Chapter 1

Markov and Semi-Markov Processes

1.1 Preliminaries

The aim of this chapter is to give a brief account of basic notions on
Markov and semi-Markov processes, together with martingale character-
ization, needed throughout this book. Further introduction to semimartin-
gales and stochastic linear operators is also given.

Let (E,7) be a complete, separable metric space, (that is, a Polish
space), and let £ be its Borel o-algebra of subsets of E 52, Throughout this
book, we will call the measurable space (F, &) a standard state space. The
space R¢, with the Euclidean metric, is a Polish space. We will denote by
B, its Borel o-algebra, d > 1, with B := B;.

In this book, the space where the trajectories of processes are considered
is D[0, 00}, the space of right-continuous functions having left side limits
with Skorokhod metric 16:45:70,132,153  We call them cadlag trajectories
and cadlag processes. Let also C[0,00) be the subspace of DJ0,c0), of
continuous functions with the sup-norm, ||z|| = sup,sq |2(t)|, z € C[0, c0).
These two spaces are Polish spaces (see Appendix Ay.

Let B be the Banach space, that is a complete linear normed space,
of all bounded real-valued measurable functions on E, with the sup-norm
floll = SUPzcE le(z)], ¢ € B.

Let us consider also a fixed stochastic basis & = (Q, F,F = (F¢, t 2>
0),P), where (F;, t > 0) (for discrete time note that F = (F,, n > 0)) is
a filtration of sub-o-algebras of F, that is Fy C F; C F, for all s <t and
t > 0. The filtration F = (F;, t > 0) is said to be complete, if Fy contains
all the P-null sets. Set Fiy = NygneFs,t > 0. If for any ¢t > 0, Fy, = Fiy,
then the filtration F;,¢ > 0, is said to be right-continuous. If a filtration is
complete and right-continuous, we say that it satisfies the usual conditions.
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A mapping T : @ — [0,+00], such that {T" < t} € F, is called a
stopping time. If T is a stopping time, we denote by Fr the collection of
all sets A € F such that AN {T <t} € F,.

An (E,&)-valued stochastic process z(t),t € I, (I = Ry or I = N),
defined on the stochastic basis S, is adapted, if for any t € I, z(t) is F,-
measurable. The set of values E is said to be the state (or phase) space of
the process z(t),t > 0.

Given a probability measure p on (E, £), we define the probability mea-
sure P, by

P,(B) = uP(B) = / w(dz)P,(B), z € E,B¢€ F,
E

where P;(B) := P(B | z(0) = z). We denote by E,, and E, the expectations
corresponding respectively to P,, and P,.

We will also consider the following spaces endowed by the corresponding
SUp-NOrms:

- B is the Banach space of real-valued measurable bounded functions
o(u,z), u e RY, z € E;

- Bl:= C(R? x E) N B is the Banach space of continuously differentiable
functions on u € R¢, uniformly on z € E, with bounded first
derivative;

- B%:= C?(R? x E) N B is the Banach space of twice continuously differ-
entiable functions on v € RY, uniformly on z € E, with bounded
first two derivatives.

1.2 Markov Processes

1.2.1 Markov Chains

Definition 1.1 A positive-valued function P(z,B), z € E,B € £, is
called a Markov transition function or a Markov kernel or transition (prob-
ability) kernel, if
1) for any fixed x € E, P(z,-) is a probability measure on (E,£), and
2) for any fixed B € &, P(-, B) is a Borel measurable function, that is,
an (&€, B)-measurable function.

If P(x,F) <1, for a x € E, then P is said to be a sub-Markov kernel.
If for fixed z € E, the P(z,-) is a signed measure, then it is said to be a
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signed kernel. In that case, we will suppose that the signed kernel P is of
bounded variation, that is,

|P|(z, E) < +0o0. (1.1)

If E is a finite or countable set, we take £ = P(F) (the set of all subsets
of E), the Markov kernel is determined by the matrix (P(3,5); i,7 € E),
with P(i, B) = ¥,e5 P(i,4), B € €.

Definition 1.2 A time-homogeneous Markov chain associated to a
Markov kernel P(z, B) is an adapted sequence of random variables z,,,n >
0, defined on some stochastic basis <, satisfying, for every n € N, z € E,
and B € £, the following relation

P(zn1 € B | Fn) =P(zn41 € B| zn) =: P(zs,B), (as.), (1.2)
which is called the Markov property.

In most cases we consider the Markov property with respect to F,, =
o(zk, k < n), n >0, the natural filtration generated by the chain z,, n >
0. The Markov property (1.2) is satisfied for any finite F,,-stopping time
and it is called strong Markov property and the chain a strong Markov chain.

The product of two Markov kernels P and @ defined on (E, £), is also
a Markov kernel, defined by

PQ(z,B) = /E P(z,dy)Q(y, B). (1.3)

Let us denote by P*(z,B) =P(z, € B |20 =2) =P(Zpym € B | 2y =
z) the n-step transition probability which is defined inductively by (1.3).
By the Markov property we get, for n,m € N,

P™+m(z B) = /E P"(z,dy)P™(y, B) = /E P™(z, dy) P"(y, B),

which is the Chapman-Kolmogorov equation.
A subset B € £, is called accessible from a state xz € E, if

P.(z, € B, for some n > 1) > 0,

or equivalently P™*(z, B) > 0.



4 CHAPTER 1. MARKOV AND SEMI-MARKQV PROCESSES

Definition 1.3
1) A Markov chain z,,n > 0, is called Harris recurrent if there exists a
o-finite measure ¢ on (E, &), with ¢(E) > 0, such that

P(Un>1{zn € A}) =1, z€E, (1.4)

for any A € £ with ¢¥(4) > 0.

2) If the probability (1.4) is positive, the Markov chain is called -
irreducible.

3) The Markov chain is said to be uniformly irreducible if, for any A € &,

supPy(74 > N) — 0, N — oo, (1.5)
T

where 74 :=inf{n > 0: z,, € A}, is the hitting time of set 4 € £.

Definition 1.4 A Markov chain z,,n > 0, is said to be d-periodic (d >
1), if there exists a cycle, that is a sequence (Cy,...,Cq) of sets, C; € £,
1<i<d, with P(z,Cj11)=1,2€C;,1<j<d-1, and P(z,Cy) =1,
x € Cy, such that:

- the set E\ UL ,C; is ¢-null;

- if (C1, ..., C}) is another cycle, then d' divides d and C] differs from a
union of d/d’ members of (C1, ..., Cy) only by a v-null set which is of type
U;>1Vi, where, for any ¢ > 1, P, (limsup{z, € V;}) =0.

