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Chapter 0 

Introduction 

Quantum Mechanics deserves the interest of mathematicians not only be- 
cause it is a very important physical theory, which governs all microphysics, 
i.e. the physical phenomena at  the microscopic scale of lo-' cm., but also 
because it turned out to be at  the root of important developments of mod- 
ern mathematics. 

The first branch of modern mathematics which was strongly influenced 
by Quantum Mechanics is the theory of Algebras of Operators in Hilbert 
Spaces,  the so-called Von Neumann Algebras, whose foundations are due to 
Von Neumann also in connection with his interests in Quantum Mechanics. 
The theory of V o n  N e u m a n n  Algebras, as well as the related theory of C* 
Algebras is now a well developed branch of mathematics [Dixmier (1981), 
(1977); Kadison and Ringrose (1983); Stratila and Zsido' (1979); Takesaki 
(1979); Jorgensen and Muhly (1987); AMS Proc. (1982)]. 

A strictly related topic is the study of the representations of the W e y l  
algebra, equivalently of the unitary representations of the Heisenberg group, 
which is a t  the basis of the canonical formulation of Quantum Mechanics of 
systems with a finite number of degrees of freedom [Putnam (1967); Bratteli 
and Robinson (1981); Folland (1989); Garding and Wightman (1954)]. 

The Schroedinger equation, which governs the time evolution of quan- 
tum systems, has motivated the theory of the Schroedinger Operators and 
the T h e o v  of Scat ter ing,  which are now robust chapters of the theory of 
partial differential equations [Cycon et al. (1987); Eastham and Kalf (1982); 
Graffi (1984); Holten and Jensen (1989); Hislop and Sigal (1996); Amrein et 
al. (1977); Lax and Philips (1989), (1976); La Vita and Marchand (1974); 
Pearson (1988); Perry (1983); Petkov (1989); Sigal (1983); Yafaev (1992)]. 

Finally, it is worthwhile to mention that, under general stability con- 
ditions, the quantum mechanical time evolution allows an analytic con- 
tinuation to purely imaginary time and the so-obtained theories (uniquely 
determined by the real time theories) correspond to stochastic processes. 
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Such a deep relation between Quantum Mechanics and Stochastic Processes 
has been at the origin of important developments in the theory of stochas- 
tic processes like the Feynman-Kac formula, the theory of functional (or 
path) integration etc. [Blanchard et al. (1987); Chung and Williams (1982); 
Glimm and Jaffe (1987); Kac (1980); Roepstorff(l993); Simon (1979)l. 

Along the lines of the deep philosophical changes, which led from Clas- 
sical Mechanics to Quantum Mechanics, quite recently new steps were 
taken in the frontier developments of classical analysis and geometry, giv- 
ing rise to the corresponding non-commutative (or quantum) extensions. 
These new developments were given the names of Quantum Calculus, Non- 
Commutative Integration, Non- Commutative Geometry, Non- Commutative 
Harmonic Analysis, Quantum Probability, etc. Even the discovery of @an- 
tum Groups, a rapidly growing theory, is due to the influence of Quantum 
Mechanics [Araki (1993); Biane (1995); Connes (1992), (1994), (1995); Kas- 
sel (1995); Kirillov (1995); Madore (1995); Manin (1988); Meyer (1992); 
Parthasarathy (1992)]. 

In conclusion, Quantum Mechanics, as a very important physical the- 
ory, was not only a source of concrete and special mathematical problems 
arising in the solution of particular physical problems, but also provided 
a body of general mathematical structures which strongly influenced the 
development of modern mathematics. To better appreciate this role, it 
may be worthwhile to recall the strict relation between the development 
of Mechanics and Mathematics. Indeed, the origin of Calculus or classi- 
cal Analysis can be traced back to Newton and Leibnitz, who discovered a 
mathematical language for the foundations of mechanics. The underlying 
idea is that physical quantities are described by functions of space and time 
(and possibly of additional variables) and therefore the mathematical de- 
scription of observable quantities is related to the theory of functions and 
classical analysis. 

When in the XIX century a major problem of theoretical physics was the 
description of complex systems, with loz3 degrees of freedom, as required 
for the foundations of thermodynamics and statistical mechanics, it became 
clear that new mathematical ideas were needed; one could not reasonably 
think to consider a Cauchy problem for loz3 initial data. This led to aban- 
don the idea that a physical state is described by a point in phase space 
and to rather describe a state as a probability measure on the phase space. 
In this way probability theory and random variables entered in a crucial and 
philosophically important way into the framework of theoretical physics, at 
the basis of Classical Statistical Mechanics. 

The quantum mechanical revolution, which took place in the twenties 
and early thirties, realized that at the microscopic level it is no longer cor- 
rect to pretend that the physical observable quantities are described by an 
abelian algebra of functions or of random variables. The Heisenberg anal- 
ysis of physically realizable experiments on microscopic systems indicated 
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that the measurement of an observable in general limits the precision by 
which another observable can be subsequently measured. The mathemati- 
cal abstraction of this deep physical fact is the realization that the algebra of 
observables is not described by an algebra of functions, but rather by an al- 
gebra of operators in a Hilbert space. As mentioned before, the passage from 
the commutative structure of classical mechanics and/or of classical statis- 
tical mechanics to the non-commutative structure of quantum mechanics 
is the deep and crucial feature shared by the modern non-commutative 
extension of calculus, probability, geometry etc. 

Last but not least, quantum mechanics had a dramatic impact on the 
development of mathematical logic, giving rise to the so-called Q u a n t u m  
Logic : whereas the lattice of propositions of classical logic has the struc- 
ture of a Boolean algebra (equivalently that of a lattice of commutative 
projections), the lattice of quantum propositions is non-boolean and it cor- 
responds to a lattice of non-commutative projections [Birkhoff and Von 
Neumann (1936); Beltrametti and Cassinelli (1981); Cohen (1989); Garden 
(1984); Hooker (1975); Pitowski (1989); R&dei (1998)]. 

The aim of these lectures is to provide at least the flavor of the philosoph- 
ical revolution induced by quantum mechanics concerning the mathemati- 
cal description of physical systems. The lectures are primarily addressed to 
people interested in questions of principle and in the mathematical foun- 
dations of physical theories, also in view of the fertile mutual influence 
between theoretical physics and mathematics. 

In order to make the ideas at the basis of quantum mechanics under- 
standable also to people with a mathematical education but with no great 
familiarity with physics, we will reduce the detailed description of the many 
experimental facts which led to the crisis of classical mechanics to the mini- 
mum and will rather extract and emphasize the overall simple and profound 
message for the mathematical description of quantum systems. 

Once the Heisenberg revolutionary discovery has been accepted, namely 
that there are intrinsic limitations to the precise measurements of physical 
quantities (Heisenberg’s uncertainty relations) leading to the non abelianity 
of the algebra of observables, the whole mathematical structure of Quantum 
Mechanics follows as a theorem (Gelfand-Naimark): the states of a physical 
system are described by vectors of a Hilbert space and the observables by 
Hilbert space operators. Also the Schroedinger formulation of Quantum 
Mechanics in terms of wave functions follows from Von Neumann uniqueness 
theorem on the regular (irreducible) representations of the Weyl algebra. 

Those who will hopefully find the subject sufficiently interesting and 
stimulating are warmly referred to standard textbooks to deepen the math- 
ematical and logical structure of quantum mechanics and to appreciate its 
impact on the description of the physical world [Dirac (1958); Feynman et 
aL(1963); Heisenberg (1930); Jauch (1968); Von Neumann (1955); Mackey 
(1963); Piron (1976); Segal (1963)]. 
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Chapter 1 

Mathematical description 
of a physical system 

1.1 Atomic physics and the crisis of classical 
mechanics 

Quantum mechanics was invented on the basis of very cogent physical rea- 
sons. The large body of physical motivations and experimental facts, which 
are usually regarded as convincing enough by physicists, may appear not 
sufficiently forcing to mathematicians, also in view of the fact that the 
philosophical change involved is rather dramatic. To make the message 
more direct we will only briefly recall the basic experimental facts, which 
led to the crisis of classical mechanics for the description of atomic physics; 
we will rather dwell on the logical consequences of Heisenberg uncertainty 
relations and on the new mathematical structures which follow from them. 

We list some of the most important phenomena in conflict with classical 
physics: 

1) Atomic physics. There is a host of experimental evidence that an atom 
consists of a nucleus, made of neutrons and protons, and of electrons bound 
to it in a sort of planetary system, with the Coulomb potential playing the 
role of the gravitational potential. For example, the hydrogen atom has a 
nucleus made of a proton, of positive charge e, and an electron (of negative 
charge -e); the mass of the proton is about 1800 times the mass of the elec- 
tron me c gr. Such a planetary picture, which on one side is strongly 
supported by experimental data (typically Rutherford's experiment with Q 

particles) leads to the following classical paradoxes: 
i) all atoms have approximately the same dimensions P lo-' cm., whereas 
classically the dimension of the orbit of a planet varies with the energy 

7 
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(which can be arbitrary) 
ii) the atoms are stable and therefore so must be the electron orbits, in- 
compatibly with the laws of electrodynamics, according to which an accel- 
erated charge emits electromagnetic radiation with inevitable energy loss. 
The electron should therefore collapse on the nucleus and a simple calcula- 
tion shows that correspondingly the lifetime of an orbit of dimension lo-' 
cm. should be of lo-'' sec.; in this case the dimensions of an atom would 
rapidly become those of its nucleus, namely of the order of 
iii) the spectrum of the radiation absorbed or emitted by an atom, under 
the influence of external forces, consists of a discrete series of frequencies, 
contrary to the laws of classical physics, according to which the frequency 
v of a planetary motion and therefore the radiation spectrum varies con- 
tinuously with the dimensions of the orbit, for example for a circular orbit 
of radius r 

cm. 

