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Chapter 1  

Three-Dimensional Theories 
 

 

 

 

 

In this chapter we summarize the three-dimensional equations of the 

nonlinear theory of electroelasticty for large deformations and strong 

fields [1,2], the linear theory of piezoelectricity for infinitesimal 

deformation and fields [3,4], the linear theory for small fields superposed 

on finite biasing or initial fields [5,6], and the theory for weak, cubic 

nonlinearity [7,8]. A systematic presentation of these theories can also be 

found in [9]. The structural theories of lower dimensions in later chapters 

will be derived from these three-dimensional theories. This chapter uses 

the two-point Cartesian tensor notation, the summation convention for 

repeated tensor indices, and the convention that a comma followed by an 

index denotes partial differentiation with respect to the coordinate 

associated with the index. 

 

1.1 Nonlinear Electroelasticity for Strong Fields 

 

Consider a deformable continuum which, in the reference 

configuration at time t0, occupies a region V with a boundary surface S 

(see Figure 1.1.1). N is the unit exterior normal of S. In this state the 

body is free from deformation and fields. The position of a material point 

in this state is denoted by a position vector X = XKIK in a rectangular 

coordinate system XK. XK denotes the reference or material coordinates of 

the material point. They are a continuous labeling of material particles so 

that they are identifiable. At time t, the body occupies a region v with a 

boundary surface s and an exterior normal n. The current position of the 

material point associated with X is given by y = ykik, which denotes the 

present or spatial coordinates of the material point.  

Since the coordinate systems are othogonal, 

KLLKkllk δδ =⋅=⋅ IIii , ,                              (1.1.1) 

where δkl and δKL are the Kronecker delta. In matrix notation, 
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Figure 1.1.1. Motion of a continuum and coordinate systems. 

 

In the rest of this book the two coordinate systems are chosen to be 

coincident, i.e.,  

o = O,   i1 = I1,   i2 = I2,   i3 = I3.                       (1.1.3) 

The transformation coefficients (shifters) between the two coordinate 

systems are denoted by 

kLLk δ=⋅ Ii .             (1.1.4) 

When the two coordinate systems are coincident, δkL is simply the 

Kronecker delta. It is still needed for notational homogeneity. A vector 

can be resolved into rectangular components in different coordinate 

systems. For example, we can also write 

y = yKIK ,                                           (1.1.5) 

with  

iMiM yy δ= .                                           (1.1.6) 
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The motion of the body is described by ),( tyy ii X= . The equations 

of motion and Gauss’s equation of electrostatic (the charge equation) are  

,

,

,

00,
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jjLLj yfK
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ρρ
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=+

D

ɺɺ

                       (1.1.7) 

where LjK  is the two-point total stress tensor, ρ0 is the reference mass 

density, fj  is the mechanical body force per unit mass, and KD  is the 

reference electric displacement vector. ρE, a scalar (E is not an index), is 

the free charge density per unit reference volume, and a superimposed 

dot represents the material time derivative 
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In Equation (1.1.7), LjK  and KD  are given by: 
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where ε0 is the electric permittivity of free space, Ei is the electric field, 

Pi is the electric polarization per unit present volume, and Di is the 

electric displacement vector. KE  is the reference electric field vector, 

and KP  is the reference electric polarization vector. φ  is the electric 

potential. 1−
KLC  is the inverse of the deformation tensor. ),( KKL ESψψ =  

is a free energy density per unit mass, which is a function of KE  and the  
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following finite strain tensor: 
2/)( ,, KLLiKiKL yy δ−=S .                 (1.1.11) 

From Equations (1.1.9) and (1.1.10), we have  
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With successive substitutions from Equations (1.1.9) through (1.1.11), 
Equation (1.1.7) can be written as four equations for the four unknowns 

),( tyi X  and ),( tXφ .  
The free energy ψ  that determines the constitutive relations of 

nonlinear electroelastic materials may be written as 
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where the material constants  
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are called the second-order elastic, piezoelectric, electric susceptibility, 

third-order elastic, first odd electroelastic, electrostrictive, third-order 

electric susceptibility, fourth-order elastic, second odd electroelastic, first 

even electroelastic, third odd electroelastic, and fourth-order electric 

susceptibility, respectively. The second-order constants are responsible 

for linear material behaviors. The third- and higher-order material 

constants are related to nonlinear behaviors of materials.  