If d = 1 then the Markov chain is said to be aperiodic.

Definition 1.5 A probability measure p on (E, £), is said to be a station-
ary distribution or invarient probability for the Markov chain z,, n > 0,
(or for the Markov kernel P(z, B)) if, for any B € £,

o(B) = /E p(dz) P(z, B).

Definition 1.6

1) If a Markov chain is 1-irreducible and has an invariant probability,
it is called positive, otherwise it is called null.

2) If a Markov chain is Harris recurrent and positive it is called Harris
positive.

3) If a Markov chain is aperiodic and Harris positive it is called (Harris)
ergodic.

Proposition 1.1  Let z,,n > 0, be an ergodic Markov chain, then:
1) for any probability measure a on (E,E), we have

laP™ —pll = 0, n — oo;
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2) for any ¢ € B, we have

n—1
1
lim — = d , P,-as.,
Jim_ =~ kz:%w(wk) /E p(dz)p(z), Pyu-as
for any probability measure p on (E,E).

Let us denote by P the operator of transition probabilities on B defined
by

Po(z) = Elp(@ns1) | 2n = 1] = /E P(z, dy)o(y),

and denote by P" the n-step transition operator corresponding to P*(x, B).
The Markov property (1.2) can be represented in the following form

Elp(zn+1) | Fn] = Po(zn)- (1.6)

Definition 1.7 Let us denote by II the stationary projector in B defined
by the stationary distribution p(B),B € & of the Markov chain z,, as
follows

o@) = [ pldi)eui(@) = P1(a), P:= | pldar(a),

where 1(z) = 1 for all z € E. Of course, we have I12 = II.

Definition 1.8 The Markov chain z,, is called uniformly ergodic if

sup [|[(P" —ID)p|| — 0, n — oo, (1.7)
llell<1

117,80,137,139
137)

Note that uniform ergodicity implies Harris recurrence
Moreover, the convergence in (1.7) is of exponential rate (see, e.g.
So the series

00

Ro:= Y [P™—TI],

n=0

is convergent and defines the potential operator of the Markov chain z,,n >
0, satisfying the property (see Section 1.6)

Roll - P|=[I - P|Ro=1—1L
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1.2.2 Continuous-Time Markov Processes

Let us consider a family of Markov kernels (P, = Pi(x,B), t € R,) on
(E,E). Let an adapted (F,&)-valued stochastic process z(t), ¢t > 0, be
defined on some stochastic basis .

Definition 1.9 A stochastic process z(t), t > 0, is said to be a time-
homogeneous Markov process, if, for any fixed s,t € Ry and B € €,

P(z(t + s) € B|F,)=P(z(t + s) € B|z(s)) = P(z(s), B), (a.s.). (1.8)

When the Markov property (1.8) holds for any finite F-stopping time 7,
instead of a deterministic time s, we say that the Markov process z(t),t > 0,
satisfies the strong Markov property, and that the process z(t) is a strong
Markov process.

Definition 1.10  On the Banach space B, the operator P; of transition
probability, is defined by

Pu(@) =E:lole®)] = [ oPm.di), peB.  (19)

This is a contractive operator (that is, || Py}l < |lol])-
The Chapman-Kolmogorov equation is equivalent to the following semi-
group property of P,

PtPS = Pt+s, for all t,S S R+. (1.10)

The Markov process z(t), t > 0, has a stationary (or invariant) distrib-
ution, 7 say, if, for any B € £,

m(B) = ‘/Ew(dz)Pt(z,B), m(E)=1, t2>0.

Definition 1.11 The Markov process z(t), ¢ > 0, is said to be ergodic,
if for every ¢ € B, we have

Jim % /0  o(a(s))ds = /E r(dz)p(z), Pu-as.,

for any probability measure y on (E,£).

The stationary projector IL, of an ergodic Markov process with station-
ary distribution 7, is defined as follows (see Definition 1.7)

Mp(z) = /E r(dy)py)1(z) = PL(z), @ = /E 7(dz)p(z),
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where 1(z) = 1 for all z € E. Of course, we have IT? = II.

Let us consider a Markov process z(t), t > 0, on the stochastic basis S,
with trajectories in D[0, 00), and semigroup (P, t > 0).

There exists a linear operator @) acting on B, defined by

1
im = — )= 1.1
lgg " (P — @) = Qp, (1.11)

where the limit exists in norm.

Let D(Q) be the subset of B for which the above limit exists, this is the
domain of the operator Q). The operator @Q is called a (strong) generator
or (strong) infinitestmal operator.

Definition 1.12 A Markov semigroup P, ¢ > 0, is said to be uniformly
continuous on B, if

lim | P, ~ I =0,
where I is the identity operator on B.

A time-homogeneous Markov process is said to be (purely) discontinu-
ous or of jump type, if its semigroup is uniformly continuous. In that case,
the process stays in any state for a positive (strict) time, and after leaving
a state it moves directly to another one. We will call it a jump Markov
process 34:56,163,165

Let z(t), t > 0, be a time-homogeneous jump Markov process. Let
Tn, 7 2 0 be the jump times for whichwehave 0 =g < <. <7, < - -+,
A Markov process is said to be regular (non explosive), if , — 00, asn — oo
(see, e.g. 56).

Definition 1.13 The stochastic process z,,n > 0 defined by
Tn =2z(1), n>0,
is called the embedded Markov chain of the Markov process z(t), ¢t > 0.

Let P(z, B) be the transition probability of z,,n > 0. The generator
@ of the jump Markov process z(t),t > 0, is of the form (see, e.g. 36:34),

Qu(z) = o(x) /E P(z, dy){p(y) — o(a)], (112)

where the kernel P(z,dy) is the transition kernel of the embedded Markov
chain, and ¢(z),z € E, is the intensity of jumps function.
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Proposition 1.2 (see, e.g. 19552) Let (P, t > 0) be a uniformly con-
tinuous semigroup on B, and Q its generator with domain D(Q) C B.
Then:

1) the limit in (1.11) exists, and the operator Q is bounded with D(Q) =
B;
2) dP;/dt = QP; = P,Q;

3) Py =exp(tQ) = I + Y15, (tQ)* /K.

If z(t) has a stationary distribution, m, then z,, also has a stationary
distribution, p, and we have

m(dz)g(z) = qp(dz), q:= /Er(dx)q(:v).
Let us consider the counting process
v(t) = max{n : 7, < t}, (1.13)

with max@ = 0. That gives the number of jumps of the Markov process
in (0,].

> Example 1.1. The generator I. of a Poisson process, with intensity
A>0,is

Lo(u) = Alp(u+1) — ()], ueN.

