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Burn-in is a widely used method to improve the quality of products or systems after
they have been produced. In this paper, optimal burn-in procedures for a system
with two types of failures(i.e., minor and catastrophic failures) are investigated.
A new system surviving burn-in time b is put into field operation and the system
is used under a warranty policy under which the manufacturer agrees to provide
a replacement system for any system that fails to achieve a lifetime of at least w.
Upper bounds for optimal burn-in time minimizing the total expected warranty
cost are obtained under a more general assumption on the shape of the failure rate
function which includes the bathtub shaped failure rate function as a special case.

1. Introduction

ACRONYMS AND ABBREVIATIONS
¢ CDF  cumulative distribution function
e DIB  bathtub shape
e FR  failure rate (function)

e PDF  probability density function
eryv. random variable

e s~ statistical(ly)

e Sf  survivor function

NOTATION
e X . lifetime of a system, X > 0; a r.v.
e b  burn-in time
e p(t), 1—p(t) the probability of Type II and Type I failure, respectively
oY, the time to Type II failure of a burned-in system with fixed burn-in



time b, when only minimal repair is performed for each Type I failure oc-
curring during operation; Y; > 0; a r.v.

o f(t), F(t), F(t) pdf, Cdf, Sf of X

e Gy(t), Gp(t)  Cdf, Sfof V3

er(t) f(t)/F(t); FRof X

e 11,12 the first, and second change point of the FR, respectively, when
the FR is DIB

o t* the first, and second wear-out point of the FR, respectively,
when the FR is eventually increasing

o A(t) fot r(u)du; cumulative FR

o Ap(t)  Jo p(w)r(u)du

o Zo(T) min{Y,, T}, where T > 0 is a fixed constant; a r.v.

e N(Zy(T)) the total number of minimal repairs of a burned-in compo-
nent (with fixed burn-in time b) which occur during operation time interval
(0, Zy(T')] when only minimal repair is performed for each Type I failure
occurring during operation; a r.v.

e ¢y  a constant which is proportional to the total burn-in time

e c, shop complete repair cost per Type II failure during burn-in process
® c;,  shop minimal repair cost per Type I failure during burn-in process
e h;(b) the random cost incurred until the first component survives
burn-in for the Burn-In Procedure I and Procedure II, respectively, i = 1, 2
® ¢c;;  minimal repair cost per Type I failure during field operation

e c;  replacement cost per Type II failure during field operation

e w;(b)  the total warranty cost when the Burn-In Procedure I or Proce-
dure II is applied, respectively, 1 = 1, 2

b} optimal burn-in time which minimizes the total warranty cost, re-
spectively, i = 1, 2.

The burn-in procedure is a manufacturing technique that is intended to
eliminate early failures of the system or product. To burn-in a system means
to subject it to a period of use prior to the time when it is to actually be
used. Due to the high failure rate in the early stages of system life, burn-in
procedures have been widely accepted as a method of screening out failures
before systems are actually used in field operations. An introduction to this
important area of reliability can be found in Ref.%, or Ref.!°. Because too
excessive or insufficient burn-in is sometimes harmful to the performance
of the burned-in component or system, and also because burn-in is usually
costly, one of the major problems is to decide how long the procedure should
be. The best time to stop the burn-in procedure for a given criterion is



called the optimal burn-in time. In the literature, certain cost structures
have been proposed, and the corresponding problem of finding the optimal
burn-in time has been considered.

In this paper, burn-in procedures for a general failure model are con-
sidered. In the general failure model, when the unit fails at its age £, Type
I failure occurs with probability 1 — p(t), and Type II failure occurs with
probability p(t), 0 < p(t) < 1. It is assumed that Type I failure is a minor
one, thus it can be removed by a minimal repair; whereas Type II failure is
a catastrophic one or total breakdown of the system, thus it can be removed
only by a complete repair(or a replacement). Recently, Ref.>-Ref.” studied
two types of burn-in procedures(Burn-In Procedure I & II) for the general
failure model.

In this paper, under the general failure model, the problem of determin-
ing optimal burn-in time which minimizes the total expected warranty cost
is investigated. In most burn-in models, the optimal burn-in time cannot
be given by an explicit form and must be obtained numerically. In this
case, some bounds for the optimal burn-in time may be useful since the
numerical search for the optimal burn-in time will be greatly reduced. This
paper presents upper bounds for optimal burn-in time under a more general
assumption on the shape of failure rate function of products which includes
the traditional bathtub-shaped failure rate function as a special case. In
Section 2, a more general assumption on the shape of failure rate function
is introduced. In Section 3, the detailed burn-in model which is studied
in this paper will be described and the upper bounds for optimal burn-in
time will be presented. Finally, some concluding remarks are discussed in
Section 4.

