Chapter 1
Three-Dimensional Theories

In this chapter we summarize the three-dimensional equations of the
nonlinear theory of electroelasticty for large deformations and strong
fields [1,2], the linear theory of piezoelectricity for infinitesimal
deformation and fields [3,4], the linear theory for small fields superposed
on finite biasing or initial fields [5,6], and the theory for weak, cubic
nonlinearity [7,8]. A systematic presentation of these theories can also be
found in [9]. The structural theories of lower dimensions in later chapters
will be derived from these three-dimensional theories. This chapter uses
the two-point Cartesian tensor notation, the summation convention for
repeated tensor indices, and the convention that a comma followed by an
index denotes partial differentiation with respect to the coordinate
associated with the index.

1.1 Nonlinear Electroelasticity for Strong Fields

Consider a deformable continuum which, in the reference
configuration at time #,, occupies a region }J with a boundary surface S
(see Figure 1.1.1). N is the unit exterior normal of S. In this state the
body is free from deformation and fields. The position of a material point
in this state is denoted by a position vector X = Xglx in a rectangular
coordinate system Xy. Xy denotes the reference or material coordinates of
the material point. They are a continuous labeling of material particles so
that they are identifiable. At time ¢, the body occupies a region v with a
boundary surface s and an exterior normal n. The current position of the
material point associated with X is given by y = y;i;, which denotes the
present or spatial coordinates of the material point.

Since the coordinate systems are othogonal,

i, -i,=0,, Ix-I, =04, (1.1.1)

where Jy and Jk; are the Kronecker delta. In matrix notation,
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2 Mechanics of Piezoelectric Structures
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Figure 1.1.1. Motion of a continuum and coordinate systems.

In the rest of this book the two coordinate systems are chosen to be
coincident, i.e.,

0:0, ilzll, izzlz, i3:I3. (113)
The transformation coefficients (shifters) between the two coordinate
systems are denoted by

i, -1,=0,. (1.1.4)

When the two coordinate systems are coincident, ¢ is simply the
Kronecker delta. It is still needed for notational homogeneity. A vector
can be resolved into rectangular components in different coordinate
systems. For example, we can also write

y =yilk, (1.1.5)
with
Yy =6uYi- (1.1.6)
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Three-Dimensional Theories 3

The motion of the body is described by y, =y,(X,?). The equations
of motion and Gauss’s equation of electrostatic (the charge equation) are

Ky +pof; =Py,
Dy k= PE»

where K L is the two-point total stress tensor, gy is the reference mass

(1.1.7)

density, f; is the mechanical body force per unit mass, and @ , is the

reference electric displacement vector. O, a scalar (E is not an index), is
the free charge density per unit reference volume, and a superimposed
dot represents the material time derivative

5, = Dzyz' _ 52yi(X,t)|
" Dt? ot?

(1.1.8)

|Xﬁxcd
In Equation (1.1.7), K,; and ® ; are given by:

K, =F,+M,,,
1
Fy=yxTis My =JX,6(EE —JEES),  (119)

J =det(y; x ), T :poa_l//’ E =—¢,;,
a KL
and
D =Xy ;D = £ JCi E, + Py,
Crar =Xy, X1, (1.1.10)

oy
OE,

b

EK zyi,KEi =_¢,K9 (PK :JXKJP[ =—pPy

where & is the electric permittivity of free space, E; is the electric field,
P; is the electric polarization per unit present volume, and D; is the
electric displacement vector. € . is the reference electric field vector,

and ®, is the reference electric polarization vector. ¢ is the electric
potential. Cj, is the inverse of the deformation tensor. w =y (S, .Ex)
is a free energy density per unit mass, which is a function of £ , and the
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4 Mechanics of Piezoelectric Structures

following finite strain tensor:

N (yi,Kyi,L —0x) /2. (L.1.11)
From Equations (1.1.9) and (1.1.10), we have
0 1
K, = yj,Kpo_y/+JXL,i€0(EiEj -—E.E5;),
08k, 2
5 (1.1.12)
D =5,JCr) E, — V.
k=l T — Po OE,

With successive substitutions from Equations (1.1.9) through (1.1.11),
Equation (1.1.7) can be written as four equations for the four unknowns

y;(X,?) and ¢(X,?).

