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A Drief history of nonstandard finite difference (NSFD) methods is given
along with clarifying remarks related to the views of some others on these
techniques. We also present the basic rules governing the formulation of
NSFD schemes and discuss the concept of dynamic consistency and its
role in the construction of such schemes. A list of some outstanding
problems is given to indicate possible future research directions for the
continued investigation of NSFD for the purpose of numerical integration
of differential equations.

1. General Comments

Nonstandard finite difference (NSFD) methods for the numerical integra-
tion of differential equations had their genesis in a paper published in 1989
[1]. The basic rules to construct such schemes [2] and their application to
specific nonlinear equations appear in a variety of publications [3,4]. In re-
cent years, NSFD discrete models have been constructed and/or tested for
a wide range of nonlinear dynamical systems:

e singular boundary value problems expressed in cylindrical or spher-
ical coordinates [5],

a generalized Nagumo reaction-diffusion model [6],

equations modeling stellar structure [7],

the dynamics of HIV transmission [8],

modified linear heat/diffusion transport problems [9].
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An essentially complete listing and summary of publications using NSFD
methods, up to 2004, is presented in the paper by Patidar [10]. This pa-
per [10] and other published works [3]-[9] provide ample evidence that
NSFD schemes are enjoying a growing applicability as the practical users
of numerical techniques for differential equations become aware of the ad-
vantages and power of these methods. However, there is the view, held by
some individuals [11,12], that the NSFD method depends on “using the
known solution of the differential equation or by ‘ad hoc’ experimentation
...7 [12]. A detailed study and examination of the results produced to date
easily show this interpretation of what has been accomplished using NSFD
methods to be false.

An essential issue, coming from both my work and of others on NSFD
methods, is the realization that each differential equation has to be con-
sidered a “unique” mathematical structure and, consequently, must be dis-
cretely modeled in a unique manner. This is a very important aspect of
NSFD methods and the contributors to this book illustrate this point in
their presented works.

In the next section, we give a brief outline of the basic rules defining
the fundamental techniques that generate NSFD schemes for differential
equations. This is followed, in Section 3, by a similar brief discussion of the
principle of dynamic consistency. Since excellent and extensive published
presentations already exist on these two topics [2,3,13,14], there is no need
to provide full information here on this topic.

2. NSFD Methods: Basic Principles

Detailed studies of so-called exact finite difference schemes [2] form the
foundation of NSFD methods [1,2,15]. The extension and generalization
of these results to special groups of differential equations for which exact
schemes are not available has also provided additional insight into the re-
quired structural properties of NSFD methods [16]. Based on this work, the
following rules for constructing nonstandard schemes follow:
Rule 1. The orders of the discrete derivatives should be equal to the orders
of the corresponding derivatives appearing in the differential equations.
Comment 1. If the orders of the discrete derivatives are larger than those
occurring in the differential equations, then numerical instabilities will in
general occur [2,17].
Rule 2. Discrete representations for derivatives must, in general, have non-
trivial denominator functions.
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Comment 2. Consider the first-order derivative of z(¢) and its discrete ana-
log; its most general form is
d_iC N Tk+1 — w(h)‘rk ’ (1)
dt o(h)
where ¢ and ¢ are functions of the step-size, h = At, and are called,

respectively, the “numerator” and “denominator” functions; t; = hk, and
x(t) — xx; and where the (¢, ¢) have the properties

Y(h) =1+ O(h), #(h) = h+ O(h?). (2)

Note that conventional discrete representation for the first derivative take
¥(h) = 1 and ¢(h) = h [17]. For systems of coupled, first-order, ordinary
differential equations there exists a systematic method for constructing de-
nominator functions [2,16]. Also, unless the “system” has dissipation, the
numerator function is usually equal to one [2].

Rule 3. Nonlinear terms should, in general, be replaced by nonlocal discrete

representations.

Comment 3. The simplest illustration of this requirement is the logistic
equation, i.e.,

i (1 — ). (3)
A straightforward standard discretization gives
“Lh_“”“ = 24(1 — 2). (4)
This equation can be transformed into the logistic difference equation [2]
Zp+1 = Azk (1 — zg), A=1+h (5)

which has periodic and chaotic solutions, and thus cannot be a valid discrete
model for Eq. (3). However, the use of a nonlocal representation for z2, i.e.,

$2 — Tk+1Tk, (6)
gives
X — X
% =2kl — Tp41), (7)
or
1+h

This discrete model gives numerical solutions for Eq. (3) that are qualita-
tively correct for zp > 0 and all h > 0; see Mickens [2].
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Rule 4. Special conditions that hold for either the differential equation
and/or its solutions should also hold for the difference equation model
and/or its solutions.

