Chapter 1

Symmetrization

1.1 The Decreasing Rearrangement

Schwarz symmetrization is a particular kind of rearrangement of functions
defined on a domain Q@ € R¥. Given a real valued function on such a
domain, we construct an associated function, on the ball centered at the
origin and of the same measure as (Q, assuming the same range of values
and having special properties. In particular, we wish that this new function
be radial and radially decreasing. In order to define this, we first construct
the unidimensional decreasing rearrangement of the given function, which
we now proceed to do.

First of all, we need some notation. Given a (Lebesgue) measurable
subset £ C R", we denote its N - dimensional (Lebesgue) measure by |E|.

Let @ € R"™ be a bounded measurable set. Let v : © — R be a
measurable function. For ¢t € R, the level set {u > t} is defined as

{fu>t} ={zeQ|ulx) >t}

The sets {u < t},{u > t}, {u =t} and so on are defined by analogy. Then
the distribution function of u is given by

Hu(t) = |{u>t}|'

This function is a monotonically decreasing function of ¢ and for t >
ess. sup{u), we have u,(t) = 0, while for t < ess. inf(u), we have
B (t) = |Q]. Thus the range of u., is the interval {0, |Qf].

Definition 1.1.1 Let  C R" be bounded and let u : O — R be a mea-
surable function. Then the (unidimensional) decreasing rearrange-



2 Symmetrization and Applications

ment of u, denoted u¥, is defined on [0, |2]] by

u#(0) = ess. sup(u) } (1.1.2)

w#(s) = inf{t | pa(t) < s}, 5> 0.

Remark 1.1.1 Essentially, u# is just the inverse function of the distribu-
tion function p,, of u. However, since p.,(t) is just monotonically decreasing,
it can have jump discontinuities. If £ is a point of discontinuity, then the
above definition fixes the value of u# in the interval [t (t4), o (t—)] as t.H

Remark 1.1.2 In classical texts (cf. [Hardy, Littlewood, and Pdlya (1952)]
or [Pélya and Szegd (1951)]), the distribution function is usually defined
a8 py(t) = |{|u| > t}|. Consequently, the definition of the rearrangement
would correspond to, in our notation, that of |u|#. Throughout this text,
we will, however, deal with the ‘rearrangement with sign’ i.e. our definition
of the rearrangement will be based on the distribution function which takes
the sign of the function into account. n

Example 1.1.1 [Kawohl {1986)]

1.5 U

Let © = (-2,2) C R, Define u: @ — R as follows.

24y, -2<y< -1
1,-1<y <0

1+3450<y<05

2-94,05<y<2

uly) =
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Then, it is easy to check that

4-2t,0<t <1

pu(t) = ¢3—-2t,1<t<15
0,t>1.5
and that
{3—5)/2,0<5<1
u¥(s) = 1,1<s<?2
(4_3)/2125554-
4
3 ™ 1.5 u
2 1
1 \
0] 1 1.5 0 1 2 3 4

The following properties of the decreasing rearrangement are immediate
from its definition.

Proposition 1.1.1  Let u: Q — R where Q C RY is bounded. Then u?
8 @ non-increasing and left-continuous function.

Proof: (i) Let s1 < s2. Then [{u > t}| < s; implies that |{u > t}| < s2.
Thus,

{t} pult) <s1} C {t] pult) < s2}.

Thus, by definition, it follows that u#(s;) > u#(sg).

(i) Let s € (0,|]). By definition of u#, given £ > 0, there exists a ¢
such that u#(s) < t < u#(s) + € and py(t) < s. Choose h > 0 such that
fy(t) < s—h < s. Then, for all 0 < h' < h, we have p,(t) <s—-h' < s
and so u#(s) < u¥(s — h') < t < u¥(s) + . This proves that u¥ is
left-continuous. n

Proposition 1.1.2  The mapping u — u¥ is non-decreasing, i.e. if u <
v, where u and v are real valued functions on Q, then u# < v¥#.
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Proof: Since {u >t} C {v > t}, we have that
{tI{v>t} <s} c{t]{u>t} <s}
and the result follows from the definition. |

Definition 1.1.2 Two real valued functions (with possibly different do-
mains of definition) are said to be equimeasurable if they have the same
distribution function. Equimeasurable functions are said to be rearrange-
ments of each other.

We now show that u™ is indeed a rearrangement of u in this sense.