For mechanical boundary conditions S is partitioned into Sy and ST, 

on which motion (or displacement) and traction are prescribed, 

respectively. Electrically S is partitioned into Sφ and SD with prescribed 

electric potential and surface free charge, respectively, and  

.0

,

=∩=∩

=∪=∪
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SSSS

SSSSS

φ

φ
                                (1.1.15) 

The usual boundary value problem for an electroelastic body consists of 

Equation (1.1.7) and the following boundary conditions: 
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where iy  and φ  are the prescribed boundary motion and potential, iT  is 

the surface traction per unit undeformed area, and Eσ  is the surface free 

charge per unit undeformed area.  

Consider the following variational functional: 
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where  

NMMNkkKKL JCEJE EEES
1
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),( −== εεπ .                (1.1.18) 
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The admissible yi and φ for Π satisfy the following initial and boundary 

conditions on Sy and Sφ : 
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Then the first variation of  Π is 
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Therefore the stationary condition of Π implies the following equations 

and natural boundary conditions:  
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Denoting 

iMiMjMjMjMLjLM TTffKK δδδ === ,, ,             (1.1.22) 

we can write Equation (1.1.7)1 and Equation (1.1.20) as 

MMLLM yfK ɺɺ
00, ρρ =+ ,                             (1.1.23) 
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1.2 Linear Piezoelectricity for Weak Fields 

 

In linear theory, we introduce the small displacement vector u = y –

X and assume infinitesimal displacement gradient and electric potential 

gradient. The infinitesimal strain tensor is denoted by 

)(
2

1
,, lkklkl uuS += .          (1.2.1) 

The material electric field becomes 

kiKiKiiK EEyE →≅= δ,E .     (1.2.2) 

Similarly, 

kKkKLjLjLj DPFKM →→≅≅ DP ,,,0 .               (1.2.3) 

Since the various stress tensors are either approximately zero (quadratic 

or of higher order in the infinitesimal gradients) or about the same, we 

use Tij to denote the stress tensor that is linear in the infinitesimal 

gradients. This notation follows the IEEE Standard on Piezoelectricity 

[3]. Our notation for the rest of the linear theory will also follow the 

IEEE Standard. Then  

kl
S
KLljLjLj TTTFK →→≅ , .               (1.2.4) 

For small fields the free energy density can be approximated by 
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where 

ij
ij

S
ij δεχε 0

2

+= .                             (1.2.6) 

The superscript E in 
E
ijklc  indicates that the independent electric 

constitutive variable is the electric field E. The superscript S in 
S
ijε  

indicates that the mechanical constitutive variable is the strain tensor S.  
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In Equation (1.2.5) we have also introduced the electric enthalpy H. 

The constitutive relations generated by H are:  
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The material constants in Equation (1.2.7) have the following 

symmetries: 
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We also assume that the elastic and dielectric material tensors are 

positive-definite in the following sense: 
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Similar to Equation (1.2.7), linear constitutive relations can also be 

written as [3] 
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The equations of motion and the charge equation become  
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where ρ  is the present mass density, and ρe is the free charge density per 

unit present volume. The difference between ρ and ρ0, and that between 

ρE and ρe are neglected in Equation (1.2.13). 

In summary, the linear theory of piezoelectricity consists of the 

equations of motion and charge (1.2.13), the constitutive relations  

,

,

jijjkijki
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                               (1.2.14) 

where the superscripts in the material constants in Equation (1.2.7) have 

been dropped, and the strain-displacement and electric field-potential 

relations 
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With successive substitutions from Equations (1.2.14) and (1.2.15), 

Equation (1.2.13) can be written as four equations for u and φ : 
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Let the region occupied by the piezoelectric body be V and its 

boundary surface be S as shown in Figure 1.2.1. For linear 

piezoelectricity we use x as the independent spatial coordinates. Let the 

unit outward normal of S be n. 