(1.1.1) 

All this suggests that only a discrete set of orbits is allowed, equivalently 
that only a discrete set of frequencies of the electron (periodic) motion are 
allowed (quantization of the electron periodic motion). 

2) Photoelectric effect. If light of short wavelength is sent on a metallic 
surface, electrons are emitted (roughly they gain enough energy to escape 
from being bounded inside the metal). Classically, one would expect that 
the phenomenon is crucially governed by the energy carried by the elec- 
tromagnetic radiation, i.e. by the light intensity. On the contrary, what 
happens is that the crucial quantity is the frequency v of the electromag- 
netic wave; indeed 
i) the electron emission occurs only if v > vo = frequency threshold (which 
depends on the metal), 
ii) the maximum kinetic energy T of the emitted electrons is a function of 
the frequency, 

T 1 CL(V - VO), 

a a positive constant, rather than a function of the intensity of the radiation, 
iii) the effect of the intensity (for fixed frequency v) is only that of increasing 
the number of emitted electrons (not their energy !). 

As argued by Einstein, this suggests that at the microscopic level the 
electromagnetic radiation of frequency v does not carry energy in a con- 
tinuous way, proportional to the radiation intensity, but rather in discrete 
fractions called quanta or photons each with energy 

E = h v ,  (1.1.2) 

where h = 6.6 10-27ergsec is the Planck constant (and with momentum 
p = hv/c),  and that the probability of more than one photon absorption by 
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one electron is depressed. For fixed frequency, the intensity of the radiation 
is proportional to the number of photons carried by it and not to the energy 
of each photon ( q u a n t u m  character of t he  electromagnetic radiat ion) .  In this 
case, this can be interpreted as the evidence for the particle o r  corpuscular 
behaviour of light a t  the microscopic level. 

3) Particle- Wave duality of matter. The above corpuscular behaviour 
of light (related to the way energy is carried by e.m. radiation) does not 
require a corpuscular localization of photons. In fact, in general they are 
not strictly localized in space; they are described by “wave functions” and 
this explains why interference and diffraction phenomena characterize the 
electromagnetic waves (particle-wave duality of pho tons ) .  For example, in 
Bragg’s experiment, if one sends a beam of light of wavelength X on the 
plane surface of a crystal made of lattice planes at distance d,  then, if 0 
is the incidence angle of the light beam on the crystal surface, the optical 
paths of two rays reflected by two lattice planes at distance d differ by 
the amount 2d sin 8. Therefore, one has constructive interference for the 
reflected rays if 2d sin0 = nX, n E N. 

A similar experiment was done by Davisson and Germer replacing the 
light beam by a well focused beam of electrons, all of (approximately) the 
same energy E. The result was a constructive interference if 2d sin8 = 
n h / p ,  where p = is the electron momentum. This indicates a wave 
behaviour of matter with wave length X given by the De Broglie relation 

X = h / p  = h / J 2 m E  (1.1.3) 

(particle-wave duality of m a t t e r ) .  

There are other important experimental facts which played a relevant 
role in the birth of Quantum Mechanics, like the black-body radiation and 
the temperature dependence of the specific heats of gases,  but their discus- 
sion would lead us too far.’ 

The above sketchy account of the experimental facts, which led to the 
crisis of Classical Mechanics, may not provide a convincing evidence for 
the need of radical changes, especially if one is not familiar with the sharp 
constraints of classical physics. The implications of the above experiments 
at the level of general strategies may not appear logically inevitable, but a 
critical analysis would actually show that there is no alternative to changing 
the roots of classical physics.2 Regrettably, we have to omit a detailed 

‘A discussion of the experiments at the basis of quantum mechanics can be found in 
many textbooks, see e.g. A. Messiah, Quantum Mechanics, North-Holland 1961 Vol. I, 
Chaps. 1-111; S-I. Tomonaga, Quantum Mechanics, North-Holland 1962, Vol. I, Chap. 1,2; 
M. Born, Atomic Physics, Blakie 1958, Chap. VIII, Sects. 1-3. 

’See e.g. J.A. Wheeler and W.H. Zurek, Quantum Theory and Measurement, Prince- 
ton University Press, 1983; A. Peres, Quantum Theory: Concepts and Methods, Kluwer 
1993. 
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discussion of these points, also because it would rely on a non-superficial 
mastering of physical arguments. Rather, we will follow the simpler logic 
of showing that the foundations of quantum mechanics can be deduced 
essentially by a single crucial fact, namely the Heisenberg’s realization of the 
uncertainty relations, which affect the measurement of physical quantities 
at the microscopic level. 

To fully appreciate the strength of Heisenberg intuition, we will start by 
a general revisitation of the mathematical structures and ideas underlying 
the foundations of classical mechanics. 

1.2 Mathematical description of classical 
Hamiltonian systems 

In order to realize the roots of the conflict between atomic physics and 
classical physics, we will isolate the basic structure underlying the mathe- 
matical description of a classical mechanical system. 
Kinematics. The configuration or the state of a classical Hamiltonian sys- 
t e m  is (assumed to be) described by a set of canonical variables { q , p } ,  q = 

(q1, ..., q n ) ,  p = ( p i ,  ..., p n ) ,  briefly by a point P = { q , p }  E r = phase space 
manifold. For simplicity, in the following, we will confine our discussion to 
the case in which r is compact. This is, e.g., the case in which the system 
is confined in a bounded region of space and the energy is bounded. 

The physical quantities or observables of the system, clearly include the 
q’s and p’s and their polynomials and therefore, without loss of generality, 
we can consider as observables their sup-norm closure, i.e. (real) continuous 
functions f ( q , p )  E CR(r), (for a further extension see the remark after 
eq. (1.2.3)). 

Every state P determines the values of the observables on that state 
and conversely, by the Stone-Weierstrass and Urysohn theorems, any P E r 
is uniquely determined by the values of all the observables on it (duality 
relation between states and observables). 
Dynamics. The relation between the measurement of an observable f at 
an initial time t o  and at any subsequent time t is given by the time evolution 
of the canonical variables 

The time evolution of the canonical variables is given by the Hamilton 
equations 

. d H  . dH 
q = - - - , p = - -  

dP % ’ 
(1.2.2) 
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where H = H ( q , p )  is the Hamiltonian. Under general conditions (typically 
if gradH is Lipschitz continuous), for any initial data, the above system of 
equations has a unique solution local in time, which can be extended to all 
times under general conditions, e.g. if the surfaces of constant energy are 
compact 3 .  

The mathematical structures involved are the theory of functions (on 
phase space manifolds) and the theory of first order differential equations, 
defined by Hamiltonian flows on phase space manifolds. 

From the above picture of elementary Hamiltonian mechanics one can 
extract the following algebraic structure. 

I. Algebraic properties of the classical observables. The observ- 
able quantities associated to a classical system generate an abelian algebra 
A of real or more generally complex continuous functions on the (com- 
pact) phase space (the product being given by the pointwise composition 
of functions ( f g ) ( x )  = f ( x ) g ( x )  etc.). This algebra has an identity 1 given 
by the function f = 1 and a natural involution or * operation is defined by 
the ordinary complex conjugation, f*(x) = f(z), so that A is a *-algebra 
with ident i ty .  To each element f E A one can assign a norm, 1 1  f 1 1 ,  given 
by the sup-norm 

I1 f l l =  SUP I f(x) I1  (1.2.3) 
X E r  

so that A is a Banach space with respect to this norm. The product is 
continuous with respect to the norm topology since 

I I  f g  11111 f I1 II 9 II (1.2.4) 

and therefore A is a B a n a c h  *-algebra. Finally, the following property holds 
(C*-cond i t ion )  

I I  f*f 1 1 = 1 1  f 1 1 2 .  (1.2.5) 

Technically, an algebra with the above properties is called an abelian C*-  
algebra.' 

11. States as linear functionals. From an operational point of view, 
the identification of the states of a classical system with points of the phase 
space I' relies on the unrealistic idealization, according to which the configu- 
ration of the system is sharply defined by measuring the canonical variables 
(typically positions and velocities) with infinite precision. Clearly, from a 

3For a discussion of the existence theorems see V. Arnold, Ordinary DiBerential 
Equations, Springer 1992, and V. Arnold, Mathematical Methods of Classical Mechanics, 
Springer 1989 

4Such extension is both natural and convenient and in any case completely determined 
by the real subalgebra. 

5For a beautiful account of the theory of abelian C*-algebras see I.M. Gelfand, D.A. 
Raikov and G.E. Shilov, Commutative Normed Rings, Chelsea 1964; see also R.S. Doran 
and V.A. Belfi, Characterization of C*-Algebras, Dekker 1986, esp. Chap. 2. 
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physical point of view it is more sensible to admit that in the preparation 
or detection of a state of a physical system a certain undeterminacy is un- 
avoidable so that the configuration of the system at the initial time to  is 
known within a certain error, which inevitably propagates in time. 

