Foreword

Preface

1. Why Higher Dimensions are Interesting

2. The Randall-Sundrum Set-Up
2.1  The Einstein tensor of pure AdSs . . . . ... ... ... ....
2.2 Introducing the brane . . . . . ... ... ... ... ...,
2.3 Gravitational Gauss’s law in the context of the brane world . .
2.4  Compactified brane world with two branes . . . . . . .. .. ..
2.5 Removing the second brane . . . . . . ... .. ... .. ...,

3. General Structure of Anti-de Sitter Spacetimes
3.1  Topology of anti-de Sitter space . . . . . . . . .. .. . ...
3.2 Coordinate system choices for anti-de Sitter space . . ... ..
3.3 “Poincaré patch” coordinates . . . . . . . ... ... ... ...
3.4 Other coordinate sectionings of anti-de Sitter space . . . . . . .

4. General Properties of Embeddings
4.1  Gravitational versus purely geometric embeddings . . . . . . .
4.2  Gauss embedding formula . . . . .. ... o000
4.3  Evaluation of the induced Einstein tensor in a specific case

5. The Israel Junction Conditions
5.1  Junction conditions in the Newtonian and M, cases . . . . . .
5.2 General Israel junction conditions . . . . . . ... ... ... ..

6. The Newtonian Limit of an Embedded Brane

Contents

xi

vii

iX

15

15
16
18
20

23

23
24
25

27

27
28

33



xii

10.

11.

12.

13.

6.1
6.2
6.3

Brane- Localized Gravity

Covariant analysis of an embedded Newtonian sheet of matter . . .
The embedded sheet Riemann tensor and its weak gravity limit . .
Analogy to the static Einstein universe . . . . . . .. ... ... ..

Embedding of Static Robertson-Walker Branes and Negative Pressure

7.1
7.2
7.3

General structure of the Einstein equations in the RW case .
Static RW brane in an empty bulk . . .. .. ... ... .. ...,
Static RW brane in a bulk with a cosmological constant . . . . . .

Embedding of de Sitter and Anti-de Sitter Branes in AdSs

8.1
8.2

Embedding of a de Sitter branein AdSs . . . ... .. ... ....
Embedding of an anti-de Sitter brane in AdSs . . . . ... ... ..

Embedding of Non-Static Robertson-Walker Branes in AdSs

9.1
9.2
9.3

Embedding an RW brane in a bulk with a cosmological constant .
Embedding an RW brane in an AdSs bulk . . . . . ... ... ...
Difference between embedding RW and Schwarzschild branes

Embedding Robertson-Walker Brane Worlds in M (4, 2)

101
10.2
10.3
10.4
10.5
10.6

Embedding a k >0 RW brane in M(4,2) . ... ... ... ....
Embedding a k£ > 0 RW brane and AdSs bulk in M(4,2). . . . ..
Embedding a k > 0 de Sitter brane and AdSs bulk in M (4,2) . . .
Analog to the Rindler horizon . . . . . . . . . ... ... ... ..
Embedding a k < 0 RW brane and AdSs bulk in M(4,2). . . . ..
Embedding a k = 0 RW brane and AdSs bulk in M(4,2). . . . ..

Null Geodesics of AdS5 Bulks Containing Robertson-Walker Branes

111
11.2
11.3
114

Null geodesics of the k > 0 RW braneworld . . . . . . . ... ...
Null geodesics of the k = 0 and £ < 0 RW brane worlds . . . . . .
Alternate derivation of the £ = 0 null geodesics . . . . . . .. ...
Variation of the metric coefficients along a bulk null geodesic

Generalized Einstein Equations on the Brane

12.1
12.2
12.3

Derivation of the generalized Einstein equations on the brane . . .
Some exact solutions to the modified Friedmann equation . . . . .
Localization of gravity around a Robertson-Walker brane . . . ..

General Structure of Brane-World Gravitational Fluctuations

13.1
13.2
13.3
13.4

Structure of the brane-world background geometries . . . . . . ..
General formulation of the gravitational fluctuation equations . . .
Gauge invariance considerations . . . . . . . . ... ...
Imposition of the axial gauge in the brane world . . . ... .. ..

33
35
37

39

39
40
41

45

45
46

49

49
51
53

55

55
56
57
59
60
61

65

65
67
68
69

71

71
74
76



13.5

Contents

Gravitational fluctuation equations in the axial gauge . ... ..

14. Transverse-Traceless M4 Fluctuation Modes

14.1
14.2
14.3
14.4

NT sector fluctuations . . . . . . .. .. ... ... .. ...,
TT sector fluctuations . . . . . .. . .. ... ... . ......
Physical status of the NT and TT sector fluctuations . . . . . . .
Comparison with unembedded M, fluctuations . . . . . .. ...

15. Transverse-Traceless dSy /Ad5'4 Fluctuation Modes

15.1
15.2
15.3

Gauge invariance in the dSy and AdSs brane worlds . . . . . ..
NT/TT decomposition of the fluctuation equations . . . . . . ..
Comparison with unembedded AdSy fluctuations . . . . . . . ..

