1. Rutherford Scattering

Problem 1.1 Using Eq. (1.38) calculate the approzimate total
cross sections for Rutherford scattering of a 10 MeV a-particle from
a lead nucleus for impact parameters b less than 10712, 10710
and 1078 cm. How well do these agree with the values of wb2?

There are various ways of doing this problem. We will list below two
very simple methods.

Method I. In general, the total cross section for Rutherford scat-
tering is given by (see Eq. (1.38) in the text)

ZZ'eQ)Q/ld(sing)
oroT = 8 ——2/ 1.1
o ”( iE ) Jo (sind)’ -y

However, if the impact parameter is restricted to a finite range, say
b < by, then we can write the total cross section as

(1.2)

ZZ/€2)2/1 d(sin g)

orot(bo) = 87 ( ,
( 4F 64, (sin g)g

where 0y, is the scattering angle corresponding to the impact param-
eter by and is given by (see Eq. (1.32) of the text)

bo = cot —>. (1.3)
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Carrying out the integration in (1.2), we obtain

Z7'e2\* (1 2 0o
oror(bo) = 87T( iE ) (—5) <1 — cosec —2—>

! 2 2 9
:47T(ZZ6) cot2ﬂ

4F 2
77'¢2 0, \> .o
= — | = 1.
7r< 5E cot 2) by, (1.4)

where we have used the identification in (1.3). It follows, therefore,
that

by (cm) I oror(by) = 7rb(2) (cmz)

10~12 3.2 x 107
10710 3.2 x 10720
10-8 3.2 x 10716

Method II. An alternative method to obtain the same result is to
note that the total cross section for Rutherford scattering can be

ZZ, 2\ 2 1 d( si [
oror = 87 (——e ) / ———( - 2)
0

4E (sin—g)3
77'e*\* [ 6 0
=A4r ( 4Ee ) /0 dé cot Ecosec2§. (1.5)

This can be converted into an integral over the impact parameters

using the defining relationship (see Eqgs. (1.32) and (1.36))
Z7'¢? 0 db  ZZ'¢®  ,0

°F coti, W= 1B cosec” o, (1.6)
so that we can write

77'e2\? [ 77'e2\ "V [ 772'e2\ 7!
=4 b
mor=ar (%) [T (%) (%)

= 27r/ db b. (1.7)
0

written as

b=
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This is true in general and can also be deduced from the definition
of the cross section in Eq. (1.33) or (1.34) of the text. If impact
parameters are smaller than some fixed value, say by, then the total
cross section takes the form

bo
orot(bo) = 277/ db b = wb, (1.8)
0
which is the same result as derived earlier.

Problem 1.2 Prove that FEq. (1.55) follows from the relations in
FEgs. (1.53) and (1.54).

This problem can be solved directly from the relationship between
the scattering angles in the laboratory and the CM frames. From
Eq. (1.53) of the text we have

cosfBem + ¢
(1 4+ 2¢ cosfom + ¢2)1/2

03 B = (L9)

Through direct differentiation, it follows that

dcosOrap 1 B ¢(cosfcm + ()
deosfom (1 +2¢cosfom + ¢2)Y2 (14 2¢ cos by + (2)%/?
1 e
- + G cosfom - (1.10)
(14 2¢ cosfom + ¢2) /

which leads to

dcosfcm (1 + 2¢ cosfcm + C2)3/2

dcosbran 14 { cos O

(1.11)

Let us note that
(1+2Ccosfom + ¢2) = (1 + CcosOom)? + ¢Zsin? o > 0. (1.12)

Since the differential cross sections in the two frames must be pos-
itive, the Jacobian connecting the two must also be positive. From
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Eq. (1.54) of the text, this leads to the relationship (using the abso-
lute value of the Jacobian)

do do

d cos Ocm
=7 (8 - (8 — 2 7CM
dQLab( La.b) dQCM( CM) ‘dCOS 6Lab
d 1+ 2¢ cos By + ¢2)3/2
_ o ( CM) ( C CM C ) 7 (113)
dQCM |1 + C COS HCM|

which is the desired result (see Eq. (1.55) of the text).