Proposition 1.1.3  The functions u: Q@ — R and u¥ : [0,]Q]] — R are
equimeasurable, i.e., for all t,

Hu >t} = [{u® >t} (1.1.2)

Proof: If u#(s) > t, then, by definition, it follows that [{u > t}| > s.
Thus,

{s|u®(s) >t} C {s|[{u>t}|>s}
Since ¥ is non-increasing, we have
[{u# > t}] = sup{s | uv#(s) >t} < [{u>t}]. (1.1.3)
On the other hand, let [{u# > t}| = s. By the left-continuity and the
non-increasing nature of u#*, it follows that u#(s) = ¢. Then, by definition,
{u > t}| € s. Thus,
{u> )l < {u# 2 1. (1.1.4)
Applying (1.1.3) and (1.1.4) for t + h instead of ¢, we get
Hu#® >t+h} < Hu>t+h} < [{u® >t+h).
Passing to the limit as & | 0, we get

[{u# >t} < Hu>t} < [u¥ >1}

which proves (1.1.2). [ |
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Corollary 1.1.1  With the preceding notations, we have

{u >t} = {u? > ¢},
{u >t} = {u# > t}}.
{u <t} = l{v” <t}l.
{u < e}l = l{u# <t}).

(1.1.5)

Proof: The first relation of (1.1.5) has already been proved. The rest fol-
low easily by complementation and suitable limiting arguments. ]

Remark 1.1.3 The above proposition, in the light of Definition 1.1.2, ex-
plains why u# is called a rearrangement of 1. The decreasing rearrangement
is just one example of a wide variey of such constructions. The reader is
referred to the book of [Kawohl (1985)] for examples of different kinds of
rearrangements. |

Corollary 1.1.2 Ifu > 0, and if u € LP(Q) for 1 < p < oo, then
u# € LP((0,|9))) and

lullpe = llu™llp, 0,
(Here the norms are the corresponding LP - norms.)

Proof: If p = oo, then the result is contained in the definition of the
rearrangement. Let 1 < p < oo. By equimeasurability, both « and u# have
the same distribution function i and as both functions are non-negative, it
follows {by a simple application of Fubini’s theorem) that

lulf g = /0 Pt = [t 0sa.
|

This result is also true without the non-negativity condition. In fact, as
a consequence of the equimeasurability, we have the following general and
powerful result.

Theorem 1.1.1 Let u : 2 — R be measurable. Let F : R — R be a
non-negative Borel measurable function. Then

12

f Flu@)de = |  Fut(s))ds. (1.1.6)
Q 0
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Proof: Let E = [t,00] and set F(£) = xg(£), where xg is the indicator
(or characteristic) function of E. Then

1]
/ Flu@)de = {uzt}] = [{u* 21} = ] Flu (s))ds.
Y 0

Similarly, the result holds for F' = xg where E is any interval and hence if
E is any open set and, again, if E is any Borel set, by standard arguments.
Hence the result is true for any non-negative simple function F. If F is
any non-negative Borel function, it can be expressed as the limit of an
increasing sequence {F,} of non-negative simple functions. Thus, for each
n we have
122
/ Fo(u(x))dz = Fo(u#(s))ds. (1.1.7)
Q 0

We can pass to the limit as n — oo to get (1.1.6) using the monotone
convergence theorem. ]

Corollary 1.1.3 Let F: R -— R be a Borel function and let u: Q) — R
be such that F(u) € L'(Q). Then F(u™) € L'((0,|9])) and (1.1.6) is still
valid.

Proof; We write F = F* — F~ and both F* and F~ are non-negative
Borel functions and so (1.1.6) holds for each of them in place of F. If
F(u) € LY(Q), then both [, F*(u(z))dr and [, F~(u(z))dz are finite and
we can subtract the relation for F~ from that of F* to get (1.1.6). ]

Corollary 1.1.4 Let u € LP(2) for 1 < p < co. Then u¥* € LP({(0,|Q]))
and the corresponding LP norms are equal.

Proof: Take F(t) = |t|? in the preceding theorem. |
Remark 1.1.4 The result remains true for p = oo since u#(0) =
ess. sup(u) and u¥(|2]) = ess. inf(u). | |

Remark 1.1.5 Since the proofs of Theorem 1.1.1. and its consequences
depended only on the equimeasurability, these results also hold for other
types of rearrangements. [ ]

‘We now prove another important property of the (decreasing) rearrange-
ment which is a consequence of Theorem 1.1.1.