> Example 1.2. Let 7,,n > 0, be a renewal process on R4, 79 = 0,
with distribution function F, and hazard rate of inter-arrival times 6, :=
Tn — Tn—1,

-/
) = -2
F(t)
Let v(t),t > 0 be the corresponding counting process, that is v(t) := sup{n :
T < t}.
The generator of the Markov process z(t) :=t—7(t),t > 0, 7(t) := Tu(p),
is given by

Lo(z) = ¢'(z) + Mz)[p(0) —¢(z), wEN, teRy,

where F(t) := 1 — F(t). The domain of this generator is D(L) = C*(R).
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> Example 1.3. Let z(t),t > 0, be a nonhomogeneous jump Markov
process, the generator of the coupled Markov process ¢, z(t),t > 0, is defined
as follows

7]
with D(L) = CYO(R,. x E).
> Example 1.4. Let z(t),t > 0, be a pure jump Markov process (that
is, without drift and diffusion part) with state space E and generator @),
and let v(t),t > 0, be the corresponding counting process of jumps and

Ty,n > 0 the embedded Markov chain. Let a be a real-valued measurable
function on the state space E, and consider the increment process

v(t)
a(t) =Y alzk), t>0.

k=1

Then the generator of the coupled Markov process a(t), z(t),t > 0 is

L =@+ Q[[(z) - 1], (1.14)

where:

T (z)¢(u) == p(u + a(z))

Qoi(z) = (o) | Ple.dy)otw)
and [ is the identity operator.

> Example 1.5. For the jump Markov process z(t),t > 0, as in the
previous example, let us consider the process

Then the generator of the coupled process £(t), z(¢),t > 0 is
L =@ + A(z),

where A(x)p(u) := a(z)p’(u).
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1.2.3 Diffusion Processes

A diffusion process is a strong Markov process in continuous time with
almost surely continuous paths. This process is used in order to describe
mathematically the physical phenomenon of diffusion, that is the movement
of particles in a chaotic environment. In this book we will use diffusions as
limit processes of stochastic systems switched by Markov and semi-Markov
processes.

Definition 1.14 A Markov nonhomogeneous in time process z(t),t > 0,
defined on a stochastic basis &, with values in the Euclidean space R¢,
d > 1, with transition function P,(z,B) := P(z(t) € B | z(s) = z), for
0<s<t<oo z€R%B € By, is said to be a diffusion process, with
generator L, if (a) it has continuous paths, and (b) for any z € R%, and
any @ € C2(RY),

AJ%M@@W@—NMZMWQHMM,hHQ

Let a be a real-valued measurable function, defined on R¢ x R;, and
B a function defined on R% x R, with values in the space of symmetric
positive operators from R¢ to R4,

For any t > 0, the generator L;, of the diffusion z(t),t > 0, acts on
functions ¢ in C%(R?) as follows

Lip(z) = a(a, )¢'(z) + 5 B(, )" (). (1.15)

The above means that the drift coefficient a(z,t), and the diffusion operator
(or coefficient) B(x,t), apply as follows:

a(z,t)p'(z) = Zalmt(gQO)

and
d ag
B(.’L‘,t)(p”(x) = Z bij(x’t)—_—__a.’t'a.’l}j (p(.’l?)
i,j=1 ’

For a time-homogeneous diffusion the generator does not depend on ¢,
that means functions a and B are free of ¢.

If a(z,t) = 0, and B(z,t) = I, the z(t),t > 0, is a Wiener process or a
Brownian motion.
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A diffusion process with a constant shift vector and a diffusion operator
B has the following representation

z(t) = z(0) + ta + ow(t),

where w(t),t > 0, is a Wiener process, with Ew(t) = 0, E(zw(t))2 = ¢ =12,
z € R4, and ¢ := BY/2 (B = ¢go*) is the positive symmetric square root of
the matrix B.

For the existence and weak uniqueness of a diffusion with generator
(1.15), we suppose that (see, e.g. 56:140,151,165)

(a) a(z,t) and B(z,t) are continuous, and

(b) lla(z, t)[|+]1B(z, t)}|| < C(1+]|z||), where C is some positive constant.

Weak uniqueness here means uniqueness of the transition function.

1.2.4 Processes with Independent Increments

Let & be a stochastic basis, and z(t),t > 0, a stochastic process adapted
to & with values in R?.

Definition 1.15 The process z(t),t > 0, is said to be with independent
increments (PII), if for any s,t € R4, with s < t, z(t) —z(s) is independent
of F.

This property is equivalent to the increment independence property of the
process z(t), when the filtration (F;) is the natural filtration of the process.
That is, for any n > 1, and any 0 < ¢y < t; < --- < t, < 00, the random
variables z(to), z(t1) — z(to), ..., 2(tn) — T(tn—1) are independent.

If, moreover, z(t) has stationary increments, that is, the law of z(t) —
z(s) depends only on t — s, then the process z(t) is said to be a process with
stationary independent increments (PSII).

The main properties of PSII are that their distributions are infinitely
divisible and have the Markov property. Let

&1 (A) := Eexp(ir(z(t + 3) — z(s)),

be the characteristic function of increments. Then it satisfies the semigroup
property

Dr4s(A) = Ge(A)@s(A).
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The characteristic function has the following natural representation
$e(A) = expltyp(A)].

The cumulant ¥()), has the well known Lévy-Khintchine formula 13-164
) 1 ;
P(A) = ida — 502)\2 + /[e“‘z — 1 —idzly, <13 H(dz), (1.16)
R
where H is the spectral measure and satisfies the following conditions

/ 22H(dz) < o0, H{dz) < .
|21<1

|z|>1

In the case where the PSII process z(t) is of finite variation (that is, it
has trajectories of finite variation), the cumulant has the following form

BN = ira + / [ — 1|H(d2),
R
and the spectral measure satisfies the condition
/ |z| H{dz) < oo.
fz|<1

The most important PSII processes are Brownian motion, Poisson

process, and Lévy process. 3

> Example 1.6. The Compound Poisson Process is defined by

v(t)
a(t) = &,
k=1

where v(t),t > 0, is a homogeneous Poisson process with intensity A > 0,
and £k, k > 1, is an i.i.d. sequence of real random variables, independent of

v(t),t > 0, with common distribution function F. Then we have F(4) =
H(A)/X =P(& € A). And the cumulant of the compound Poisson process

has the form
P(A) = A / [€** — 1]F(dz). (1.17)
R

As stated above, the PSII satisfy the Markov property, that is, the
transition probabilities are generated by the Markov semigroup

Tio(u) = Ep(u + z(t)). (1.18)
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Lemma 1.1 (*83) The generator I' of semigroup (1.18) has the following
representation

Tp(u) = /R eXup(\)B(N)dA, (1.19)

Jor o(u) = [ e?@(A)dA, where G(X) and A2G(X) are integrable functions.

