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We give an informal account of recent progress and questions related to the general
problem: When does the subset of a vector space that has a certain (interesting)
property contain an infinite dimensional vector space?

In 2001, D. Garcia, M. Maestre, and the author published an expository
article 4 in which we introduced the terms lineable and spaceable. The aim
of these lectures is to give an accessible description of these notions which,
we hope, will encourage others to find many more new and interesting
instances of lineability and spaceability.

As the reader will soon observe, these notes will be leisurely, with either
brief indications of some proofs or else no proofs at all. To highlight our
casual approach, we “officially” begin with not one, but two introductions.

1. Two introductions

Introduction 1. Let’s first recall three classical results.

(a). (Weierstrass (+ 1856)) There is a continuous, nowhere differentiable
function f: R — R.

(b). (Lebesgue (1904)) There is a function f : R — R with the property
that for any a < b, the restriction f|(, ) : (a,b) — R is surjective. (Such a
function f is called everywhere surjective.)

(c). (Birkhoff (1929)) There is an entire function f : C — C such that
the set of translated functions {f(z), f(z + 1), f(z +2), ...} is dense in the
space H(C) of entire functions, with the usual compact-open topology.



To us, the mere existence of such functions is surprising. In fact, there
are very many such functions and, indeed, there are large vector spaces of
such functions! To continue, it will be very helpful to have two new terms
(which, until fairly recently, did not exist in the English language).

Definition 1 Let E be a Banach or Fréchet space, let P be a property
that elements of F might have, and let S = {x € F : z has property
P}. We say that P is lineable if S U {0} contains an infinite dimensional
vector space, and that S is spaceable if S U {0} contains a closed infinite
dimensional vector space.

(i) Theorem 2!  The property of being continuous and nowhere differen-

tiable is a spaceable property in the space C([0, 1]) of continuous real-valued
functions on [0, 1].
(ii) Theorem ©
in the space of all functions f : R — R. (Note that spaceability is not an
issue here, since there is no natural topology on the space of all functions
on R.)

(iii) Theorem
of translates

The property of being everywhere surjective is lineable

14 The property of being an entire function f whose set

{f(z), fz+ 1), ..., f(z+mn),..}

is dense in H(C) is spaceable.

It is natural to ask for criteria for when lineability occurs, and when a
property is found to be lineable it is natural to wonder whether it is also
spaceable. By and large, these natural questions are open and in many
situations they seem to be quite difficult. This leads us to our second in-
troduction.

Introduction 2. To us, it seems that very often when one or the other
of lineability and spaceability is proved, the result is surprising and almost
magical. Thus, a second personal motivation for our interest in this topic,
is the following: How does one get intuition about whether a property P
is lineable, spaceable, or neither? The reader will note that despite the
abundance of examples that are presented, we are still confounded by this
problem of how to develop a sense of what is true.



Let us illustrate the problems we confront with a number of examples.

Examples 1. Let X = C[0,1], and let P be the property: f € X attains
its mazimum at precisely one point of [0,1]. Is P a lineable, or a spaceable,
property? That is, does the set {f € C[0,1] : f attains its norm at pre-
cisely one point } U {0} contain an infinite dimensional vector space; does
it contain a closed infinite dimensional vector space?

2. Nowlet X = {f € C(R) : |f(z)| — 0 as z — oo}, which is a Banach
space with the max-norm, and let P be the same property as in 1 above:
f satisfies P if and only if f attains its maximum at exactly one point of
IR. Is this a lineable property: is it spaceable?

3. Let T 22 IR/2m be the unit circle. Let P be the property that the Fourier
series of a function f € C(T') does not converge at, say, the point 2 = 1. Is
P a lineable, or a spaceable, property?

4. Let P be the property that a function f € C[0,1] is everywhere differ-
entiable. Is P lineable? Is it spaceable?

5. Fix a non-empty open subset U C C", and let H(U) denote the holo-
morphic (complex analytic) functions on U, endowed with the standard
Fréchet topology of uniform convergence on compact subsets of U. Let P
be the property that a function f € H(U) cannot be continued beyond any
point of the boundary of U. (In other words, U is the domain of existence
of f.) Lineable? Spaceable?