Since a state of the system is characterized by the measurements of the 
observables in that state, it is convenient to recall the operational meaning 
of such a procedure. 

As it is well known, measurements with infinite precision are not possi- 
ble and therefore the standard experimental way of associating a value of 
an observable f to a state w is to perform replicated measurements of f ,  
m y )  ( f ) ,  m e ) ( f ) ,  ..., mP)( f ) ,  on the system in the given state w or more 
generally on replicas of it and to compute the average 

The limit n -+ 00 (whose existence is part of the foundations of experimen- 
tal physics) defines the expectation o f f  on the state w 

(1.2.6) 

as average of the results of measurements off in the state w .  
The coarseness affecting the measurements of f is given by 

(AUf)2  = w ( ( f  - W ( f ) ) 2 ) ,  (1.2.7) 

since it indicates how much the results of measurements o f f  in the given 
state w depart from the average w ( f ) ;  it is also called the mean square 
deviation or the variance of f (relative to w ) .  More generally, all experi- 
mental information on the measurement of an observable f in the state w 
are recorded in the expectations of the polynomials of f .  

This is the way the experimental results are recorded and the operational 
identification of a state of a physical system is therefore given by the set 
of expectation values of its observables. Since the expectation w ( f )  of 
an observable f has the interpretation (and actually corresponds to the 
operational definition) of the average of the results of the measurements of 
f in the given state w ,  it follows that such expectations are linear, i.e. 

and satisfy the positivity condition, namely 

w ( f * f )  2 0, V f  E A. (1.2.9) 
‘Such characterization of the measurements of f is somewhat related to the moment 

problem, for which a bound on the expectations of the polynomials of f is provided 
by the scale bound of the experimental apparatus associated to the measurements o f f  
(such strict relations between observables and apparatuses yielding their measurements 
will be further discussed and exploited in the next section). 
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1.2 Classical Hamiltonian systems 13 

The positivity condition (w((A + B)* ( A  + B ) )  2 0) implies the validity 
of Cauchy-Schwarz' inequality 

Iw(A*B)I 5 w(A*A)'12 w(B*B)l12, VA, B E A, (1.2.10) 

and therefore w ( 1 )  > 0 unless w is the trivial state (w = 0 on A). Thus, 
without loss of generality, given a (non-trivial) state w one may always 
normalize it: w + wno,, = w ( l ) - ' w ,  SO that UnOrm(1) = 1. 

Thus, in conclusion and quite generally, a classical system is defined by 
the abelian C*-algebra A of its observables and a state of a classical system 
is a normalized positive linear functional w on A. A state w on a C*- 
algebra of continuous functions C ( X )  on a compact (Hausdorff) space X is 
automatically continuous and therefore by the Riesz-Markov representation 
theorem it defines a unique (regular Borel) measure pw on X such that 

(1.2.11) 

so that the expectations have a probabilistic interpretation '. Thus, the 
operational characterization of a state of a physical system leads to its 
description by a probability distribution rather than by a point of the phase 
space and the observables get the meaning of random variables. 

The above considerations support the description of observables by con- 
tinuous functions and justify the possible extension of the concept of ob- 
servable to the pointwise limits of continuous functions, almost everywhere 
with respect to pw. 

Clearly, the above general concept of state contains as a very special 
case the definition of state in elementary mechanics; in fact, if pp, is the 
probability measure concentrated on the point PO = { q o , p o } ,  i.e. for any 
measurable set S, pp , (S )  = 1 if PO E S and = 0 otherwise, (namely pp, is 
a Dirac 6 function), then the corresponding state wpo is 

(1.2.12) 

i.e. it is described by the point Po. Such states are also called pure states 
since they cannot be written as convex linear combinations of other states 
(see also the next Sections). Clearly, for a pure state w the variance van- 
ishes, i.e. f takes a sharp value fu in the state w ,  in the sense that all the 
measurements yield the same result, fw = w ( f ) ,  i.e. there is no dispersion 
(such states are also called dispersion free states). 

7A simple discussion is in M. Reed and B. Simon, Methods of Modern Mathematical 
Physics, Academic Press, Vol. I (Functional Analysis), Chap. IV, Sect. 4. 

8For an introduction to the theory of probability and in particular to the con- 
cept of random variable see, e.g. J. Lamperti, Probability, W.A.Benjamin 1966, esp. 
Chap. 1, and H.G. Tucker, A Graduate Course in Probability, Academic Press 1967, 
esp. Chaps. 1,2. 
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For the general states defined above the time evolution can be defined 
by duality in terms of the time evolution of the observables 

The above mathematical description of a state of a classical system 
is not only strongly suggested by operational arguments, concerning the 
measurement of physical quantities, but it is absolutely necessary for the 
mathematical and physical description of complex systems, i.e. when the 
number of degrees of freedom become very large, typically for ther- 
modynamical systems. In this case, it is technically impossible to control 
an initial value problem for such a large number of variables and it is also 
physically unreasonable to measure all of them. Moreover, such idealistic 
description of a complex system is not what is required on physical grounds 
to account for the time evolution of physically realizable measurements. 
Thus, the mathematical and physical description of a complex system in- 
evitably requires new mathematical ideas and structures with respect to 
those of classical analysis, namely the theory of random variables. This was 
indeed the revolutionary step taken by Boltzmann in laying the foundations 
of Classical Statistical Mechanics and in deriving classical thermodynamics 
from the mechanical properties of complex systems. 

111. Algebraic Dynamics. Under general regularity conditions, in the 
concrete case of the canonical realization of a classical system, the time 
evolution { q , p }  4 { q t ,  pt} is continuous in time t E R, with a continu- 
ous dependence on the initial data at time t o  and therefore it defines a 
one-parameter family of continuous invertible mappings ato ,t of C(r) into 
i t ~ e l f , ~  which preserves all the algebraic relations, including the *-operation 
(by eq. (1.2.2) a t ( f g )  = at(f) at(g), at( f*)  = (at(f))*). A linear invert- 
ible mapping of a C*-algebra into itself, which preserves the algebraic re- 
lations is called a *-automorphism (it follows from a general result that 
it necessarily preserves the norm, see e.g. Proposition 2.2.3 in the next 
chapter). 

Quite generally, given an abelian C*-algebra A of observables a time- 
translation invariant (reversible) dynamics, (i.e. one which depends only 
on the difference t - t o ) ,  can be algebraically defined as a one-parameter 
group of *-automorphisms at of A, t E R and by duality one can define a 
one-parameter group of transformations a; of states into states given by 

the case of non regular dynamics, i.e. when the algebra of continuous functions 
on r is not stable under time evolution, one has to identify the observables with a larger 
C*-algebra, than that of the continuous functions on r, in order to guarantee stability 
under time evolution (a necessary requirement for a reasonable physical interpretation). 
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(time evolution of the states). The abstract version of the continuity in 
time is that for any state w , w(a t  ( A ) ) ,  is continuous in time V.4 E d; 
technically at is said to be weakly continuous. 

The recognition of the above mathematical structure at the basis of the 
standard description of classical systems suggests an abstract characteriza- 
tion of a classical (Hamiltonian) system, with no a priori reference to the 
explicit realization in terms of canonical variables, phase space, continuous 
functions on the phase space, etc. In this perspective, since a physical sys- 
tem is described in terms of measurements of its observables, one may take 
the point of view that a classical system is defined by its physical properties, 
i.e. by the algebraic structure of the set of its measurable quantities or ob- 
servables, which generate an abstract abelian C*-algebra A with identity. 
The states of the system being fully characterized by the expectations of 
the observables are described by normalized positive linear functionals on 
d and the dynamics is a one-parameter group of *-automorphisms of A. 

It is important to mention that quite generally, by the Gelfand-Naimark 
representation theorem lo, an (abstract) abelian C*-algebra A (with iden- 
tity) is isometrically isomorphic to the algebra of complex continuous func- 
tions C ( X )  on a compact Hausdorff topological space X ,  where X is in- 
trinsically defined as the Gelfand spectrum of A. 

From the point of view of general philosophy, the picture emerging from 
the Gelfand theory of abelian C*-algebras has far reaching consequences 
and it leads to a rather drastic change of perspective. In the standard 
description of a physical system the geometry comes first: one first specifies 
the coordinate space, (more generally a manifold or a Hausdorff topological 
space), which yields the geometrical description of the system, and then one 
considers the abelian algebra of continuous functions on that space. By the 
Gelfand theory the relation can be completely reversed: one may start from 
the abstract abelian C*-algebra, which in the physical applications may be 
the abstract characterization of the observables, in the sense that it encodes 
the relations between the physical quantities of the system, and then one 
reconstructs the Hausdorff space such that the given C*-algebra can be 
seen as the C*-algebra of continuous functions on it. In this perspective, 
one may say that the algebra comes first, the geometry comes later. The 
total equivalence between the two possible points of view indicates a purely 
algebraic approach to geometry: compact Hausdorff spaces are described 
by abelian C*-algebras with identity, whereas if the algebra does not have 
an identity one has a locally compact Hausdorff space. 

