Chapter 1

Risk Models and Ruin Theory

Three particular questions of interest in classical ruin theory are (a) the time
of ruin, (b) the deficit at ruin, and (c) the surplus immediately before ruin.
From a mathematical point of view, a crucial role is played by the amounts
of surplus before and after ruin. In this chapter we mainly present the major
results about ruin probabilities, the distribution of surplus before and after
ruin for a compound Poisson model with a constant premium rate and a
constant interest rate. The compound Poisson risk process with a constant
interest force is an interesting stochastic model in risk theory and it provides
a basic understanding about how investments will affect the ruin probability
and related ruin functions. At first, we provide some results on the severity
of rain for a compound Poisson model with a constant interest rate. Then,
we investigate the distribution of surplus process immediately before ruin in
particular. Equations satisfied by the distributions of surplus immediately
before ruin and their Laplace transform are given. Some special cases are
also discussed and Lundberg type bounds are presented. Next, by using
the techniques of [Kalashnikov and Konstantinides(2000)] and a formula
obtained by [Yang and Zhang (2001a)], we give asymptotic formulas of the
low and upper bounds for the distribution of the surplus immediately after
ruin under subexponential claims. Finally, a class of risk processes in which
claims occur as a renewal process is studied. A clear expression for Laplace
transform of the finite time ruin probability time is well given when the
claim amount distribution is a mixed exponential. As its consequence, a
well-known result about ultimate ruin probability in the classical risk model
is obtained. All results in Sections 1 and 2 of this chapter are from [Yang
and Zhang (2001a)] and [Yang and Zhang (2001b)]. The main results in
Sections 3 and 4 are from [Wang et. al. (2004)] and [Wang and Liu(2002)].
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1.1 On the Distribution of Surplus Immediately after Ruin
under Interest Force

In this section, we consider the problem of the severity of ruin for a com-
pound Poisson model with a constant interest rate. By using the techniques
of [Sundt and Teugels (1995)], equations satisfied by the distributions of
surplus immediately after ruin have been obtained. Some special cases are
also discussed. Some results on the severity of ruin given in this section are
similar to those in [Sundt and Teugels (1995)] on ruin probability.

1.1.1 The Risk Model

We use the same mode] as in [Sundt and Teugels (1995)]. Let Us(t) denote
the value of the reserve at time t. Us(t) is given by

dUs(t) = pdt + Us(t) 6 dt — dX (t),

where p is a constant which denotes the premium rate that the insurance
company receives and ¢ is the interest force,

N(t)

X®)=3 Y,

where N (t) denotes the number of claims occurring in an insurance portfolio
in the time interval (0,¢] and Y; denotes the amount of the ith claim. We
assume that {N(t),t > 0} is a homogeneous Poisson process with intensity
A, and N(t) and Y; are two independent processes. We further assume that
Y; j =1,2,..) are positive and mutually independent and {Y;} is an
identically distributed random sequence with common distribution F. We
also assume that F(0) = 0 and py = [, z*dF(z). When k = 1, we denote
H=p1.
It follows from [Sundt and Teugels (1995)] that

¢
Us(t) = ue’ —+—p§%|6) - / VX (v)
0

where u = U(0) > 0 and

t t, if §=0
_(5)__ Sv - t, 1]
% "/Oe v {655—1,& §>0.

For convenience, we will drop the index § when the force of interest is zero.
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Let 15(u) denote the ultimate ruin probability with initial reserve u.
That is

s (u) = P{ UWs() <0) | Us(0) = u}.
20
We use v5(u) = 1 — ¥s(u) to denote the non-ruin probability (i.e. the
probability that ruin never occurs).
It follows immediately from [Sundt and Teugels (1995)] that the integral
equation is satisfied

Bs(u) = Lo 3s(0) + = [ sl — ) {5+ 21— F) b (1)

Next, we are interested in the function Gs(u,y), representing the prob-
ability of ruin beginning with initial reserve u and that the deficit at the
time of ruin is less than y > 0.

Gs(u,y) = Pr (T < o0, —y < Us(T) < 0|Us(0) = u),
where T is the ruin time defined by
T =inf{t > 0: Us(t) < 0}.
It is easy to see that ¥5(u) = y_ljrfoo Gs(u,y).
For notational convenience, we define

G5(“7 y) = 1/)6(1") - GJ(’UH y)
= P(T < 00,Us(T) < -y |Us(0) = ) ,

Gs (u,y) = 1 — Gs(u,y).

1.1.2 Equations for &__;'5 (u,y)
1.1.2.1 Integral Equations for Gs (u,y), Gs(u,y) and Gs(u,y)

In this subsection, we will try to obtain integral equations for Gs (u,y),
Gs(u,y) and Gs(u,y). Using the renewal property of the surplus process,
an integral equation, satisfied by the function which we are interested in, can
be obtained. This is a commonly used technique in risk theory. Although
we cannot, in general, solve the integral equation, some asymptotic results
can often be obtained by using the integral equation. The main result of
this subsection is given in the following theorem.
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Theorem 1.1

= 1 u _
Gs (wy) = = 7 Gs O)+ 57 | s wm )5 +70 - P
+p+ — /O y(F(z)—F(u+z))dz, (12)
Gaus) = ~L-Gs(0.) + 1 [ Gatu— 2,6+ A1 - Fla))lds
p+5u/ (1- F(2))dz - +5u/ (F(z)~ Fu+2)dz,  (1.3)
Gg(u,y):pféu / Gs(u — 2,9)[6 + A(1 — F(2))]dz
= /0 (F(2) = Fu+ 2))dz. (1.4)

Proof. The proof goes along the lines of page 10 of [Sundt and Teugels
(1995)]. We only present the main steps of the proof. Notice that, given
the first claim time T = ¢ and the first claim amount Y; = z, the reserve
just after the first claim is ue® + p - =1 _ . Therefore

= = 5T ST —1
Gs (u,y) = E[Gs (ue”™ +p——s— ~11,9)]
+oo — 5 e&t -1
=/ )\e"\t/ . Gs (ue’ +p 5 - 2,Y)
0 (0,ue5t+pe——5—1+y)
dF(z)dt
» fT° A 5ty =
=Np+du [ s [ G (6 - 2 iF s
u 0

where the last equality is obtained by using the substitution

edt—1
)

s=ue’ +p

By taking partial derivative of the above expression with respect to u,
and rearrange the terms, we have

(p+ 6'u,)i

= = uty —
5u G (u,y) = A Gs (u,y) — )\/0 Gs (u—2,y)dF(z). (1.5)
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By integrating both sides of (1.5) from 0 to u, we have that the left hand
side of (1.5) equals

(o-+ 6% G () = Gs (0) =5 | G ()
0
and the right hand side of (1.5) equals

)\/ G5 v, y)dv + )\/ /v+y Gs (v—2,9)d(1—- F(z))dv. (1.6)

After some calculation and rearrangement of the terms, the second term of
the right hand side of (1.6) equals

—/\/ Gs ( vydv+/\/ (1-F G Gs (u— z,y)dz
o [ G5 (co)(F() - Fu+ 2)dz.

0

So we have

(546 s () ~p Gs (0.1) =3 | " Gs (0, y)dv

= A/ 5’5 (v, y)dv — /\/ 55 (v,y)dv
0 0]

+A Oy Gs (—2,9)(F(2) — F(u + 2))de.

Therefore,
Gs (u,y) = p—f5u Gs (0,7)
s /Ou Gs (u—2,9) (6 + A(1 — F(2)))dz
s [1 G (o) - Flut )i

By the definition of G5 (u, ), we know that

E(S (_z’y) =1 forall z¢ (an)

Based on this, we obtain Equation (1.2). Equations (1.3) and (1.4) can be
obtained from Equations (1.1) and (1.2). O
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1.1.2.2 The Case 6 =0
Denote the equilibrium distribution of F' by F1, which is defined by

1 i
Fi(x) = —/ (1~ F(v))dv.
L Jo
Let vy = fooo z®d Fi(x) be the moments of the equilibrium distribution.