Lemma 1.1.1 Letu:[0,]] = R be non-increasing. Then u = u¥ a.e.
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Proof: If ¢t < u(s), then, since u is non-increasing, {{u > t}| > s. Hence,
u#(s) > t, by definition. This implies that

u?(s) > u(s) (1.1.8)

for all s € [0,]]. Now, let s be a point of continuity for u. Since u is
non-increasing,

Hu>u(s—h)}| < s—h < s

for h > 0. Thus, by definition, u#(s) < u(s — h). Hence, as h | 0, we get,
using the continuity of u at s, that

u#(s) < u(s). (1.1.9)

Thus, by (1.1.8) and (1.1.9), we get that u®(s) = u(s) at all points of
continuity of «. The result stands proved since u, being monotonic, admits
at most only a countable number of discontinuities. n

Proposition 1.1.4 Let ¥ : R — R be a non-decreasing function. Let
u: - R, where Q C RY is bounded. Then

Dty = (Plu)#, ae. (1.1.10)

Proof: Step 1. If v,w : [0,I] — R are equimeasurable and non-increasing,
then v = w a.e. For, as they are non-increasing, by the preceding lemma,

v = v* and w = w¥ ae. As they are equimeasurable, by definition,
# o #
v# = w#,

Step 2. The result will be proved if we can show that ¥(u*) and (¥ (u))#
are both equimeasurable and non-increasing on [0, |2|]. That they are non-
increasing follows from the definition of the rearrangement and the fact
that 1 is non-decreasing. Now,

Ho(#) >t} = [ X pury>n (s = [o Xy (@)d

=¥ >} = {@w)* > t}].

The equality of the two integrals above is a consequence of Theorem 1.1.1
since the function s +— X(y>¢}(s) is a non-negative Borel function. The
last equality is a consequence of the equimeasurability of a function and its
rearrangement. |
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Corollary 1.1.5 Foru: — R, we have (ut)# = (u#)*.

Exercise 1.1.1 Show by means of an example that, in general, given two
functions v,w : @ — R, (v+w)* and v# 4 w# are not equal. However, if
¢ € R, show that

(v+o)* = v¥* te
Exercise 1.1.2 Let € be the annulus
{xeR?| 0 < R < l|z| < Ry}

Let u(z) = (R2 ~ |z|?)/2. Show that
1 s
ut(s) = 3 (Rg - R} - ;) .
1.2 Some Rearrangement Inequalities

We begin by proving the LP continuity of the rearrangement map.
Proposition 1.2.1 Letp=1 or co. Then for f,g € LP(Q)),
1£# = o*lp000n < If—9

Proof: Let p = oo. Then for almost all & € Q, we have

(f(@) —9@)| £ If - gllec. -

o2 (1.2.1)

Thus,

f@) = 1IIf —glle < 9(@) < F@)+f - 9l

By the monotonicity of the rearrangement map (cf. Proposition 1.1.2) and
by Exercise 1.1.1, we deduce that

) = If =gl < g%(s) < fH(8)+1If — gl

which immediately gives (1.2.1) for p = oo.

Let p = 1. Set h = max{f,g}. Then as f < h and g < h, we have that
f# < h# and ¢g¥ < h¥. Now,

|f# - g% < |fF = h¥|+ h* — gF| = 2h% — j* — g%,
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Thus,
LMFH(s) = g*(s)lds < [i™2h#(s) — fH(s) — g (s))ds
= Jo(2h(z) - f(z) — g(x))dzx
= Jolf(2) — g(z)ldz
which proves the result for p = 1. [ |

Theorem 1.2.1 Let 1 < p < 00. The mapping u — u¥ is continuous
from LP(§2) into LP((0,|Q2])}).

Proof: If p = 1 or p = 00, the result follows from the preceding proposition.
Let 1 < p < 0o. Let up — u in LP(£2). Since  is bounded, it follows that
un, — uin LY€1) as well and so u¥ — u# in L}((0,|])). Hence, for a
subsequence, u¥ — u# a.e. Further,

[

Iy = lendpa = lullpe = [u#lp0,0)-

Hence it follows that u¥ — u# in L?((0,|0)) as well. In fact, as the limit
is independent of the subsequence, it follows that the entire sequence {u#}
converges to u¥ in LP((0,]Q])) and this completes the proof. [ |

We saw in the previous section that the rearrangement preserves the
integral of a function over the domain (take F'(¢) = t in Theorem 1.1.1).
We now consider integrals over proper subsets.