The free energy y that determines the constitutive relations of

nonlinear electroelastic materials may be written as

PV (S Ex)
1

=—C

S 2SS —€inrE  Sp ——
3 apep VABOCD T CaBcTaBe 2)2(/1

B

1
+ ‘SABSCDSEF +_k

—c
6 3 ABCDEF 2 | ABCDE

2 bABCDEAEBSCD EAEBEC

1,
63 48c
+Lc S 53ScpSerS
24 4 apcpergy BT CPTEFTGH
1
+—k

EA‘S’BC‘S’DE‘S’FG
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—

1
a E 4EpScpSpr +—k
1 F 6 3 ABCDE

EJEREEp +--,

where the material constants

¢ > €480 X
2 ABCD 2 AB

c k

b b bABCD b Z b
3ABCDEF 1 ABCDE

3 4BC

c k , a k

H H s
4 ABCDEFGH 2 ABCDEFG 1 ABCDEF 3 ABCDE
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Three-Dimensional Theories 5

are called the second-order elastic, piezoelectric, electric susceptibility,
third-order elastic, first odd electroelastic, electrostrictive, third-order
electric susceptibility, fourth-order elastic, second odd electroelastic, first
even electroelastic, third odd electroelastic, and fourth-order electric
susceptibility, respectively. The second-order constants are responsible
for linear material behaviors. The third- and higher-order material
constants are related to nonlinear behaviors of materials.

For mechanical boundary conditions S is partitioned into S, and Sr,
on which motion (or displacement) and traction are prescribed,
respectively. Electrically S is partitioned into S, and Sp with prescribed

electric potential and surface free charge, respectively, and
S usS, =85, uS, =S,
o (1.1.15)
S,NS;=85,nS, =0.

The usual boundary value problem for an electroelastic body consists of
Equation (1.1.7) and the following boundary conditions:

yizy[ on Sy’
¢=a on S¢9
KyN, =T, on S,

DxNg=-0p on Sp,

(1.1.16)

where y,; and ¢ are the prescribed boundary motion and potential, 7, is

1

the surface traction per unit undeformed area, and & is the surface free

charge per unit undeformed area.
Consider the following variational functional:

4 |
I(y,¢) = J.to dtJ-V |:5p0yiyi — P (Skr»Ex)
+7(Skr>Ex )+ Pofi Vi — Ped }dV (1.1.17)
t —_ 4 _
+L, dtJ.STTiy,.dS—J-to dtjsb Gopds,
where

1 1
7(Skr»Ex) =550JEkEk =550JC;}N£M£N. (1.1.18)
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6 Mechanics of Piezoelectric Structures

The admissible y; and @ for I satisfy the following initial and boundary
conditions on S, and S,:

; |z=;0=0, oy |,=,1=0 m V,
Y=Yy, on S, t,<t<t, (1.1.19)
g=¢ on S, t,<t<t.
Then the first variation of [1 is
ol = J.,: dtJ-V (K +Pofi = PoVi )V
+(®L,L_p5)5¢]dV

4 — (1.1.20)
[ af (KN, -T)eds
) T

-[" dif (@ N, +5,)00ds.
ly D
Therefore the stationary condition of I implies the following equations
and natural boundary conditions:
Ky +pofi =Py in V,
Dyx=pp n V,

_ (1.1.21)
K, N, =T, on S;,
DNy =—0, on S,.
Denoting
Kom :KLj5jMa Su :fjést TM :iéiM’ (1.1.22)
we can write Equation (1.1.7); and Equation (1.1.20) as
Ky +PoSv = PoVus (1.1.23)
and
h .
S =["at] (K +Pofis = PoFs )
+(D,,— pp)OPldV
(1.1.24)

4 _
_J-t dt.[s (K Ny =Ty )0y, dS

[ a| @, N, +5)5pas.
) Sp
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Three-Dimensional Theories 7

1.2 Linear Piezoelectricity for Weak Fields

In linear theory, we introduce the small displacement vector u =y —
X and assume infinitesimal displacement gradient and electric potential
gradient. The infinitesimal strain tensor is denoted by