From [Sundt and Teugels (1995)], we know that

1 peny
E+1 pu -

Suppose the Laplace transforms of F} are given by

Vg =

+oo
b(s) = /O e~ 4dF} (1) = do(s),

dy(s) = /y+°° e " dFy (u).

The following result generalizes the asymptotic result for the probability of
ruin, as given in [Grandell (1991)], to the case where the severity of ruin is
taken into account.

Theorem 1.2 Assume that the net profit condition Ap < p is true and
that there exists a positive constant R, called adjustment coefficient, such
that

A [T R2(1 — F(2))dz =
5/0 e (1 — F(z))dz = 1. (1.7)

Then, for u — +oo we have that
1—e Ry [T 2eR2(1 — F(2))dz — 2L F1(y)
¥R -]

Proof. The proof here is similar to that in [Grandell (1991)] for the ruin
probability case. When § = 0, (1.4) becomes

G(u,y) ~ e B (1.8)

A U
G(u,y) = G(0,y) + p /0 G(u — z,9)(1 — F(2))dz

£\ Y
+—/ (F(2) — F(u+ 2))dz. (1.9)

D Jo
Since f+°° A1 — F(2))dz = ’\p = m < 1, equation (1.9) is a defective

renewal equation. From equation (1.7), we know that >‘ ef?(1 — F(2)) is
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the density of a proper probability distribution. Multiplication of (1.9) by
efi* yields

u )\ Rz
G u,y) = €PG(0,y) + / Gl — 2,)e™* 2 (1 = F(2))ds
1]

éeRuy z)— Fu+z))dz
w5 [0~ Flut )z,

which is a proper renewal equation. From the key renewal theorem, it
follows that

lim eR“G(u,y) = c(y)

where
+o0 y
aly) = /0 (CRUG(O, y)+ %eR“/O (F(z) — F(u+ z))dz)du,
(1.10)
= é +OozeRz — F(z))dz
a@) =5 [ re0-FEE
A1,
=5 7 (=¢'(=R) —p/X). (1.11)

From [Willmot and Lin (1998)], we know that

G(0,y) = %Fl(y) = %/Oy(l — F(2))dz.

Plugging this expression of G(0,y) into (1.10), we have
+o0 Y
aly) = / ieRu (/ (1-F(u+ z))dz)du
0 p 0
+o00 )\ z Yy A z
—/ eR“(l ——F(z))dudz+/ —/ e (1 — F(2))dudz
Yy p z—Yy o PJo

+oo

From this and (1.11), we obtain (1.8). 0

Remark 1.1 Theorem 1.2 shows that G(u,y) converges to zero at an
exponential rate when the initial surplus becomes large. This is the same
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as in the case for ruin probability. If we let y — +o0, we have, for u
sufficiently large,

1— 2
P

Jm G(u,y) = P(u) ~ A(-¢/(—R) — 2) o

This gives the same result as in [Grandell (1991)].

Remark 1.2 Following [Sundt and Teugels (1995)], if we introduce the
auziliary distribution

5 u, - G 07

Bs(u,y) = G L8l Cs Ooy)
1-Gs (07y)

the integral equation satisfied by Bs can be obtained from (1.2). Following

the exact same steps as those in [Sundt and Teugels (1995)], we can obtain
a solution for the Laplace transform of Bs.

Remark 1.3 Similar to [Sundt and Teugels (1995)], we can also obtain
the following expression for Gs (0,9):

+oo . .
Gs (0,y) =1— )\,u,(p/ s (P—)\u¢(6w))dwdz)
0

+oo
( / e5zy¢y(5z)e—fcf(P—W(‘Sw))dwdz). (1.12)
0

1.1.3 Upper and Lower Bounds for G5(0,y)

Equation (1.12) provides an expression for G5 (0,y). However, the ex-
pression is complex and difficult to compute. Similar to the case of ruin
probability, in many situations, we do not need the exact value of G5 (0, y).
An upper or lower (or both) bound will be sufficient. In this subsection,
we provide both upper and lower bounds for G5(0,y). The main result of
this subsection is the following theorem.

Theorem 1.3
_ A vis v o2
P 1(p—/\u)[ m(l_Fl(y)'i' )\w/lﬂ)R(ﬂ) -3 ]

T o- )[R py 5]
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where R(a) is the well known Mills’ ratio, that is
R(a) = eT/ e” zdx
«

and o = L ¢,(0) = ["C zdFi(zx) = v -

A/J, 14} ’ Yy
Proof. Put

-+00
A =1 +/ Aug(8z)elo Pue(dw)=p)dwg,
0

p
p— A’

+o0
<1 +/ Apelo Qu—pdw g, —
0

where the inequality holds because ¢(s) is a strictly decreasing convex func-
tion. On the other hand,

+oo
A =p / o S (=-Dud(w))dw g,
0

+o0 “+o0 _(za%f%’#_l )? a2
21)/ eJo Qu(l—viéw)—p)dw 5, =p/ e T . e Bt g,
0 0
Using the substitution

— P
x_z V16A[.L — z

+ a,
j_1_ f_1
v1édip Apdry
we have
A /+°° 2 a 1 p [1 a2/+°° 2
2 e 2 -e2 . —dr = ez e 2 dx
1=P a Apdvy P Apdy o

=p - R(c).

Audvy
St R(a) < 4y < —P
p /\“51/1 @) % l\p_)\ﬂ-

+00
Ay = / BV, (28)eds CnoBw) Py,
0

“+o00 +o0 1-F (y)
< dF' Cu=pzgy = - 715
/0 (/0 1y +5))e =S,

Therefore,

Put
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where the inequality holds because ¢,(s) is a strictly decreasing convex
function. On the other hand,

+o0
Ay = / 37, (28)eli Oneow)—p)dug,
0

+o0 2
> / %7 (1 — Fi(y) — v128)e 1 T —patiuz g,
0

-y

+oo —Ap—dy)?
= / (1 - Fi(y) —vi2d)e S ST

0

Using the substitution
p—Au—&y
= e g PMOY
/1 ’ 1/ 1/15/\/,L '
vi6Ap

we have

+00 vid  (p—Au—8y)v | _a2

Ay > / 1-F -z e 7
2> [ |0 RE)-ey o
82 1
T d
€’ 1/16)\# v
2
1 vio 1 g2
> 1-—F; == ——e72

V10l 1(v) + 5 )\;u/1> 8) Ay

Note that

/ xe_szS/ rze zdr=1
8 0

holds for all real 5. Therefore, we have

[1 /_% w g 1- Fi(y)
V10U ( ~hy)+6 ) B - )\uu Sz < p—At

From these inequalities and (1.12), we can obtain an inequality for Gs (0,)-
Using G5(0,y) = 1- Gs (0,9), (1.13) can be obtained. O
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Remark 1.4 Same as in [Sundt and Teugels (1995)], we can ezpand
G5(0,y) as a McLaurin series with respect to variable 5. We have

1-F _[t® dF (s
G5(0,5) = %u_ﬂ(ym%.y( 2)_ A{i’)z dFi(s)
+0(6). (114

Remark 1.5 Similar to [Sundt and Teugels (1995)], we can obtain a
Lundberg type upper bound for 1 — Bs(u,y), where Bs(u,y) is given in
Remark 1.2 of Subsection 1.1.2.

Remark 1.6 As remarked in Subsection 1.1.2 (Remark 1.2), we can ob-
tain an expression for the Laplace transform of Bs(u,y). If we assume that
the claim random variables are exponentially distributed, similar to [Sundt
and Teugels (1995)], we can obtain an expression for Bs(u,y) by inverting
its Laplace transform.

1.2 On the Distribution of Surplus Immediately before
Ruin under Interest Force

In last section, the distribution of surplus immediately after ruin, denoted
by Gs(u,z), was studied. In this section, we consider another interesting
function, Bs{u,y), which denotes the probability that ruin occurs beginning
with the initial reserve u and that the surplus immediately prior to ruin is
less than y, i.e.

