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Chapter 1

Quantum Kinematics Reviewed

1.1 Schrödinger’s wave function

A typical first course on quantum mechanics is likely to adopt the strategy of

the typical textbooks for beginners, and will, therefore, focus predominantly

on single objects moving along the x axis. In such an approach, Erwin

Schrödinger’s wave function ψ(x) plays the central role in the mathematical

description of the physical situation. It is taken for granted that the reader

is somewhat familiar with the standard material of such a first course.

We remind ourselves of the significance of the wave function ψ(x): by in-

tegrating the squared modulus of ψ(x), you get probabilities. In particular,

we recall that

∫ b

a

dx ψ(x) 2 is the probability of finding the

object between x = a and x = b

(whereby a < b),

(1.1.1)

which is graphically represented by
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ψ(x)
2

where the area is (proportional to) that probability. T herefore, the squared

wave function ψ(x)
2

is a probability density, and one refers to the wave

function itself as a probability density amplitude. Since we shall surely find

1
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the object somewhere, we have unit probability (= 100% ) in the limit of

a→ −∞, b→∞, so that ψ(x) is normalized in accordance with
∫ ∞

−∞

dx ψ(x)
2

= 1 . (1.1.2)

We note that these probabilities are of a fundamental nature, they do

not result from a lack of knowledge, as it would be typical for the probabil-

ities in classical statistical physics. Also, one must remember that it is the

sole role of ψ(x) to supply the probabilistic predictions, it has no other sig-

nificance beyond that. In particular, it would be wrong to think of ψ(x)
2

as a statement of how the object (electron, atom, . . . ) is spread out in

space. Electrons, and atoms for the present matter as well, are point-like

objects. Y ou look for them, and you find them in one place and in one

piece. It is only that we cannot predict with certainty the outcome of such

a position measurement of an electron. What we can predict reliably are

the probabilities of finding the electron in certain regions. And by repeat-

ing the measurement very often, we can verify such statistical predictions

experimentally.

“ R epeating the measurement” means “ measure again on an equally pre-

pared electron” , it does not mean “ measure again the position of the same

electron” . In the latter situation, the second measurement has probabilities

diff erent from the first measurement because the first measurement involves

an interaction with the electron and thus a disturbance of the electron. In

short, after the first position measurement, there is an altered wave function

from which the probabilities for the second measurement are to be derived.

T his last remark is a reminder that all probabilities are conditional

probabilities. We make statistical predictions based on what we know on

the conditions under which the experiment is performed. When speaking of

“ equally prepared electrons” we mean that the same conditions are realized.

After the measurement has been carried out, the conditions are changed,

and we must update our statistical predictions accordingly, because the

altered conditions determine the probabilities of subsequent measurements.

We recall further that, in addition to the position w ave function ψ(x),

there is also a momentum w ave function ψ(p), and the two are related to

each other by F ourier transformations,

ψ(p) =

∫
dx

e−ipx/~

√
2π~

ψ(x) , ψ(x) =

∫
dp

eixp/~

√
2π~

ψ(p) , (1.1.3)

where ~ is P lanck’s constant (M ax K . E. L . P lanck). We get probabilities

(SS-1, 28 MAR 06 at 22:21)
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for momentum measurements by integrating ψ(p)
2
,

∫ r

q

dp ψ(p)
2

= probability of finding the object’s

momentum in the range q < p < r ,

(1.1.4)

and
∫ ∞

−∞

dp ψ(p) 2 = 1 (1.1.5 )

is the appropriate normalization of ψ(p).

As J ean B . J . F ourier’s taught us, the two transformations in (1.1.3) are

inverses of each other, so that we can go back and forth between ψ(x) and

ψ(p). T heir one-to-one correspondence tells us that either one contains all

the information of the other. And it does not stop here. F or example, we

could keep a record of all the gaussian moments of ψ(x),

ψn =

∫
dxψ(x)xn e−(x/a )2 (1.1.6 )

with an arbitrary length parameter a, and the set of ψn, n = 0, 1, 2, . . . ,

would specify ψ(x) uniquely. C learly, then, the wave functions ψ(x) and

ψ(p), and the moments ψn are just particular parameterizations of the given

ph ysical state of aff airs. We are thus invited to look for a more abstract

entity, a mathematical object that we shall call the state of th e system.