Proposition 1.2.2 Let Q ¢ RY be bounded and let uw : O — R be an
integrable function. Let E C Q) be a measurable subset. Then

| &
/ u(z)de < f u* (s)ds. (1.2.2)

E 0
Equality holds in (1.2.2) if, and only if,

(ulp)® = v*|p, g, ace
Proof: Let v =u(g. If s € [0, |E|], and if [{u > t}] < s, then

Hv>t} = {u>t}NE| < s

Thus

{t] {u>t} <s} C {t],{v>t} <s}
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and so v#(s) < u#(s). Thus

|E| | E|
/Eu(a:)dm = /0 v#(s)ds < /0 u*(s)ds, (1.2.3)

which proves (1.2.2). If equality holds in (1.2.2), then we have equality
throughout in (1.2.3) and this is possible if, and only if, v# = u# ae. in E
and the result is proved. |

Lemma 1.2.1 Let u:Q — R and let t € R. Define
Ey={z€Q|u(z) >t}
Defineb: Rx 1 = R by
xe(z) f 120
b(t,x) = K
(t,) {-—Xpt(iﬂ) if t<O.

Then
400

u(z) = f b(t, x)dt. (1.2.4)

-0

Proof: If u(zx) >0,

[+°° b{t,z)dt = /Du(r) dt = u(x).

—00

If u{x) < 0, then
+o00 0
/ b{t,z)dt = —] dt = u(x).

—oo (x)
|

Lemma 1.2.2 Let f,g: Q — R with g integrable over Q. Leta < f <
b< 4oo witha € R, Then

/ﬂf(a:)g(a:)da: = afﬂg(a:)dx + /: (/{f>t} g(m)dm) dt. (1.2.5)

Proof: Assume that a > 0 (the other case can be similarly treated). Setting
E; = {f > t}, we have, by the preceding lemma,

b
fz) = ]0 X (2)d.
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Thus, by Fubini’s theorem,

/nf(ﬂf)g(f)diﬂ = /Qg(r) /ObXEt(:r)dtdcc = fob[ﬂg(m)x}gt(w)dmdt

which gives

ff (x)g(z)dx /f dxdt+[ /1;% x)dzdt

from which (1.2.5) follows immediately. u

Exercise 1.2.1 In the above proposition, if b€ R and if —oo < a < f <b,
show that

fn Fla)g(z)dz = b /Q g(z)dz — /a b ( f{ . g(m)ax) dt.

We are now in a position to prove an important rearrangement inequal-
ity.
Theorem 1.2.2 (Hardy - Littlewood) Let f € LP()) and g € L9(Q)
where (1/p)+{(1/g) =1, 1 < p,qg € o0. Then

f f(@)g(x)dz < . F#(s)g% (s)ds. (1.2.6)

4]

Proof: Assume first that f € L=(Q)NLP(Q). Let a and b be real numbers
such that a < f <b. Then, by the preceding lemma,

Jo fm)g(2)dz = a [, g(z)dz + f f{f>t}g z)dzdt

It

afgnl g (s)ds + f; Jipony 9(@)dzdt

IA

aflgl g% (s) ds+f fo)t}l #(s)dsdt

#(s)ds + [ 17N gt (s)dsat

fé”' FH#(s)g*(s)ds

where the last equality comes from applying (1.2.5) to f# and g#.
If 1 <p < oo, the general case can be completed by a density argument
since we know that the mapping u — u# is continuous from LP(Q)) into
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LP((0,|2))- "

Exercise 1.2.2 Let f,g € L(Q). Using (1.2.6), show that

IF* — ¢* a0y < If - gllz.0-

Exercise 1.2.3 Let v : R — R be non-decreasing. Let f € LP(f}) and
¥(g) € L(Q), where (1/p) + (1/¢) =1, 1 < p,q < co. Show that

|24
f faaanis < [ o s

Exercise 1.2.4 (a) Let u: @ — R. Show that (x{u>t})# = X{u#>t}:
(b) Show that, if u,v:  — R, then

dr > - # d
/ﬂ WD) x oz (2)dz > fo u(5)X o <2y ()4,

We saw that the rearrangement mapping is non-expansive between the
relevant LP spaces when p = 1,2 or oo. In fact, it istrue for all 1 < p < oo
as the following theorem shows.