Bs(u,y) = P(T < +00,0 < U(T-) < y|U(0) = u)
= P5(u) — P(T < 400, U(T-) > ylU(0) =), (1.15)

where T is the ruin time. Clearly,
lim Bgs(u Yy)= ll) u).
y 1 5( ’ ) 5( )

Equations satisfied by the distributions of surplus immediately before ruin
and their Laplace transform have been obtained. Some special cases are
also discussed and Lundberg type bounds are presented in this section.
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1.2.1 Egquations for Bs(u,y)
1.2.1.1 Integral Equations for Bs(u,y)
Theorem 1.4

Bau,9) = - LoBo0.) + — = [ Batu—5,0)[5+ M1 - F(2)] a:
p-I:\5 [I(u<y)/ (1—F(v))dv—i—(l—I(ugy))/oy(l—F(v))dv],(1.16)
where

I _JLdfuzy
(w24} = 1 0, otherwise

18 an indicator function.
Proof. We condition on the first claim time 77 and the amount of the

first claim Y7. Given that T} = ¢ and Y, = z, the reserve just before the
occurrence of the claim is ue®t + p - g1 _1 . Then,

1

]

-1
Bs(u, By (ue™ + p- - Y1) |1

5T
(uesT1L4p. e__;_—l <)

STt — 1]

Yy <ue™ +p.

]

[st( 5T1+p 1_1—Y1,y) 5

e’ —1
P I:Yl < ’u,e‘ST1 +p- T:l I(uesTl +p.e‘5_T;_;lgy)

&T,
6

e

+E|Bs (ue‘ST1 +p- -1, y)

5T1_1
Y1>ue‘5Tl+p-e J

5Ty

I T
5 } (uedT14p- ==L gy)

+o0 uet4p- "‘6;_1 e&t -1
= / )\e—)‘t/ Bg{ue‘”’ +p- 5 y) dF(z)dt
0 0

In($xte,
u+p

] +oo
+lugy) /O Ae / dF(z)dt
w

8t _q
35t+p.i_6_.

€

P {Yl > ue’lt 4 p-
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By using the substitution s = uelt +p- eét‘;—l, we obtain

+o00
Bs(u,y) = Mp + 6u)? /

u

(p+6s)~ %1 /Os Bs(s — z,y) dF(z) ds

Yy
TP + 6u)3 Tucy) / (65 +p)~3L(1 = F(s)) ds.

Assume that F is continuous, differentiation of the above expression gives

8Bs(u,y) A A /“
= —_—_— B — F
Bu p+5uB§(u’y) p+(5u 0 5(“’ z,y)d (Z)
A
(L~ FW). (117)

For u < y, integrating both sides of (1.17) from 0 to u, we have

Bs(u,y) = —2—Bs(0,4) + — /O"Bg<u—z,y)[5+x<1—F(z))]dz

P+ du p+ou
A U
— 1-F . 1.1
—5 | 1-Foya (1.18)

From (1.18), we obtain (1.16) in the case where u < y.
For u > y, integrating both sides of (1.17) from y to u, we have

(0+ 60)Bousy) — 9+ 60)Bo(wy) — & [ " Bs(v, ) dv

:/\/ Bg(v,y)dv—/\/ / Bs(v — z,y) dF(z) dv,
Yy Yy 0

the second term on the right hand side of the above equation equals

A Lu/ong(v~z,y)dF(z)dv

: dv-l—/\/ / MF(z)dzdv

:)\/yuBg(v—z,y)F(Z) , v

z)\/o Bg(u—z,y)F(z)dz+/\/0 [ - Bs(y — 2,9)| F(2) dz,
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80 we have

U

(p+6u)Bs(u,y) — (p+ 6y)Bs(y,y) =0 [ Bs(v,y)dv

S~

= /yuBg(v,y)dv —A /OuBts(u—z,y)F(z)dz
o [ Baly -2 P2 ds

=A /O“ (Bs(u— 2,y)(1 — F(z))) dz — A /OyBa(y~z,y)(1 _ F(z))dz

Hence
Ba(uw,v) = Zigz p+ 5 / Bs(u Y)[6 + A1 — F(2))] dz
_p-i—léu/o Bs(y - 2z,9)[6 + A(1 - F(2))] dz. (1.19)

From the definition of Bs(u,y), it follows that Bs(u,y) is a continuous
function of u > 0 for a given value of y. Let 4 = y in (1.18), we then have

B&(ya y) =

Bs(0,) / Bs(y — 2,)(5 + A1 — F(2)) dz

p+(5y/ (1— F(v))dv.

Plugging B;s(y,y) into (1.19),

p
p+ 0y

Bau,y) =~ Lo Bo(0) + =5 [ Bafu 2,0) (6 + X1 - Fla)) ds
A

~oi 5 /O (1 — F(v)) dv. (1.20)

This is (1.16) for u > y. O

1.2.1.2 The Case 6 =0
When § = 0, denote Bo(u,y) by F(u,y), we have the following theorem.

Theorem 1.5 When the adjustment coefficient R exists(see Theorem
1.2), we have when u < y (in this case, when v — 0o, y — 00)

(1-3
5(=¢/(-R) - %)’

lim ef*F(u,y) = (1.21)
U—>0C
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and when u 2y

*(y) — 2
lim e F(u,y) = )~ 5 A )

= I EpTE ) e

where
F*z) = / ’ %eRz(l _ F(2)) de.

Proof. In the case of u < y, limy_, 00 e F(u,y) = limy—00 e?%4(u). From

[Grandell (1991)], we have (u) 1= —Ru
, ave P(u) ~ e

rande we hav Y

(1.21) is true. For u > y, it comes from [Dickson(1992)] that

. This proves that

1- G(07 y)

1- w(o) (w(u - y) - T/J(U)) for u > Y,

Flu,y) = Gu—y,y) -

where G(u,y) denotes the distribution of the surplus at ruin. So

lim e®*F(u,y)

= Jim [6tu - w) - 2w —y) - v)]e™. (129

Using the asymptotic result for G(u,y) obtained in last section, and the
asymptotic result of ¢(u) in [Grandell (1991)], we obtain (1.22).

1.2.1.3  Solution of the Integral Equation

Following [Sundt and Teugels (1995)], we introduce the following auxiliary
function

Bé(u? y) — Bs (07 y) i

As(u,y) = 1— Bs(0,y)
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Equation (1.16), in terms of As(u,y) and F} (z), the equilibrium distribution
of F, can be rewritten as

U
pAs(u,y) +Su As(u,y) = 6 / As(v, ) do + A As % Fi (u,9)
1]

—)\/ (1—F(z))dz
+ oy e / (1- Fw)dv
4 (1= Tusgy) /0 (1-F@))do].  (124)

Let

+o0
o1(5,9) = / e=*"d As(0,9),
0

where y is regarded as a parameter.
The first order differential equation for the function, 7s1(s,¥), can be
obtained by taking the Laplace transform of (1.24) with respect to u

-5 731(3 y) + (p — Aud(s))v51(5, y)
(0 Bl gy 9) — 44(5)) — (o) (1.25)

and the initial condition of the above equation is given by sgr& v51(s,y) = 0.

Similar to [Sundt and Teugels (1995)], the solution of Equation (1.25)
is given by

ou(s,9) = 6 / e x5 [ ML 0D _ 400)] ay

Bs(0,y)
_ o S lp-Aud(s+62))dz ¢(s + 6w) — dy(s + dw)
=M /0 ’ o
—¢(s + 5w)] dw, (1.26)

where

- /0 " (p = Aud(v)) dv
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By letting s = 0 we have

Bs0) = (55 + | " ey uyan) 7 / " e (9(0) - gy (1))

1 +oo w -1
= [___ +/ e~ Jo [p—Au¢(5Z)]dZ¢(5w)dw]
0

[/+ e~ Jo" [P~ 2ng(62)dz (g 5yyy) — ¢y(5w))dw]. (1.27)
0

From [Sundt and Teugels (1995)], we know

+o00 .
Ys(0) =1 - (p / o~ J5 (P—Aug(sw))dw dz)
0

Also by last section, we have

+o0 ; .
GJ (0, y) = (p/ e fO (P‘AIL¢(5’UJ))dwdz)
0

+00
([ eomsomio. (up(52) - wev,(52)) dz).