1.2 D igression: V ectors, coordinates, and all that

It helps to build on an analogy that you might want to keep in mind be-

cause it will be useful for the visualization of some rather abstract quantum

mechanical statements in terms of geometrical objects. We consider real n-

component vectors and their numerical description in terms of coeffi cients

(coordinates) that refer to agreed-upon coordinate systems:
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y2

.

............................................................................................................................

y1

.

...........................................................................................................................................................

.........................
→
r

→
r =̂ (x1, x2, . . . , xn)

=̂ (y1, y2, . . . , yn) . (1.2.1)

O ne and the same vector has two (or more) numerical descriptions, the

coordinates xj and the coordinates yk. T hese numbers, although not unre-

(SS-1, 28 MAR 06 at 22:21)
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lated, can be quite diff erent, but they mean th e same vector
→
r . We make

this explicit with the aid of the basis vectors
→
ej (for the x description) and

→

fk (for the y description),

→
r =

n∑

j= 1

xj
→
ej =

n∑

k= 1

yk

→

fk . (1.2.2)

We take for granted (this is a matter of convenient simplicity, not one of

necessity) that the basis vectors of each set are orthonormal,

→
ej · →ek = δjk =

{
1 if j = k ,

0 if j 6= k ,
→

fj ·
→

fk = δjk , (1.2.3)

where δjk is L eopold K ronecker’s delta symbol. T hen

xj =
→
ej · →r and yk =

→

fk ·
→
r (1.2.4)

tell us how we determine the coordinates of
→
r if the basis vectors are given.

M ore implicitly than explicitly we have been thinking of
→
r ,

→
ej ,

→

fk as

being numerically represented by row s of coordinates. So let us regard

the vectors themselves as row -type vectors. B ut just as well we could have

arranged the coordinates in columns and would then regard the vectors

themselves as column-type vectors. It is expedient to emphasize the row or

column nature by the notation. We continue to write
→
r ,
→
ej ,

→

fk for the row

vectors, and denote the corresponding column vectors by r
↓
, e
↓

j , f
↓

k . T hus

→
r =̂ (x1, x2, . . . , xn) =̂ (y1, y2, . . . , yn) (1.2.5 )

is paired with

r
↓

=̂




x1

x2

...

xn


 =̂




y1
y2
...

yn


 (1.2.6 )

and the two kinds of vectors are related to each other by transposition,

r
↓

=
→
r

T
,

→
r = r

↓T
. (1.2.7 )

O ne immediate benefit of distinguishing between row vectors and col-

umn vectors is that we can write inner (scalar, dot) products as simple

(SS-1, 28 MAR 06 at 22:21)
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column-times-row products. T his is illustrated by

→
r =̂ (x1, . . . , xn) ,

→
s =̂ (u1, u2, . . . , un) , (1.2.8 )

→
r · →s =

∑

j

xjuj = (x1, x2, . . . , xn)︸ ︷ ︷ ︸
b=→
r




u1

u2

...

un




︸ ︷︷ ︸
b= s

↓

=
→
rs
↓
. (1.2.9 )

In view of the symmetry
→
r · →s =

→
s · →r , we thus have

→
r · →s︸ ︷ ︷ ︸

inner product of

two row vectors

=
→
rs
↓

=
→
sr
↓

︸ ︷ ︷ ︸
products of

th e type

“ row tim es

colum n”

= r
↓ · s↓︸ ︷ ︷ ︸

inner product of two

colum n vectors

. (1.2.10)

T he central identity here is, of course, consistent with the product rule for

transposition, generally: (AB)T = BTAT, here:

(
→
rs
↓
)T = s

↓T→
r

T
=
→
sr
↓
, indeed . (1.2.11)

U pon combining

→
r =

∑

j

xj
→
ej and xj =

→
ej · →r =

→
re
↓

j (1.2.12)

into

→
r =

∑

j

→
re
↓

j

→
ej =

→
r
∑

j

e
↓

j

→
ej (1.2.13)

we meet an object of a new kind, the sum of products e
↓

j

→
ej of “ column

times row” type. T hat is not a number but a dyadic , which would have a

n× n matrix as its numerical representation. See, for example,

r
↓→
s =̂



x1

...

xn


(u1, . . . , un) =




x1u1 x1u2 · · · x1un

x2u1 x2u2 · · · x2un

...
...