PROOF. Let us consider the semigroup (1.18)

Pyp(u) = Egp(u + 2(t)) = E /R O G(X)dn

— / ei/\u+t'¢1(,\)¢()\)d}\'
R

Note that, according to the Lévy-Khintchine formula, the cumulant has
the asymptotic form ¥(\) = O(A%), as |A\| — oo. Hence, the latter integral
is convergent, uniformly on ¢. So, we get the derivative

ZTep(w) = [ MOy p0)an

By the evolutionary equation for the semigroup, we have

d
Comparing the two latter formulas, we get (1.19). O

The meaning of representation (1.19) is that the cumulant ¥(X) of a
PSII is the symbol of the generator I'. In the particular case of a drift
process z(t) = at, the corresponding generator is I'p(u) = a¢’(u) since for
the corresponding semigroup

d .
—Tyo(u) = / e ida@(N)dA.
dt R

It is well-known that the standard Wiener process with the cumulant
Y(\) = —02)2?/2 has the generator T'p(u) = 02" (u)/2.

Corollary 1.1  The generator of the semigroup (1.18) with the cumulant
(1.16) has the following representation

0.2
To(w) = ap'() = o)+ [ [l v) — plu) = vp! (W quisn) (@)
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In the particular case of a compound Poisson process with the cumulant
(1.17) the generator has the form

To(u) = A /R ot +v) ~ p(w)] F(dv).

1.2.5 Processes with Locally Independent Increments

We consider now the Markov processes with locally independent increments
(PLII). It is worth noticing that such processes include strictly the indepen-
dent increment processes. Here we will restrict our interest to PLII with-
out diffusion part. These processes are called also “Piecewise-deterministic
Markov processes” 34, or “jump Markov process with drift”, or “weak dif-
ferentiable Markov processes” and have the same local structure as the PII
(see 56).

Roughly speaking, these processes are jump Markov processes with drift
and without diffusion part. These processes are of increasing interest in the
literature because of their importance in applications, for which they con-
stitute an alternative to diffusion processes. For their detailed presentation
and applications see 34,

These processes are defined by the generator I' as follows

Polu) = alwe'(u) + [ fplu+ )~ eIl d), (120
with the intensity kernel I'(u,dv) satisfying the boundedness property:
I'(u,R%) € R,.

We can also write the above generator in the following form, by extract-
ing the drift, due to the jump part, and add it into the initial drift a to
obtain the drift coefficient g, that is, g(u) := a(u) + [z T (u, dv),

Polu) = o(u)p'(u) + | fptu-+) = () =g/ (I, dv). (121)

Let us be given the Euclidean space R¢ with the Borel o-algebra By
and the compact measurable space (F, ). We consider the family of time-
homogeneous Markov processes 7n(t;z), t > 0, z € E, with trajectories in
D[0, 0o), with locally independent increments. These processes take values
in the Euclidean space R? (d > 1), and depend on the state z € F, and
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their generators are given by
I (z)p(u) =a(u; 2)¢ (u)+ " [o(u + v) = (u) —ve' (W] (u, dv; 2).(1.22)

These processes will be used in Chapter 2 as switched processes. A complete
characterization of the above generators is given in 34. Note also that 7(t; z)
contains no diffusion part (see, e.g. 34:51:56:107),

Of course, it is understood that when d > 1, we have

d
, Oy
vp'(u) =) v (u).
— Ouk

It is worth noting that slightly changed conditions allow one to include a
locally compact space of values for the switched process.

The drift velocity a(u;z) and the measure of the random jumps
I'(u,dv; ) depend on the state x € E. The time-homogeneous cadlag
jump Markov process z(t), t > 0, taking values in the state space (E,£),
is given by its generators (1.12)

Qu() = 4(z) /E Pz, dy)[o(w) - o(2))

where ¢ is the intensity of jumps, which is a nonnegative element of the
Banach space B(E) of real bounded functions defined on the state space
E, with the sup—norm, that is |¢|| := sup,¢ 5 |¢(z)].

We will consider additive functionals of the process 7(t;z), of the fol-
lowing form

t v{t)—1
£(t) = €0 + / n(ds;o(s) = €0+ 3 Ok zk) +71(t — 7(2); 3(1)),
o - k=1

with generator L = Q + I'(z).

1.2.6 Martingale Characterization of Markov Processes

Let &= (2, F,F = (F, t > 0),P) be a stochastic basis. Let z(¢t),f > 0, be
a process, defined on & and adapted to F.

Definition 1.16 (see, e.g. "013293) A real-valued process z(t),t > 0,
adapted to the filtration F, is called an F-martingale (submartingale, su-
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permartingale), if E |2(t)| < oo, for all t > 0, and, for s < t,

Elz(t) | Fs] = 2(s), (Elz(t) | Fo] 2 2(s), El2(t) | Fo < 2(s)), aus.
(1.23)

A martingale u,,t > 0, is called square integrable, if

sup EuZ < oo. (1.24)
>0
Then the process u?,t > 0, is an F;-submartingale.
The Doob-Meyer decomposition *32 of a square integrable martingale
pi,t > 0, is as follows

iu‘tz = (/J'>i + Z(t)a

where 2(t),t > 0, is a martingale, and the increasing process (u)¢,t > 0, is
called the square characteristic of the martingale p;.

Definition 1.17 (see, e.g. !3%) A process z(t),t > 0, adapted to F is
called an F-local martingale if there exists an increasing to infinity sequence
of stopping times, T, — +00, such that the stopped process z™(t) = z(t A
Tn),t > 0, is a martingale for each n > 1.

It is clear that any martingale is a local martingale, by setting 7, = n,
n > 1. The converse is false.

Let z(t),t > 0, be a Markov process with a standard state space (E, ),
defined on a stochastic basis &. Let P(z,B),x € E,B € £,t > 0, be its
transition function, and P;,t > 0, its strongly continuous semigroup defined
on the Banach space B of real-valued measurable functions defined on F,
with the sup-norm, (see Definition 1.10). Let @ be the generator of the
semigroup P;,t > 0, with the dense domain of definition D(Q) C B.