Non-commutative geometry is the structure emerging when the algebra 
is non-commutative. l1 

l°For the convenience of the reader a brief outline of the Gelfand-Naimark theory is 

'l  A.  Connes, Nan Commuta t i ve  Geometry, Academic Press 1994. 
given in Appendix 8. 
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1.3 General mat hemat ical description of a 
physical system 

In this section we argue that the structure of C*-algebra of observables 
and states is the suitable language for the mathematical description of a 
physical system in general (including the atomic systems), with no reference 
to classical mechanics and its standard paradigms. l2 

I. Observables. From an operational point of view, a physical system is 
defined by its physical properties, i.e. by the set 0 of the physical quantities 
(briefly called observables) which can be measured on it and by the relations 
between them. Each observable has to be understood as characterized by 
a concrete physical apparatus yielding its measurements. l3  

For any A E 0 and X E R, one can define the observable XA as the 
observable measured by rescaling the apparatus by A. By similar consider- 
ations one justifies the existence of elementary functions of an observable 
like the powers (with the standard elementary properties): if A E 0, A' 
may be interpreted as the observable associated with squaring the appara- 
tus scale (equivalently by squaring the results of measurements). Similarly, 
one defines the powers A", and their products A" A" = Am+n. It follows 
from this definition that A' is the observable whose results of measure- 
ments always take the value 1, independently of the state on which the 
measurement is done. 

In the same way, one defines a polynomial of A as the observable ob- 
tained by taking as the new apparatus scale the given polynomial function 
of the scale for A.  An element A E 0 is said to be positive if all the results 
of measurements of A are positive numbers. By the operational definition 
of elementary functions of A,  this implies that (and it is actually equivalent 
to) A is of the form A = B2, B E 0. 

11. States. A state w of a physical system is characterized by the results 
of the measurements of the observables in the sense that the average over the 
results of measurements of an observable A ,  when the system is in a state w , 
defines the expectation w ( A )  and the state w is completely characterized by 

I2The C*-algebraic approach to  classical and quantum physics has been pioneered by 
I. Segal, Ann. Math.(2) 48, 930 (1947); Mathematical Problems of Relativistic Physics, 
Am. Math. SOC. 1963; see also P. Jordan, J. Von Neumann and E.P. Wigner, Ann. Math. 
35, 29 (1934) for an early proposal and G.G. Emch, Algebraic Methods in Statistical 
Mechanics and Quantum Field Theory, Wiley-Interscience 1972, esp. Chap. 2, for a 
historical review and a systematic treatment. 

13The possibility that  two distinct experimental apparatuses effectively define the same 
observable will be discussed below. It is convenient t o  deal with dimensionless observ- 
ables, whose measurements are defined as ratios with respect t o  a set of reference mea- 
surements (e.g. of length, mass etc.); such a choice of scale is implicit in each physical 
apparatus. 
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all its expectations w ( A ) ,  when A varies over 0; thus w is a (real) f unc t iona l  
on 0. By the operational definition of w ( A )  it easily follows that w is a 
homogeneous functional 

w ( X A )  = X w ( A )  , b'A E R, (1.3.1) 

and that w (A" + A") = w (A") + w (A"). 
The realization that the only operational way of characterizing a state 

is in terms of its expectations of the observables, requires that two states 
yielding the same expectations must be identified, i.e. 

w l ( A )  = w 2 ( A ) ,  V A  E 0 , (1.3.2) 

must imply w1 = w2, (briefly the observables separate the states). 
On the other hand, if we put at the basis of the mathematical description 

of a physical system the fact that the experimental way of identifying an 
observable is in terms of its expectations on the states, then two observables 
A and B having the same expectations on all the states, w ( A )  = w(B), b'w, 
cannot be distinguished. Such property of the states, of completely charac- 
terizing the observables and their relations, can be viewed as a completeness  
of t h e  states with respect to the observables. This means that the states 
define an equivalence relation, denoted by N ,  between the elements of 0 : 
A - B, if w ( A )  = w(B) for all the physical states w ,  (for example two 
distinct experimental apparatuses may effectively define the same observ- 
able). Two equivalent observables must therefore be identified and in the 
following the set 0 of observables will always denote the corresponding set 
of equivalence classes. 

The definition of the zeroth power of an observable A implies that for 
any physical state w (Ao)  = 1, since all the results of measurements take 
the value 1 and therefore so does their average. Thus, all the zeroth powers 
of observables fall in the same equivalence class which will be called the 
identity and denoted by 1. Clearly, for any state 

w(l) = 1, (1.3.3) 

i.e. a state of a physical system is a normalized func t iona l  on 0. 

existence of a product of 1 with any observable: 
From the existence of products of powers of an observable follows the 

A l =  A A o =  A =  1A. 

As we have also seen in the previous section, a crucial posit ivity property 
must be satisfied by the states. Since the expectation w ( A )  is the average 
over the results of measurements in the state w , it follows that for any state 
w , if A is positive, then 

w ( A )  = w ( B 2 )  2 0, (1.3.4) 
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i.e. w is a normalized positive functional on 0. 
By the completeness property of the states in identifying the observ- 

ables, all the properties of an observable A have to be encoded in its expec- 
tation values and therefore, in particular, the positivity of an observable 
A has to be equivalently described by the positivity of all its expectations, 
w(A) 2 0 for all w. 

111. C*-algebraic structure. Since, as discussed above, an observable 
A is defined in terms of a concrete experimental apparatus, which yields 
the numerical results of measurements in any state, and since each concrete 
experimental apparatus has inevitable limitations implying a scale bound 
independent of the state on which the measurement is performed, the results 
of measurements of A in the various states is a bounded set of numbers, with 
bound related to the scale bound of the associated experimental apparatus. 
To each observable A it is then natural to associate the finite bound 

IlAll = sup Iw(A)I < co. (1.3.5) 
W 

Clearly, by the homogeneity of the states 

IlxAll = 1x1 IIAll, vx E R. (1.3.6) 

Moreover, since the states separate the observables, I IAl I = 0 implies A = 0. 
From the definition of IlAll it follows that 

IlA211 = l1412. (1.3.7) 

In fact, by definition, for any physical state w ,  w(llAll1 f A) 2 0, so that 
llAl11 f A are both positive; then (llAll1 - A) (llAll1 + A) is a positive 
polynomial of A and 

llA112 - w (A2) = w ((IlA111 - A)(IIAII1 + A)) 2 0 ,  v w  ( 1.3.8) 

which implies IJA))2 2 J J A 2 ) ) .  On the other side, the positivity of 

(llAll1 f A)2 = llAII2 + A 2  f 2 IlAllA 

implies that for any state w 

2 IlAll Iw ( 4 1  5 llA112 + w (A2) 5 llA112 + llA211 (1.3.9) 

and therefore llA112 5 llA211. 

The duality relation between observables and states allows to display 
and define linear structures in 0. We have already argued that the sum 
of polynomials of one observable has a well defined operational meaning; 



AN INTRODUCTION TO THE MATHEMATICAL STRUCTURE OF QUANTUM MECHANICS
A Short Course for Mathematicians
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/5908.html

1.3 General mathematical description of a physical system 19 

actually for a larger class of pairs A, B, (e.g. the kinetic and the potential 
energy) the sum can be defined in the sense that there is an observable C 
such that 

w ( C )  =w(A) + w ( B )  - w ( A + B ) ,  Vw (1.3.10) 

and (by the duality relation between states and observables) one may write 
C = A +  B E 0. For arbitrary pairs, A ,  B, the sum defined by the expecta- 
tions (1.3.10) may not correspond to an element of 0 and therefore it leads 
to an extension of 0, (on which the states are positive linear functionals), 
for which the definition of the powers (A+ B)" may not have a direct oper- 
ational meaning. The possibility, adopted in the sequel, of introducing the 
powers of A + B for any pair A, B, with the same algebraic properties of 
the powers of the generating observables and the extension of the states to 
them as positive linear functionals is therefore a non-trivial extrapolation 
over the strict physically motivated structure. The so-obtained extension 
of 0 will still be denoted by 0. 

Clearly, from eqs. (1.3.5), (1.3.10), IIA + BII is well defined and 

IIA+BII L IlAll + 11B11. (1.3.11) 

Thus 1 1  1 1  is a norm on 0, which becomes a pre-Banach space. Technically 
it is convenient to consider the norm completion of 0, so that by a standard 
procedure one gets a real Banach space. 

By definition of the norm, any state of the physical system satisfies 

Iw(A)I i llAll7 (1.3.12) 

i.e. any state is continuous with respect to the topology defined by the 
norm ( n o r m  topology) and therefore it has a unique continuous extension 
to the norm completion of 0, hereafter still denoted by 0. 

The powers of the sum A + B allow to define the following symmetric 
product 

(1.3.13) 
1 
2 

A o B  - - ( ( A + B ) '  - A ' - B ' )  = B O A ,  

which however is not guaranteed to be distributive and associative. 
The so obtained structure is close to that advocated by Jordan, the so- 

called Jordan Algebra, l4 for which no topological structure is assumed, but 
14P. Jordan, Zeit f. Phys. 80, 285 (1933); L.J. Page, Jordan Algebras, in Studies in 

Modern Algebra, A.A. Albert ed., Prentice Hall 1963; N. Jacobson, Structure and Rep- 
resentations of Jordan Algebras, Am. Math. SOC. 1968; H. Upmeier, Jordan Algebras in 
Analysis, Operator theory and Quantum Mechanics, AMS 1980; H. Hanche-Olsen and 
E. Stmmer, Jordan Operator Algebras, Pitman 1984. 
A Jordan algebra is said to  be special if the symmetric product arises from an asso- 
ciative product: A o B = $ ( A B  + BA):  otherwise it is said to  be exceptional. The 
analysis of exceptional Jordan algebras does not seem to have led anywhere for possible 
physical applications (for a general review see A.S. Wightman, Hilbert Sixth Problem: 
Mathematical Treatment of the Axioms of Physics, in Proceedings of Symposia in Pure 
Mathematics, Vol. 28, Am. Math. SOC. 1976). 