Comment 4. An example is an ordinary differential equation for which the

substitution, ¢t — —t, leaves the equation invariant. If the discrete model

does not also have this property, then numerical instabilities may occur.

Comment 5. In general, numerical instabilities are solutions to the discrete

equations that do not correspond to any solution of the corresponding dif-

ferential equations.

Definition. A nonstandard finite difference scheme is any discrete represen-

tation of a system of differential equations that is constructed based on the

above rules.

3. Dynamic Consistency

Dynamic consistency (DC) is an important concept that can be used to
guide the construction of valid discrete models for differential equations. DC
is always formulated in terms of particular properties of a system [13,18].
Below, we define DC in terms of ordinary differential equations (DOE);
however, it should be clear that the definition can be easily extended to
partial differential equations (PDE).

Definition
Consider the differential equation
dx
— = t, A 9
= f ), 9)

where \ represents the parameters defining the system modeled by Eq. (9).
Let a finite difference scheme for Eq. (9) be

Tht1 = F(ka, ti, h, )\). (10)

Let the differential equation and/or its solutions have property P. The
discrete model, Eq. (10), is dynamically consistent with Eq. (9), if it and/or
its solutions also has property P.

Comment 6. For many systems in the natural and engineering sciences,
properties of particular importance include [19,20,21]:

e positivity

e boundedness

e monotonicity

e fixed-points and their stability properties
e integer valued dependent variables
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e existence of special solutions (traveling waves, solitons, rational,
etc.)
e limit cycles and other periodic solutions.

A given system might include one or more of these properties or others not
listed. The critical issue is that a valid finite difference model will not exist
unless all of the essential properties of the original differential equations are
incorporated into it. From this viewpoint, it follows that the existence of
numerical instabilities is an indication that some “physical principle” un-
derlying the dynamics of the original system is not included in the discrete
model.

Comment 7. Let, for the same initial conditions, x(¢) and z; be the solu-
tions, respectively, to Eqgs. (9) and (10). If for any time step-size, h > 0, we
have

m(tk) = T, (11)

then Eq. (10) is an exact difference scheme for Eq. (9) [2].
Comment 8. Note that NSFD rule 4, given in the previous section, incor-
porates the principle of DC.

To illustrate the use of DC in the construction of NSFD schemes, con-
sider the decay equation
d
— =X, (0) =, (12)
where A is a positive parameter. Applying the qualitative theory of differen-
tial equations [22], it can be directly shown, even without knowledge of the
explicit solution, that solutions to Eq. (12) have the following properties:
Py — z(t) = 0 is a fixed-point;
P, — given zg # 0, then zoz(t) > 0 for t > 0;
P; — z(t) monotonically decreases in magnitude to zero for any xq # 0.
The standard forward-Euler scheme
w =-Arp or xzp+1 = (1—Ah)xy, (13)
violates P, and Ps if Ah is sufficiently large. Consequently, this scheme is
not DC with Eq. (12). However, the NSFD scheme

Tht1 — Tk 1= e~
¢(h) A
can be easily demonstrated to satisfy Py, P», and Pj for all step-sizes, h > 0.
(This scheme follows directly from the work given in Mickens [16]; see also

— w6 (14)
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Mickens [2].) Thus, the NSFD scheme of Eq. (14) is DC with Eq. (12).
Another interesting feature of this representation is that it is also an exact
finite difference scheme for Eq. (12); see Mickens [2].

The publications [6,7,8,9,13,14,18] provide a wide range of the applica-
tion of the principle of DC to differential equations for which the property
of positivity holds.

4. Some Outstanding Problems

Progress in the creation/construction/understanding of the NSFD set of
procedures requires the investigation of a set of related issues. The following
is a listing of some of the problems for which resolution is needed.

1) Coupled ODE’s having fixed-points that are either linear or nonlinear
centers are very difficult to deal with in an efficient manner [23,24,25]. Such
systems may have several time scales. Also the numerical computed periods
of oscillations can depend on the time step-size [24]. One consequence is
that the integration step-size must be small relative to these scales if the
computed numerical solutions are to give meaningful solutions. Violation
of this restriction will always give “physically meaningless” solutions.

2) To date, essentially all of the NSFD schemes have been studied for
one-space dimension systems. Thus, it is of great importance to see how the
current techniques can be extended to higher space dimension equations.
Preliminary results show that the algebraic work increase rapidly with an
increase in the number of space variables [26,27].