1
Su =E(ul,k+uk,l). (1.2.1)
The material electric field becomes
Ex =Ey,x 2ESy > E,. (1.2.2)
Similarly,
MLj;O, K, =zF,;, ® —>F, Dg—>D,. (1.2.3)

Since the various stress tensors are either approximately zero (quadratic
or of higher order in the infinitesimal gradients) or about the same, we
use T; to denote the stress tensor that is linear in the infinitesimal
gradients. This notation follows the IEEE Standard on Piezoelectricity
[3]. Our notation for the rest of the linear theory will also follow the
IEEE Standard. Then

K, =F, >T,

lj’

TS —>T,. (1.2.4)

For small fields the free energy density can be approximated by

1
PV Sk Ex)— ESOJEkEk

1
= EgABCD SasScp —€upcEsSpe
) | (1.2.5)
-—— E,E, ——¢&JE E
272(AB a%p T S0 B
1 & 1
_)EcijleijSkl _eijkEiSjk _EgijEiEj =H(Sy,E;),
where
&) =1 +£)0; . (1.2.6)

2jj

The superscript E in cyg,{l indicates that the independent electric

constitutive variable is the electric field E. The superscript S in 55

indicates that the mechanical constitutive variable is the strain tensor S.
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8 Mechanics of Piezoelectric Structures

In Equation (1.2.5) we have also introduced the electric enthalpy H.
The constitutive relations generated by H are:

OH
T;j =Za szlekl - ekijEka
as;
oH (1.2.7)
D; = B eySy +&x By
The material constants in Equation (1.2.7) have the following
symmetries:
Cifkl :Cﬁkl = clgij’

(1.2.8)

N

_ .8
i —Sﬂ-.

€ =€pi» &

We also assume that the elastic and dielectric material tensors are
positive-definite in the following sense:

CiaSySy 20 forany S; =5,
and ¢, S;8,=0 = S, =0,
a‘;EiEjZO forany FE,,
and g;EiEjzo = E =0.

(1.2.9)

Similar to Equation (1.2.7), linear constitutive relations can also be
written as [3]

T

i

D l)
=C.. S _h i 5
ik Pk~ Mg Pk (1.2.10)

E; =—hySy + ﬂika’

S”:S.ET +duE>
i = ikt ;y k (1.2.11)
Di = dilekl +€ikEk’
and
S. = SP T,+g..D >
i = Sikilu gkz./T k (1.2.12)
E; =-guTy + BuDy.
The equations of motion and the charge equation become
Tj . +p](z = piiia
Jis (1.2.13)

Di,i = Pe>
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Three-Dimensional Theories 9

where p is the present mass density, and p, is the free charge density per
unit present volume. The difference between p and g, and that between
Pe and p, are neglected in Equation (1.2.13).
In summary, the linear theory of piezoelectricity consists of the
equations of motion and charge (1.2.13), the constitutive relations
Tij = cijlekl - ekijEk’
Sy +té,E

D; = ey i

(1.2.14)

where the superscripts in the material constants in Equation (1.2.7) have
been dropped, and the strain-displacement and electric field-potential
relations

Sy =, ;+u;,;)/2,

E =—¢,

With successive substitutions from Equations (1.2.14) and (1.2.15),
Equation (1.2.13) can be written as four equations for u and @:

Coubyy + ey + 2 = piis,
CirtUisi — 5Py = Pe-

Let the region occupied by the piezoelectric body be V and its
boundary surface be S as shown in Figure 1.2.1. For linear
piezoelectricity we use x as the independent spatial coordinates. Let the
unit outward normal of S be n.

(1.2.15)

(1.2.16)

A

S
X2 S(p D

L A |
1

. X1
X3 13
S
n u

Figure 1.2.1. A piezoelectric body and partitions of its surface.
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10 Mechanics of Piezoelectric Structures

For boundary conditions we consider the following partitions of S:
S, VUSr=8,US8, =5,
S, NSr=8,nS, =0,

(1.2.17)

where S, is the part of § on which the mechanical displacement is
prescribed, and Sr is the part of S where the traction vector is prescribed.