AN INTRODUCTION TO THE MATHEMATICAL STRUCTURE OF QUANTUM MECHANICS
A Short Course for Mathematicians
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/5908.html

20 Mathematical description of a physical system 

the symmetric product is assumed to be distributive and weakly associative, 
i.e. 

A ~ ~ ( B ~ A )  = ( A ’ ~ B ) ~ A .  

The structure discussed above is rather close to that advocated by Segal 
for the description of quantum systems (Segal system), l5 for which addi- 
tional continuity properties of the powers are assumed: 
i) The square is continuous in the norm topology, i.e. A, 4 A implies 

A: ---f A’, 
ii) JJA’ - B’)) I max (IlAIl’, llB11’). 

The Segal structure is recovered from the one discussed above under the 
(mild looking) assumption that the symmetric product is homogeneous, i.e. 

(1.3.14) 

and then, by symmetry, also (XA) o B = X(A o B) .  Such a property is 
certainly satisfied when A and B are polynomial functions of the same 
observable C ,  since then a (distributive and associative) product is defined 
and A o B = $ (AB + BA); the extension to the general case looks like a 
reasonable assumption. l6 

Now, homogeneity of the above product implies distributivity, (a prop- 
erty which is not assumed by Segal). In fact, eq. (1.3.13) gives 

A 0 (XB) = X(A o B ) ,  X E R 

( A  + = A2 + B2 + 2Ao B ,  (1.3.15) 

( A  - B)’ = A2 + B2 + 2Ao ( -B)  = A2 +B’ - 2Ao B 

and therefore A o B = : ( ( A  + - ( A  - B)’), as in Segal, and 

1 
A’ + B2 = ,((A + B)’ + ( A  - B ) 2 ) .  (1.3.16) 

L 

Then, by eq. (1.3.15) 

2(A+ B )  0 C - 2Ao C - 2B o C 

= [ ( A  + B + C)2 + A’] + [B2 + C’] - [ ( A  + B)’ + ( A  + C)2] - ( B  + C)’, 
and eq. (1.3.16) applied to the three sums of squares in square brackets 
gives the vanishing of the r.h.s. 

Distributivity of the symmetric product and positivity of the states 
imply 

o 5 w ( ( A  + XB)’) = ( ( A  + X B )  o ( A  + XB))  

= w (A’) + X2w (B’) + ~ X W  (A 0 B), Q X  E R, 
I5I.Segal, Ann. Math.(2), 48, 930 (1947). 
16G.G. Emch, Algebraic Methods in Statistical Mechanics and Quantum Field Theory, 

Wjley-Interscience 1972, pp. 44-47. 
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so that 
Iw (A o B)I 5 w (A2)1/2 w (B2)1/2 ( 1.3.17) 

(1.3.18) 

Now, the continuity properties i) assumed by Segal follow easily. In fact, 
from distributivity one has A: - A2 = (A, + A) o (A, - A) and therefore 

llAl - 41 5 IIAn - All ( I P n  - All + 112AIl), 

which implies i). Equation ii) follows from the positivity of the squares and 
of the states, from the definition of the norm and from eq. (1.3.7), since 
b'a, b E R, la2 - b21 5 max (a2, b2) .  

As shown by Segal, the above structure allows to recover most of the 
mathematical basis for the description of quantum systems, like the concept 
of compatible observables, the joint probability distribution for compatible 
observables etc. However, the mathematical language becomes easier if 
one makes the technical assumption that the so obtained Segal system 
0 can be embedded in a complex extension A generated by complex linear 
combinations of elements of 0, such that 
1) the symmetric product arises from an associative (but not necessarily 
commutative) product in A, i.e. YA, B E 0 

1 
2 

A o B = - ( A B + B A ) ,  

2) a * operation is defined on A with the properties that VA,B E 0, 
X I P  E c 

(XA + p B ) *  = XA + PB, 

(AB)* = BA, 

3) b'A E A, A*A is positive and the states can be extended from 0 to A by 
linearity as linear functionals, with the natural extension of positivity 

w (A*A) 2 0, b'A E A , 

and with the properties 

Positivity, w ((XA + 1 )*(XA + 1))  2 0, implies 

w(A*) = w(A) , I]A*lI = ] ]All ,  VA E A . (1.3.20) 
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The so-obtained extension A has the properties of a C*-algebra with 
identity 1 ,  0 is the subset of *-invariant (also called self-adjoint) elements 
and A is generated by 0.17 

Necessary and sufficient conditions have been given for the existence of 
such an extension, l8 but their physical interpretation is not transparent. 
Honestly, this should be regarded as a technically motivated assumption. 
A Segal system which allows such an extension is called special and excep- 
tional otherwise; so far no one seems to have succeeded in giving an inter- 
esting physical application of exceptional Segal systems, which are actually 
very difficult to construct. In the following discussion, we shall therefore 
assume that the observables generate a special Segal system. 

The arguments discussed in this section do not pretend to prove as a 
mathematical theorem that the general physical requirements on the set of 
observables necessarily lead to a C*-algebraic structure, but they should 
provide sufficient motivations in favor of it. In any case, the above math- 
ematical structure is by far more general than the concrete structure dis- 
cussed in Sect.2 for classical systems. As we shall see, the mathematical 
setting of quantum mechanics can be derived with a very strict logic solely 
from the C*-algebraic structure of the observables and the operational in-  
formation of non-commutativity codified by the Heisenberg uncertainty re- 
lations (Sect. 2.1). In this way one has a (in our opinion better motivated) 
alternative to the Dirac-Von Neumann axiomatic setting, which can actu- 
ally be derived through the GNS theorem 2.2.4, the Gelfand-Naimark the- 
orem 2.3.1 and Von Neumann theorem 3.2.2. For these reasons we adopt 
the following mathematical framework: 

1. A physical system is defined by its C*-algebra A of observables (with 
identity). 

2. The states of the given physical system are identified by the mea- 
surements of the observables, i.e. a state i s  a normalized positive 
linear functional on  A. The set S of physical states separates the 
observables, technically one says that S is full, and conversely the 
observables separate the states. 

In the mathematical literature, given a C*-algebra d, any normalized 
positive linear functional on it is by definition a state; here we allow the 

17For an introduction to  C*-algebras see e.g. M.  Takesaki, Theory of Operator Alge- 
bras, Vol. I, Springer 1979, Chap. I; R.V. Kadison and J.R. Ringrose, Fundamentals of 
the Theory of Operator Algebras, Vol. I, Academic Press 1983, Chap. 4; 0. Bratteli and 
D. W. Robinson, Operator Algebras and Quantum Statistical Mechanics, Vol. I, Springer 
1987, Sects. 2.1- 2 .3 ;  the basic textbook is J. Dixmier, C*-algebras , North-Holland 1977. 
For the convenience of the reader a few basic notions about C'-algebras are presented 
in the Appendices. 

I'D. Lowdenslager, Proc. Amer. Math. SOC. 8, 88 (1957). For physically motivated 
conditions see E.M. Alfsen and F.W. Schultz, Geometry of State Spaces of Operator 
Algbras, Birkhauser 2003. 
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possibility that the set S of states with physical interpretation (briefly called 
physical states) is full but smaller than the set of all the normalized positive 
linear functionals on A. 

Quite generally, given an abstract C*-algebra A,  with identity 1, a 
positive linear functional won A is necessarily continuous with respect to 
the topology of the preassigned norm which makes A a C*-algebra (see 
Appendix C, Proposition 1.6.3): 

I w ( 4  I 5 IIAII w (1). 

Also, w(A) 2 0,Vw implies A = B*B (Proposition 1.6.2). In the above 
presentation, these properties were obtained on the basis of the operational 
definition of states and observables. 

The spectrum a(A)  of an element A E A is the set of all X such that 
A 1  - A does not have a two-sided inverse in A. This is the purely algebraic 
version of the standard definition of spectrum for operators in a Hilbert 
space. An element A is said to be normal if it commutes with its adjoint 
A*. If A is normal and X E o(A),  then there exists at least one positive lin- 
ear functional w such that w(A) = X (see Appendix C). Thus the spectrum 
of a normal element A is a set of possible expectations of A. This implies 
that the set of all positive linear functionals on A separate the normal ele- 
ments of A and therefore all the elements of A,  since any A can be written 
as a complex linear combination of normal elements A = (A + A*)/2 - 
i ( iA - iA*)/2.  
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1.4 Appendix A : C*-algebras 
For the convenience of the reader, in this and in the following Appendices 
we recall a few basic notions about C*-algebras. 

i) a linear associative algebra over the field C of complex numbers, i.e. a 
vector space over C with an associative product linear in both factors, 
ii) a normed space, i.e. a norm I (  ( 1  is defined on A : 

A C*-algebra A is 

(IAl[ 2 0 ,  I(A(( = O  H A = O ,  VAE A , 

IlxAll = 1x1 IlAlll 'dx E c, 
IIA + Bll I 1141 + IIBII, YA,B E A I 

with respect to which the product is continuous: 

IIABII 5 IIAll IlBlll (1.4.1) 

and A is a complete space with respect to the topology defined by the norm 
(thus A is a Banach algebra), 
iii) a *-(Banach) algebra, i.e. there is an involution * : A --t A, 

(A + B)* = A* + B*, (XA)* = XA*, (AB)* = B* A*, (A*)* = A, 

iv) with the property (C*-condition) 

lIA*AII = llA1I2. (1.4.2) 

The C*-condition implies that 

lIA*lI = llAll. (1.4.3) 

In fact, 
llA1I2 = llA*All 5 IIA'II llAll1 

i.e. 1 (A1 1 5 I \A* 11; on the other side, since A = (A*)* , by the same argument 

An element A E A is said to be normal if it commutes with its adjoint 
IIA*lI 5 IlAll. 