0

so, when 6 = 0, F(0,y) = G(0,y), but for § > 0, G5(0,y) # Bs(0,y).
Hence, the reflection principle is not valid when é # 0. In addition, the
relationships among G(u,y), F(u,y) and ¥(u) in [Dickson(1992)], [Willmot
and Lin (1998)] are not valid when § # 0.

1.2.2 Bs(u,y) with Zero Initial Reserve
The main result of this subsection is the following theorem.

Theorem 1.6

(p —1)\,u + )\1_,u,>_1 .

I | 1 22 v11(y)
(m () + 5al/11(y)\/ MM) : \[A 5o Rle) —e Al;lm ]

L
< Bs (O’ y)

1 e 1
S (V aovr T > Rle) =57 +5

-1
- Fi(y)
p— Ay’

(1.28)

where R(a ) is the well known Mills’ ratio given by R(a) =

s f: “sz, and o = _/\u\/%%l and v11(y) = fgyZdFl(z)'
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Proof. Let
+oo
A= / e~ fgw(P—A#¢(5z))d2¢(6w) dw
0

+oo w
= / elo ()"“t’(‘sz)_p)dzq&(éw) dw. (1.29)
0

Using the property that ¢(s) is a strictly decreasing convex function, we
have

+oo
/' S (L= 8IN=)2(1 _ 1 520
0
<4

+
< / VR T S
0 p—Au

Using a similar method given by [Sundt and Teugels (1995)], we have the
following inequality for A;:

2
1 « eT 1
— JR(a) — <A, < . .
(1/ oo + /\M) () v 1 =y (1.30)

Put
+o0 w
Ay = / e~ I MIONE (4(5u) — py (Sw)) . (1.31)
0

Since ¢(s), ¢y(s) and ¢(s) — ¢y (s) are strictly decreasing convex functions,
we get

+oo Y
A2 > / efo (Ap~viézAp—p)dz (F1(y) _ 5’11)/ udFl(u)) dw
0 0

—Ap 2
400 _ - §5IIW1 ) + (g)‘—%uﬂ
= / e % Xpbvy w (Fl(y) — 5w1/11) dw
0

and

+0oo
A2 < / ef(?()‘u‘_p)szl (y)dw = ——Fl (y)
0

p—Au
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Therefore, we have the following inequality for Aa:

N 1 /1 a2 ov11(y)
(Fl () + o001y W) V Aubn Rla) e Apdvy

< 4y < W) (1.32)
p—Au
Notice that (1.27) can be rearranged as
a+ri)a
Bs(0,y) = ( 1+ m) 2.
So Theorem 1.6 is proved. O

Similar to [Sundt and Teugels (1995)], we can expand Bs(0,y) as a
McLaurin series with respect to the variable §, and we have

-6 + o(5). (1.33)

1.2.3 Ezxponential Claim Size

In this subsection, we will try to evaluate expression (1.27) in the case of
an exponential claim size. First, we have

—1

S
Bs(0,y) = [E +/0 =N OR0N/B(1 ) ]

+oo
[/ e—(Pv—NoB(+/5(1 4 iy =L(1 — e—<v+%>y)dv]
0

6 4o N 1
= |~ _E’U 2—1
[)\u+/0 e 5Y(1 4 pv)’? dv]

+00
[/ e—%u(l + uv)%_l(l _ e*(v+;)y) d’U], (1.34)
0
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then

761(87 y)

+oo —(v+ )y
_ N v 1-e g
=6 ‘/ e o= N8 FERVONL(1 4 o) T[S
A #/( H ) B6(0>y)

=] [ et (HE) [
A
s

1 T e 1+ pv
- —2(v-s)(1 -1 K —vy -k
B,s(O,y)/s € (14 po) (1+us) € ¢ udv]

+o0
x 5 A A 1
= e e k(l+-2)s 1= (——x—1)dz
/0 ( p) P (Bs(O,y) )
A

Foo 5y z4y | Sy NS 1
+ _/ e @) L o~ (SEH D (14 Z0) e ———— . (1.35
pJo ( p ) B;5(0,y) (1.35)

—1] dv

Using the substitution
)
T+ —y:v +y=t,
p

we have

o0 t 1) A 1

8,y) = e~Ste”u (1 + —3)7 12
751( y) ‘/0 ( ) (B5(O,y)
8t —y)

P p

+oo . A1 )\ 1
- e~temu (14 L), : dt. (1.36
/y ( p+5y) p+dy Bs(0,y) (136)

Remember that vs1(s,y) was introduced as a Laplace transformation of
As(u,y) with respect to u. Hence, by inverting, we find that

—1)dt

Ag(u,y)—/o e u(l-l—;m)é —(——————1)dt

p\Bs(0,y)
" St—y)ys~t A 1
—/ e (1+ ( y))‘ : Musyydt, (1.37)
y
where I, >, is the indicator function.

Tl

D+ oy p+dy Bs(0,y)

1.2.4 Lundberg Bound

Following the arguments in [Sundt and Teugels (1995)], we are also able
to obtain the Lundberg type inequality. Same as in [Sundt and Teugels
(1995)], we assume that ¢(s) has —o as an abscissa of convergence. So for
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any u > 0 and for s € I := (—0,0), we have
+o0
o)z [ e dAs(ey) > e {1 - As(u ),

U

so we obtain the Chernoff type estimate
1— As(u,y) <exp { lIelg {su+ logfygl(s,y)}}. (1.38)
8
Let ss(u,y) denote the solution of the following equation:

uys1(s,y) = —v51(5,9) , (1.39)

and we call |ss(u,y)| the adjustment function.
Similar to [Sundt and Teugels (1995)], put

.S y)—p
s = T 51( =) (1.40)

we have the following result.

Theorem 1.7 When the initial surplus u satisfies u > us, then 1 —
As(u,y) satisfies a Lundberg type inequality:

Ba—?&—ﬂ [¢(S§ (u’ y)) - ¢y(36 (U, y))] - )‘.u‘(b(sﬁ (’U,, y))
ub +p — Mugp(ss(u, y))

. guss(wy)

1—A6(Uay) <

1.3 Asymptotic Estimates of the Low and Upper Bounds
for the Distribution of the Surplus Immediately after
Ruin under Subexponential Claims

The asymptotic estimates of ruin probability is one of the most impor-
tant topics in risk theory. A lot of results have been obtained since the
establishment of Cramér-Lundberg model. These results range from the
exponential type estimates as given by Cramér, till the estimates when
" exponential moment of the claim size distribution does not exist. The pur-
pose of this section is to show that the techniques of [Kalashnikov and
Konstantinides(2000)] can be used to deal with the distribution of surplus
immediately after ruin. In this section, we give asymptotic formulas of
the low and upper bounds for the distribution of the surplus immediately
after ruin under subexponential claims. The result is similar to that in
[Kalashnikov and Konstantinides(2000)] on ruin probability.
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1.3.1 Preliminaries and Auxiliary Relations

We also consider the same model as in [Sundt and Teugels (1995)]. We are
interested in the function Gs(u,y), which is a special form of the Gerber-
Shiu penalty function. A detailed study of the Gerber-Shiu penalty function
under the model can be found in [Cai and Dickson(2002)]. This is interest-
ing in theory and application to discuss the function Gs(u,y). From (1.4),
we know that

Gs(u,y) = ~Gs(0,y)

+ +5 / Gs(u — 2,9)[6 + M1 — F(2))ldz

/jFu+z F(2)]dz. (1.41)

p+5u

This result is often referred to as the integral equation satisfied by Gs(u, y).
Following [Kalashnikov and Konstantinides(2000)], if we introduce the aux-
iliary distribution

G5(0,y) — Gs(u,y)
G6(07 y) ’

Es(u,y) =

then we have

Gs(u,y) = G5(0,y) — G5(0,y) Es(u, y). (1.42)

Replacing Gs(u,y) in (1.41) by the expression of (1.42) and making some
calculations, we get

(p+ 6u)Es(u,y) = 6 / " Bs(z y)dz — MiF () + MuBs(,y) % Fa(u)

Ap
Ga( Y)

(F1(u) — Fi(u+y) + Fi(y)), (1.43)

where * stands for the Stieltjes convolution. Put

> OFE
kg(u,y)z/u va—‘sa(:j—’—yldv.