Froblem 1.3 Sketch cos a1, as a function of cos 8cm for the non-
relativistic elastic scattering of particles of unequal mass, for the cases
when ¢ = 0.05 and ¢ = 20 in Egs. (1.52) and (1.53).

For nonrelativistic scattering, we know from Eq. (1.53) of the text
that

cosfcm + m
08 OLap = oM+ 7 (= 1 (1.14)
(1 +2¢ cosbcpm + ¢€2) ma
where m, mg represent respectively the masses of the projectile and
the target in the laboratory frame. The first case that we want to
consider, namely,
m1

(=—=0.05 or my=20my, (1.15)
ma

corresponds to the scattering of a light projectile from a heavy target,
while the second case
mi

(= o 20 or my = 20my, (1.16)

describes the opposite, where a heavy projectile is scattered from
a light‘ target. The two cases, therefore, represent inverse scenarios.
We will treat them separately. Furthermore, the solutions for the two
cases can be worked out in two simple but equivalent ways as follows.
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¢ =0.05

Method I. Here we simply evaluate the angles numerically from the
formula

cos Ocvm + 0.05
(14 0.1cos ey + 0.0025)1/2

Keeping terms up to three-digit accuracy, we have

cos b = (1.17)

cosBom | cosbrap
—1.00 | —1.000
—0.70 | —0.673
—0.50 | —0.461
—0.05 0.000
0.00 0.050
0.50 0.536
0.70 0.724
1.00 1.000

This is plotted in Fig. 1.1, and it is clear that for this case of a light
projectile scattering from a heavy target, the scattering angles in the
laboratory and in the center-of-mass frames are approximately the
same.

Elastic scattering angles
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Fig. 1.1. Center-of-mass vs. laboratory scattering angles for a mass ratio ¢ = 0.05.
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Method II. When ¢ « 1, as is true in the present case, we can
write

cosfom + ¢
(14 2¢ cosBcm + ¢2)1/2
N cosfBopm + ¢
= (1 4 2¢ cos O )1/2
~ (cosbom + ¢)(1 — ¢ cosfcm)

cos 0150 =

= (cos fom + ¢)(1 + 2¢ cos o) ™/

~ cosOcm + ¢(1 — cos? Ocm)
= cosfom + ¢ sin? Oy = cos oy + 0.05sin? 0y, (1.18)

Here we have neglected terms of order ¢? and higher, which would
lead to small corrections in the result. We note that since 0 <
sin? fcm < 1, it follows that

cos O,p & cos oM, (1.19)

as we saw from the explicit calculation.

¢ =20

Method I. In this case, a heavy projectile scatters from a light target
and we have

cosfcom + 20
(1 + 40 cos Oy + 400)1/2°

Explicit numerical evaluation, keeping terms up to four digit accu-
racy, leads to:

cos Opap = (1.20)

cosBcm | cosBpap
-1.0 1.0000
-0.7 0.9993
-0.5 0.9990
0.0 0.9987
0.5 0.9991
0.7 0.9994
1.0 1.0000
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Elastic scattering angles
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Fig. 1.2. Center-of-mass vs. laboratory scattering angles for a mass ratio ¢ = 20.

This is plotted in Fig. 1.2, and shows that the scattering in the
laboratory frame is almost entirely in the forward direction — like a
truck hitting a ping-pong ball.