2. General Assumption

It is widely believed that many products, particularly electronic products
or devices such as silicon integrated circuits, exhibit bathtub-shaped fail-
ure rate functions. This belief is supported by much experience and exten-
sive data collected by practitioners and researchers in different industries.
Hence many researches on burn-in have been done under the assumption
of bathtub-shaped failure rate function.

Recently, there have been many researches on the shape of failure rate
functions of mixture distributions. For instance, in Ref.3, Ref.* and Ref.1!,
the shape of failure rate functions of mixture distributions which is neither
of the traditional bathtub-shape nor of the modified bathtub-shape are in-



vestigated, where Ref.!! pointed out that the assumption of the traditional
bathtub-shaped failure rate function could be rather a restrictive assump-
tion for the researches on burn-in procedures. Especially, Ref.!? asserts
that the bathtub-shaped failure rate function describes only 10% to 15% of
applications.

In this paper, more general model for the failure rate function is as-

sumed. It can be seen that this general assumption includes the traditional
bathtub-shaped failure rate function and the modified bathtub-shaped fail-
ure rate function as special cases.
Definition 1 A failure rete function r(z) is eventually increasing if there
exists 0 < 29 < oo such that r(z) strictly increases in £ > z¢. For an
eventually increasing failure rate function r(x) the first and second wear-
out points t* and t** are defined by

t* = inf{t > 0 : r(x) is nondecreasing in z > t}
t* = inf{t > 0: r(x) strictly increases in z > t}.

Obviously 0 < t* < t** < ¢ < oo if (z) is eventually increasing. Note also
that if 7(x) has a bathtub shape with change points ¢; < t; < co(or r(z) is
modified bathtub-shaped failure rate function with 0 <ty < t; <13 < 00),
then it is eventually increasing with t* = ¢; and ** = ¢;. Therefore,
the eventually increasing failure rate function includes both the traditional
bathtub-shaped and the modified bathtub-shaped failure rate function as
special cases.

Ref.}3 considered optimal burn-in under the assumption of eventually
increasing failure rate function. In this paper we will derive the upper
bounds for optimal burn-in time under the assumption of eventually in-
creasing failure rate function. For more detailed discussions about general
assumptions for the shape of failure rate function in burn-in model, see also
Ref 8.

3. Optimal Burn-in

In the present paper, during the burn-in process, the following two types
of burn-in procedures are considered under the general failure model:

e Burn-In Procedure I. Consider a fixed burn-in time b, and begin
to burn-in a new component. If the component fails before burn-in time b,
then repair it completely regardless of the type of failure with shop complete
repair cost ¢, and then burn-in the repaired component again (i.e., restart
the burn-in procedure), and so on.



e Burn-In Procedure II Consider a fixed burn-in time b, and begin
to burn-in a new component. On each Type I failure during burn-in, only
minimal repair is done with shop minimal repair cost 0 < ¢;y, < ¢y, and
continue the burn-in procedure for the repaired component. If a Type II
failure occurs before burn-in time b, then a complete repair is performed
with shop complete repair cost ¢, and then restart the burn-in procedure
for the repaired component.

Note that Procedure I stops when there is no failure during a fixed
burn-in time (0, b] at the first time, whereas Procedure II stops when there
is no Type II failure during a fixed burn-in time (0, b] at the first time.

In many cases, because of practical limitations, products which fail dur-
ing the burn-in are just scrapped. In this situation the Burn-In Procedure
IT can not be applied, and only the Burn-In Procedure I should be used.
On the other hand, when the minimal repair method is applicable during a
burn-in process, both the Burn-In Procedure I and the Burn-In Procedure
II can be applied. In this situation(when both Burn-In Procedure I and
Burn-In Procedure II are applicable), the problem of selecting a better(i.e.,
more economical) burn-in procedure is important to save total expected
cost.

Using similar arguments as those given in Ref”, E[h;(b)], i = 1,2, can
be obtained by
_ el Fodt  F(b)

O =5 "oy

and

_ o JyGol®dt | eomlfy (1= p)rHGo()dt] | Got),
Go(b) Go(b) Go(b) ™
where G (t) = 1 — Gy(t) is given by

Go(t) = P(Y; > t)

Elh2(b)]

= exp{— /0 p(b+ w)r (b + u)du)
= exp{~-[Ap(b+1t) - A, (D)}, VE>0,

In this paper, we consider the following warranty policy.

o Warranty Policy: A new system surviving burn-in time b is put into
field operation and the system is used under a warranty policy under which
the manufacturer agrees to provide a replacement system with burn-in time
b for any system that fails to achieve a lifetime(time to total breakdown of
the system) of at least w.



During field operation, if a Type I Failure occurs then it can be re-
moved instantly in the field operation by a minimal repair with minimal
repair cost ¢,,,. If a total breakdown occurs then it is sent to the repair shop
and replaced by another new burned-in system with burn-in time b with
replacement cost ¢y, and so on. Implicit in the above defined warranty pol-
icy is that, under policies of this type, replacement systems are warranted
anew. Similar warranty policy is considered in Ref.2(p.184, Policy 6) for an
item with only Type II failure(i.e., p(t) = 1,Vt > 0).