S, represents the part of S which is electroded where the electric
potential is no more than a function of time, and Sy, is the unelectroded
part. We consider very thin electrodes whose mechanical effects can be
neglected. For mechanical boundary conditions we have prescribed
displacement u,

u, =i, on S, (1.2.18)

1

and prescribed traction fj

T,n;=t; on Sr. (1.2.19)
Electrically, on the electroded portion of S,
¢=¢ on S, (1.2.20)

where ¢ does not vary spatially. On the unelectroded part of S, the
charge condition can be written as
Dn; =-c, on Sp, (1.2.21)

where &, is the free charge density per unit surface area.

On an electrode S, the total free electric charge Q. can be
represented by

0, = L¢ —n,D,dS . (1.2.22)

The electric current flowing out of the electrode is given by

I=-0,. (1.2.23)
Sometimes there are two (or more) electrodes on a body that are
connected to an electric circuit. In this case, circuit equation(s) will need
to be considered.
The equations and boundary conditions of linear piezoelectricity can
be derived from a variational principle. Consider [4]
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Three-Dimensional Theories 11

) =" aif |2 pii, ~ HO.B)+ pf, ~ . |aV
0o L2 (1.2.24)

] . ] s

u and @ are variationally admissible if they are smooth enough and
satisfy
ou; |, =ou; [,=0 in V,

w.=u, on S,, ty<t<t, (1.2.25)
p=¢ on S, t,<t<t.

The first variation of I is

S = Lfl dt j , [(Tj,., s+ pf = pii)ou; +(D;; - pe)5¢]dV
4 0 _ 4 _ (1226)
_ j dt jST (T, ~i)oudS ~ [ di jSD (D,n, +,)50dS.

Therefore the stationary condition of M is
T, +poi=pu; in V, t,<t<t,

D.. = m V, t,<t<t,
ii Pe 0 1 (1227)
on S;, f,<t<t,

i

Tﬁnjzt

D.n, =—c,

e

on S,, f,<t<t.

We now introduce a compact matrix notation [3,4]. This notation
consists of replacing pairs of indices ij or kl by single indices p or g,
where i, j, k and [ take the values of 1, 2, and 3, and p and ¢ take the
values of 1, 2, 3,4, 5, and 6 according to

jjorkl: 11 22 33 230r32 3lorl3 12or2l

(1.2.28)
porg: 1 2 3 4 5 6
Thus
Cigt = Cpgs €y > €y, T; > T,. (1.2.29)
For the strain tensor, we introduce S, such that
S =81, S =8n, 8§ =5, (1.2.30)

S, =28y, S;=28,, S,=25,.
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12 Mechanics of Piezoelectric Structures

The constitutive relations in Equation (1.2.7) can then be written as

_ .E _
Tp_cpqu ekak’

(1.2.31)
D, =e,S, +&,E,.
In matrix form, Equation (1.2.31) becomes
T (e e e e oas e |[Si] [en e ey
T, Cfl sz cfs Ci cfs cfﬁ S, € €pn €y E
I _ ¢ Cnm €y Gy G G |[Sh |63 €3 €33 El
T, Cfl C4Ez Cfs Cﬁ Cfs Cfe Sy €y €y €y EZ ’
To| |ch ch oh el ol b ||Ss| |es es es|
To) \cq co s ca cos o )|Se) \es ex ex
A
S
D, € € €3 €y €5 € Sz 5151 5152 51S3 E,
Dyr=ley ey ey ey ey ey S3 + 52Sl 52Sz 52Sz E,
D, €31 €3 €33 €3 €35 €3 S4 ‘93Sl 53Sz 53:93 E;
5
S
(1.2.32)

1.3 Linear Theory for Small Fields Superposed on a Finite Bias

The theory of linear piezoelectricity assumes infinitesimal deviations
from an ideal reference state of the material in which there are no pre-
existing mechanical and/or electrical fields (initial or biasing fields). The
presence of biasing fields makes a material apparently behave like a
different material, and renders the linear theory of piezoelectricity
invalid. The behavior of electroelastic bodies under biasing fields can be
described by the theory for infinitesimal incremental fields superposed
on finite biasing fields [5,6], which is a consequence of the nonlinear
theory of electroelasticity. This section presents the theory for small
fields superposed on finite biasing fields in an electroelastic body.