A*; in this case the C*-condition implies 

llA211 = llA112. ( 1.4.4) 

In fact, 
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1.4 Appendix A : C*-algebras 25 

where in the second equality the normality of A has been used. 
The above equation further implies that for a normal element A 

IIAmJI = llAll", Vm E N. (1.4.5) 

In fact, by iteration of eq. (1.4.4) one gets 

)IA2kII = IIA112b, Vk E N 

and given m E N, one can find an n such that m + n = 2 k ,  so that 

IlAll" IlAll" = IIAllm+n = IIAm+nII 5 llA"ll llA"ll 5 IIAll" IlAll". 

This means that the inequalities are actually equalities and the above equa- 
tion is proved. 

Given an element A of an algebra A with identity 1, as always assumed, 
its spec t rum cr(A) is defined as the set of all complex numbers X such that 
A - A 1  does not have a (two sided) inverse in A. 

Proposition 1.4.1 (Spectral radius formula) L e t  A be a B a n a c h  alge- 
bra and A E A, t h e n  u(A) i s  a compact n o t  e m p t y  se t  and  

(1.4.6) 

If A is  a (?-algebra and  A is normal ,  t h e n  the  above inequality becomes 
a n  equality. 

Proof. We start by showing that the limit on the r.h.s. exists. For this 
purpose, let 

Clearly, r 5 IIAnlJ1/" 5 IlAll, Vn E N, and therefore 

r = infn,N / ( A  n I (  l/n . 

T 5 lim,,,inf I)Anlll/n. 

Now, let E > 0 and choose m such that IIAmll'/" < T + E .  

n E N ,  3kn E N such that n = knm + l,, 1, E N, 0 5 1, 5 m ; then 
For any 

IIAnljl/" = I I A ~ ~ ~ A ~ - I I ~ ~ ~  5 IIA m 1 1  k n / n  1 1  A 1 1  l n / n  < - (T + ,~)"kn/~llAllln/~. 

By construction mlc,/n = 1, limn-03 ln/n = 0, so that 

lim,,,sup ((A"(/'/" 5 T + 8. 
Since E was arbitrary, one has 

n l / n  lim,,,sup JJAnlJ1/" = li mn-minf IIA 1 1  , 
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26 Mathematical description of a physical system 

i.e. the limit exists. The equality for normal elements of a C*-algebra 
follows trivially from eq. (1.4.5). 

To conclude the proof, we note that the existence of a norm allows an 
extension of the standard analytic calculus to Banach algebras (see e.g. the 
quoted book by Gelfand, Raikov and Shilov); in particular, by the extension 
of the Cauchy-Hadamard theorem of elementary analytic calculus, r-l is 
the radius of convergence of the series 1 + zA + z2A2 + ..., z E C ,  A E A , 
which converges to (1 - zA)-' for IzI < r-l and has a singularity for IzI = 
r- l .  Thus, (pl  - A)-' exists if lpl > r ,  and r = sup,,,(,) 1x1; moreover 
a(A)  is closed because the analyticity domain C / a ( A )  of ( A  - zl)-' is 
open. 

By a similar argument, o ( A )  cannot be empty, otherwise (A1 - A)-' 
would be an entire function in the whole complex X plane, vanishing for 
/X I  --f 03 and therefore zero everywhere, contrary to the existence of A-l 
(implied by a(A)  = 0). 

The above Proposition implies that if all elements, except 0, of a Banach 
algebra A are invertible, then A is isomorphic to the complex numbers; in 
fact, if X E a(A) # 8, then A 1  - A is not invertible and therefore it must 
be 0, i.e. A = A1 (Ge l fund-Mazur  theorem).  

A family F = {A,,a E I }  is said to generate  a (normed) algebra A if 
the polynomials of 3 are dense in A. 

1.5 Appendix B: Abelian C*-algebras 
A C*-algebra A is called abelian or commuta t i ve  if the product is commu- 
tative. 

Definition 1.5.1 A multiplicative linear functional m o n  a c o m m u -  
tat ive  B a n a c h  algebra A i s  a h o m o m o r p h i s m  of A i n t o  C ,  i.e. a mapp ing  
which preserves all t he  algebraic properties: 

m(AB) = m(A)m(B),  m(A + B )  = m(A) + m(B) .  (1.5.1) 

Clearly m(1) = 1, if m $ 0. 

Definition 1.5.2 A l inear subspace I of a n  algebra A is called a left (re- 
spectively right) ideal if it i s  stable u n d e r  left  (resp. right)  multiplication 
by e l emen t s  of A. I i s  proper if it is properly contained in A (I # A), 
and  it i s  maximal if it i s  n o t  properly contained in a proper ideal. 

For commutative algebras left and right ideals coincide and are simply 
called ideals. Clearly, if A has an identity 1, as always assumed, an ideal 
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1.5 Appendix B: Abelian C*-algebras 27 

I is proper iff 1 # I ,  (1 E I + A 1 C I ,  i.e. I = A). Hence, for Banach 
algebras, the closure of a proper ideal I is a proper ideal (if 1 E 7, 3 x  E I ,  
with 111 - zll < 1, x = 1 - (1 - x) is invertible and 2-l z = 1 E I )  and 
therefore maximal ideals are closed and each proper ideal is contained in a 
proper maximal ideal. 

Proposition 1.5.3 For a commutative Banach algebra d there is a one to  
one correspondence between the set C(A) of multiplicative linear functionals 
and proper maximal ideals of A. 

Furthermore, given A E d, X E a(A)  i f f  there exists a multiplicative 
linear functional m E E ( d )  such that m(A) = A. 

Proof. Each m E C(d) defines a proper ideal K = ker(m). Since 
"[A],  [B] E A / K ,  m([A]) = m([B])  implies [A] = [B] ,  it follows that d / K  
is isomorphic to C; it is therefore a field and then it cannot contain any 
proper ideal, since an invertible element A of a commutative Banach algebra 
cannot belong to any proper ideal I (otherwise 1 = AA-l E I ) .  This 
excludes the existence of a maximal proper ideal I properly containing K ,  
because otherwise I /K  would be a proper ideal of AIK; thus K is maximal. 

Conversely, given a maximal proper ideal K of A, A / K  is a Banach 
space (with lI[A]II = infk,K I(A + I c l l ) ,  since K is closed, and actually a 
Banach algebra, since K is an ideal. Furthermore, since K is maximal, A / K  
cannot contain a proper ideal, otherwise its inverse image in A would be a 
proper ideal which properly contains K.  Thus, all elements of d / K ,  except 
0, are invertible, since a non-invertible element A of a commutative Banach 
algebra d belongs to the ideal A A, which does not contain 1 and therefore 
is proper. Hence, by the Gelfand-Mazur theorem, d / K  is isomorphic to C, 
and the homomorphism m : A -+ d / K  + C defines a unique multiplicative 
linear functional with ker(m) = K. 

For the second part of the Proposition, if X E o(A) then A 1  - A is not 
invertible and therefore it belongs to the proper ideal I = ( A 1  - A ) d .  Let J 
be a maximal ideal containing I and mJ  the corresponding multiplicative 
linear functional, then ker(mJ) = J 2 1 so that mJ(X1 - A) = 0, i.e. 
m j ( A )  = A. 

Conversely, if 3m, with m(A) = A, then A 1  - A is not invertible i.e. 
X E a(A) ,  since otherwise 

1 = m ( 1 )  = r n ( ( X 1  - A)(X1 - A)-1) = m(X1 - A)rn((Xl  -A)- ')  = 0. 

Because of the above relation between C(A) and the points of the spec- 
tra of the elements of A , C(d) is called the (Gelfund) spectrum of A. 
Indeed, if d is generated by a single element A, i.e. the linear span of 
the powers of A is dense in A, then E(A) = a(A); in fact, the above 
Proposition, establishes a correspondence between a(A)  and E(d) ,  which 
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is actually one to one since if ml(A) = m2(A), then ml and m2 coincide on 
the polynomials of A and, since the latter are dense, on the whole of d . 

By the spectral radius formula, the above relation between C ( d )  and 
a(A) implies that multiplicative linear functionals are continuous: 

with an equality on the right if A is a (abelian) C*-algebra. 