Theorem 1.2.3 Let f,g € LP()), where 1 < p < oo. Then
17# = g*ln0ien < 1If — gllpo- (1.2.7)
Proof: Set J(t) = |¢|”. Define

0if t<0
J+(t)_{|t|1’ if t>0

and

P it t<0
J‘(t)_{ 0if t>0

so that J = Jy + J_. Both Jy and J_ are convex and differentiable
functions. Thus,

Flz) +oo
(@) -g@) = [ If@-nd - f T (F(2) gy (2)dt.

g(z) -0

Hence, after an application of Fubini’s theorem, we get

+o0
[ @ —g@nde = [ [ I(re) - tixipcn(cldztr (128)
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and, similarly,

12 too |8
/ T (% (s) — g% (s))ds = f f JL(FF(8) ~ t)x (g% <ty (s)dsdt.
0 —o0 <0

(1.2.9)
Now, since Jy is convex, we have that J' is non-decreasing. Thus, by
Proposition 1.1.4 and Exercise 1.1.1, we get

(Ji(f(@) =) (s) = JL(f*(s) - ).

Hence, by virtue of Exercise 1.2.4, we deduce that

k4]
f JL(F(2) = Dxgocey ()dz > f T (F#(5) = xgw <1 (5)ds.
Q 0

Thus, using (1.2.8) and (1.2.9), we deduce that

192
| 7str@) ~g@nds = [ 1.(405) - a* (o).
We can prove, in the same way, the same inequality with J_ in place of J,.

Adding, we get (1.2.7). B

1.3 Schwarz Symmetrization

Henceforth, given a measurable subset E C RY of finite measure, we will
denote by E*, the open ball centered at the origin and having the same
measure as E, i.e. |E*| = |E|. Given a vector z € RV, we denote its
Euclidean norm by |z|. Finally, we will denote by wy, the volume of the
unit ball in RN, Notice that

where I'(s} is the usual gamma function,

Definition 1.3.1 Let © C R¥ be a bounded domain. Let z: Q) — R
be a measurable function. Then, its Schwarz symmetrization or, the

spherically symmetric and decreasing rearrangement is the function
u* 1 2* — R defined by

w(2) = wH(wnlelV), s e Q"
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Observe that, if R is the radius of £2*, then

Jo- w(@)dz = [o. wF(wnjziV)dr = [Fu#(yr)Nwyr¥-1dr

= Olﬂylu#(s)ds = Olnlu#(s)ds.

We can translate all the results obtained in the preceding sections for
the decreasing unidimensional rearrangement to get the corresponding re-
sults for the Schwarz symmetrization. In particular, we easily deduce the
following:

e u* is radially symmetric and decreasing.

e u,u# and u* are all equimeasurable.

e If F: R — R is a Borel measurable function such that either F > 0
or F(u) € LY(Q), then

/‘F(u*(z))da: = /ﬂF(u(z))dw. (1.3.1)

In pa.rticular u and u* have the same LP norms and fQ u(z}dr =
Jo. w(z)dz when u is integrable over €.
e If o) IR — R is & non-decreasing function, then

($(u))* = ¥(u”).

¢ The mapping v +— u* is a non-expansive mapping from L?(Q) into
LP(*) for 1 <p < 0.
e If £ C Qis a measurable subset, then,

||
[E u(z)dr < /0 * u#(s)ds = / i (w)da. (1.3.2)

Equality occurs if, and only if, (u|g)* = v*|g-.
(Hardy - Littlewood) If f € L?(Q2) and g € L) where {1/p) +
(1/q) =1, then,

12
f fz)g(x)dz < ] gt = [ Fag @
; ° o (1.3.3)

We conclude this section by computing the Schwarz symmetrization of
the function in Example 1.1.1.
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Example 1.3.1 Let 1 = (—-2,2) C R and let u: ) — R be as in Example
1.1.1. Then Q* = (—2,2) as well and «* is given by

3-2,0<2<05
u'(—2z) = u*(r) = 1,05<z <1
2~z 1< <2,

u
-2 2
u*
1.5
1
-2 -1 05 1 2

1.4 Variations on the Theme

In this section, we briefly describe some variants of the notions discussed
previously. Just as we defined the unidimensional decreasing rearrange-
ment, we can define the increasing rearrangement as well.