Then, using integral by parts, we have

/ " Bs(v,y)dv = uBs(u, ) — (ks(0,9) — ks(u, ).
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Plugging this expression of fou Es(v,y)dv into (1.43), we have that

Es(u,y) = —§(k5<o,y> ~ hs(uy)) + %ﬂ(u)
k5+P

where

:A s k =
P # 0 G&(an)

With the abbreviations
mo?
D

Ciluyy) = —g(k5<o,y> — ka(w)) + ’—;‘iﬂ(m
+k5 +p

(Fi(y) — Fi(u+y))
then we obtain

E&(uhy) = C5(“ay) + mE5('7y) * Fl(u')

——(F1(y) - Fi(u+y)) + gEzi('ay) * F1(u),

23

(1.44)

Let us assume that the positive safety loading condition p < p takes place,

which yields m < 1. So, the solution of (1.44) is
Es(u,y) = Cs(,y) + H(u), H(u) = Zm"Fl"*

Thus we can rewrite (1.44) in the form

oo

Bs(w,y) = —-<Zm"F"* « (ho(0,) B, ) (w) + 2 Y "

n=0
k F}
P n=0
_ks+p

Fl Zmn n*

(1.45)



24 Actuarial Science: Theory and Methodology
Letting 6 = 0 in (1.41) yields
A u
Go(wy) = Go(0,9) + 5 [ Golu=2,9)(1  F(2))dz
0

A Y
= /0 (F(u+ 2) — F(2))dz
= Do(u,y) + mGO('ay) * Fl(u)a
here Do(u,y) is defined by
Do) = Gol0.9) = 5 [ (F(u+2) - F(2)is

Noting that

Do) = Go(0,9) - 2 /O "(F(ut 2) - F())dz

— Go(0,y) — ’\“/ywdz
Go(0,1) — m/ [1— z) 1—FLu+z) &
= Go(0,3) = mFi(y) +m [ g

G I
= Go(0,) - mEi@) +m [ s
= Go(0,y) — mFi(y) + m{F1(u +y) - Fi(u)],
the solution of (1.46) is then

Go(u,y) = Do(:, )*H( )

— DO Z mnFn*

(1.46)

= (Go(0,y) — mF1(y)) Z mPEP (u) — 3 mrH R (o)

n=0 n=0
e N
+3 MR+ )« B (W)
n=0
From [Willmot and Lin(2001)], Go(0,y) = mFi(y). Thus

GO(U y Z mn-'rlFl( + y) % Fln* Z mn+1F(n+1)*( )
n=0 n=0

(1.47).
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It immediately follows from the above expression of Go(u,y) that

im"Fl(-—Fy)*Fl”*( )= ——Go u,y) +Zm"F(n+1)*( ). (1.48)

n=0 n=0

On the other hand, by the Pollaczek-Khinchine formula (or, which is the
same, by the Beckman convolution formula, see [Rolski et. al. (1999)] , we
have

i mrE* (u) = 1= Yolu), (1.49)

1—-m
n=0

In terms of (1.45), (1.48) and (1.49) we arrive at

st ) = ~ ST (0, — i) 1 = S
e g 2ol ks tpColhy)
Further,
1= Bsu,) = =0 # (5(0,2) — ksl ) + 22
. 2 R)gow) + ’“5:”G0<u,y), (1.50)

where ¢o(u) = 1 —)o(u) is the survival probability (without interest rate).

Now we are in a position to take Laplace-Stieltjes transform (see, [Rolski
et. al. (1999)] on both sides of (1.50). The Laplace-Stieltjes transform will
be denoted by equipping the corresponding original function with hat and
using s as its argument. It is easy to see from (1.50) that

1— Es(s,y) = fp(ka(O,y)$o(s) — ks(s,y)do(s)) + qu"so(s)
-]ZsjppFl(y)éﬁo(s) + B PGy, (1.51)

where ks(s,y) = [y~ e~*“dks(u,y), Gols,y) = J5° e *“dGo(u,y), and by
the Pollaczek-Khinchine formula (see [Rolski et. al. (1999)], or [Kalashnikov
and Konstantinides(2000)]),

5 Y R _ p—p
do(s) = /0 rddofu) =~ (1.52)
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Because of (1.47), in order to get the Laplace-Stieltjes transform of Go(u, y),
it suffices to compute that of Fi(u + y). In fact,

/ e "dFi(u+y) = e / e *TIIF (u + y)
0 0
= esy/ e “dF(u)
Y
[ee] y
= esy/ e dFy (u) — esy/ e " dF(u)
0 0
. y
=eYFi(s) - esy/ e ¥ dF (u). (1.53)
0

Thus we can obtain from (1.47) the Laplace-Stieltjes transform of Go(u,y)
that

Galsso) = SomE ) Ei(s) e [ e )
n=0 0

S M)
= ) o
= %Y Z m”"'lFl"H(s) — e / e " dFy (u) Z m”HFI"(s)
n=0 0 n=0
=2 m" ()
n=0
= (%Y — mﬁl(s) .8y ye—su u m
=D Re /o G e
— (.SY pﬁl (3) .8y v —su P
= (e% 1)p,—_ o (s) e /0 e UdR (u)p———_ DY (1.54)
By virtue of (1.51), (1.52) and (1.54) we have that
(p— pFi(5))(1 — Es(s,y)) = (ks(0,y) — ks(s,)) +p
—(ks + p)F1(y) + (ks + p)(e* — 1) Fi(s)
—(ks + p)e®? /y e **dF(u). (1.55)
0

Now, we need find the value of k5(0,y). Letting v — oo in the expression
of (1.44) leads to 1 = Cs(o0, y) + m, which means that Cs(co,y) =1 —m.
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Since

B P (y (y) — Fa(u+ ),

Cs(u, ) = —§<k5<o,y> ks w) + %qu) +

and letting v — oo on both sides of above equation yields

5 ks k
L-m=—2ks(0,y) + 2 4 B2
P )

(Fi(y) = 1).

Hence

(ks +p)F1(y) —p
5 .

By making use of (1.55) and (1.56) and making some calculation we get

ks(0,y) =

(1.56)

. k +
k6(5,y)“ ? P

ks + p
)

(1 Fy(s)) — 2PN (v (s) — e /0 * e dF, (u))

—gu — Bs(s,y)) + 5 (1= Es(s,9) Fis): (L57)

Upon inverting Laplace-Stieltjes transform, and applying (1.53), the above
relation yields

k5+P k5+P

ks(u,y) = ——(1 = F1(u)) —

—5(1 - Es(u,)) + SFI # (1= Bs()w).  (158)

(1-F(u+y))

1.3.2 Asymptotic Estimates of the Low and Upper Bounds
Proposition 1.1 pr < p, then

ki(u,y) < ks(u, y) < k% (u,y), (1.59)
where
ba(wy) = (14 2y 2220 Ry)
—(1+ ﬁ)-l’“‘s 224 - Riu+)), (1.60)
K (u,g) = P P(ks +62)((;0)(u Y) (1.61)

Proof. It is obvious that

ks(u,y) = /:o g—(g%y)—)—dz = u(l — Es(u,y))-
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So

1— FEs{u,y) < k‘S(Z’ y)

According to the last inequality and (1.58) we have

bwy) > B0 Ry - 2EOY Ko gy
Hence
btw) > (14 2120
<1+§’> 20 Fiuty))
= ku(u,y).