Consider the following three states of an electroelastic body (see
Figure 1.3.1).
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Three-Dimensional Theories 13

Reference

3 w (Biasing) Initial

X X, 0 u (Incremental)

Y, 0 0+¢ ! Present

Figure 1.3.1. Reference, initial, and present configurations of an
electroelastic body.

In the reference state the body is undeformed and free of electric
fields. A generic point at this state is denoted by X with Cartesian
coordinates Xy. The mass density is p.

In the initial state the body is deformed finitely and statically, and
carries finite static electric fields. The body is under the action of body

force f ao , body charge pg, prescribed surface position x,, surface

traction 7, , surface potential ¢° and surface charge & Y . The
deformation and fields at this configuration are the initial or biasing
fields. The position of the material point associated with X is given by x
= x(X) or x, = x(X), with strain S,OQ. Greek indices are used for the
initial configuration. The electric potential in this state is denoted by
(])O(X), with electric field E 2 x(X) and q)O(X) satisfy the following static
equations of nonlinear electroelasticity:

S]?L = (xa,K'xa,L =0k 2, @2 = _¢,(1)<a Ez(x) = _¢,?x’

0
T, I?L =P =¥ >

KL \sp, 5y
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14 Mechanics of Piezoelectric Structures

JO =det(x, ),

0o _ 0 0 0_ . 70 0. 0
Ko =%y Ty + My, Dy=60J Xy X, E;+ Py,

0 0 00 1 00 (1.3.1)
My, =J XK,ﬂgo(EﬁEa—EEyEyé'ﬁa),

0 0 0 0
Kiox +Pofa =0, Dy = pp.

In the present state, time-dependent, small, incremental deformations
and electric fields are applied to the deformed body at the initial state.

The body is under the action of f, , p,, ¥,, T, , ¢ and &, . The final

position of X is given by y = y(X,f), and the final electric potential is
@X,p). y(X,¢) and @X,f) satisfy the dynamic equations of nonlinear

electroelasticity:
Skr = (yi,Kyi,L =0k )2, Eg = _¢,1<a E, = _¢,i
0 0
TI?LZPO—W , Px =—pPy v >
6SKL Skr-Ex 6£K Skr-Ex
K=y, T +M,;, ©y=eJCyE, +P, (1.3.2)
1

MLj = JXL,igo (EiEj _EEkEk5g )

Ky +pof;=poY;s Dkx=Pr-

Let the incremental displacement be u(X,f) and the incremental
potential be @ (X,f) (see Figure 1.3.1). u and ¢/ are assumed to be
infinitesimal. We write y and @as

v, (X,0)=0,,[x,(X,0) +u,(X,1)],
#X,0)=¢" (X, 1)+ ¢ (X, 1).

Then it can be shown that the equations governing the incremental fields
uand ¢ are

(13.3)

1 1 .
KKa,K +p0fa = poua’

1

. (1.3.4)
Dy k= PE>
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Three-Dimensional Theories 15

where f! and p} are determined from

0, ¢l
fi = 5ia(fa +fa)7
0, 1
Pe = Pe+ P>
and the incremental stress tensor and electric displacement are given by
the following constitutive relations:

(1.3.5)

Ké =GraMan — R Ezlw’
S o (1.3.6)
D g= RKLyuy,L + Ly Eps

where Ek :_¢,11<- Equation (1.3.6) shows that the incremental stress

tensor and electric displacement vector depend linearly on the
incremental displacement gradient and potential gradient. In Equation

(1.3.6),
o’y
GKaLy =XamPo Xy N
OSkn0S 1y 5% 59
+ TI?Lé‘ay + gKaLy = GLyKa’
o’y (1.3.7)
Ry, =—po —— Xym T kiys
aEKaSML S/%Lafz
o’y
Ly, ==pp——— +lg =L
where
0 20 20
Exary = &y [EaEﬂ(XK,ﬂXL,}, —XK,},XL,ﬂ)
070
—EaEyXK’ﬁXL,ﬂ
+E2E}E)(XK,aXL,ﬂ —XK,ﬂXL,a)
1 (1.3.8)

+5E2E§ (X, Xpo = XgoX )],

Txry = ‘90J0(E2XK,aXL,y _Eo(z)XK,yXL,a _E;)XK,aXL,a)D
Iy = gOJOXK,aXL,a'
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16 Mechanics of Piezoelectric Structures