Method II. When ¢ >> 1, as is true in the present case, we can write

cosfeom + ¢
(1 + 2¢ cos Oy + ¢2)1/2

08 B1,ap =

2 1\ 2
= (COS@CM—i—C) <1+—COSOCM+ )

¢ ¢ ¢?
1 1 1 3
= - = - — 29
C(cos fom + €) (1 c cos fom 507 2<2 cos CM>
1 1 3
~ = <§ —cosfcym +cosbom — = cos? oy — = + — cos GCM)
¢ ¢ 2¢ 2¢
1
=1- ?Sll’l 20em=1— 300 sin® oy (1.21)

Here we have neglected higher-order terms in %, which are negligible.
From the fact that 0 < sin? ey < 1, we conclude that in this case

Ccos 9Lab =~ 1, (1.22)

which is consistent with the numerical calculation. In either case
(whether ¢ = 0.05 or ¢ = 20), we see directly from the tables that

frab < OcM-
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Problem 1.4 What would be the approzimate counting rate
observed in the Rutherford scattering of 10 MeV a-particles off lead
foil at an angle of 8 = 7 in the laboratory? Assume an incident fluz
of 10% a-particles per second on the foil, a foil 0.1cm thick, and a
detector of transverse area 1cm X 1cm placed 100 cm from the inter-
action point, and density of lead of 11.3g/cm3. What would be the
counting rate at 8 = 5°7 By about how much would your answers
change if the above angles were specified for the center-of-mass —
be quantitative, but use approzimations where necessary. (Why don’t

you have to know the area of the foil?)
From Eq. (1.40) of the text, the counting rate is given by
ptA() do

dn(9) = NoZ=2 22 (B)d0 (1.23)

In the present problem of the scattering of a particles from a foil of
lead (?°Pb%?), we are given
Np = incident flux/foil area = 10° sec™! /foil area,
Ap = Avogadro’s number = 6 x 10%® /mole,
p = density of the foil = 11.3g/cm?, (1.24)
t = thickness of the foil = 0.1 cm,
A = Atomic weight of lead = 208,
E = energy of the incident « particle = 10 MeV.

Furthermore, we are also given that the detector has an area
ds=1cm x 1cm = 1cm? (1.25)
and is located at a distance
R =100cm, (1.26)

from the target (foil). Therefore, the solid angle subtended by the
detector at the scattering center is given by

ds _
d = 25 =10 Yor. (1.27)
Finally, we note that for the scattering of « particles from lead
(28Pb82), we have

Z=2 2 =82, (1.28)
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so that the Rutherford scattering cross section takes the form

do 77'e2\? 1 ! _
'd—ﬁ(e):( iE ) (sing) (o)™

2\ 2
= (2 x8ax — N ¢ ) cosect L(st)l, (1.29)

2 x 10MeV  Fic 2

where we note that

2

e 1
hc ~ 197 MeV — F, o= fine structure constant = 37 (1.30)

and 1 F = 1 fmor 1 Fermi = 10~'3cm. Using these values, the
differential cross section at any angle takes the form

do 197 MeV—-F 1\®> ,0,
EQ—(G) = (164 X —40M—e\/ X E) cosec 5(51‘)
~ 0.4 x 1072 cosec? gcm2/sr. (1.31)

Using all of these results, we can calculate the counting rate at
any angle from (1.23) as:

6 x 10% x 11.3 x 0.1/cm?
208

dn(8) = 10° /sec x
—24 49 —4
x 0.4 x 107**cosec 3 cm /sr x 107" sr
40
~ 0.13 cosec 3 counts/sec. (1.32)

It follows now that

dn(6 = §) =~ 0.13 x 4 counts/sec ~ 0.5 counts/sec,

dn(6="5°= Z)~0.13 x 28 x 10* counts/sec ~ 3.6 x 10* counts/sec.
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For a particles scattering from lead (2*Pb8?), we have ¢ =
705 ~ 0.02. As a result, using (1.18) we obtain

cos 01, = cos Oom + € sin? Oeom = cos fcom + 0.02 sin? fom,

so that for 6oy = 5, we obtain
cos B, = 0.02
or Orap =~ % —0.02,

which leads to

Agl@cm= = 0cm — Orap =~ 0.02.

1
2

On the other hand, for fcm = 5° = 5, we have

(1.33)

(1.34)

1/ 7\2 2
61,01 = cos @ .02sin? ~1— = — 2
cos BLap = cos By + 0.02sin” fom 2(36) + 0.0 (36)

—1- Lo X 2~ ~Lloosx T :
2 36, 2 36

i
or Or.p =~ 0.98 x 36

which leads to

T
Aflocy=s5o=g = o — OLan ~ 0.02 x = & 0.002.