3) To date, little effort has gone into the investigation of implicit
schemes, especially for PDE’s [2]. One way to proceed would be to recon-
sider some of the model linear and nonlinear PDE’s already studied using
explicit methods. A restriction to be placed on these implicit schemes is to
have all the variables, evaluated at the advanced discrete-time level, appear
linearly in the discrete finite difference equations.

4) Cross-diffusion occurs when, in a system of coupled PDE’s the dif-
fusion coefficients depend on variables other than those appearing in the
evolutionary term of a particular equation. Such terms regularly occur in
the dynamics of cancer [28] and the spatial interactions of several popula-
tions [29,30]. An example of such a set of equations is [28]

ou 0 ac ac

=u(l—u)— =— (u=— = = —uc? 1

ot u(l—u) Oz <u 83:) ’ ot ue (15)
where u(z,t) and c(x,t) satisfy a positivity condition, i.e.,

u(z,0) >0, ¢(z,0)>0=u(z,t)>0, c(z,t)>0 fort > 0. (16)
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The second term on the right-side of the “u”-evolution equation is the cross-
diffusion term. The issue to be studied is how to construct NSFD schemes
such that the positivity condition, Eq. (16), holds for the solutions to the
discrete equations.

5) The NSFD schemes to date have been of rather low order accuracy
in the step-sizes. Procedures exist to calculate second-order accurate NSFD
models [27]. However, such efforts so far give schemes that may violate the
positivity condition. This is a fundamental problem whose solution is still
unknown.

6) Finally, it should be mentioned that a firm theoretical basis is needed
to fully understand NSFD methods. Some progress in this direction is being
made by Jean M.-S. Lubuma and his collaborators [31].

Acknowledgements

The results given in this chapter have been supported over the previous sev-
eral decades by research grants from ARO, DOE, NASA, and NITH-MBRS.
I wish to thank a number of collaborators for their stimulating scientific
discussions and research productivity in the area of NSFD methods: Abba
B. Gumel (University of Manitoba), Pedro M. Jordan (NRL, Stennis Space
Center), Kale Oyedeji (Morehouse College), and Sandra A. Rucker (Clark
Atlanta University). I also would like to acknowledge several individuals
who through their work has influenced and helped shape my own current
views of NSFD methods and related issues: Ron Buckmire (Occidental Col-
lege) and Jean M.-S. Lubuma (University of Pretoria).

References

1. R. E. Mickens, “Exact solutions to a finite-difference model of a nonlinear
reaction-advection equation: Implications for numerical analysis,” Numeri-
cal Methods for Partial Differential Equations 5 (1989), 313-325.

2. R. E. Mickens, Nonstandard Finite Difference Models of Differential Equa-
tions (World Scientific, Singapore, 1994).

3. R. E. Mickens (editor), Applications of Nonstandard Finite Difference
Schemes (World Scientific, Singapore, 2000).

4. Special Issues Dedicated to Professor Ronald E. Mickens on the occasion
of his 60th Birthday; Guest Editor, A. B. Gumel, Journal of Difference
Equations and Applications 9 (#11), 989-1056 (2003); 9 (#12), 1059-1112
(2003).

5. R. Buckmire, “Investigations of nonstandard, Mickens-type, finite-difference
schemes for singular boundary value problems in cylindrical or spherical co-

ADVANCES IN THE APPLICATIONS OF NONSTANDARD FINITE DIFFERENCE SCHEMES
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/5884.html



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

R. E. Mickens

ordinates, Numerical Methods for Partial Differential Equations 19 (2003),
380-398.

. Z. Chen, A. B. Gumel, and R. E. Mickens, “Nonstandard discretizations of

the generalized Nagumo reaction-diffusion equation,” Numerical Methods
for Partial Differential Equations 19 (2003), 363-369.

R. E. Mickens, “A non-standard finite difference scheme for the equations
modelling stellar structure,” Journal of Sound and Vibration 265 (2003),
1116-1120.

A. B. Gumel, S. M. Maghadas, and R. E. Mickens, “Effect of a preven-
tive vaccine on the dynamics of the HIV transmission,” Communications in
Nonlinear Science and Numerical Simulation 9 (2004), 649-659.

. R. E. Mickens and P. M. Jordan, “A positivity-preserving nonstandard finite

difference scheme for the damped wave equation,” Numerical Methods for
Partial Differential Equations 20 (2004), 639-649.

K. C. Patidar, “On the use of nonstandard finite difference methods,” Jour-
nal of Difference Equations and Applications (reviewed and accepted for
publication).