Definition 1.4.1 Let @ C BRY be bounded and let v : @ — R be a
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measurable function. The (unidimensional} increasing rearrangement
of u, denoted uy, is defined on [0, |Q|] by

ug(|Q]) = ess. sup(u)

ug(s) = inf{t | {u < t}} > s}, s €[0,19)). (1.4.1)

As before, uy is essentially the inverse of the function m(t) = |{u < t}|.
It is non-decreasing, and equimeasurable with u. If u < v, where » and v
are measurable functions defined on Q, then uy < vg.

Exercise 1.4.1 Let u :  — R be measurable. Show that

u(s) = ug(|Q] - ).
Proposition 1.4.1 Let u: Q2 — R be a measurable function. Then,

u¥ = ~(~u)yg ae. (1.4.2)
Proof: Notice that

Hu# > = [Hu>t} =H-u<-t}|
= {(-u)g < —t}] = [{-(~w)s > t}}.

Since u# and —(—u)4 are both non-increasing and equimeasurable, they
are equal a.e. ]

Corollary 1.4.1 (Hardy - Littlewood) Let f € LP(Q?) and g € LI(1)
where (1/p) + (1/q) = 1. Then

1€

jﬂ f@e@dz > [ fals)g*(s)ds. (1.4.3)

0

Proof: We have
— e Xidxr —#S#S 5§ = — S#SS
/ﬂf()g()d an(f)()g()d /Qf#()g()d

and the result follows immediately. [ ]

Definition 1.4.2 Let u : @ — R be a measurable function where Q ¢ RY
is bounded. Then the spherically symmetric and increasing rear-
rangement of u is defined on 0* by

wa(z) = uplwnlel). (1.4.4)
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Exercise 1.4.2 Compute uy and u, when u is as in the Example 1.1.1.

Exercise 1.4.3 Let f : Q — R be a measurable function where © C R¥ is
bounded. Show that

(FOY*(8)(f )a(s) = 0 forall 0<s<|Q|

The next variant we would like to discuss is the definition of the radially
symmetric and decreasing rearrangement of a function defined on all of RV,

Definition 1.4.3 Let f: RY — R be a Borel measurable function. It
is said to vanish at infinity if, for every ¢ > 0, the sets {|f| > t} are of
finite measure.

Definition 1.4.4 Let f: RY — R be a Borel measurable function van-
ishing at infinity. Then its spherically symmetric and decreasing re-
arrangement , f*, is defined on RY by

f*(l') = Lm X{]f|>t}*(m)dt' (145)

Since the integrand in (1.4.5) is in terms of characteristic functions of
balls, clearly, f* is radially symmetric. Also it is obvious that it is radially
decreasing, i.e. if £,y € RY are such that |2| < |y|, then f*(z) > f*(u).

Assume that f*(z) > t. Let, if possible, z ¢ {|f| > t}*. Then, for
all t > t, x ¢ {|f] > t'}* since these are smaller concentric balls. Thus,
it follows from (1.4.5) that f*{(z) < ¢, which is a contradiction. Thus,
z € {|f| >t}".

Conversely, if € {|f] > t}*, then, clearly, t is not the supremum of | f|
and so we can find a t' > t such that z € {|f| > t'}* which is a smaller
concentric ball. Now, for all ¢ < t/, it is evident that z € {|f| > t"}*.
Thus, it follows from (1.4.5) that f*(x) > t' > ¢t. Thus, we have shown that

{fr >t = {IfI>#"

Since the sets {f* > t} are all open, it follows that f* is measurable and
in fact, lower-semicontinuous. It also follows that f* and |f| are equimea-
surable and the results of the preceding sections follow as a consequence.
In particular, the L? norms of f and f* are the same. Notice that we are
essentially symmetrizing | f| rather than f (cf. Remark 1.1.2).

It can be shown that the map f +— f* is non-expansive from LP(R™) into
itself and that the Hardy - Littlewood inequality holds. Finally, we state
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an important property of this rearrangement in RY. We refer the reader
to the book of [Lieb and Loss (1997}] for the proof and for generalizations.

Theorem 1.4.1 (Riesz’ inequality) Let f,g and h be non-negative Borel
measurable functions on RY wanishing at infinity. Define

1oty = [ [ @ - phwdsdy

Then
I(f,g.h) < I(f",9",h"). (1.4.6)