. . .
...

xnu1 xnu2 · · · xnun


 . (1.2.14)

(SS-1, 28 MAR 06 at 22:21)
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T he particular dyadic that appears in (1.2.13) has the property that when

it multiplies (on the left) the arbitrary vector
→
r , the outcome is this vector

itself: it is the unit dyadic ,

→
r
↓
− →

1 =
→
r with

↓
− →

1 =
∑

j

e
↓

j

→
ej . (1.2.15 )

T he notation
↓
− →

reminds us that such a dyadic is like a column vector on

the left, and like a row vector on the right.

T he identification of the unit dyadic is consistent only if it also acts

accordingly on the right. Indeed, it does,

↓
− →

1 r
↓

=
∑

j

e
↓

j

→
ejr

↓
=
∑

j

e
↓

j

→
ej ·

→
r

=
∑

j

e
↓

jxj = r
↓
. (1.2.16 )

As this little calculation demonstrates, the statement

∑

j

e
↓

j

→
ej =

↓
− →

1 (1.2.17 )

expresses the completeness of the set of column vectors e
↓

j , and also that of

the set of row vectors
→
ej , because we can expand any arbitrary vector r

↓

as a linear combination of the e
↓

j .

T he statements of orth onormality,

→
eje

↓

k = δjk , (1.2.18 )

and of completeness in (1.2.17 ) are two sides of the same coin. And, of

course, there is nothing special here about the
→
ej set of vectors, the

→

fk

basis vectors are also orthonormal,

→

fjf
↓

k = δjk (1.2.19 )

and complete,

∑

k

f
↓

k

→

fk =
↓
− →

1 . (1.2.20)

In

r
↓

=
∑

j

e
↓

jxj =
∑

k

f
↓

kyk (1.2.21)

(SS-1, 28 MAR 06 at 22:21)



March 28, 2006 22:21 WSPC/Book Trim Size for 9in x 6in SS

D ig r essio n: V ecto r s, co o r dinates, and al l th at 7

we have two parameterizations of r
↓
. H ow does one express one set of

coeffi cients in terms of the other, that is: H ow does one translate the x

description into the y description and vice versa? T hat is easy! See,

xj =
→
ejr

↓
=

→
ej
∑

k

f
↓

kyk

=
∑

k

→
ejf

↓

kyk =
∑

k

(ef)jkyk (1.2.22)

with

(ef)jk =
→
ejf

↓

k =
→
ej ·

→

fk ; (1.2.23)

and likewise

yk =
∑

j

(fe)kjxj with (fe)kj =
→

fk ·
→
ej . (1.2.24)

T he two n × n transformation matrices composed of the matrix elements

(ef)jk and (fe)kj are clearly transposes of each other. F urthermore, it

follows from

xj =
∑

k

(ef)jkyk =
∑

k

(ef)jk

∑

j′

(fe)kj′xj′

=
∑

j′

(
∑

k

(ef)jk(fe)kj′

)
xj′ (1.2.25 )

that

∑

k

(ef)jk(fe)kj′ = δjj′ (1.2.26 )

must hold. T his is to say that the two transformation matrices are inverses

of each other — hardly a surprise.

1-1 U se the definitions of (ef)jk and (fe)kj′ to verify this relation di-

rectly.

1-2 What appears in yk =
∑

k′ ? kk′yk′ as the result of converting yk into

xj and then back to yk? V erify here too that ? kk′ = δkk′ .

R ather than converting one description into the other, we can ask how

the two sets of basis vectors are related to each other. Since both sets are

(SS-1, 28 MAR 06 at 22:21)



March 28, 2006 22:21 WSPC/Book Trim Size for 9in x 6in SS

8 Quantum Kinematics Reviewed

orthonormal and complete, the mapping

e
↓

j −→ f
↓

j =
↓
− →

O e
↓

j (1.2.27 )

is a rotation in the n-dimensional space. G eometric intuition tells us that

there must be a unique dyadic
↓
− →

O that accomplishes this rotation. We find

it by multiplying with
→
ej from the right

f
↓

j

→
ej =

↓
− →

O e
↓

j

→
ej , (1.2.28 )

followed by summing over j and exploiting the completeness of the
→
e vec-

tors,

∑

j

f
↓

j
→
ej =

∑

j

↓
− →

O e
↓

j
→
ej =

↓
− →

O
∑

j

e
↓

j
→
ej

︸ ︷ ︷ ︸
=
↓
− →

1

, (1.2.29 )

with the outcome

↓
− →

O =
∑

j

f
↓

j

→
ej . (1.2.30)