Now the total expected warranty cost is derived. Let w;(b) be the total
warranty cost when the Burn-In Procedure I or Procedure II is applied,
respectively, i = 1,2. Also let Y3 be the time to Type II failure of a
new burned-in system with burn-in time b which is firstly put into field
operation. Then the following two equations hold :

Efw;(0)[Ys1 > w] = E[hi(b)] + cmE[N(Zp(w))|Ye1 > w], (1
and
E[wi(b)lel < ’U}] = E[h,(b)] + CmE[N(Zb(w))lybl < w]
+¢p + Elwi(b)], (2)
for i = 1,2. Combining (1) and (2), it holds that
Elwi(b)] = E[hi(b)] + cm B[N (Zp(w))] + Gb(w) - ¢5 + Go(w) - Efwi(b)],(3)
for ¢ = 1,2. From (3) and the results given in Ref!, we have
Bl = PO £ PN+ Gt o
_ ERr:(D)] 4 cm - Jy' r(b+8)Go(t)dt + (¢; — cm) - Go(w)
- z L@
b(w)
for 1 = 1,2. Let b} be the optimal burn-in time which minimizes E{w;(b)]

in (4), i = 1,2. The following results give upper bounds for optimal burn-in
time.

Theorem 3.1. Suppose that the FR v(t) is eventually increasing with the
first wear-out point t* and p(t) is strictly increasing function. Let b} be
optimal burn-in time which minimizes Elw;(b)], i = 1,2. Then optimal
burn-in time satisfies 0 < b7 <t*,i=1,2.

proof
It is obvious that F[h;(b)] is strictly increasing in b > 0. Observe that

Gy (w)
b

= —[p(b+w)r(b+w) = p(b)r(b)] - exp{—[Ap(b+ w) — Ap(b)]}



< 0, Vb>t*.
This implies that Gp(w) is strictly decreasing in b > t* and Gbgw) =1-
Gy(w) is strictly increasing in b > t*. Thus both E[h;(b)]/Gs(w) and
(cf — em)Gh(w)/Gy(w) in (4) are strictly increasing in b > t*. Now we
consider
em - fo T(b+t)Gy(t)dt
n(b) = Jo =

Gp(w)

b+w
= cmexp{Ap(b+w)}- /b r(t) exp{—Ap(t) }dt.

Differentiating 1(b), we have

bt4w
1' () = cmp(b + w)r(b+ w) - exp{Ap(b + w)} - / r(t) exp{—Ap () }dt

+ emexp{Ap(b-+ w)} - [r(b+ w)exp{=Ay (bt )} = r(b) exp{=, ()}
= cnplb+ Wb+ w) exp{Aplb+w)}- [ () exp{=Ay(e))at

+ €m [r(b +w) — 7(b) exp{A,(b+ ’gi) - Ap(0)}]

> emr(b+ w)exp{Ay(b+w)}- /b p(t)r(t) exp{—Ap(t)}dt

+ emlrb+w) = r(0) exp{Ay(6 ¥ w) ~ Ap(B)}]

— (b -+ w)exp{Ay (b + w)} - [~ exp{—A, (D

+ ¢m [r(b +w) — 7(b) exp{Ap(b + w) — Ap(b)}]

= emfr(b+w) — (b)) exp{ A, (b + w) — A,(B)} > 0, Vb > t*.

Accordingly, we have shown that E[w;(b)] is strictly increasing in b > t*.
Therefore, we can conclude that b* < ¢*. [ ]

Corollary 3.1. Suppose that the FR r(t) is DIB with the first change point
t1 and p(t) is strictly increasing function. Let b¥ be optimal burn-in time
which minimizes E[w;(b)], ¢ = 1,2. Then optimal burn-in time satisfies
0<b <ty,i=1,2.

Remark 3.1. In this section, two types of burn-in procedures have been
considered. By similar arguments as those described in Ref.® and Ref.8,
when the minimal repair method can be applied during burn-in procedure,
it can be shown that the Burn-In Procedure II is always preferable to the
Burn-In Procedure L.

4. Concluding Remarks

In the literature, many objective cost or system performance functions re-
lated with burn-in have been discussed assuming DIB FR, and it has been
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obtained that the optimal burn-in time must be before the first change
point t; if the underlying lifetime distribution has a DIB FR. In this paper,
the problems of determining optimal burn-in time have been considered un-
der a general FR model for burn-in procedures, i.e., eventually increasing
FR. This general FR model includes as special cases not only the DIB FR.
or modified DIB FR but also the FRs of many mixture distributions that
have attracted a great attention recently. Assuming the proposed general
FR model, we have obtained upper bounds for the optimal burn-in time.
As it can be seen from the above, t* plays the same role as t;.
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