16. Normalization of Fluctuation Modes and Curved Space Gauss’s Law

16.1
16.2
16.3
16.4
16.5
16.6
16.7
16.8
16.9
16.10
16.11
16.12

Orthogonality measure for TT modes . . . . ... .. ... ...
Energy of gravitational fluctuations around flat spacetime . . . .
First order total gravitational energy as a surface term . . . . . .
Second order total gravitational energy as a surface term . . . .
Second order gauge transformation properties of the energy . . . .
. 118
Origin of the gauge invariant energy conservation condition . . . .
Abbott and Deser treatment of the curved space case . . .. ..
The needed curved space Killing vectors . . . . . .. .. ... ..
The needed brane-world energy-momentum tensor . . . .. . ..

Gauge invariant conservation condition for the total energy

M} total energy, normalization and completeness relations

Construction of the M;™ propagator via completeness . . . . . . .

17. Fluctuations around an Embedded Positive-Tension Minkowski Brane

17.1
17.2
17.3
174
17.5
17.6
17.7
17.8
17.9
17.10

M} modebasis . . . . ... ...
Mode propagation in M, I and long distance gravity . . . .. ..
Causality issues in the M brane world . .. ........ ...
Causality in flat spacetime . . . . . . . . .. ... ... .. ...,
Upper half plane determination of the M, I propagator . . . . . .
Lower half plane determination of the M, propagator . . ... .

Evaluation of the cut discontinuities of the M, j propagator

Alternate propagators in M, : ....................
Some exact solutions to the M, fluctuation equations . . . . . .
Connection to RW perturbations on the brane . ... ... ...

18. Fluctuations around an Embedded Negative-Tension Minkowski Brane

18.1
18.2

My modebasis . . . ... ... Lo

Completeness test for normalizable M, basis modes

xiii

85

89

89
91
93
94

99

99
101
106

109

109
111
114
115
116

120
121
123
124

. 126

128

133

133
136
139
141
143
147

. 149

159
163



Xiv

19.

20.

21.

22.

Brane-Localized Gravity

18.3 Completeness test for non-normalizable M, basis modes . . . . . .
18.4 Upper half plane determination of the M, propagator . . . . . ..
18.5 Lower half plane determination of the M, propagator . . . . ...
18.6 Negative signature modes in the M, propagator . ... ... ...
18.7 Temporal evolution of localized square steps in M, . . ... ...
18.8 Some exact solutions to the M, fluctuation equations . . . . . ..

Fluctuations around an Embedded Positive-Tension AdS Brane

19.1 AdSf modebasis. . . .. ... ... ...
19.2 Normalizability criterion for AdS} modes . . . .. ... ... ...
19.3 Discrete normalizable mode basis for AdS} . . . ... ... .. ..
19.4 Completeness test for normalizable AdS; basis modes . . . . . . .
19.5 Normalizable AdS] basis mode propagator . . .. ... ... ...
19.6 Completeness test for non-normalizable AdS] basis modes
19.7 Some exact solutions to the AdS;] fluctuation equations . . . . . .
19.8 Constructing the causal AdS] propagator . . . . . . ... .. ...
19.9 Causal propagation in the AdS] brane world . . . . ... .. ...

Equivalent Schrédinger Equation Treatment of the Fluctuation Equation

20.1 Equivalent brane-world Schrdodinger equation . . . . ... ... ..
20.2 Instructive approximate brane-world Schrodinger equation . . . . .

Fluctuations around an Embedded Positive-Tension dS Brane

21.1 dSf{modebasis. . . ... ...
21.2 Causality in the dS] braneworld . . . . ... .. .. ... .....

Dynamically Generated Domain Walls and the Brane World

22.1 Kink generated M, domainwall . .. ... ... ..........
22.2  Soliton generated My domainwall . . ... ... ... .. .. ...
223 dSsdomainwall . . .. .. ...

Appendix A Gauge Invariance of the Fluctuation Equation

Appendix B Perturbative Weyl Tensor

Appendix C Transverse and Transverse-Traceless Projection

C.1  Transverse projection for vector fields . . . . . ... ... ... ..
C.2 Transverse projection for flat space tensor fields . . . . . . ... ..
C.3 Transverse-traceless projection for flat space tensor fields . . . . .
C.4 Transverse-traceless projection for curved space tensor fields . . . .

Appendix D Fluctuation Energy-Momentum Tensor

189

189
195
197
203
204

. 207

209
215
224

229

229
231

235

235
238

249

249
254
256

261

265

269

269
274
279
283

289



Contents XV

D.1  General second order Einstein-Hilbert action . . . .. ... . ... 289
D.2  Second order fluctuation energy-momentum tensor in AdSs . . . . 291
D.3  Conservation of the second order energy-momentum tensor . . .. 294
D.4 Brane-world second order energy-momentum tensor . . . .. ... 296

Appendix E Retarded Propagators for Pure AdS and Pure dS Spacetimes 299

E.1  Retarded propagator for pure AdS spacetimes . . . . . . .. .. .. 299
E.2  Retarded propagator for pure dS spacetimes . . . . . . .. .. ... 307
.3 Retarded propagator for pure M, spacetime . . . . . . . ... ... 311
Appendix F  Embedding M(2,1) Branes in AdS, 313
F.1 M and M; brane-world background geometries . . . . . . . . . . 313
F.2  Fluctuations in the M3 and M; brane worlds . .. ........ 314
F.3 My brane-world mode basis . . . . . . ... ... ... ... ... 315
F.4 Causality in the My brane world . . . . . ... ... ........ 316
F.5 Causality in the M3 braneworld . . . . . ... ... ... .. ... 321
Bibliography 329
Author Index 333

Subject Index 335 |