Proposition 1.5.4 Let A be a C*-algebra (with identity), then any boun- 
ded linear functional m on d, with m(1) = 1 = Ilmll, satisfies 

m(A*) = m(A).  (1.5.2) 

Proof. First we prove that if A = A*, then m(A) is real. Indeed, putting 
m(A) = a  + i b ,  a , b  E R, we have V c  E R 

b2 + c2 + 2bc = Ib + cI2 5 la + i ( b  + c)I2 = Im(A + i c l  )I2 
I JIA + i c l  [ I 2  = (IA*A+ c211 5 llA1I2 + c2 ,  

where the C* condition has been used. The above inequality requires b = 0. 
Now, a generic A E A can be written as a linear combination of self-adjoint 
elements: A = ( A  + A*)/2 - i ( iA - iA*)/2,  so that the result follows by 
linearity. 

If A is a commutative C*-algebra is generated by A and A*, then by 
exploiting the above property of multiplicative linear functionals and the 
general argument for abelian Banach algebras, one has that C(A) = a(A).  
More generally, if A is a commutative C*-algebra generated by (alge- 
braically independent) Al,  A2, ..., A,, A*l ,  ..., A*,, then 

E(d ) = x i  a (Ai ) .  

Theorem 1.5.5 (Gelfund-Naimark characterization of abelian C* -algebras) 
An abelian C*-algebra A (with identity) is isometrically isomorphic to the 
C* -algebra of continuous functions on a compact Hausdorfl topological space, 
which is the Gelfand spectrum of A with the topology induced by  the weak 
* topology. 

Proof. By duality, each A E A defines a function 
Gelfand transform of A, by A(m) = m(A)  and clearly 

on C(A), called the 

( A  + B)(m) = A(m) + B(m), pA(m) = G(m), b'p E C, (1.5.3) 

(AB)(m) = AB(m) = A(m) B(m),  A(m) = (A*)(m) E (A)*(m). (1.5.4) 
- 
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Thus, the functions A, for A E A, form an abelian *-algebra d. By the 
above Proposition, for each m E C(d) ,  m ( A )  is a point of a ( A ) ,  which is 
a closed set, and 

(1.5.5) 

Thus A is isometrically isomorphic to A. 
We shall now show that C(A) is a compact topological space and that 

d = C(C(A)). For this purpose, we note that C(A) is a closed subset of 
the closed unit ball B of the set A* of continuous linear functionals on A. 
Indeed 
i) each m E C ( d )  is a continuous functional since Im(A)I 5 IlAll, and, since 
1 E A and m(1) = 1, 

l b l m  = SUPAEA Im(A)I/IIAII = 1, 

i.e. m E B. 
ii) the weak * topology on A* is defined by the following basic neighbor- 
hoods: given E > 0, A1, ..., A,  E A, the neighborhood of is 

U A ~  ,..., A,( I ;E)  = (1 E A* : IZ(Ai) - T(Ai)l < E ,  i = 1, ..., n}. 

With respect to such a topology A * is a Hausdorff topological space and 
the unit ball B c A * is compact, by the Alaoglu-Banach theoremlg. The 
topology induced on C(A) by the weak * topology is called the Gelfand 
topology and it is the weakest topology under which all the functions A(m) 
are continuous. Clearly, C(A) is a Hausdorff space because the weak * 
topology is Hausdorff. 
iii) it remains to prove that C(A) is a weak * closed set of B. As a matter 
of fact, if m, E C(A) and m, -+ Z in B, then VA, B E A 

m,(AB)  = m,(A)m, (B)  =+ Z(AB) = Z(A) Z(B), 

i.e. Z is multiplicative. 
Finally, since by definition d separates the points of C(d), and it is 

closed by eq. (1.5.5), by the Stone-Weierstrass theorem it is the whole 

Examples. To better grasp the properties of C*-algebras it is instruc- 
tive to work out the following Exercises. 
1. Let X be a compact Hausdorff topological space and C ( X )  the C*- 
algebra of the continuous functions on X. 

C ( C ( 4 ) .  

lgSee e.g. N. Dunford and J.T. Schwartz, Linear Operators. Part I: General Theory, 
Interscience 1958; M. Reed and B. Simon, Methods of Modern Mathematical Physics, 
Academic Press, Vol. 1, p. 115. 
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a. Determine the spectrum a( f )  for f E C ( X )  and show that V F  E C ( C ) ,  

b. Verify explicitly the validity of eq. (1.4.6). 
c. Determine independently the proper maximal ideals of C ( X )  and its 
multiplicative linear functionals; verify Proposition 1.5.3 and that C ( C ( X ) )  
= X .  [Hints: If, given a proper maximal ideal I, Vz E X ,  there is a f z  E I 
such that f z ( x )  # 0, then, by exploiting the compactness of X ,  one could 
construct a never vanishing h E I and hh-' = 1 E I ,  so that I is not 
proper. If the support K of a multiplicative measure p on X (i.e. the small- 
est compact set such that p( f )  = 0, if supp f n K  = @) contains two disjoint 
open sets K1, K2, then 3g E C ( X ) ,  suppg C K2, such that p ( g )  # 0 and 

2. Let M be the set of diagonal n x n matrices. Verify that M is a C*- 
algebra. Determine the spectrum of M E M and the Gelfand spectrum of 
M .  

a ( F ( f ) )  = F ( a ( f ) ) .  

V f  E C ( X ) ,  SUPPf c K1, 0 = = p ( f ) p ( g ) ,  i.e. p ( f )  = 0.1 

1.6 Appendix C: Spectra and states 
We discuss general properties of the states of a C*-algebra A and their 
relation with the spectra of the normal elements of A. 

Proposition 1.6.1 Let A, B be C*-algebras and A c B, then for any A E 
A, the set aA(A) of A E C such that A 1  - A  is not invertible in A coincides 
with 

a(A)  = {A E C : A 1  - A is not invertible in B} .  

Proof. In fact, if ( A 1  -A)-' exists in B, it can be expressed as a convergent 
power series, i.e. it is the norm limit of partial sums each belonging to A, 
so that also ( A 1  - A)-' belongs to A. 

Proposition 1.6.2 Given a normal element A of a C*-algebra A,  then 
any continuous function F = F(A,A*)  of A,A* defines an element of 
A and a ( F )  = F(a(A)) ,  where - denotes the Gelfand transform. 

Proof. Let dA be the abelian algebra generated by A,A* and 1; by 
the Gelfand-Naimark theorem, F defines an element of d A  c A and, 
by the preceding Proposition, a(F)  = OAa(F) = a ( p )  = RangeF = 
F(RangeA) = 6'(a(A)).  

By Proposition 1.6.2 the functional calculus for normal A follows from 
R+ iff A 2 0 and in this case 

2 0 - -  defines All2. Similarly, the decomposition A = A+ - A _ ,  with 
the calculus on functions; e.g. a(A)  

& 2 0, A+A- = 0 yields A = A+ - A _ ,  a(A*) 2 0, A+ A- = 0. 
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The following properties are equivalent and define the set A+ of the 
positive elements, 2o 

1) a(A) C [0, llAIl], 2) A = B2,  B = B*, 3 )  111 - A/IIAll ( 1  5 1, 

4) A = C* C. 
.A+ is a closed convex cone, since 3) is stable under closure and multiplica- 
tion of A by positive numbers, and VA, B ,  with ( (A\ (  = ( \ B ( (  = 1, one has 

Proposition 1.6.3 A linear funct ional  w o n  a C*-algebra A, with identity, 
is positive ifl  1) w is  bounded, 2) ( ( w  ( 1  = w ( 1 ) .  

Pro05 Let w be positive, then by the Cauchy-Schwarz' inequality 

111 - ( A  + B)/211 5 ; (111 -All f 111 - Bll) 5 1. 

Iw (A*B)12 5 w (A'A) w ( B * B ) ,  

which implies 

Thus, to get continuity it suffices to prove that 

Iw(A) l 2  5 w (1) w (A*A). 

w (A*A) I llA112w(l), 

i.e. that for any positive B,  w ( B )  5 llBll w(1). This follows easily from 
the discussion after Proposition 1.6.2, in particular from the equivalent 
definitions of positive elements. In fact, one has that 

IlBlll - B 2 0 

w(B) L I IB l l4) .  

and therefore, by the positivity of w ,  

Conversely, let w be bounded and I (w  1 1  = w (1); it suffices to take w (1 ) = 
1 and consider A with IlAll = 1. By Proposition (1.5.4) w(A* A) is real and 
one has 

11 - w (A*A)I = Iw(1 - A*A)I 5 111 - A*A(I 5 1, 

where the first inequality follows from the continuity of w and the last from 
the positivity of A*A (see the equivalent property 3 above). This requires 
w (A'A) 2 0. 