In addition, it is easy to see that

b0 * ks (-, y)(u) > do(u)ks(u,y).
In view of (1.50), (1.56) and last inequality we get
)

p—p

+p—¢0(u) - MFI (y)do(u) + ks + P Go(u, y)
p—p p—p p

1—- Eé(u>y) < 0(’[1,)](25(0, y) - i pd)o(u)ké(u’ y)

¢0 (u)ka(u, y)

Thus

ks + p (p — p)Go(u,y)
6 pdo(u)

This completes the proof of Proposition 1.1.

k&(ua y) < - k*(u’ y)
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Proposition 1.2 If p <p, for subezponential Fy,

k) ~ 220 - BW)
—k5+p(l~F1(u-|—y)), U — 00, (1.62)
* k(S + 14 k5 + P
k*(u,y) ~ (1-Fw)-—3 (1= Fi(u+y))
@%’3%%’@(1 — Fi(u)), u— o0 (1.63)

Proof. Clearly, by the definition of k.(u,y),

kwy) = 0+ 2 L0 - Rw)

(g Pyake e
(14 2) 2P (1 - Fuu+y))
Nk5+p

(1 - Aw) - 2EE

(1—-Fi(u+y)), u— oo

Because

[e o]

GO(U, y) = Z mn+1F1n* % Fl(' + y)(u) _ Z mn+1F1(n+1)*(u)
n=0 ne=0

o —
=3 m" (1= F) « P Z M (1 — FTD* ()
n=0
o0

= Z mn+1F1(u + y) _ Z mn+1 + Z mn+1F1(n+1)*(u)

n=0 n=0 n=0

=3 mPP T« Fi( 4 y)(u)

n=0
- p‘T”p(l ~Fi(uty) + S mrH R ()

-3 WHER « A+ p) ().

n=0

n=0
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Noting that

&« Fi(-+9) ()

v y+uh
= / F'*(u—2)dFi(z +y) = / FM*(u+y — 2)dF1(2)
0 v

y+u y___
= [ Ty - 2406 - [ Ty - 2dRe)
0 0 -

y+u y_
- / (1= FP*(u+y — 2))dFy(2) - /0 F(u+ g — 2)dFi(2)
y+u Yy
=FR(y+u)— /0 F'*(u+y — 2)dFi(z) — /0 F*(u+y— z)dF1(z)

y___
= Fily+u) - FO(y o) / Fo(u+ y — 2)dFy (),
1]

and making use of Lemma 2.5.1, Lemma 2.5.3 and Theorem 2.5.3 in [Rolski
et al. (1999)] and the dominated convergence theorem we obtain

i o MY () Z°° oM x Fi( +y)(u)

(n+l)*
F
— p Z mn+1 lim _ (’U,) p 14 Z

r = u—oco  F(u)
o | Py +w) — F"*(y 4 w) —fo F™(u+y — 2)dFi(z)
©U—00 Fl(u)
n=0
o | A ) - Ty + u) ~ Y T (uty - 2)dF(2)

>0 oo
PPN et 4 1) - 22N et (- nFy(y)
p n=0 p n=0

_p—rR(y)
p—p
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The above limit is due to the subexponentiality of F;. Hence,

0 - [0 0]
Somr R @) = 3 E « Fi(- +y)(w)

n=0 n=0

PR — pFi(y))
p-p2

U — OC.

So we have that

pFi(u)(p — pFi(y))

Gowy) ~ o= (1= Fyfu+y)) + S5 B, u— oo
Thus
F(ug)~ T2 PP pF1(u)(p - pFA(y))
Y Y p (p—p)?

S ESL (1= Fy(u+y)

_ ks +p [Fi(w)(p—p+ pFi(y))

S [ - ~ (1= Fi(u+))

=8 220 mw) - B - R+ y)
+k§;'p . pj_(:’:)) (1 —F1(u))

Therefore, (1.62) and (1.63) are all true, and this completes the proof of
Proposition 1.2.

From (1.42) and the definition of ks(u,y) it follows that

GE(U’,y) o aE&(U,y)

G(S(O,y) 5(U,y) 5(00,:[/) 5(“73/) L S dv
o0 1 o0
— _/ _8]65('0, y) dv = k§(u7y) . / k(;(U,’y) dv. (164)
w v Ov u u v?
Evidently, k.«(z,y) € ks(z,y) < k*(z,y), it is easy to verify that
ks (u, y) /°° k* (v, y) Gs(u,y) _ k" (u,y) /°° ks (v, y)
- dv < < - -
" g 2 W Ga(0,1) " 5 2 dv. (1.65)

Put
G (u,y) = Gs(0,y) [ — [ lomlgy]

Gu(u,y) = Gs(0,y) |2l — [ Kl gy]

U v
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Then (1.65) implies
G«(u,y) € Gs(u,y) < G*(u,y). (1.66)
Next, we are going to estimate G.(u,y) and G*(u,y), the lower and
upper bounds of G5(u,y). Before we give our main result of this section,

we need one lemma, which is used in the proof of following Theorem 1.8.

Lemma 1.1 Suppose that fi(u) ~ g1{u) and fa(u) ~ g2(u),u — oco. If
Jim 248 £ 1, then fiu) — fa(u) ~ g1(u) = ga(u),u — oo,

Proof. By the assumptions of Lemma we have that

OB O NN Sk ¢
fim (u) (u) = i gi(u) _ g2
U000 _ u U— OO u)y _ U
9 92 fitw) ~ Ailw
— Yim f2(w)
_ 1— lim 2
T iy () o ga(w) | f2(w)
Jim ey — Em By A
T Sfa(u)
I o
o fa(u)
1= lim 7

Hence, we obtain immediately the required assertion.

Theorem 1.8 If p < p, F} is subexponential. Then for u — oo,

Go(u,y) ~ %/u+y1_F(z)dz 10 /:o L= F@) . 1.67)

z (p-p)d 22
. A [TV 1-F(2) PPFi(y) 1-F(u)
G* (1, y) ~ 5/u R L (1.68)

Proof. Firstly, it is easy to see from (1.60), (1.61) and (1.47) that

u

R e
Jim e — #F L

So, according to (1.62) and (1.63) and Lemma 1.1, a straightforward com-
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putation gives

G*(U,y) — k*(u>y) _ /0<> k*('U,y) d’U
Gé(o, y) u u v?

ks+p [I—Fl(u) B 1—F1(u+y)}

) U U
_k5+p/°° 1-Fi(z) 1-Fi(e+y)
§ Ju 22 22
4 PR 1 —1*;1(2)> &
p—p P
Jhkstp [Pty R
é U4y U
_k5+p/°° F1(2+y)_F1(Z))dZ
6 Ju \(2+y)? 22
ks+p pFi(y) /°°1—F1(Z)d
— . Z
5 D=p 22
_ks+p [Fl(u+y) B Fl(u)] N ks +p/oo Fi(2)

d
) u+y u 6 2 ¢

_k5+p/°°F1(z+y) Z_k6+P'PF1(’y)/°°1—F1(Z)
4 u (Z+y)2 4 P—=0 Ju 22

_ kst uty | ks + F 1 - Fi(z
d p/ ~dFi(2) - 65p'pp1_(il))/ Z21()

Uty | 1

W) °°1—F1(z)z_ 1
5(p—p>/u 2“5

dz

dz

and this yields (1.67). (1.68) is proven similarly by using (1.62) and (1.63)
and making some calculations.

Remark 1.7  Although Theorem 1.8 gives asymptotic formulas of the low
and upper bounds for the distribution of the surplus immediately after ruin
under suberponential claims, unfortunately, the asymptotic formulas for
G.{(u,y) and G*(u,y) gwen in Theorem 1.8 are not equal. Thus, we still
do not know what the asymptotic formula for Gs(u,y) is
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1.4 On the Ruin Probability under a Class of Risk Pro-
cesses

In this section a class of collective risk model with non-Poissonian claims’
arrival processes is considered. A clear expression for Laplace transform
of the finite time ruin probability is well given when the claim amount
distribution is the mixture of two exponentials. As its consequence, one
result by [Malinovskii(1998)] about the expression for Laplace transform of
the ruin probability within finite time is obtained when the claim amount
distribution is a exponential. Finally, a well-known result in [Gerber(1979)]
about ultimate ruin probability in the classical risk model is proved again.

1.4.1 The Risk Model
In this section we consider a Sparre Andersen risk process

N(#)
R(t)=u+ect—) Y,

i=1

defined in terms of the following values: u = R(0) > 0 is the initial risk
reserve, ¢ > 0 is the premium received continuously per unit time, {T},i >
1} are the (iid) interclaim time, N(t) denotes number of claims having
occurred up to time ¢, ie., N(t) = max{n : Ty + To + --- + T, < t},
and {Y;,4 > 1} are the (iid) amounts of claims. Throughout this section,
we suppose that {T;,i > 1} and {Y;,7 > 1} are independent, and the
relative security loading A = % —1 > 0, which means that the premium
received per unit time exceed the expected claim payments per unit time.
Denote by 9(t, u), % (u) and ¢{t, u) the probability of ruin within finite time,
the probability of ultimate ruin and the probability of survival to time ¢,
respectively. Clearly, ¥(t,u) = 1 — ¢(¢, u).