6. Fix an infinite dimensional Banach space F, and let P be the prop-
erty that a continuous linear functional ¢ € E* attains its norm; that is
llell = @(zo) for some zo € E, ||zo|| = 1. By a classical result of R. C.
James 27, E is reflexive if and only if every such ¢ is norm-attaining. On
the other hand, in 16, E. Bishop and R. Phelps showed that for every E,
the set of norm-attaining functionals in E* is a norm-dense subset of E*.
Is P a lineable property; is it a spaceable property?

7. Let Ty : ¢, — £ be the Rolewicz continuous linear operator given
by To(z1,19,..) = 2(x2,73,...) 3!. Consider the set HC(T») of vectors
x = (x,) € £y whose orbits under T is dense in ¢5. (In other words,
Orb(T,z) = {z,Taz, T¢z,..,T5z,...} = £3.) Does HC(T2) U {0} contain




an infinite dimensional subspace of £37 Does it contain a closed, infinite
dimensional subspace of £57

8. Let T : H(C) — H(C) be a differential operator acting on the space
H(C) of entire functions. Let P be the property that the orbit of an entire
function f under T is dense in H(C). Is P lineable; spaceable?

9. Let E be an infinite dimensional Banach space over IK = IR or €, and
let P: F — K be a continuous polynomial. Let P be the property that a
vector z € E is such that P(z) = P(0). Is this a lineable property? In other
words, does the set {x € F : P(z) = P(0)} contain an infinite dimensional
vector space?

Note that if this set contains an infinite dimensional vector space, then
it automatically contains a closed infinite dimensional vector space; in other
words, in this case, lineability and spaceability are the same problem. The
next section will begin by recalling the necessary background, including
relevant definitions, with a review of the current status of knowledge on
this and the following finite dimensional version of the same problem.

10. Consider a polynomial in n real or complex variables, P : K™ — K
such that P(0) = 0. Consider the zero set P~1(0) of P. Does P~1(0) contain
a vector space? If so, what can we say about the dimension of P~1(0)?

What is especially intriguing concerning these ten problems (and many
others) is the near total lack of accurate intuitive insight that we possess
about them! In the rest of the paper, we will give some answers that are
incomplete in many cases, in hopes that the reader will continue this very
incomplete study.

2. Lineability of the zeros of polynomials

Our aim here is to examine problems 9 and 10 above. We will review some
non-technical arguments that show that the situation for complex polyno-
mials is reasonably well understood. We will briefly discuss the real case,
which is considerably more challenging. Finally, we will describe some open
problems for both the real and complex situations.



The Complex Case

Definition 2. Let E be a Banach space over IK, k& € IN. A continuous
function P : E — IK is said to be a k—homogeneous polynomial if there
exists a k—linear continuous, symmetric functional A : Ex --- x E - K
such that P(z) = A(z,...,z) for all z € E. (In this case, the associated
symmetric functional A is necessarily unique.) We say that P is a poly-
nomial of degree k if P is a finite sum of j—homogeneous polynomials P;,
P=FP+P+ -+ F.

Examples. We agree that a 0—homogeneous polynomial is a constant. A
1—homogeneous polynomial is just a linear form. A 2—homogeneous poly-
nomial P : IK" — K corresponds to a gquadratic form Q (i.e. a symmetric
n X n matrix over ), via P(z) = z!Qz (z € K"), which in turn corre-
sponds to the symmetric bilinear form A on K" x K", A(z,y) = y*Az.

To simplify the statements of the results that follow, we will assume from
now on all that polynomials considered will have value 0 at 0. One of the
most important results to date in this area is the following theorem due to

A. Plichko and A. Zagorodonyuk.

Theorem 3. 3° Let E be an infinite dimensional vector space over IK = C,
and let P : E — C be a polynomial. Then P~1(0) contains an infinite
dimensional subspace.

A finite dimensional version of this result may have independent interest.
Corollary 4. 1° Given m,d € N, there is k = k(m,d) € IN such that
if P: C* > Cis a polynomial of degree d, then P~1(0) contains an
m—dimensional subspace.

In other words, if we want to be sure that P~1(0) contains a vector
space of (at least) a certain dimension m for all polynomials of a certain
degree d, then we can find an integer k such that every polynomial of degree
at most d in k complex variables will vanish on a subspace of dimension
at least m. Or, described in still another way, given d, as the number &k of
variables tends to infinity, the dimension of the subspace contained in the
zero set of a polynomial on CF, whose degree is at most d also tends to
infinity.