For any function ¢ € D(Q) and any ¢ > 0, we have the Dynkin formula
45,34

Pote) = ola) + | ' QP.o(a)ds. (1.25)

From this formula, using conditional expectation, we get

B [p(e(0) - ola) — [ Qota(o)as| 0.
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Thus, the process

() = p(o(t) ~ o(o) ~ [ Qola(s))ds (1.26)

is an F¥ = o(x(s), s € t)-martingale.
The following theorem gives the martingale characterization of Markov
processes.

Theorem 1.1  (*5) Let (E,£) be a standard state space and let z(t),t > 0,
be a stochastic process on it, adapted to the filtration F = (Fy, t > 0). Let
Q be the generator of a strongly continuous semigroup P, t > 0, on the
Banach space B, with dense domain D(Q) C B. If for any ¢ € D(Q), the
process p(t),t > 0, defined by (1.26) is an Fy-martingale, then z(t),t > 0,
is a Markov process generated by the infinitesimal generator Q.

The process z(t),t > 0, is said to solve the martingale problem for the
generator Q.

The martingale (1.26) is a square integrable one whose the square inte-
grable characteristic is the process:

Theorem 1.2 (*32) The square characteristic of the martingale u(t),t >
0, (see 1.26), denoted by (u)s,t > 0, is the process

(e = [ 106 (als) ~ 20(a(:)Qpla(alds, ¢20.

PROOF. Let us denote oy := fot Qy(z(s))ds. Then, from the representation
of the martingale u(t), we have

¢’ =(u+a) =p>+2pa+a® =y’ + L,
where L := 2ua + o?. Differentiating L, we get
dL = 2dpa + 2uQpds + 2aQpds.
Now the martingale representation y = ¢ — a, gives
dL = 2dpa + 2pQpds,

and, by integration,

L:2/Otdu(s)/ochpdv+2/otchcpds.
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The first term is a martingale, since it is the integral with respect to a
martingale u(s). It is obvious that

t
in(®) = He®) - | QeP(ats)as,
is a martingale. Hence
pr=¢*~L
9 t t t
= —/ Q902d8+/ Q¢2d8—2/ PQpds —
0 0 0
t
= /0 (Q¥® — 20Qylds + 2,

where p2 is a martingale. So, the latter relation gives the square charac-
teristic of the martingale u(t). O
Let z,,n > 0, be a Markov chain on a measurable state space (E, &)
induced by a stochastic kernel P(z,B), x € E,B € £. Let P be the
corresponding transition operator defined on the Banach space B.
Let us construct now the following martingale as a sum of martingale
differences

n—1
pn =D [p(@k1) —E(p(zes) | Fe)l- (1.27)
k=0

By using the Markov property and the rearrangement of terms in (1.27)
the martingale takes the form

o = (@) (@) — 3P~ Llp(z). (1.28)
k=1

This representation of the martingale is associated with a Markov chain
characterization.

Lemma 1.2 Let z,,n > 0, be a sequence of random variables taking
values in a measurable space (E, &) and adapted to the filtration Fp,n > 0.
Let P be a bounded linear positive operator on the Banach space B induced
by a transition probability kernel P(x, B) on (E,E). If for every ¢ € B, the
right hand side of (1.28) is @ martingale pn, Fn,n > 0, then the sequence
In,n > 0, is a Markov chain with transition probability kernel P(x,B)
induced by the operator P.
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PROOF. Using (1.28) we have

Elin | Faot] = El(n) | Fat] — olz0) — 3 [P — To(a)

k=1
= Elp(zn) | Fr-1] = Po(k—1) + p(Tn-1) — ¥(T0)
= pn-1+ IE[(,D(l'n) | f'rl—l] - P(p(xk—l)'

So, the martingale property E[un | Frne1] = Hn-1, is equivalent to the
Markov property

Elp(@n+1) | Fal = Elp(Zni1) | 2n] = Po(zn). (1.29)

]
By the definition of square characteristic of martingale it is easy to check
that

n—1

(Bhn = Y [Po?(@i) — (Po(wr))’)- (1.30)

k=0

1.3 Semi-Markov Processes

The semi-Markov process is a generalization of the Markov and renewal
processes. We will present shortly definitions and basic properties of semi-
Markov process useful in the sequel of the book (see, e.g. 127116),

1.3.1 Markov Renewal Processes

Definition 1.18 A positive-valued function Q(z,B,t), z € E, B € £,
t € Ry, is called a semi-Markov kernel on (E,E) if

(i) Q(z,B,), for x € E, B € £, is a non-decreasing, right continuous real
function, such that Q(z, B,0) = 0;

(ii) Q(,-,t), for any t € Ry, is a sub-Markov kernel on (E, £);

(iii) P(:,-) = Q(:,-,00) is a Markov kernel on (£, £).

For any fixed z € E, the function F,(t) := Q(x, E,t) is a distribution
function on R;. By Radon-Nikodym theorem, as <« P there exists a
positive-valued function F{(z,y,-), such that

Q(z,B,t) = /BF(x,y,t)P(z,dy), Beé&. (1.31)
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We consider a special class of semi-Markov processes where F(z,y,t)
does not depend on the second argument y, we have F(z,y,t) =: F,(¢).
Nevertheless, any semi-Markov process can be transformed in one of the
above kind, (see, e.g. %7), by representing the semi-Markov kernel Q as
follows

Q(z, B,t) = P(z, B)Fa(t). (1.32)

Let us consider a (E xR, £®B, )-valued stochastic process (z,, 7; n >
0), witho <7 <+ <7y <7y < -0 -

Definition 1.19 A Markov renewal process is a two component Markov
chain, zn, T, n > 0, homogeneous with respect to the second component
with transition probability defined by a semi-Markov kernel @ as follows,

P(Tn+1 € B, Tni1 — Tn <t | Frn) =P(Tnt1 € B, Tng1 —~ Tn <t | Tn)
= Q(zn,B,t) (a.s.), (1.33)
forany n >0, ¢t >0,and B € By.
Let us define the counting process of jumps v(t), t > 0, by
v(t) =sup{n 2 0: 7, <t},

that gives the number of jumps of the Markov renewal process in the time
interval (0,t].

Definition 1.20 A stochastic process z(t), t > 0, defined by the follow-
ing relation

z(t) =T, t2=0,

is called a semi-Markov process, associated to the Markov renewal process
Tn,Tn, N 2> 0.

Remark 1.1. Markov jump processes are special cases of semi-Markov
processes with semi-Markov kernel

Q(z, B,t) = P(z, B)[1 — e71®)].

Let 0, := T, — Tn—-1, that is 7, = 70 + ZZ:I 0. The random variable
6.,z € E, will denote the sojourn timein state . The process z,,0,,n > 0,
will be called also a Markov renewal process.