(1.35)

From Eq. (1.32), the relative change in counting rate arising from

this difference in angle is given approximately by:

A(d 1
CLOTAE £ YA SR
dn (sin §) (sin §) 2

4A9

This leads to

[An)} (g — 1) 2 x 0.02 x 1 = 0.04 = 4%,

18] (g — 2y~ 2 x 0.002 x 23 ~ 0.092 = 9.2%.

(1.36)
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Problem 1.5 Sketch the cross section in the laboratory frame as a
function of cosOray for the elastic scattering of equal-mass particles
when a% is isotropic and equal to 100 mb/sr. What would be your
result for ¢ = 0.05 in Fq. (1.52)7 ( You may use approzimations where
necessary.)

We know from Egs. (1.53) and (1.55) of the text that

cos Br v — cosfom + ¢
T (T4 2 cos fom + ()12 (1.37)
do gy do (1 + 2¢ cos oy + ¢2)3/2 '
dQLab Lab/ = dQcm |1 + ( cos QCMI ’
where { = %

When m; = mg, namely, the particle masses are equal, we have
¢ = 1, and we obtain from the first relationship

1 + cos fcum _ (1 + cos 9CM> 1/2
V2(1 4 cos Oy )1/2 2 ’

cOos 9Lab =

which leads to
(1+2¢ cosfom + ¢2)>2  23/2(1 4 cos om)?/?
|1+ Ccosfom| =~ (14 cosbcm)
= 23/2 (1 + cos fon) /2

B 4<1 + cos 90M> 1/2

2
=4 cos Oap. (1.38)
Thus, for ( = 1 (equal masses), we can write
do do
——(O1ap) =4 0 OLab- 1.39
dQLab( Lab) dQCM< cM) €08 BLap (1.39)
For an isotropic cross section in the center-of-mass frame of value
d
7 (8cwm) = 100 mb/sr, (1.40)
dQem
we obtain
do
(OLap) = 400 cos 0y 5, mb/sr, (1.41)
dQpapb

which leads to a straight line with zero intercept for the laboratory
cross section plotted against cos 01, (see Fig. 1.3).
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Elastic scattering angles
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Fig. 1.3. Differential cross section vs. laboratory angle for mass ratio ¢ = 1.0.

For the case of a light projectile with { = 0.05, we can use our
earlier result (1.18) to write

08 OLap ~ cosBcm + 0.05sin? fom, (1.42)

which can be inverted to give

cos Ocym =~ cos O — 0.05. (1.43)
Using this, we obtain

(1+2¢ cosfom + €22 (1 +0.1cos fom)*/
[1 4 ¢ cos fcm] - (1 + 0.05 cos fcm)
~ (1 + 0.15cos O )(1 — 0.05 cos fcm)
~1+40.1cosfcm
~ 1+ 0.1(cos f1,ap — 0.05)
~ 1+ 0.1cos 8rap- (1.44)
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Therefore, for an isotropic cross section in the center-of-mass given
by (1.40), the cross section in the laboratory takes the form

do do
—(f = . = .
dQLab( Lab) o (6)(1 + 0.1 cos L) = 100(1 + 0.1 cos fpap)
= (100 + 10 cos f,5p) mb//sr. (1.45)

In this case, the laboratory cross section is again linear with cos fpap,
but has a much smaller slope and a finite intercept, as shown in
Fig. 1.4.

Note that [oy, do = [i, do!

Elastic scattering angles

100 T
w? do
= 100 mb/sr
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S *C= .05
=
Q
3 40
[}
[}
°
St
O 20

O L) L]

-2 -1 0 I 2

cos Gu,b

Fig. 1.4. Differential cross section vs. laboratory angle for mass ratio ¢ = 0.05.