Gory » Rz, » and Ly, are called the effective or apparent elastic,

piezoelectric, and dielectric constants. They depend on the initial

deformation x,(X) and electric potential (/9 X).
In summary, the boundary value problem for the incremental fields u

and ¢ consists of the following equations and boundary conditions:

Kiox + Pofy = poii, iV,
®11<,sz115 in V,
KiyzGLyMa”a,M"'RMLy#M in V,
(DIKZRKLyuy,L_LKL¢,1L in 7, (13.9)
u,=u, on S,

$'=¢' on S,

KN, =T, on S,

D' Ny =—Gp on S,.

Consider the following variational functional:

4 | S 1
H(ua ¢1) = jll dth (E Polt Uy — EGKaLyuK,auL,y
0

1
_RKL;/¢,1KML,;/ +ELKL¢,IK¢,1L + pofof”a - plE¢l)dV (1.3.10)
b =1 b —1 41
+ d | , TatdS - | d | ,, TEdS.

The admissible u and ¢/ must satisfy
l,=0du, |,=0 in V,
=u, on S, f,<t<t, (1.3.11)

u
= on S,, t,<t<t,.
¢ 0 1
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Three-Dimensional Theories 17

The first variation is found to be
1 f 1 1 .
M g")=[ dtf  [(Kjo, + ot = ol ),
+(Dg x = pp)SP' 1dV
4 | - (1.3.12)
~["at| (KN, ~T))ou,dS
f Sy
I h dt I 1 N
-], E (Dx Ny +05)0p dS.
Therefore the stationary condition of the functional gives the following

governing equations and boundary conditions:

K1l<a,K+Pof;=P0i‘.a in ¥,
Diw=pr iV, (1.3.13)
K;,N =T, on &,
D' N, =-G, on S,.
Denoting
KII‘M:Kiaé‘aM’ f]\l/I:folé‘aM’
Tz\;zigé‘ma Uy =UgOuy s

(1.3.14)

we can write Equation (1.3.12) as
1\ _ h 1 1 .
ONl(u,¢") = [ adt]  [(Kiag + oS = Poiag Y
+(Dy x = pp)SP'1dV

; _ (1.3.15)
—j dtjs (K', N, —T,\)ou,,dS
ly T

_J"ldj' 1 —1yoql
; tS (Dy Ny +05)op dS.

In some applications, the biasing deformations and fields are also
infinitesimal. In this case, usually only their first-order effects on the
incremental fields need to be considered. Then the following energy
density of a cubic polynomial is sufficient:
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18 Mechanics of Piezoelectric Structures

1 1
PV (Sr»Ex ) = ECABCDSABSCD —€3cE4Spe — EIABEAEB

1 1
+gCABCDEFSAJ.!s'SCDSEF +EkABCDE£ASBCSDE (1.3.16)

1 1
_EbABCDEAEBSCD _EZABCEAEBEC’

where the subscripts indicating the orders of the material constants have
been dropped. For small biasing fields it is convenient to introduce the
small displacement vector w of the initial deformation (see Figure 1.3.1),
given as

X, =0, Xg +W,. (1.3.17)

Then, neglecting the quadratic terms of the gradients of w and ¢’, the
effective material constants take the following form [5,6]:

Grary = Ckary T Ckary>
Ry, =exr, +éx, (1.3.18)
Ly =&x +Exp,

where

o 0
Crary =Tk1.04) + CkanWyn + CxnryWan
0 0
+ CxarupSap T Kaxor, Ea
A 0 0
€xry “CximWym — kKLyABSAB + bAKLyEA

+ 80 (Elgé‘Ly _Egé‘K}/ _EZ(\)/Ié‘M}/é‘KL )’ (1 3 19)

A 0 0 0 0

Ext =brrapSap + XkiaCa + €0 (S Oxr — 28k )s
0 _ 0 0

Ty =CxiapSap —€axrEas

0 ~
Sup=(Wyp+wy,)/2,
0 0
Ex =—Px-

In certain applications, e.g., buckling of thin structures, consideration
of initial stresses without initial deformations is sufficient. Such a theory
is called the initial stress theory in elasticity. It can be reduced from the
theory for small fields superposed on a bias. First we set x = X.
Furthermore, for buckling analysis, a quadratic expression of Y with
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Three-Dimensional Theories 19

second-order material constants only and the corresponding linear
constitutive relations are sufficient. The biasing fields can be treated as
infinitesimal fields. Then the effective material constants sufficient for
describing the buckling phenomenon take the following simple form:

_ 0
GKaLy - cKaLy + TKL5a7’

Ry, =exy, +&0(EpS,, —E] 0k, —E 84,51 ) (1.3.20)
Ly, =&xps

where T I?L is the initial stress and 952 is the initial electric field.