R. P. Agarwal, Book review: R. E. Mickens, Nonstandard Finite Difference
Models of Differential Equations, SIAM Review 37 (1995), 459.

C. M. Garcia-Lépez, “Piecewise-linearized and linearized 6-methods for or-
dinary and partial differential equations,” Computers and Mathematics with
Applications 45 (2003), 351-381.

R. E. Mickens, “Dynamic consistency: A fundamental principle for con-
structing nonstandard finite difference for differential equations,” Journal
of Difference Equations and Applications (reviewed and accepted for publi-
cation).

R. E. Mickens, “The role of positivity in the construction of NSFD schemes
for PDE’s,” in D. Schultz et al. (editors), Proceedings of International Con-
ference on Scientific Computing and Mathematical Modeling (University of
Wisconsin-Milwaukee, May 25-27, 2000); pps. 294-307.

R. E. Mickens and A. Smith, “Finite difference models of ordinary differen-
tial equations: Influence of denominator functions,” Journal of the Franklin
Institute 827 (1990), 143-145.

R. E. Mickens, “Finite-difference schemes having the correct linear stability
properties for all finite step-sizes I1,” Dynamic Systems and Applications 1
(1992), 329-340.

F. B. Hildebrand, Finite Difference Equations and Simulations (Prentice-
Hall; Englewood Cliffs, NJ; 1968).

R. E. Mickens, “Discrete models of differential equations: The roles of dy-
namic consistency and positivity,” Journal of Difference Equations and Ap-
plications (reviewed and accepted for publication).

E. S. Oran and J. P. Boris, Numerical Stmulation of Reactive Flow (Elsevier,
New York, 1987).

E. Hairer, C. Lubich, and G. Wanner, Geometric Numerical Integra-
tion: Structure-Preserving Algorithms for Ordinary Differential Equations
(Springer, Berlin, 2002).

ADVANCES IN THE APPLICATIONS OF NONSTANDARD FINITE DIFFERENCE SCHEMES
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/5884.html



21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Nonstandard Finite Difference Methods 9

J. Crank, The Mathematics of Diffusion, 2nd Edition (Clarendon Press,
Oxford, 1975).

R. E. Mickens, Mathematical Methods for the Natural and Engineering Sci-
ences (World Scientific, Singapore, 2004); see sections 4.2 and 4.3.

R. E. Mickens, “A nonstandard finite-difference scheme for the Lotka-
Volterra system,” Journal of Applied Numerical Mathematics 45 (2003),
309-314.

A. B. Gumel and R. E. Mickens, “Numerical study of a nonstandard finite-
difference scheme for the van der Pol equation,” Journal of Sound and Vi-
bration 250 (2002), 955-963.

R. E. Mickens, “Step-size dependence of the period for a forward-Euler
scheme for the van der Pol equation,” Journal of Sound and Vibration 258
(2002), 199-202.

R. E. Mickens, “Exact finite-difference schemes for two-dimensional advec-
tion equations,” Journal of Sound and Vibration 207 (1997), 426-428.

E. H. Twizell, A. B. Gumel, and Q. Cao, “A second-order scheme for the
‘Brusselator’ reaction-diffusion system,” Journal of Mathematical Chemistry
26 (1999), 297-316.

B. P. Marchant, J. Norbury, and A. J. Perumpani, “Traveling shock waves
arising in a model of malignant invasion,” SIAM Journal of Applied Math-
ematics 60 (2000), 463-476.

W.-M. Ni, “Diffusion, cross-diffusion, and their spike-like steady states,”
Notices of the American Mathematical Society 45 (1998), 9-25.

J. D. Murray, Mathematical Biology (Springer-Verlag, Berlin, 1989); see sec-
tion 9.4

R. Anguleov and J. M.-S. Lubuma, “Contributions to the mathematics
of the nonstandard finite difference method and applications,” Numerical
Methods for Partial Differential Equations 17 (2001), 518-543.

R. Anguelov and J.M.-S. Lubuma, “Nonstandard finite difference methods
by nonlocal approximation,” Mathematics and Computer in Simulation 61
(2003), 465-475.

R. Anguelov, P. Kama, and J. M.-S. Lubuma, “On nonstandard finite differ-
ence models of reaction-diffusion equations, Journal of Computational and
Applied Mathematics 175 (2005), 11-29.

ADVANCES IN THE APPLICATIONS OF NONSTANDARD FINITE DIFFERENCE SCHEMES
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/5884.html