Problem 1.6 Certain radioactive nuclei emit o particles. If the
kinetic energy of these a particles is 4MeV, what is their velocity if
you assume them to be nonrelativistic? How large an error do you
make in neglecting special relativity in the calculation of v? What
is the closest that such an a particle can get to the center of a Au
nucleus?
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The « particle has a rest mass given approximately by

M =4 x10°MeV/c?. (1.46)
If the « particle has a kinetic energy
T = 4MeV, (1.47)

and if we treat it nonrelativistically, then we have
1 1 >
T= ‘2‘M'012\IR = §Mc2 X (U—N}l> =4 MeV
c

2
or %x4x103Mer<vN—R> =4 MeV
c

2
or (ZNE) —2x 1073
C

(1.48)

or 3’%‘3 — V20 x 10~2 ~ 0.045.

Here vngr represents the magnitude of the velocity of the nonrela-
tivistic particle.

On the other hand, if we treat the o particle as relativistic, we
can then use the relativistic relationships from Egs. (A.7) and (A.10)
of Appendix A of the text to write

E=~Mc,
T=FE-Mc=(y-1)Mc, (1.49)
¢P = /T2 4+ 2M2T = /42 — 1Mc?,
where P is the magnitude of the momentum. The relativistic velocity
now follows using Eq. (A.8) of the text

vr _cP_ /(r+ Dy -1
Bt . . (1.50)

From the fact that the o particle has kinetic energy
T =4MeV, (1.51)
we can determine the Lorentz factor using (1.49)
T=(y—1)Mc* =4MeV
or (y—1)x4x10*MeV =4MeV (1.52)
or y=1+10"".
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Using this in (1.50), we can determine the relativistic velocity

vrR /(24 10-3)10-3

¢ 14103
~ V20 x 1072(1 + 0.5 x 1073)¥/2(1 = 1079)
~ V20 x 1072(1 4 0.025 x 1073)(1 — 107%)

~ V20 x 1072(1 — 0.00075). (1.53)

Using (1.48) we see that we can write the relativistic velocity in
Eq. (1.53) as

vr = vnr(1 — 0.00075). (1.54)

Consequently, we can define the relative error in neglecting
relativity as

|Av] _ |vr — UNR|

~ 0.00075 = 0.07%. (1.55)
UNR UNR

For the scattering of such an o particle from gold (Au), the dis-
tance of closest approach can be dertermined as follows. First we note
that the distance of closest approach is attained when the impact
parameter vanishes (for head on collisions). From Eq. (1.25) of the
text, we see that the distance of closest in this case (b = 0) is given by

Z7'e?

rg = E y (156)

where, for scattering of « particles from gold (Au), we have

Z=2 7 =79. (1.57)

If we treat the « particle nonrelativistically, we have
E=T=4MeV. (1.58)
Using all of these, we determine

B 2
To———ZZ/X—E‘(—:X%C
197 MeV — F 1

1MeV 137
~ 56 F = 5.6 x 1072 cm. (1.59)

=2x79 X
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Problem 1.7 An electron of momentum 0.511 MeV/c is observed
in the laboratory. What are its 8 = 2, v = (1 — [32)_1/2, kinetic
energy, and total energy?

The rest mass of an electron is

m = 0.511 MeV /c?. (1.60)
If the electron has a momentum
p = 0.511 MeV /c, (1.61)

then it is fairly relativistic. Using Einstein’s relationship we have the
total energy of the electron

E = \/p2c? + m2c* = V2 mc? = ymc?, (1.62)

where we have used (1.49). This determines the Lorentz factor

v =2 (1.63)
From the definition of the Lorentz factor
1 v
=— - p=" 1.
we obtain
1\ /2 1\ /2 1
— 1 —_— — 1 _ - = ——. 1.65
r=() =(e2) = 0w
The value of the total energy is obtained from (1.62)
E = v2mc? = v2 x 0.511 MeV ~ 0.722MeV. (1.66)

The kinetic energy follows from (1.49)
T=(y—-1me? =(v2—-1)x0.511 MeV ~ 0.211MeV.  (1.67)