1.4 Cubic Theory for Weak Nonlinearity

By cubic theory we mean that effects of all terms up to the third
power of the displacement and potential gradients or their products are
included [7]. Cubic theory is an approximate theory for relatively weak
nonlinearities, and can be obtained by expansions and truncations from
the nonlinear theory in the first section of this chapter. The resulting
equations are:

Fi =6, |c Uyptegud +—c Ug 4Ug B
2 LMAB 2 2LMAB
+c Uy gy g +—C Uy glcp

2LKAB 2 3LMABCD

te iy xb,—d

1
! ”B,C¢,A __bABLM¢,A¢,B
ABCLM 2

+—c Uy pUg qUg p+C Uy kU q,8%cD
2 3LKABCD

(1.4.1)

+—c Uyplg g pT—C Uy pglcplp g
2 3 LMABcD 6 4 LMABCDEF
1

—-d “B,C”M,K¢,A -—d “K,B“K,c¢,A
1 ABCLK 2 1 ABCLM

1
-—d “B,C”D,E¢,A __bABLK”M,K¢,A¢,B
2 2 ABCDELM 2

1 1
U, pPbp+—d ¢,A¢,B¢,Cj|a

+—a
2 1 ABCDLM 6 3 ABCLM
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Py Zepelipe — X Py +EeLBCuK,BuK,C
2 AL

1
-—d UpcUpp — bALCD“C,D¢,A
2 1 LBCDE

1

1
t—x b ——d UpcUg pUk E
2 1 LBCDE

25 anL | (1.4.2)

1
-—d UpcUp,eUF __bALCD”K,c”K,D¢,A
6 2 LBCDEFG 2

1
+—-a ”C,D”E,F¢,A +—d ”D,E¢,A¢,B
2 | ALCDEF 2 3 ABLDE

1
——X ¢,A ¢,B ¢,C 5

64 4pcL

1

MLj = gOé‘jM |:¢,L¢,M _E¢,K¢,K5LM _¢,K¢,M”K,L

— PPyt PPyt —PrP b (1.4.3)

1 1
+ ¢,K¢,R”R,K5LM + E¢,K¢,K”L,M - E¢,R¢,RuK,K5LM :|a

-1 -
£0JCi Eg 2 &, [_ ¢,L + ¢,K”L,K - ¢,L”K,K + ¢,K”1<,L

- ¢,M”L,K”K,M + ¢,K“M,M”L,1< - E¢,LuK,KuM,M

(1.4.4)

+ 5¢,LMK,MuM,K =Pyl Uy

+ oty Uk k _¢,M”M,K”K,L]'

A special case of cubic theory is the case of relatively large
mechanical deformations and weak electric fields [8]. In this case all
electrical nonlinearities can be neglected. The following energy density
is sufficient:

1 1
PoV = ECABCDSABSCD —e€,5cE 4S5 _EZABEAEB
(1.4.5)

+ g C ABCDEF SAB SCD SEF + ﬁ C ABCDEFGH SAB SCD SEF SGH .
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Keeping the linear terms of the electric potential gradient and up to cubic
terms of the displacement gradient, we obtain

Ky = CrmrsUr,s T €xim ¢,K

e e
+ CryrsknUr sUk N T CrvmskniyUr,sUgx NUT > (1.4.6)

Dy = egpslps — gKL¢,L’

where
. _ 1
CLMRSKN = 3 (Crmmsen + CoavsOxr + Crvrs Oxur )»
v _ 1
CLMRSKNI) = s C LMRSKNIJ (1.4.7)

+ ) (CrmmnssOrr + Conss O Orr + Cnrsy Oux )-
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