1.4.2 The Laplace Transform of the Ruin Probability with
Finite Time

Our main result in this subsection is the following theorem.

Theorem 1.9 Let the claim sizes {Y;,¢ > 1} and interoccurrence times
{T;,% > 1} be mutually independent and i.1.d. Let Yy be a mized exponential
and its p.d.f. be phre™™Y 4+ ghge 2,y > 0,0 < A\; < Ag,p+¢g = 1,0 <

p,q < 1. Assume that v{a) = fooo e~ Pr(du) is the Laplace transform of
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Ty, where Pr(u) is the distribution function of T1. Then for o > 0,

a/ooo e~ (¢, u)dt

_ i = M) (@)Ba()e P (O — yo(a) fi (@)e” P N]
T (A= B2(a) (A2 = Bu(@) — (A1 = Bu(@) (A2 — B2(a)’

(1.69)

where y1(a) = (1 — %la))(l - %l), ya(e) = (1 — %132)(1 - ,6‘2/\(204 ),

Bi(a), B=(a) are, respectively, the unique solutions of the equation

(A1 = B) 2 = B) = [Mde — (PA + @A) Blv(a+¢f) =0 (L.70)

in (0, A1] and [Bo, A2], and By = ;ﬁlﬁ.
Remark 1.8 Fquation (1.70) has the unique root, respectively, in (0, \]
and [Bo, A2]. In fact, Let

F(B) = (A = B)(A2 = B) = [MAz = (PA1 + gh2)B)y(a + ),

then f{0) > 0,f(A1) < 0,f(Bo) <0, f(A2) = 0. By the existence theorem
of Toot we know that Equation (1.70) has the roots in (0, \1] and [Bo, As).
On the other hand, it is very easy to prove the uniqueness of roots by the
positiveness of relative security loading and the convexity of y(a + ¢8) with
respect to (3.

Proof. Let 7 = inf{t > 0 : R(t) < 0} be the first time of ruin with the
understanding that 7 = oo if R(t) > 0 for all t. Let U, = >, T;,Up =
0,v = inf{n > 1 : R(U,) < 0}, and v is the index of that claim which
causes the first ruin. If for each n, R(U,,) = 0, then v = oco. Clearly, 7 = U,,.
For t,z = 0, denote Q"™(t,z) = P{U, < t,R(U,) < z,n < v}, H(t,z) =
2 n>0 @" (¢, 7), and Laplace transform of H (¢, x) denoted by H(o, 8). Then
for a, 5 > 0,

H(a, B)

=/ /. e~ PTH(dt,dz) = Y Ble VPR U I, ). (1.71)
n>20
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Obviously, (1.71) is analytical. Since

$(t,u) = P(r > 1)
= ZP(T >t,Un <t <Upy1)

n20
=Y P >nUp<t,Tns1 >t —Up)
n20
= Q" (du,dz)(1 — Pp(t —
-x / / s ot — 1))
- /0 H(du, 00)(1 - Pr(t — 1)), (1.72)
then we get
do(t,u) = — /0 Pi(t — w)H(du, 00)dt + H(dt,00).  (1.73)
Consequently,
a/o e~ o(t, u)dt / ot u)de™®
/ _atd(ﬁ(t u)
/ / e~ (— Pl(t — ) H (dp, c0)dt
/ e~ H (dt, 00)
- / He=e =) (—P(t — 1)) H (dp, o)t
+H(a,0)
= [ ([ e (Pt~ w)dt)H(du, o0)
0 “
+H(e,0)

B /ooo o /ooo e~ (~Pr(y))dyH (dp, 00) + H(a, 0)

" /ow Y(a)e™* H(dp, 00) + H (e, 0)

= H(e,0)(1 — v(cx)). (1.74)
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Now we turn our attention to computation of H(a,0). To this end,
denote Q,, = 0{¥1,71,Y2,T>,- -+ ,Y,, T, }. Noting that

Ele™PRU [ pwry503 -1, Tnl

R(Un—1)+CTn
= / exp{—B(R(Un_1) + cTn — y) }pA1e MY + ghoe*¥)dy
0

,\f/\_l (e~ B(RWUn—)+eT2) _ g=M(R(Un-1)+¢Ty)]
n qA2 e BRU-)FeTn) _ g=a(R(Un-1)+eTn)]

A2 —fB

we get

Ele™Un=PRU [ g 1,1 205 [n 1]
= E[E(e™ U PRU [ py,)301[n 1, Tn) | Q1]
—a pAL . _ )eT _ 4T
= Ele Un(m[e BR(Un-1)+¢Ta) _ =21 (R(Un-1)+¢Tn))
+%[e—ﬁ(n(m_l)+cm e RO T, ]
A
N ,\f)——lﬂe_w"‘l [ePRU-q(a + ) — e M FU-y(a + cAy)]
A
+)\;1—_256'°‘U"—1 [e‘ﬁR(U"—l)'y(a +cB) — 6_’\2R(U"—1)'y(a + ch2)].
(1.75)

Therefore, by using (1.75) we get

H(e,f) — e =3 BlemoUn=PROIL, . )]

nzl

= 3 BB U PR s 100 1)]

nzl
= Z E[I{V>"_1}E(e_aU"_ﬁR(Un)I{R(Un)QO}IQn—l)]

nzl

A kol ~
= S+ eB) (o B) =@+ eM)A (e )]
A kol ~
+,\2q_25 [V(a+ cB)H(e, B) — v(a+ cha)H(a, A2)].  (1.76)
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It is easy from (1.76) to get that

e — 2y(o+ M) H (o, M) — 22y (a + cde) H (e Az)

H =
@ 1— (32 + 22)y(a + o)
_ A-B-C
= (/\1 - ,3)()\2 - ﬁ) — [)\1,\2 _ (p)\l + q)\Q)ﬂ]’Y(O[ ¥ C,B), (177)
where

A= (M —B) (g — Ble P,
B=p\(X—B)y(a+c)H (a A1),

C = gho(M1 — B)y(a + cho)H{a, Aa).

Since £, (@) and Ba(cx) are two roots of Equation (1.70), and H(a, 8) is
analytical, thus B;(a), B2(a) satisfy the following equations:

(A1 = Bi(@) Az = Bu(@))e ™ — pAs (A2 = Bu(@) (e + M) H (e, A1)
= he(M1 — Bi(@)v(a + cAa)H(a, A2),

(A1 = B2(@)) (N — Ba(@)e ™ — pA1 (A2 — Ba(@))v(a + ch1)H(e, Ar)
= ghe(M = Bo(@))v(a + cho) H (e, Aa).

Solving the above equations we obtain

(e + eh)H (o, M)
_ M= Bi(0))M = Ba(@)) (A2 — Bu(a))e P — (Xg — Bo(a))e P2 (Y]
pA[(M — Ba(@) (A2 — Bi(@)) = (M1 = Bi(@)) (A2 — Ba(a))]

!

v+ c)\g)ﬁ(a, Az)
_ (2 = Bu(@)) (A2 = Bo(e))[(M — Ba(e))e P2 — (A — 51(06))6_ﬂ1(a)u].
B gh2[( M1 — B2(@)) (A2 = Ba(a)) — (M = Bi(a)) (A2 — Ba(a))]
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Thus

H(a, )
= [\ = B)(A2 = B) — \ide — (PA1 + ) Blv(a +cB)]

x{(A1 = B)(Ag — Ble P
~[(M = Ba(@) D2 — Br(@) = (A1 — Bu(@)) (A2 — Ba(e))] !
x[(Az = B)(A1 = Bu(@)) (1 = Bo(@)[(A2 — Bul))ePriee
—(A2 — Ba(c))e P2
+(A1 — B2 = B1()) (A2 — Ba(@))[(M — Ba(a))ePe()
—(\1 = Bu())e @]}

Let 8 =0, then

ﬁ(a,O)

__ 1 {1 _ (A =)D }
1—(e) (A1 = Ba(@)(h2 = Bi(e)) — (M — Br(@)) (A2 — Ba(e)) |
(1.78)

where

D= [(1 _ 51(6!) )(1 _ ﬁl(a) )ﬂ2(a)6_ﬁl(a)u

AL A2
/82(05) ﬁ (Oﬁ) —B2(a)u
—(1 = 51 = S5 ) Ba(pe O,

By (1.74) and (1.78) we have

a/ooo e~ (t, u)dt = H(o, 0)(1 — v(a))

1 (n Y1) B2 (@)e ™10 — yo () fi () P2 (0

= ) 0 — A (@) = - (@) = Bala))”
(1.79)

where g1 () = (1 — 28)1 — 85 4 (5) = (1~ &)1 — 8202y Gince
Y(t,u) =1 — $(t,u), (1.69) follows immediately from (1.79).