Problem 1.8 What are the approximate values of the kinetic
energy for the recoiling lead nucleus and the momentum transfers
(in eV units) at the cutoffs specified in Problem 1.17

We note from Eq. (1.1) of the text that in a scattering involving «
particles, conservation of momentum determines the recoil velocity
of the target

— ma —

= 2%(F — 7 1.
Uy e (To — Ua), (1.68)



Rutherford Scattering 17

where mg, m; represent the mass of the « particle and target, respec-
tively, and ¥y, U, denote respectively the initial and final velocities
of the a particle in the laboratory. It follows that the recoil kinetic
energy of the target in the laboratory is given by

1 my  m2
Recoil energy = —m,v? = —% x —2 (T — T..)2
oi gy = gmev; = m2 (To — V)
r . .
= 2mt (pO _pa)2
1 - —
= o (P5 + P2 — 2P0 - Pa)- (1.69)

For elastic scattering, because m, is far smaller than m;, the
magnitude of the initial and final momentum of the « particle is
essentially the same. (The nucleus absorbs essentially no energy, but
just momentum.) We can therefore write

1
Recoil energy ~ — pZ(1 — cos §)
my

2 4 0

= “a E(1 —cosf) = "o B sin? -
my myg 2
4m,, E

= , (1.70)
me 1+ 132(Z2Z£’?e§)2

where E represents the energy of the incident o particle, and we
used the relationship between the scattering angle and the impact
parameter given in Eq. (1.32) of the text. For the scattering of the
o particle from lead (*®Pb®2), as in Eq. (1.31), we can calculate

1,2\ 2 2\ 2
22N _ (g7 x 2C &
oF 2F ~ he
197 MeV — F 1)2

2 x 10 MeV X 137
~ 1.4 x 107 cm?. (1.71)

=<2x82x
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Using this, we can write the recoil energy as a function of impact
parameter as
dmg E

M1+ 0 ( )

_4x4 10 MeV
208 14 b

1.4x10- 2% cm?

Recoil energy =

B 0.8 MeV
T 140.7 x 1024 b2 /cm?’

Using Eq. (1.72), we tabulate below the values of recoil energy for
different cutoffs on impact parameter:

(1.72)

b (cm) | Recoil energy (MeV)
10712 0.5

1071 1.1 x 1074
1078 1.1x 1078

Since Tpp, < T, our assumption that the initial and final ener-
gies of the « particle are the same holds well. Note that, for impact
parameters of 1078 cm, energy transfers to the nucleus are vanish-
ingly small 1072eV. At these “enormous” distances, there must be
some shielding of nuclear charge by the external electrons, and so the
calculation cannot be valid. Also, for transferring energy to bound
electrons, rather than to nuclei, the electrons cannot absorb arbitrary
amounts since they are located in quantized orbits.

Problem 1.9 Taking the ultrarelativistic limit of Eq. (1.71), find
an approzimate expression for Opap at fcm = 5, and evaluate Opap
for vem = 10 and yom = 100. Does the approzimation hold best for
particles with small or large mass values?

Equation (1.71) in the text relates the laboratory and CM angles as
follows:
1 B sin BCM ~ 1 sin OCM - 1

vom B cosfom + Bon YoM cosfom + 1 qom
(1.73)

tan Oy, =
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where the next-to-last term is for highly relativistic scattering, and
the final term is for fcy = 7.

Thus 1, = arctan(,YCLM). For yom = 10 and 100, this corre-
sponds to arctan(0.1) = 5.7° and arctan(0.01) = 0.57°, respectively.

Clearly, such approximations hold best at high energies when
both Bem and the B of the produced particle are large. That is,
when the particle mass in 3 can be ignored. It should be recognized
that high-energy scattering does not necessarily imply that the mass
of any produced particle can be assumed to be negligible.

Problem 1.10 What is the minimum impact parameter needed to
deflect 7.7 MeV «a-particles from gold nuclei by at least 1°7 What
about by at least 30°7 What is the ratio of probabilities for deflections
of 8 > 1° relative to 6 > 30°?7 (See the CRC Handbook for the density

of gold.)