We now sketch a proof of these results, following 1 (which, after all, is
based on 2°). For it, we will use one well-known fact from several complex



variables: Fact: If f : € — C is an analytic function, where n > 2,
then either f=1(0) = @ or £71(0) is an unbounded set. We will apply this
to the case when f is a non-constant polynomial (in fact, in the case of a
polynomial in several variables, the ‘fact’ is easy to show), and thus we will
be able to conclude that f(z) = 0 for some z # 0.

Proof idea for Theorem 3 and Corollary 4. The formal proof is
an inductive argument on the degree of homogeneity d. The constructive
idea. of this can already be seen in the case d = 1 and d = 2. If d = 1,
then P is just a continuous linear form whose kernel is a hyperplane. (In
other words, if P is a linear form in k variables, the dimension of the
zero set of P is m = k—1.) Now, let P : E — € be a 2—homogeneous
polynomial with associated symmetric bilinear form A. If dim £ > 2, then
by our fact, there is a non-zero vector z; € F such that P(x;) = 0. Next,
consider the set S; = {x € E : A(z,z1) = 0}. This set, which in fact
is a hyperplane, contains z;. Thus S; can be written as Fy @[z1], where
dim F; is 2 less than dim E. (Of course, this statement is not tremendously
profound if dim F = oo.) If dim B} > 2, then our fact will yield a second
non-zero vector zo € E; for which P(z9) = 0. What this really means is
that if dim F > 4, then we can find independent vectors x1, x5 such that
P(z,) = P(z3) = 0. Note that in addition [z1,z] C P~1(0). To see this, it
is enough to check that z; + zo € P~1(0) :

P(z1+z2) = A(z1+72, T1412) = A(21, 21)+A(T1, 22)+ A(T2, 21)+A(T2, T2),
which since A is symmetric,
= P(z1) + 2A(x2,21) + P(z2) =0,

since o € E;. Continuing, let S; = {z € By : A(z,z3) = 0}, 50 S =
E, P[x2], where dim E; = dim Ey — 2. Once again, if dim E; > 2, then
we can find x5 € Fa,z3 # 0, such that P(z3) = 0. The general argument
proceeds by a not too difficult induction.

Two observations should be made at this point, both dealing with the
method of proof and both having ‘resonance’ with the real case that we’ll
describe, very briefly, in a few paragraphs.

Remarks 5.1. The argument is essentially constructive. In particular, to
‘build’ a subspace of dimension k contained in P~1(0) one can use a pre-
viously constructed subspace of dimension & — 1 and add an appropriate



vector to it.

5.2. The argument is countable. To us, it seems natural to expect that if
dim E is uncountable, then P~1(0) should contain a non-separable space.
Our proof merely shows that there is a separable space contained in P~1(0).
Some interesting recent work by Plichko and Zagorodnyuk ! has been done
on this problem, which suggests that the phrase “natural to expect” in the
previous sentence may not be true. On the other hand, a number of very
interesting positive results have recently been obtained by M. Fernandez 20

and C. Soares 34.

The Real Case

We now study the size of vector spaces contained in P~1(0) in the case
of polynomials P : E — IR, P(0) = 0. Of course, Z;;l z? : R™ — IR shows
that no extremely general result is possible. However, we can accomplish a
reasonable amount. The first result is just an easy exercise in linear alge-
bra.

Proposition 6. (case d =2) Let P: R* — IR be a 2—homogeneous
polynomial and let Q be the associated quadratic form. Let p = the number
of positive eigenvalues of @, let n = the number of negative eigenvalues of
Q, and let z = the number of 0 eigenvalues of Q. Then P~1(0) contains a
subspace of dimension = min{p,n} + 2.

It would be interesting to know if there is an analogous result for the
case of d = 4—homogeneous polynomials.

For the rest of this section, we will focus on homogeneous polynomials
of odd degree. Using a fairly technical argument that (apparently) works
only for d = 3, R. Gonzalo, A. Zagorodnyuk, and the author were able to
show that the analogue of Corollary 4 holds 3. This was later extended by
P. Hajek and the author (using a different technical, counting argument),
as follows:

Theorem 7. 7 Given m,d € IN wherc d is odd, there is k = k(m,d) € IN
such that if P : IR¥ — IR is an odd polynomial of degree d, then P~1(0)
contains an m—dimensional subspace.