Remark 1.9 Theorem 1.9 shows an ezact numerical technique which re-
quires merely numerical inversion of the Laplace transform of the ruin prob-
ability within finite time. Numerical methods of such an inversion could be
found in [Abate and Whitt(1992)], and we don’t discuss it here. On the
other hand, it is well known that the probabilities of ruin ¥(t,u) and ¥(u)
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can be identified with the virtual and limiting waiting time distributions,
respectively, in a single server queue fed by a renewal process and having
the service time distribution B. So, it is possible to prove Theorem 1.9
by virtue of related results from the theory of queues (see, for example,
[Prabhu(1965)] and [Prabhu(1980))]).

1.4.3 Two Corollaries

As one application of Theorem 1.9, we can get the following two corollar-
ies. The first corollary is about the expression for Laplace transform of
the ruin probability within finite time when the claim amount distribution
is a exponential, which was obtained by [Malinovskii(1998)]. The second
corollary is concerned with a result about ultimate ruin probability in the
classical risk model which was proved by [Gerber(1979)].

Corollary 1.1 Let the sizes of claims {Yi;,i = 1} and the inter-
claims {T;,¢ > 1} be iid and mutually independent. Assume that Y1 ~
Ezrponential(A), A > 0, and y(o) = [;° e"**Pr(du) is the Laplace trans-
form of Ty. Then

o /O " emat gt w)dt = 1 — y(a) exp{—uA(1 — y(@))}a >0, (1.80)

where y(o) is the unique root in (0,1) of Equation

y=v(a+cA(l-y)),a>0. (1.81)
Proof. Taking p=1,A; = X in (1.70) of Theorem 1.9 yields
Qe =B)A =B —-—I(a+cB)=0,a>0. (1.82)

Therefore we get that G2(«) = Ag, and F1(w) is the unique root of Equation
A=B-M(a+cf)=0,a>0. (1.83)

Moreover, yi(a) = (1 — M‘Aﬂ)(l - %252),1/2(04) =0, and the right side of
(1.69) is (1 — B4&)e=Br(@u Pyt y(a) = 1 — 242, Then
(1~ 2Dy _ y(a) expl-u(1 — (@)}

Again by (1.83) we see that y(c) is the unique root of the Equation (1.81)
in (0,1). Finally, (1.80) follows immediately from (1.69) by ¥(t,u) =1 —
P(t, u).
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Corollary 1.2 For the classical risk model, in the case of exponential
claim amounts, the ultimate ruin probability is an exponential function of
the initial surplus measured in mean claim amounts. In other words, if
the interclaims {T;,i > 1} ~ Ezponentiol(u),p > 0, the sizes of claims
{Yi,i > 1} ~ Ezponential(A), A > 0. Then y(u) = l—i—&exp{—ﬂ’\—j—\—-ﬂ%j},

A
whereA—#Eyl—l % 1.

Before we give the proof of this Corollary, we need the following Lemma,
whose proof is very easy by induction, and so is omitted.

Lemma 1.2 When0 <z < 4, for any nonnegative integer n, the follow-
ing equality always holds:

2k)! 1 1 1- —(n
Z (n+ ok = ( +V 433) (n+1) (1.84)
k'(n+k+1) (n+1) 2
Remark 1.10 When0 <p < 1,0<q < 1,p+q=1, for any nonnegative
interger n,
0 (n+1)(n+2k)! . , 1, 0<p<i

El(n+k+ 1)! Hrtl F<p< L

Proof. Evidently, 0 < pg < ;11—. Therefore by Lemma 1.2 we see that

2: (n + 2k)! (pa)* = 1 (1+VT:§ErW+V
k'(n+k+1 n+1 2

Consequently,

Z (n+1)(n+2k)! o oipis

n+1(1 + |1 — 2p|)—(n+1)
Hn+ kD

_ 1, 0<p< é,
@M a<p<lL
The following (1.86) comes immediately from the above (1.85).

Remark 1.11 Let p = 2J+A,q = ;Jrlﬁ, where A is the relative safety

loading, A > 0. Then for any nonnegative integer n we have

530%+D@+Q@! 1 ,61+A)n+,‘,+1

Hn+h+D! 218 G7A =L (1.86)

k=0
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The Proof of Corollary 1.2  Since {T;,i > 1} ~ E(u),u > 0,v(a) =

by Corollary 1.1 we have y(a) = y(a+eA(l—y(a))) =

P
a+u’ atcA(l—y(a))+u’

l €.,
Ay? (@) — (a+ p+ cAyla) + p=0.

Again by Corollary 1.1 we get

—2
() = 4y (ot (VE+VEA? + ok (VE-VeR) . (e

Put z = (/& + VM), y = (VB — Ve))?, then
- [E - naTE VAT (1.58)

Thus y(a) is the Laplace transform of /Ze~(W+eMt—11,(2\/ucht),
where [1(2) = Ziom‘ﬁ@iﬁ(%)%ﬂ is the first kind of Bessel func-
tion (see [Feller(1971)]). On the other hand, « f;° e™**¢(t,u)dt = 1 —
y(a) exp{—ur(l — y()},a > 0, and a [;° e *¢(t,u)dt = 1 — E(e™°7).
Hence

E —a‘r — —UAZ n+1
—emy f \/7"“« DVETE+VaTE)

(1.89)

The (1.89) is the Laplace transform of e** Zzozo(u—)‘@ L(n +

nlt

e wteMt, 1 (2y/peht), where I,(2) = Yoo, m(%)”“k (see
Feller(1971)). Hence

b(t,u) = P(r < 1)
t et A /

= [ WAIVIOT [ B 4 1)e=(-01, 20/ nes)ds
0 =0

up\n

X
n+l + 1
= ﬂe_w‘ Z u(g)——'{—/o e“("+°’\)3n S Lo+1(2v/ uehs)ds
n=0

cA n!
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Thus, letting ¢t — oo and using Remark 1.11 gives
Y(u) = P(r < o0)
o0 Eﬁ n
B _ux ( c ) ,u —nfl —(u+c/\)sn+ 1 9 ohs)ds
- c/\e Z n! c)\ s n+1(2V peds)
n=0
7 — ()" p\ _nn1
= 2 pur Z c (_)—
cA n!l CeA
n=0
© n+1 1
—(pteX)s s n+2k+1d8
/0 ¢ s k_ok!F(n+k+2)(Vuc )

= H—ux = (Ec/i)n —ntl
_c)\e Z n! (c)\ Tnt1)

Z D(n+2k+1) (yVpex)nt2e+l
k'F(n +k+ 2) (u + eA)nt2k+l

_ M n+1 uu
_a AZ

> I‘(n +2k+1) ¢ +k+1 cA (n4+2k+1)
- = 7 n 1 "
k!F(n+k+2)( ) ( +u)

_ —UA R
_1+A an 1+A ) (n+1)

Z (n + 2k)! (1+A)n+k+1( 1 %
k!

n+k+1 2+A 24 A
1
= TR¢ Ve
1 A
o - A
A Pl
1 u

)
1+AP 1+AEM)”
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