For the scattering of a 7.7 MeV a-particle from gold, we have

Z=2 Z'=179, E=77MeV, (1.74)
so that we obtain
27 e? he €2
=77"x — x —
2E “ 98~ he

197 MeV — F 1

2% 7.7MeV 137
~ 145 x 1078 em ~ 1.4 x 1072 em. (1.75)

=2x 79 x

We know from Eq. (1.32) of the text that

b= Z2Z;f32 cot g, (1.76)
which leads to
b(0) ~ 1.4 x 1072 cot g cm. (1.77)
We note that for
h=1= "~ L, (1.78)
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we have
6 0 1 0 1
tan = & = & —— t— = =~ 120. 1.79
2271200 27 tand (1.79)
Similarly, for
n 1
9 = = — ~ = 1.
30 5~ 5 (1.80)
we have
6 1 0 1
tan — ~ — & — t— = =~ 4. 1.81
ang & 5~ o, oty tang (1.81)
Using these values in (1.77), we obtain
— 10) ~ -12 _ -10
b =1°)~14x 107" x 120cm = 1.7 x 10~"" cm, (1.82)

b(f = 30°) ~ 1.4 x 10712 x 4cm = 5.6 x 1072 cm.

As we have already seen in Problem 1.1, the probability of scat-
tering for angles greater than #, goes as the area mb2. Therefore,
using (1.82) we have

o0>1°)  b9=1°
o(6 > 30°)  b2(0 = 30°)

1.7 x 10710\ ?

In other words, there will be approximately 900 more particle colli-
sions for 8 > 1° than for 6 > 30°.

Problem 1.11 Consider a collimated source of 8 MeV «-particles
that provides 10* «/sec that impinge on a 0.1 mm gold foil. What
counting rate would you expect in a detector that subtends an annu-
lar cone of A8 = 0.05 rad, at a scattering angle of § = 90°?7 Compare
this to the rate at 8 = 5°. Is there a problem? Is it serious (see Prob-
lem 1.12). (Hint: You can use the small-angle approzimation where
appropriate, and find the density of gold in the CRC Handbook.)
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For scattering of 8 MeV « particles from gold, we have

Z=2 Z'=79, FE=8MeV,
p = density of gold =~ 19.3g/cm?3,
t = Thickness of gold foil = 0.1 mm = 1072 cm,

Ny = Incident flux = 10%/sec, (1.84)
A = Atomic weight of gold = 197,

Ag = Avogadro’s number ~ 6 x 103 /mole,

A6 = Angle subtended by the detector = 0.05rad.

We can therefore calculate

do z7'e2\* .6,
d—Q(G)—< 15 ) cosec —2—(sr)

he €2\’ 0

— ZZ, e - 4 - —1

( XI5 = hc> cosec 2(sr)

197 MeV —-F 1 )° 0

= 2 - - . 4 - -1

( X 79 x T8 My~ 137> cosec 2(sr)
~ 0.48 x 107%* cosec? gch/sr. (1.85)

Similarly, we have
Appt 6 x10% x 19.3 x 10”2 /cm?
A 197
~ 6 x 10%%/cm?. (1.86)

From Eq. (1.40) of the text we therefore obtain the counting rate

_; Aopt do

0
~ 10%/sec x 6x10% /cm? x 0.48 x 10~ * cosec* 2 cm? /st x dS)

=2.88 cosec4g dQ(sec — )L (1.87)
For scattering with azimuthal symmetry, we can write
df2 = 27 sin 0d8, (1.88)
and if we identify df ~ Af = 0.05rad, we get
dQ) & 27 sinf x 0.05sr ~ 0.3sin O sr. (1.89)
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Putting this back into (1.87), we obtain

0
dn(f) ~ 2.88 cosec’ ) (sec —sr)™! x 0.3sin 6 sr

6
~ 0.86sin f cosec? 3 (sec) L. (1.90)
It follows that
dn (9 = g) ~ 0.86 x 1 x (V2)* = 3.4/sec. (1.91)

