) where S = 6 J = antidiag(-1, 1,1, - I ) ,  

Hence p and p' are equivalent in O(S,C) = SO(S,C) x (L), where L = 

diag(1, w, 1) acts on a 8 b in SO(S, C) (a, b in GL(2, C), det ab = 1) by 
L : a 8 b H b @  a. So p is equivalent under SO(S, C) to p' or to Lp' = qi 8771, 

and (ql, q2) is equivalent to (xq;, xP1q;) or to (Xq;, X-lq;). The map 
x : r -+ C X  is a homomorphism since so are the qi, q:, i = 1,2. 0 

We also note the following analogue for the group of similitudes. 

4.8 PROPOSITION. If the representations p, p' : r -+ GO(S,@) (of a 
group l' into the group of orthogonal similitudes) are conjugate in GL(n, C) 
(3 S = t S )  and have the same factor X of similitudes, then they are con- 
jugate in O(S, @). 

PROOF. Replacing I' by the 2-fold cover i' = FA X C X  Q@' (fiber product 
ofX: r 4 C X  withCX 4 C X ,  : ZI-, z2), thereisacharacterp: f'-+ C X  
with X = p2: 

F 2 C X  

1 
X 

10 
r - C X  

Then p-lp, p-'p' : p -+ O(S,C) are conjugate in GL(n,C) hence also in 
O(S, C), and so p, p' : i' 4 O(S, C) are conjugate in O(S, C) and they 
factorize via pr:p -+ r. 0 

We can now return to our initial Proposition 4.1. If the irreducible 
continuous representations 771, 772, qi, q; : WF -+ GL(2, C) are unramified 
and satisfy ql 8 q2(F'r,) 2~ 7: 8 77;(Fr,) for almost all places v,  then p = 

771 8 772 and 

are conjugate in GL(4,C) (since the Frobenii are dense in WF and p, 
p' are semisimple). Hence they are conjugate in O(S, C) and there is a 
homomorphism x : WF -+ C X  with qi = xql, 77; = X-1772, or qi = ~ 7 7 2 ,  

q; = x-lq1. 
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Had we known the Principle of Functoriality, namely that discrete spec- 
trum representations .rri of GL(2, A) are parametrized by two dimensional 
representations qi : I? --t GL(2, C) of a suitable Weil group r(= WF), we 
could conclude the rigidity theorem part of our global theorem about the 
lifting XI from C = SO(4) to PGL(4). However, this Principle is known 
only for monomial representations q, = Ind(pi; WEilEi, WEtIF), induced 
from characters pi of WEzlEZ = Akz/E:, where Ei is a quadratic extension 
of F. Thus we get an alternative proof - based only on class field theory 
and the basic group theoretic consideration above - of the special case for 
monomial representations .rri = .rr(pi) stated after that theorem. 

Note that the rigidity property, that any locally conjugate p, : r + 

G(@) are conjugate, holds for G = GL(n), O(n), Sp(n) and G 2 ,  and for 
any connected, simply connected, complex Lie group precisely if it has no 
direct factors of type Bn(n 2 4), Dn(n > 4), En or F4. For this and 
related results see Larsen ([Lar]). 