Remark 8. The proofs in both ® and 7 are non-constructive. Knowing the
k — 1 vectors that span a subspace of P~*(0) does not help us to find a k
dimensional subspace. Consequently, we don’t know whether the analogue
of Plichko’s and Zagorodnyuk’s Theorem 3 holds. Specifically, suppose that
P: E — IR is an odd-homogeneous polynomial on an infinite dimensional
real Banach space E. Although we know that P~1(0) contains a vector
space of every finite dimension, we do not know whether P~1(0) contain
an infinite dimensional vector space.

3. Non-spaceability of differentiable functions

As was seen in §2 and will be observed in later sections, in many situations
sets that might otherwise be said to have pathological, non-linear prop-
erties contain a rich linear structure. In this section, we will mention a
counterpart to this situation. Namely, we will describe how poor the struc-
ture can be in the case of functions with what most people would call very
good properties. Namely, we will outline the proof of V. Gurariy and W.
Lusky 25 of the following theorem, due originally to Fonf, V. Gurariy, and
V. Kadets 2.

Theorem 9. Let V' C C[0,1] be a closed subspace of C[0,1] consisting of
everywhere differentiable functions. Then dimV < cc.

Of course, there are infinite dimensional vector spaces of everywhere
differentiable (in fact, C*°) functions contained in C[0, 1]. The point is that
none of these spaces is complete.

The basic concept behind the following proof is well known; see, for
example, (32, 7.18). For the proof, we will need some terminology. First,
a sequence (Ay) of subsets of [0, 1] is said to be condensed if there is some
sequence (€) of positive numbers that tends to 0 such that each Ay is an
ex—net for [0,1]. That is, for all £,0 < t < 1, there is s € A; such that
|s — t] < ex. A sequence of functions (fi) C C[0,1] is said to be condensed
if the associated sequence of zero sets, (f; '(0)), is condensed.

We will omit the proof of the following slightly technical, but not diffi-
cult, lemma.
Lemma 10. Let V' C C[0,1] be an infinite dimensional space. Then V
contains a condensed sequence of functions.

Proof of Theorem 9. Suppose that there is an infinite dimensional Ba-



nach space V' C C[0,1] all of whose elements are everywhere differentiable.
By Lemma 10, there is a condensed sequence (fx) C V, and we may assume
that all the fr have norm one. Let Ax = f 1(O) and let £ € [0,1] be
such that |fx(tx)| = 1. By passing to a subsequence, we may suppose that
(tx) — to for some tg € [0,1]. Let s € Ay be close to t; and set

= { ti if | fi(to)] <
k sy if Ifk(to)l >
Because of the condensed property, we may assume that

1
32k°
Note also that |fx(t;) — fe(to)| = 3. Now define f: [0,1] - R by

I

[tk —tol <

o0

=34 T f

j=1

where we have chosen §; = =1 so that Zf 11196, (fi(tx) — f;(to)) and
Z;?:l %(fj (tx) — fi(to)) have the same sign. It is easy to see that f € V.
However, f is not differentiable at tg. Indeed,

oo

IF () — f(to)| > '1'(1§l?|f’“(t':) — fi(t))l = D %lfj(t;;) = fi(to)l 2 T er -116’“

j=h+1

provided k£ > 2. Thus, limg_.o ft)—f(to) _f o) does not exist, and we have a
t to
contradiction. Q.E.D.

4. Lineability of hypercyclic operators

Let T : X — X be a continuous linear operator on a Banach or Fréchet
space X. We say that T is hypercyclic if there is a vector z € X whose orbit
under T, Orb(T,z) = {z,Tz,T?x,...,T"z,...} is dense in X; the vector z
is called a hypercyclic vector associated to T'. Clearly, hypercyclic operators
are much harder to come by than cyclic operators T', which have the defin-
ing property that span Orb(T,z) is dense in X. Despite this, hypercyclic
operators are (perhaps) surprisingly ubiquitous, and in this section we will
briefly comment on this and on the fact that the set of hypercyclic vectors
z that are associated to an operator T' contain vector spaces that are large
and not yet fully understood.
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It might be fair to say that the origin of hypercyclicity dates from
the short note of G. Birkhoff !® over 75 years ago. It was Birkhoff who
first proved that the translation operator 71 : H(C) — H(C), given by
(f)(z) = f(z+1) (f € H(C), z € C), is hypercyclic. Around 25 years
later, G. MacLane 28 proved that the derivative operator D : H(C) —
H(C), D(f) = f', is hypercyclic. Nearly fifteen years ago, G. Godefroy
and J. Shapiro 22 generalized these two results to what are called convolu-
tion operators, or infinite order differential operators, as follows:

Theorem 11. Let T': H(C) — H(C) be a continuous linear operator that
satisfies the following two conditions:

(i). ToeD=DoT;

(ii). T # cl for any ¢ € €, where I : H(C) — H(C) is the identity
operator.
Then T is hypercyclic.