On the other hand, for § = 5° = & =~ % & 1, we have

4

~ (%)4 ~ (24)*, (1.92)

N

1
sinf ~ 0 ~ T2 cosec

and we obtain
1
dn(f = 5°) ~ 0.86 x 75 X (24)* /sec ~ 2.4 x 10%/sec.  (1.93)

This is, in fact, larger than the incident flux, and, if this were
true, conservation of probability (particle number) would be vio-
lated, which is a serious problem! For one thing, we note that
the approximation

dé ~ A9, (1.94)
is meaningful only when

Af

v <1, (1.95)
which is clearly violated when A8 = 0.05 rad and 6 = 5° = 1—12 ~

0.08 rad. This is one of the sources of the difficulty. For other sources
of this error, we turn to the solution of the next problem.

Problem 1.12 Consider the expression Eq. (1.41) for Rutherford
Scattering of a-particles from gold nuclei. Integrate this over all
angles to obtain n. In principle, n cannot exceed Np, the num-
ber of incident particles. Why? What cutoff value for 6 would be
required in the integral, that is, some 6 = 6y > 0, to assure that
n does not exceed Ny in Problem 1.47 (Hint: After integrating, use
the small-angle approzimation to simplify the calculation.) Using the
Heisenberg uncertainty principle Ap,Ax ~ h, where Az is some
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transverse distance corresponding to a change in transverse momen-
tum of Apy = pinbo = V2mEby, calculate the distances Az to which
you have to restrict the description of the scattering. Are these dis-
tances sufficiently restrictive? Explain!

Both Egs. (1.40) and (1.41) of the text are equivalent and give the
counting rate at a scattering angle 6. Let us look at Eq. (1.40) of
the text

dn . Appt do
m—(@) = N 1 a0 (8). (1.96)

Since Ny, Ao, p, t, A are constants independent of scattering angle,
integrating the above relationship over all angles (above a certain
cutoff value, corresponding to some cutoff in impact parameter, as
was discussed in Problem 1.1), we obtain
Agpt Agpt
n(b > bo) = Ng—?4—p— O'(b > bo) = .No—iL X 7Tb(2)

1.97
n(b > bo) _ Aopt y ( )

No A

Clearly, the total number of particles scattered per second,
n(b > bg), cannot exceed the total incident flux, namely, n(b > bp) <
Ny for conservation of probability (particle number). This leads to
the inequality

b3

or

Appt
ﬂ—waggl

1 A \?
< | — .
or bo_ (71' Aopt>

For the case of the a-particle scattering from gold discussed in
Problem 1.11, we can use (1.86) to obtain

(1.98)

L1 "~ - 1.99
b0§ ;gx—l—O—QB cm ~ 2.2 x 10 cim. ( . )
On the other hand, from Eq. (1.32) of the text
/1.2 9
b= 228 o P (1.100)

2K 2
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we can calculate

Oh _ 2B _ 1 2B he,
Y T 272 T 27 T he T2
1 2 x 8 MeV
< X
~2x79 " 197 MeV — F
x 137 x 2.2 x 107! ecm ~ 16 (1.101)
or cot%zigw
Op,
2 1 ™
> — =-= — ="7.5°
or Oozqg=gNog =0

For scattering angles below this bound, namely 8 < 7.5°, conser-
vation of probability will be violated, which is what we saw explic-
itly in the solution of Problem 1.11 for § = 5°. Although derived
from very physical considerations, this bound on the scattering angle
seems artificial. After all, a particle can scatter at any angle, and
should not be subject to any such bound. In fact, all of this is an
artifact of our formalism, and can be seen as follows. First, we note
that the bound on the impact parameter (1.99) is close to the size of
the nucleus, and consequently imposing such a cutoff may affect the
validity of the calculation. In fact, at these low energies the proba-
bility of scattering is very high, but in our derivation we assumed it
to be low (no second scatter...). Our formula therefore works fine
for large, but not for small angles.