20Clearly, 1)  H 2) ,  by the existence of A'/'. 1)  + 3 ) ,  since a ( 1  - A/llAll) = 1 - 
fl(A)/l\All C [0, 11 and conversely, IIl-A/I[AII 1 )  5 1 implies a ( l - A / ~ ~ A ~ ~ )  [-I, 11, i.e. 
a(A) C [O,211A11]. For the equivalence 4) H l), one notes that A = a: -a:, a* = A;" 
and ( C a p ) *  ( C a - )  = a-(a: - a:) a- = - a t  E -A+. On the other hand, by writing 
D = Ca-  = a1 f Zaz, ai = a:, one has DD* = -D*D f 2a: + 2a; E A+. Now, if 
X $! a ( D * D )  U { 0 } ,  3E = (D 'D  - X l ) - l  and the identities (DD* - Xl)(DED* - 1) = 
X = (DED*- l ) (DD*-Xl )  implyX $! u(DD*)U{O}  and bysymmetryu(D*D)U{O} = 
a ( D D * )  U (0) ; then, one gets a contradiction, unless a- = 0. 
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Proposition 1.6.4 Let A be a normal element of a C*-algebra A, then 
X E a(A)  i f f  there exists a positive linear functional w on  A such that, for  
any polynomial P ( A ,  A*),  one has w (P(A,  A*))  = P(X, x). 
Prooj Let AA be the abelian algebra generated by A, A* and the identity. 
By Proposition 1.6.1, X E ~ A ( A )  and by Proposition 1.5.3 there exists a 
multiplicative linear functional w A on AA (and therefore WA(1) = l),  such 
that W A ( A )  = A, w A(A*) = and therefore w .(?(A, A*))  = P(X, x). 
Furthermore, w A is positive on AA and therefore, by Proposition 1.6.3, is 
a bounded linear functional with IIw A J I  = w ~ ( 1 )  = 1. Since AA is a closed 
subalgebra of d , by the Hahn-Banach theorem w A has an extension w to 
A with llwll = I I w A ~ ~  = WA(1) = 1 = w(1) .  By Proposition 1.6.3, w is a 
positive linear functional on A and coincides with W A  on d A .  

Conversely, if w (P(A,  A*))  = ?(A, x), then w is a multiplicative linear 
functional on d A  and w(A) = A. Then, by Proposition (1.5.3), X E a(A).  

Proposition 1.6.5 The positive linear functionals on  a C*-algebra A sep- 
arate the elements of A. 

Proof. Let A, B E A, A # B. Then, JIA - BIJ # 0 and, putting A - B = 
A1 +iAz, with Ai = Af,  i = 1,2 ,  one has IJA1II + IIA211 > 0. Without loss 
of generality we consider the first case I(AllI # 0. Then X = IIA11I E a(A1) 
and by the preceding Proposition there exists a state w such that 0 # X = 
w ( A l )  = Re w ( A  - B) .  

Proposition 1.6.6 An element A of a C*-algebra d is positive iff w(A) 2 
0, for  all positive linear functionals w .  

Proof. In fact w(A) 2 0, Vw,  implies w(A - A*) = O,Vw, i.e. A = A*, and 
therefore if X E a(A) ,  3w such that w(A) = A, (see the proof of Proposition 
1.6.4 above) i.e. X 2 0 and a(A) C [0, 11A11]. 

As an immediate consequence of the above Proposition we have 

Positivity allows to introduce a natural ordering of linear functionals: 
given two positive linear functional w 1 ,  w 2 ,  w 1 is said to majorize w 2 ,  

briefly w 1 2 w 2 ,  if w 1 - w 2 is a positive linear functional. 

The functional calculus developed above allows to prove the spectral 
representation of a bounded self-adjoint operator A on a Hilbert space 3-1, 
(the so-called spectral theorem) , which generalizes the standard representa- 
tion of an n x n hermitian matrix M 

n 

M = C X i  Pi, (1.6.1) 
i=l 

where Xi are the eigenvalues of M and Pi are the projections on the cor- 
responding eigenvectors (if X i  = X j ,  Pi and Pj have to be chosen as two 
independent projections on the corresponding two dimensional space). 
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Theorem 1.6.7 For a bounded self-adjoint operator A one can write the 
following spectral representation 

A = s,,,, A d P ( 4 ,  

wi th  d P ( X )  a projection valued measure defined on the  spectrum of A.  

A simple proof of the spectral theorem exploits the construction of pro- 
jection operators P ( A )  which correspond to the characteristic functions of 
intervals A = [a ,  b) a ( A )  (see below for their explicit construction). They 
are characterized by the property of projecting on the subspace 'HA 2 1-I ,  
such that the corresponding expectations of A are in A ;  thus 

a P ( A )  5 A P ( A )  5 bP(A) .  (1.6.2) 

Clearly, A P ( A )  = 0 if A n a ( A )  = 0, and if UiAi = .(A), Ai  n Aj = 0, for 
i # j ,  then 

P(UAi)  = C P ( A i )  = 1. (1.6.3) 

NOW, if I/k E [ A k ,  p k )  3 Ak, 6 ? maxlpk - Akl, and UAk 1 a ( A )  one has 
from eq. (1.6.2) 

k k k 

and 

k 

i.e. the Riemann sums E v k P ( & )  converge to A as 6 4 0. Thus, as in 
the ordinary case, one may introduce the operator valued integral 

( 1.6.4) 

which gives the spectral representation of A in terms of the projection 
valued measure d P (  A). 

The existence of the projections P ( A )  can be argued by explicit con- 
struction. Since A2 2 0, by the remark after Proposition 1.6.2, one may 
define the positive square root @ and A - @I 0 .  The projection P+ 
on the subspace 1-I+ = {x E 7-l; ( A  - @)z = 0) has the meaning of the 
projection on the subspace on which the expectations of A are positive, i.e. 
AP+ = A+ > 0. Clearly 1 - P+ projects on the subspace on which the ex- 
pectations of A are negative. B y  the same reasoning applied to the operator 
Ax = A - A 1  one defines the projection P+(A), (corresponding to the sub- 
space on which A > A), and finally for A = [A, p) ,  P ( A )  = P+(X) - P+(p) 
is the required projection. 
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A more elegant and compact proof of the spectral theorem can be ob- 
tained by exploiting the functional calculus and Proposition 1.6.2. 

First, if A is a self-adjoint (more generally a normal) element of a 
C*-algebra A, a possible realization of the Gelfand isomorphism d A  4 

C(C(dA)) = C(a(A))  is given by a(X) = A, @(A)  = F(X) ,  for any contin- 
uous function F .  In fact, in this way one realizes an isometric isomorphism 
between the polynomial *-algebra generated by A and the *-algebra of poly- 
nomials on C(u(A))  and by continuity such an isomorphism extends to the 
continuous functions on C(a(A)) .  

The second step is to note that a vector x E 3-1 defines a positive linear 
functional (2 ,  F(A)  x) on the the algebra of continuous functions F of A, 
and therefore a positive linear functional on C(a(A)) .  Then, by the Riesz- 
Markov theorem there exists a (unique) regular Borel measure pz such that 

(1.6.5) 

By the polarization identity 

1 
4 (x, AY) = -[(. + Y, A(. + 9 ) )  - (x - Y1 A(. - Y)) 

- i ( ~  + ZY, A(x  + i y ) )  + i ( ~  - iy, A(x  - i ~ ) ) ]  (1.6.6) 

also (x, F(A)y)  is a continuous linear functional on C(a(A))  and therefore 
expressible in terms of a complex measure pzy on C(a(A))  

( 2 ,  F(A)Y) = J,,,, F(X)  dCLzdX). (1.6.7) 

Such a spectral representation allows to extend the Gelfand Naimark iso- 
morphism F(A)  4 F(X) from the continuous functions of A to the bounded 
Borel functions B,  by putting 

(x1 B(A)Y) = (1.6.8) 

In fact, the r.h.s. is a continuous sesquilinear form on 'FI and by the Riesz 
lemma identifies a unique operator B. 

In particular, if x(A) denotes the characteristic function of the Borel set 
A, the corresponding operator P(A) (called a spectral projection) satisfies 

i) (projection) P(A)  = P(A)*, P(A,) P(Aj)  = P(Ak n Aj) 
ii) P(0)  = 0, P(c (A) )  = 1 
iii) (0-additivity) If Aj n A, = 0, V j  # k 

N 
P(UA,) = s - lim z P ( A , ) .  

N-+W 
k=l  
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Such a system of projections is called a partition of unity, since if UA, = 

a(A),  Aj f l  Ak = a-additivity gives 

k 

Now, for any fixed z E 'FI, the expectation pz(A) = (z ,P(A)z)  defines 
a measure on the Bore1 sets of a(A) and by a standard measure theoretical 
argument 

r 
(1.6.9) 

where d(z ,  P(X)z) denotes the integration with respect to 1,. Riesz lemma 
then gives the spectral representation of F ( A )  and, in particular, 

(1.6.10) 

where dP(X)  is the projection valued measure defined by the family of 
projections P(A) .  

As a simple application we have obtain Stone's theorem 

Theorem 1.6.8 A bounded self-adjoint operator A defines a one-para- 
meter group of strongly continuous unitary operators U ( t ) ,  t E R, of which 
A is the generator in the sense that 

strong- lim t-' ( U ( t )  - 1) = i A.  (1.6.11) 
t-0 

Proof. The unitary group U ( t )  is defined by the spectral integral 

U ( t )  = e i A t  = lo(,) eiXtdP(X),  (1.6.12) 

with dP(X) the spectral measure defined by A. The group law and unitarity 
follow from the Gelfand isomorphism and the spectral representation. 

The strong continuity and eq. (1.6.11) follows from the dominated con- 
vergence theorem respectively applied the the sequence f t ( X )  = -1 + 
exp ( i X  t )  which converges pointwise to zero, for t ---f 0, and it is domi- 
nated by 2 and to the sequence Aft = t-l (exp (iX t )  - 1) which converges 
pointwise to i X and it is dominated by 1x1, for t --$ 0. 