However, it is only in recent years that this area of analysis has “taken
off” as a research area. We will limit ourselves to reviewing three topics:
(i). The dense lineability and the spaceability of the space of hypercyclic
vectors; (ii). Vectors that are hypercyclic for very many hypercyclic oper-
ators; (iii). Some open problems.

P. Bourdon was perhaps the first to make the following not difficult, but
important observation.

Proposition 12. 18 If T : X — X is hypercyclic, then the set HC(T) of
hypercyclic vectors for T contains a dense vector space.

Proof for X a complex Banach space. (The argument for Fréchet
spaces and for real spaces is somewhat more complicated.)

First, one observes that if T is hypercyclic, then T' — Al has dense
range for any complex number A. Indeed, if this were not the case for
some A, then by the Hahn-Banach theorem there would exist a non-zero
¢ € X* such that ¢(T — AI)(x) = 0 for all z € X. As a result, we would
have that T*(¢) = A¢ for some nonzero ¢ € X*. Consequently, for any
z € X, {¢(T™(z)) | n € N} = {A"*(¢(z)) | n € IN}, and this set is never
dense in €. Since this contradicts the hypercyclicity of T, it follows that
T — M\ always has dense range.

Note that if z is hypercyclic for T, then { P(T)(z) | P is a polynomial } is



11

a dense vector space in X (just take P(T) = T™, n € IN). Next, we claim
that any non-zero P(T') has dense range. To see this factor P into linear
terms, P(z) = a(z—MA1) -+ (z—Ak), so that P(T) = a(T— A1) - (T —=AeI).
Then apply the first observation, above. Finally, P(T)(z) is a hyper-
cyclic vector for T, since {P(T)(z),T(P(T)(z)),....T"(P(T))(x),...} =
P(TY{=z, T(z),...,T™(x),...}). Q.E.D.

From this, it follows that there are no hypercyclic operators on C" for
any n € IN.

Now, what spaces admit hypercyclic operators? By a result proved in-
dependently by S. Ansari ? and L. Bernal '3, every infinite dimensional
Banach space admits a hypercyclic operator. In fact, this is even true for
infinite dimensional Fréchet spaces, as J. Bonet and A. Peris have observed
17 Thus, dense lineability of hypercyclic vectors occurs in every infinite
dimensional space. On the other hand, the situation concerning spaceabil-
ity is much more complicated and only partially understood. For instance,
Bernal-Gonzslez and Montes-Rodriguez 4 proved that the set of hyper-
cyclic entire functions for the Birkhoff translation 7y (together with the 0
function, as usual) contains a closed hypercyclic subspace (for the compact-
open topology). On the other hand, in 2° Montes shows that the set of
vectors in £5 that are hypercyclic for the Rolewicz backward shift does not
contain a closed infinite dimensional subspace; that is, the set of hypercyclic
vectors for the weighted backward shift (z1, 22, x3,...) — 2(z2, T3, 4, ...} is
not spaceable. Does the same hold for HC(D)? In a rough sense, the op-
erator D behaves like the Rolewicz operator, and so a first guess might be
that HC(D) does not contain a closed subspace. But guesses are rarely

publishable!

This brings us to the obvious question: How can one tell, or how can
one even guess, whether the set of vectors that are hypercyclic for a given
hypercyclic operator is spaceable?

To us, the mere existence of a hypercyclic operator is counter-intuitive,
at least at first. However, as we just noted in (i) above, given a hypercyclic
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operator T, the set of vectors that are hypercyclic for T is always a dense
vector space. So, our intuition notwithstanding, there seem to be plenty of
hypercyclic vectors for at least standard operators. In two recent articles,
even more has been shown to hold.

In !, E. Abakumov and J. Gordon prove the following remarkable result.

Theorem 13. There is a dense Gy of vectors lying in the set

Npec | >13HC(TH),

where T} : €y — £, Th(x1, %2, ...) = A(z2, Z3,...). In other words, there is a
dense G5 set of vectors in & € €2 such that {z, T)(z),Th2(z),---} is dense
in £y for every A € C, |A| > 1}.