 
Figure 1.2.1. A piezoelectric body and partitions of its surface. 
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For boundary conditions we consider the following partitions of S: 

,0

,

=∩=∩

=∪=∪

DTu

DTu

SSSS

SSSSS

φ

φ
                               (1.2.17) 

where Su  is the part of S on which the mechanical displacement is 

prescribed, and  ST  is the part of S where the traction vector is prescribed. 

φS  represents the part of S which is electroded where the electric 

potential is no more than a function of time, and SD is the unelectroded 

part. We consider very thin electrodes whose mechanical effects can be 

neglected. For mechanical boundary conditions we have prescribed 

displacement 
i
u  

ii uu =    on   Su,                                          (1.2.18) 

and prescribed traction 
j
t  

jiij tnT =    on    ST.                                       (1.2.19) 

Electrically, on the electroded portion of S, 

φφ =    on    Sφ ,                                         (1.2.20) 

where φ  does not vary spatially. On the unelectroded part of S, the 

charge condition can be written as 

ejjnD σ−=    on    SD,                                    (1.2.21) 

where 
eσ  is the free charge density per unit surface area.  

On an electrode Sφ, the total free electric charge Qe can be 

represented by  

∫ −=
φS

iie dSDnQ .                                      (1.2.22) 

The electric current flowing out of the electrode is given by 

eQI ɺ−= .                                               (1.2.23) 

Sometimes there are two (or more) electrodes on a body that are 

connected to an electric circuit. In this case, circuit equation(s) will need 

to be considered. 

The equations and boundary conditions of linear piezoelectricity can 

be derived from a variational principle. Consider [4] 
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u and φ are variationally admissible if they are smooth enough and 

satisfy 
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The first variation of Π is 
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Therefore the stationary condition of Π is 
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We now introduce a compact matrix notation [3,4]. This notation 

consists of replacing pairs of indices ij or kl by single indices p or q, 

where i, j, k and l take the values of 1, 2, and 3, and p and q take the 

values of 1, 2, 3, 4, 5, and 6 according to  

654321:or
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 .       (1.2.28) 

Thus  
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For the strain tensor, we introduce Sp such that  
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The constitutive relations in Equation (1.2.7) can then be written as  
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In matrix form, Equation (1.2.31) becomes 
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    (1.2.32) 

 

1.3 Linear Theory for Small Fields Superposed on a Finite Bias 

 

The theory of linear piezoelectricity assumes infinitesimal deviations 

from an ideal reference state of the material in which there are no pre-

existing mechanical and/or electrical fields (initial or biasing fields). The 

presence of biasing fields makes a material apparently behave like a 

different material, and renders the linear theory of piezoelectricity 

invalid. The behavior of electroelastic bodies under biasing fields can be 

described by the theory for infinitesimal incremental fields superposed 

on finite biasing fields [5,6], which is a consequence of the nonlinear 

theory of electroelasticity. This section presents the theory for small 

fields superposed on finite biasing fields in an electroelastic body. 

Consider the following three states of an electroelastic body (see 

Figure 1.3.1). 
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Figure 1.3.1. Reference, initial, and present configurations of an 

electroelastic body. 
 

In the reference state the body is undeformed and free of electric 
fields. A generic point at this state is denoted by X with Cartesian 
coordinates XK. The mass density is ρ0. 