1.8. SEMI-MARKOV PROCESSES 21
It is worth noticing that jump Markov and semi-Markov processes con-
sider in this book are regular, that is 127,56,
P(y(t) < o0) =1,

for every t > 0.

1.3.2 Markov Renewal Equation and Theorem

Let @, and Q2 be two semi-Markov kernels on (E,£). Then their convolu-
tion, denoted by Q1 * @5, is defined by

t
@uama&naéAQmeM%@ﬁi—& (1.39)

where z€ E, t € Ry, Be€.
The function @ x Q> is also a semi-Markov kernel. For a semi-Markov
kernel Q on (E,£), we set by induction

Q'=Q, Q"M =QxQ", n>0, (1.35)
and
0 ift<0
Q%(z, B,t) = {13(@ $30. (1.36)

We prove easily that
QM = Q™ % Q™. (1.37)
Note that
Q" (z,B,t) =P(z, € B, <t|xo=2).

Let us now consider two real-valued functions U(z, t) and V(z,t) defined
on E xR,.

Definition 1.21  The Markov renewal equation is defined as follows
i
Uz, ) - / / Qz, dy, ds)U(y,t — 5) = V(z,t), z€E, (1.38)
EJo

where U is an unknown function and V a given function.

The above Markov renewal equation can be also written as follows

Ut - [ Qs s) = V),
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which is the usual form in the scalar case of the classical renewal equation
on the half-real line ¢ > 0.

By using convolution , this equation can be written as follows
-QIxU=V o U=V+Qx*U,
where I is the identity operator: IxU =U %I =U.

Theorem 1.3  (Markov renewal theorem 15°) Let the following conditions
hold:

C1: the stochastic kernel P(x, B) = Q(z, B,0) induces an irreducible er-
godic Markov chain with the stationary distribution p,
C2: the mean sojourn times are uniformly bounded, that is:

oo
m(z) = / F(t)dt < C < +oo,
0
and

m = / p(dz)ym(z) > 0,
E

C3: the distribution functions F,(t) := Q(z, E,t), z € E, are non arith-
metic (that is, not concentrated on a set {na : n € N}, wherea > 0,
is a constant; the largest a is called the span of distribution).

C4: the nonnegative function V(z,t) is direct Riemann integrable’” on Ry,
s0

/E o(dz) /0 "V, £)dt < +oo.

Then Egquation (1.38) has a unique solution U(x,t), and the following
limit result holds

lim U(z,t) =/ pldz) /oo V(z,t)dt/m.
t—00 E 0

Let us apply the above theorem in order to obtain the limit distribution
of the semi-Markov process.
The transition probabilities of the semi-Markov process

Py(z, B) = P(z(t) € B | z(0) = z), (1.39)

satisfy the following Markov renewal equation

Py(z,B) - /E /0 Q(z,dy, ds)P;—u(y, B) = 15(@)Fa(t).  (1.40)
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Now, applying the renewal limit theorem to the above equation, we get
m(B) = tlim P,(z,B) = / p(dz)m(z)/m, BeE.
—00 B

The limit distribution m(B) is said to be the stationary distribution of the
semi-Markov process z(t).

1.3.3 Auzxiliary Processes
The following auxiliary processes will be used:

() =Ty, THE) =Top@y vt =v() + 1,
V() =t—7(t), v+(t) =74() -t (1.41)
The distributions of the auxiliary processes (1.41) satisfy the Markov
renewal equation (1.38) with certain function V(z,t). Let us consider the

distribution function of the remaining sojourn time <y (t), which will be
used in the phase merging principle (see Chapter 4),

@, (u,t) :=P(y4(t) < u|2(0) = x).

The right-hand side of the Markov renewal equation (1.38) is calculated
as follows:
Ve(u,t) 1 = E[1(7+(t)$u,‘r]>t) | z(0) = :L‘]
= IE[1(‘1'1—1.‘§u,7'1>t) l (L‘(O) = :1:]
= E[lt<r, st+u) | 2(0) = 7]
= F.(t +u) — Fy(¢t)
=F,(t) — Fo(t +u).

Now, the Markov renewal theorem yields the following limit result:

oo

Jim @x(u0) = [ ptae) [ Fa() = Fule +u)lde/m

- /E p(de) [ /0 T Fa ()t — /u w_F—x(t)dt] /m

- /E p(dz) /0 “Fa(tydt/m
- /0 “Ftydtjm,
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where, by definition,

F(t) :=/Ep(d:c)7z(t).

It is worth noticing that the limit remaining sojourn time -y, distrib-
ution, naturally called the stationary renewal time distribution, is defined
by

Filw) =Pl <u) = | Fodt/m,
0
with density

fi(u) = F(u)/m.

1.3.4 Compensating Operators
The compensating operator is a basic important device in our analysis of
stochastic systems switched by semi-Markov processes.
Let us consider a Markov renewal process
Ty, Tn, 020, (1.42)
where z,, = z(7,), and T4+1 = Tn + On41, 1 > 0, and

P(fny1 <t|z, =1z) = Fp(t) =P8, < t).

Definition 1.22 (*"%) The compensating operator L of the Markov re-
newal process (1.42) is defined by the following relation

Lio(zo,70) = q(z0)Ele(x1,71) — ¢ (2o, 0) | Fol, (1.43)
where g(z) = l/m(m), m(z) = Ef, = [;° Fy(t)dt, and
Fii=o(z(s),7(s); 0 < s <t).

Of course, by the homogeneity property of the Markov renewal process, we
have

9(2)E[0(Tns1, Tat1) — (Tn, Tn) | Frl = Lo(zn, 7). (1.44)
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Proposition 1.3 The compensating operator (1.48) of the Markov re-
newal process (1.42) can be defined by the relation

Lo(e,t) = 0(o) [ [ Qavdy,ds) oty £+ 5) — ola, 1)
z) [ /0 " B (ds) /E P(a:,dy)go(y,t—i—s)—cp(:c,t)} . (1.45)

If q(z) = 0, then Lo(x,t) = 0.
The claim of Proposition 1.3 follows directly from Definition 1.22.

1.3.5 Martingale Characterization of Markov Renewal
Processes

Let z(t),¢ > 0, be a semi-Markov process and let x,,,7,,n > 0, be the cor-
responding Markov renewal process, and L be the compensating operator.
Define the process &,,n > 0, by

n
&n —Soxn,'rn Z Ty — Ti— IL‘p(xz 1,7'1—1) n >0,

i=1
and Gy, := o(zk, Tk k <n),n >0.

Proposition 1.4 (17*) The process &,,n > 0, is a Gnp-martingale se-
quence for any function ¢ € B(E x Ry), such that E, |p(x1,m1)| < +o00.