In addition to giving a new proof of the result in !, G. Costakis and M.
Sambarino 22 have shown that there is a dense G5 set of entire functions
contained in the set

Ngvec | b0y HC(Ts),
where 7 : H(C) — H(C). f(z) ~ f(z+b). In fact, as A. Hallack observes
26 there is even a dense vector space of such functions.

This leads us to several questions. First, in light of the result of 2 it is
natural to ask for even more. Namely, is the set

N{HC(T) | T : H(C) — H(C) a convolution operator, T # cI}

non-empty? A seemingly simpler question, which would give a negative
answer, is the following: Given f € H(C), is there a convolution operator
T such that T(f} = 07 (Clearly, if T(f} = 0, then f cannot be hypercyclic
for T.)

Next, note that the set of hypercyclic convolution operators on H(C)
form (or, really, almost form) an algebra under composition. To be specific,
if $ and T are two hypercyclic convolution operators on H(C), then so is
their composition S o T' except in the trivial case when S o T = ¢l for
some ¢ € C. Now, in 8 (see also 1%), the question of finding hypercyclic
operators on H(C) that are not convolution operators is examined. In fact,
any operator of the form T ,(f)(2) = f(Az + b) is hypercyclic, provided
|A] > 1; on the other hand, T is a convolution operator if and only if
A = 1. This leads us to the question: Is the set {Th, | A,b € C,|A] > 1} of
hypercyclic operators closed under composition?

Third, it is known 3 that if there are no entire functions f such that f*
is hypercyclic for the translation operator 7y, for any & > 2. On the other
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hand, the set of entire functions f such that f* is hypercyclic for D, the
differentiation operator, for every k € IN is a dense G5 in H(C). So, let
T be a hypercyclic operator on H(C). Is there some f € HC(T') such that
f* is also in HC(T)? Characterize those T for which such a phenomenon
occurs.

5. Baire category and lineability

A recurring theme throughout our exposition has been the Baire category
theorem. For instance, not only is there one continuous, nowhere differ-
entiable function on [0,1] but, by use of Baire’s theorem, there is a dense
Gs of such functions. Not only is there one entire function f that is hy-
percyclic with respect to Birkhoff’s translation operator but, by Baire’s
theorem, there is a dense G of such functions. Not only is there one con-
tinuous function on the unit circle whose Fourier series at 1 diverges but,
by Baire’s theorem, there is a dense G5 of such functions 33. (F. Bayart 2
has shown that the set of such functions is lineable, and in fact D. Pérez,
J. Seoane, and the author  have shown that the set is algebrable.)

As the reader can see, examples are plentiful. However, is this always
true? And, if not, how can we tell when it is true that a residual set of
vectors actually contains a ‘big’ vector space? We don’t know.

We conclude our exposition by returning to Example 1 of Introduction
2. It is here that, for the first time in this survey, one encounters a discor-
dant note. Indeed, V. Gurariy and L. Quarta recently proved the following
result:

Theorem 14. 2% Consider the set M = {f € C[0,1] | f attains its max-
imum at exactly one point of [0,1]}. Then no subspace V' C M can have
dimension > 2.

However, this is by no means a counterexample to any assertion related
to the Baire category theorem since the set M is far from a G;. In fact, we
are grateful to L. Quarta for pointing out to the following fact to us:
Proposition 15. C[0,1\ M is a dense Gj.

Sketch of proof of Proposition 15. For each n € IN, let

Un = {f €C[0,1] | for some z € [0,1], f(z) > |t—m|2§§/ f(®)}.
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It is not difficult to see that U, is open, for if f € U, and g ~ f, then
g(z) will also be > max|;_g>1/q 9(t). Also, if g € C[0,1] is arbitrary and
g(xo) = maxcjo,1) 9(t), then by slightly increasing g near xo we get a func-
tion b ~ g, h € Uy,. In other words, each U, is dense in C[0,1]. Finally,
M = N, U,. Indeed, suppose that f € U, for each n, but that f attains
its maximum at two points, £g and x;. For large n, we will have a contra-
diction since f(zo) cannot be strictly greater than max;_zy>1/» f(t). The
converse inclusion is easy. Q.E.D.

Finally, we mention that Gurariy and Quarta show 2* that if we instead
let M = {f € R| f attains its maximum at precisely one point in IR}, then
it is known that M contains a 2—dimensional vector space. On the other
hand, it is unknown if it is lineable, or even if it contains a 3—dimensional
space.
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