In the initial state the body is deformed finitely and statically, and 
carries finite static electric fields. The body is under the action of body 
force 0

αf , body charge 0
Eρ , prescribed surface position αx , surface 

traction 0
αT , surface potential 0φ  and surface charge 0

Eσ . The 

deformation and fields at this configuration are the initial or biasing 
fields. The position of the material point associated with X is given by x 
= x(X) or xγ = xγ(X), with strain 0

KLS . Greek indices are used for the 
initial configuration. The electric potential in this state is denoted by 
φ0(X), with electric field 0

αE . x(X) and φ0(X) satisfy the following static 
equations of nonlinear electroelasticity:  
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In the present state, time-dependent, small, incremental deformations 

and electric fields are applied to the deformed body at the initial state. 

The body is under the action of if , Eρ , iy , iT , φ  and Eσ . The final 

position of X is given by y = y(X,t), and the final electric potential is 

φ(X,t). y(X,t) and φ(X,t) satisfy the dynamic equations of nonlinear 

electroelasticity:  
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Let the incremental displacement be u(X,t) and the incremental 

potential be φ1
(X,t) (see Figure 1.3.1). u and φ1

 are assumed to be 

infinitesimal. We write y and φ as 
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Then it can be shown that the equations governing the incremental fields 

u and φ1
 are 
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where 1
αf  and 1

Eρ  are determined from  
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and the incremental stress tensor and electric displacement are given by 

the following constitutive relations: 

,

,

1
,

1

1
,

1

LKLLKLK

MMLMMLL

LuR

RuGK

ED

E

+=

−=

γγ

γααγγ
               (1.3.6) 

where 1
,

1
KK φ−=E . Equation (1.3.6) shows that the incremental stress 

tensor and electric displacement vector depend linearly on the 

incremental displacement gradient and potential gradient. In Equation 

(1.3.6), 
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γαLKG , γKLR , and KLL  are called the effective or apparent elastic, 

piezoelectric, and dielectric constants. They depend on the initial 

deformation xα(X) and electric potential φ0
(X).  

In summary, the boundary value problem for the incremental fields u 

and φ1
 consists of the following equations and boundary conditions: 
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Consider the following variational functional:  
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The admissible u and φ1
 must satisfy  
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The first variation is found to be  
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Therefore the stationary condition of the functional gives the following 

governing equations and boundary conditions: 
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Denoting 
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we can write Equation (1.3.12) as 
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      (1.3.15) 

In some applications, the biasing deformations and fields are also 

infinitesimal. In this case, usually only their first-order effects on the 

incremental fields need to be considered. Then the following energy 

density of a cubic polynomial is sufficient: 
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where the subscripts indicating the orders of the material constants have 
been dropped. For small biasing fields it is convenient to introduce the 
small displacement vector w of the initial deformation (see Figure 1.3.1), 
given as 

ααα δ wXx KK += .       (1.3.17) 

Then, neglecting the quadratic terms of the gradients of w and φ0, the 
effective material constants take the following form [5,6]: 
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In certain applications, e.g., buckling of thin structures, consideration 
of initial stresses without initial deformations is sufficient. Such a theory 
is called the initial stress theory in elasticity. It can be reduced from the 
theory for small fields superposed on a bias. First we set x = X. 
Furthermore, for buckling analysis, a quadratic expression of ψ with 
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second-order material constants only and the corresponding linear 

constitutive relations are sufficient. The biasing fields can be treated as 

infinitesimal fields. Then the effective material constants sufficient for 

describing the buckling phenomenon take the following simple form: 
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where 
0

KLT  is the initial stress and 
0

KE  is the initial electric field.  

 

1.4 Cubic Theory for Weak Nonlinearity 

 

By cubic theory we mean that effects of all terms up to the third 

power of the displacement and potential gradients or their products are 

included [7]. Cubic theory is an approximate theory for relatively weak 

nonlinearities, and can be obtained by expansions and truncations from 

the nonlinear theory in the first section of this chapter. The resulting 

equations are:  
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A special case of cubic theory is the case of relatively large 

mechanical deformations and weak electric fields [8]. In this case all 

electrical nonlinearities can be neglected. The following energy density 

is sufficient: 
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Keeping the linear terms of the electric potential gradient and up to cubic 

terms of the displacement gradient, we obtain  
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