1.4 Semimartingales

Let us consider an adapted stochastic process z(t), t > 0, on the stochastic
basis &, with trajectories in the space D0, +00). Set Rg =R \ {0}.

Definition 1.23 (") The stochastic process z{t), t > 0, is said to be:
(1) a semimartingale, if it has the following representation
z(t) = zo + p(t) + alt), t>0, (1.46)

where zg = z(0) is a finite Fy-measurable random variable, u(t) is a
local martingale, with yo = 0, and «a(t) is a bounded variation process,
with «(0) = 0;

(2) a special semimartingale, if it has the representation (1.46) with a(t) a
predictable process.”™
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Then we note z € § and = € S, respectively.

The representation (1.46), for a special semimartingale is unique. A
semimartingale with bounded jumps is a special semimartingale. While
the representation (1.46) for a semimartingale is not unique, the continuous
martingale part is unique.

Let h be a truncation function, that is, h : R§ — Rg, bounded with
compact support and h(x) = z in a neighborhood of 0. Let z(t), t > 0, be
a d-dimensional semimartingale.

For a fixed truncation function h, let us consider the processes:

#a(t) = S 1A(s) — h(A(s))] = /0 /}R (u— h(w))u(ds, du), >0

s<t

zh(t) = z(t) — Zn(t), t>0,

where Az(s) := z(s) —x(s—), and p(ds, du) is the measure of jumps of z(t).

Since &5 (t) is of bounded variation, the process z(t) is a semimartingale
and has bounded jumps, consequently, it is a special semimartingale, and
has the canonical representation

l‘h(t) = xo + Mp(t) + Br(t), t=>0, (1.47)

where My (t) is a local martingale, with M,(0) = 0 and By(t) is a pre-
dictable process of bounded variation.

Definition 1.24 (") For a fixed truncation function h, we call a triple
of predictable characteristics, with respect to h, the triplet T = (B, C,v),

of which the semimartingale z(t), ¢ > 0, has the following representation
70,132

z(t) = zo + Ba(t) +2°(t) + /0 X h(w)(p(ds, du) — v(ds, du))

+ /ot / (u— h(u))u(ds, du),
where:

- B = By, is the predictable process in (1.47),

- C = (c¥) is a continuous process of bounded variation, with ¢ =
< z*¢, z7¢ >, which is the predictable process of (z%°,z7¢), that is, the
process z*z°— < ¢, 29¢ > is a local martingale;
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- v is the compensator of the measure p of jumps of z(t), that is a pre-
dictable measure on R, x Rg.

It is convenient to introduce the second modified characteristic C =
(Eij)’ by

(&) =< M{, M} > .

We will use the semimartingales as a tool in order to establish Poisson
approximation results (see Chapter 7).

> Example 1.7. Brownian motion. Let w(t),t > 0 be a Wiener process
with w(0) = 0. This is a local martingale with (w,w); = o%(t). Its pre-
dictable characteristics are (B, C,v) = (0,02(t),0).

> Example 1.8. Gaussian process. Let z(t),t > 0, be a Gaussian process.
We have (B, C,v) = (Bz(t), E(z(t) — Ex(¢))?,0).

> Example 1.9. Generalized diffusion (52). Let us consider Borel functions
a > 0 and b defined on Ry xR, and a family of transition kernels K;, t > 0,
on (R, B), satisfying the following conditions:
Kt(ZE, {0}) = 0,
/(1 AY)2 K (z,dy) < 4o0.
R

Let z(t),t > 0, be a semimartingale with predictable characteristics
(B, C,v) given by:

Bh(t)=/0 b(s,z(s))ds,

t
¢ = [ ats,z(s))ds,
0
v(dt,dz) = K;(z(t),dzx)dt.
In that case, the semimartingale z(t),t > 0, is said to be a generalized

diffusion. If a(t,z), b(t,z) and Ki(z, B) do not depend upon t, them it is
called a time-homogeneous generalized diffusion (compare with PLII).



28 CHAPTER 1. MARKOV AND SEMI-MARKQOV PROCESSES

For a time-homogeneous generalized diffusion z(t),t > 0, the infinitesi-
mal generator L acts on functions ¢ € C?(R), as follows

Lo(z) = b@)y/(z) + zala)y"(x)

+ /R K(z,dy)[o(z +1) — 9(@) - h@)e' (). (1.48)

The triplet (b, a, K) is called the infinitesimal characteristics of the gen-
eralized time-homogeneous diffusion.

> Example 1.10. Processes with stationary independent increments. For
the processes with stationary independent increments given in Section 1.2.4,
with cumulant function ¢()), given in (1.16), we have (By, Ci,vy(dr)) =
(at,o?t,tH(dzx)). :

1.5 Counting Markov Renewal Processes

In this section, we consider counting processes as semimartingales.
Let z,,0,,n > 0, be a Markov renewal process taking values in F X
[0, +00), and defined by the semi-Markov kernel

Q(z, B,t) = P(z, B)Fy(t).
So, the components T, 41 and 6,4, are conditionally independent

IP(SL'n+1 S B,9n+1 <t | Tp = IL')
=P(znt1 € B| 2p = 2)P(Ong1 < t| 2, = 1)
— P(z, B)Fy(t).

The renewal moments are defined by
n
Tn=29ka TLZ]., 7'()=0.
k=1

The counting process is defined by
v(t) =max{n>1:7, <t}.

Definition 1.25 (see, e.g. Z1'7>133) An integer-valued random measure
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for the Markov renewal process zn,Tn,n > 0, is defined by the relation

p(dz,dt) = 8z, 7, (4, )1 (r, < foo), (1.49)
n>1
where d, is the Dirac measure concentrated at point a.
It is worth noticing that the random measure (1.49) defines the mul-
tivariate point process Tn,7,,n > 0, (see, e.g. "°). By Theorem II1.1.26
70 there exists a unique predictable random measure U(dz, dt) which is the

compensator of the measure p(dz,dt), that is, for any nonnegative contin-
uous function w(z, t),

t
/ / w(z, s)[u(dz, dt) — D(dz, ds)]
0 JE
is a local martingale (Section 1.2.6) with respect to the natural filtration
Ffi=o(z(s),s <t), t=>0, (1.50)

of the corresponding semi-Markov process z(t),t > 0.

Certainly, there exists a unique predictable random measure 7(¢) which
is a compensator of the counting process v(t),t > 0, that is, the process
u(t) = v(t) —v(t),t > 0, is a local martingale with respect to the filtration
(1.50). Note that

(dt) = / H(da, dt). (1.51)

E
Moreover, it is possible to give the constructive representation of the
compensator (1.51) for the Markov renewal process, at any rate, where the

family of distributions F,(t),z € E, is absolutely continuous, with respect
to the Lebesgue measure on R, and has the following representation

F(t) := 1 — Fy(t) = exp[-A(z,t)], A(z,t) = /Ot Az, s)ds. (1.52)

Proposition 1.5 (*'8) The compensator U(t),t > 0, for the counting
process v(t),t > 0, of a Markov renewal process can be represented as follows

B(t) = / A((s),7(s))ds,

where y(s) 1= s — T(S),T(S)V:= Tu(s)-
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It is worth noticing that the compensator of the counting Markov re-
newal process is a stochastic integral functional of the Markov process
z(t),v(t),t > 0 (see Section 2.2).

PrOOF. Introduce the conditional distributions of the Markov renewal
process Ty, Tn,n > O

Fo(dz,dt) = P(xny1 € dx, Ty € dt | Fp) (1.53)
=P(Tny1 € dT, Tny1 € At | Tn, Ta)
= P(xn,dz)Fy, (dt — 7). (1.54)

By Theorem I11.1.33 7°, the compensating measure of the multivariate
point process (1.49) can be represented as follows

D(dz,dt) =Y L, <t<rnpn) Fulda, dt) [Hp(2),

n>0

= /too/EFn(dx, ds) =F,, (t — 7).

Therefore, the compensator of the counting process v(t),t > 0, is rep-
resented by

where

-x/ T H(ds) [T (o).

n>0

Now, calculate
Tn+1 ___ Trn+1 _
/ Ho(ds)/Fa(s) = / Fy (ds — ) /Fa (s)
" 75n+1 —
- / Fy, (ds)/Fa (s)
1]

0n+1

- / A(n,s)ds, (by using (1.52))
0

= A@n, bnt1).

Similarly, for 7, < t < 7,41, we get

/ * Ho(d8) /T a(5) = Azt — 1) = Alzmy ¥(1))-
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Hence,

v(t)
T(t) =Y A®@n,0np1) + Ala(t),7())

n=0
=/Am¢ﬂmw
0
O

Corollary 1.2 The compensator of the counting process for a Markov
Jump process with the intensity function q(x),r € E, is represented as fol-
lows

vm=4«amm

1.6 Reducible-Invertible Operators

Let B be the Banach space of real-valued measurable functions, with |||
the sup-norm, defined on the state space E.
Let @: B — B be a linear operator acting on B, and denote by

Do = {p: p € B,Qp € B}, the domain of Q,
by
Rg:={¥: ¥ =Qp,p € B}, therangeof Q,
and by
Ng :={p: Qe =0,p € B}, the null-space kernel of Q.

An operator @ is said to be bounded if there exist constants C > 0,
such that

1Qell < Cllell, » € Dq.

The least of these constants is called the norm of the operator @, and is
denoted by ||@Q]|. The operator norm is

_ sup 19l
IIQH—wEg ol (1.55)
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Let Q: B — B be a linear operator that maps Dg to Rg one-to-one.
Thus a linear operator Q™! is defined as a map Rq onto Dg, which satisfies
the following conditions:

Q_IQ(:D:‘Pa (pEDQ, QQ_11/)=1/)a T/JE'R*Q
The operator Q™! is defined uniquely and is called an inverse operator.

Definition 1.26 (!16)

(1) An operator Q is said to be densely defined if its domain of definition
is dense in B, that is, Dg = B, (Dg is the closure of Dg).

(2) An operator @ is said to be closed if for every convergent sequence
z, — , and Qx, — y, as n — 00, it follows that z € Dg and Qz = y.

(3) A bounded linear operator @ is said to be reducible-invertible if the
Banach space B can be decomposed in a direct sum of two subspaces,
that is

B =Ng ®Rq, (1.56)

where the null-space has nontrivial dimension, dimAg > 1.
(4) A densely defined operator @Q: B — B is said to be normally solvable
if its range of values Rq is closed.

Remark 1.2.
1) A reducible-invertible operator is normally solvable.

2) The decomposition (1.56) generates the projector IT on the subspace
Ne

», p € Ng,

IIp .=
¥ {0, S RQ.
The operator I — II is the projector on the subspace Rg

0, (PGNQ,
Y, ¢ € Rg.

(- = {

where I is the identity operator in B.

Lemma 1.3 (') If the linear operator Q is normally resolvable, then
the operator Q +II has an inverse.
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PRrROOF. Applying the projector II to both sides of the equation
[Q+ 1Dy = 4, (1.57)
and since IIQy = QIlp = 0, we get
IIp = IIy.
On the other hand, rewriting (1.57), we have
Qo= [I -y € Rq.

This equation, as @ is a normally solvable operator, has a solution which
is the solution of (1.57). O

Definition 1.27 (1!%) Let Q be a reducible-invertible operator. The
operator

Ry:=I—(Q+IN™! (1.58)
is called the potential operator or the potential of Q.
It is easy to check that the potential can also written as follows
Ry=(M-Q)"!'-1IL (1.59)

Proposition 1.6  The following equalities hold:

QRo=RyQ=1-1, (1.60)
IRy = RoIl = 0, (1.61)
QR =R}Q=Ry;!, n>1, (1.62)
[Roll = [|@5 | - (1.63)

Equation (1.60) is called Poisson equation. The right hand side of this
equation is sometimes defined as I — II (see, e.g. 116).

Proposition 1.7 Let Q: B — B be a reducible-invertible operator. Then
the equation

Qv =1, (1.64)

under the solvability condition Iy = 0, has a general solution with repre-
sentation

v =~Roy+ o, o€ Ng.
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If moreover the condition Ilp = 0 holds, Equation (1.64) has a unique
solution represented by

¢ = —Rot. (1.65)

For a uniformly ergodic Markov chain, the operator Q := P — I (where
I is the identity operator), is reducible-invertible 10, that is,

B=NQGBRQ,

with dimNg = 1.
For a uniformly ergodic Markov process with generator Q, and semi-
group F;,t > 0, the potential Ry is a bounded operator defined by

oo
Ro = / (P, — I)dt, (1.66)
0
where the projector operator II is defined as follows
() = [ plda)p(a(@)

with p(B), B € £, the stationary distribution of the Markov chain and the
indicator function 1(z) =1, for any z € E.

Definition 1.28 Let Q.: B — B, € > 0, be a family of linear operators.

We say that it converges in the strong sense, as € — 0, to the operator Q,
if

lim |Qep —Qpll =0 ¢ €B.

And we note s — lim,_.0 Q: = Q.