As an exercise, we verify that it has the desired property:

↓
− →

O e
↓

j =
∑

k

f
↓

k
→
eke

↓

j︸︷ ︷ ︸
= δkj

=
∑

k

f
↓

k δkj = f
↓

j , (1.2.31)

indeed. F urther, we note that

→

fk

↓
− →

O =
∑

j

→

fkf
↓

j︸ ︷ ︷ ︸
= δkj

→
ej =

∑

j

δkj

→
ej =

→
ek , (1.2.32)

so that the same dyadic
↓
− →

O also transforms the rows
→

fk into the
→
eks. T o-

gether with the transposed statements we thus have

f
↓

j =
↓
− →

O e
↓

j ,
→

fk

↓
− →

O =
→
ek ,

→

fj =
→
ej
↓
− →

O
T

,
↓
− →

O
T

f
↓

k = e
↓

k (1.2.33)

with

↓
− →

O =
∑

k

f
↓

k
→
ek and

↓
− →

O
T

=
∑

j

e
↓

j

→

fj . (1.2.34)

(SS-1, 28 MAR 06 at 22:21)
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H ere, too, we can iterate the transformations, as in

f
↓

j =
↓
− →

O e
↓

j =
↓
− →

O
↓
− →

O
T

f
↓

j

or
→
ek =

→

fk

↓
− →

O =
→
ek
↓
− →

O
T
↓
− →

O , (1.2.35 )

and conclude that

↓
− →

O
↓
− →

O
T

=
↓
− →

1 =
↓
− →

O
T
↓
− →

O . (1.2.36 )

D yadics with this property, namely: the transpose is the inverse,

↓
− →

O
T

=
↓
− →

O
−1

, (1.2.37 )

are called orth ogonal, in analogy to the corresponding terminology for or-

thogonal matrices in linear algebra.

1-3 H ow are the transformation matrices (ef)jk and (fe)kj related to the

orthogonal dyadic
↓
− →

O ?

Actually, in linear algebra the most basic definition of an orthogonal

transformation is that it leaves all inner products unchanged. T hat is, for

any pair of vectors
→
r ,
→
s we should have

(
→
r
↓
− →

O
)
·
(
→
s
↓
− →

O
)

=
→
r · →s , (1.2.38 )

and for any pair r
↓
, s
↓

we should have

(↓− →
O r

↓) ·
(↓− →
O s

↓)
= r

↓ · s↓ . (1.2.39 )

Indeed, upon switching over to row-times-column products, we have

→
rs
↓

=
→
r
↓
− →

O
↓
− →

O
T

s
↓

from (1.2.38 )

and
→
rs
↓

=
→
r
↓
− →

O
T
↓
− →

O s
↓

from (1.2.39 ), (1.2.40)

and
↓
− →

O
↓
− →

O
T

=
↓
− →

O
T
↓
− →

O =
↓
− →

1 are implied again.
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1-4 O ne term in the sum of (1.2.17 ) is

↓
− →

Pj = e
↓

j

→
ej .

Show that
↓
− →

Pj

2

=
↓
− →

Pj . What is, therefore, the geometrical significance of
↓
− →

Pj? R epeat for

↓
− →

Pjk =
↓
− →

Pj +
↓
− →

Pk with j 6= k .

1.3 D irac’s k ets and b ras

We now return to the discussion of ψ(x), ψ(p), . . . as equivalent numerical

descriptions of the same abstract entity, the state of aff airs of the physical

system under consideration. F ollowing P aul A. M . D irac, we symbolize the

state by a so-called ket, for which we write
∣∣ 〉 if we mean just any state (as

we do presently) and fill the gap with appropriate labels if we mean one of

a specific set of states, such as
∣∣1
〉
,
∣∣2
〉
,
∣∣3
〉
, . . . or

∣∣α
〉
,
∣∣β
〉
, . . . , whatever

the convenient and fitting labels may be. M athematically speaking, kets

are vectors, elements of a complex vector space, which just says that we can

add kets to get new ones, and we can multiply them with complex numbers

to get other, related kets. M ore generally, any linear combination of kets is

another ket.

It helps to think of kets as analogs of column-type vectors, and then

∣∣ 〉 =

∫
dx
∣∣x
〉
ψ(x)

=

∫
dp
∣∣p
〉
ψ(p) (1.3.1)

are analogs to the two decompositions of r
↓

in (1.2.21). T here are crucial

diff erences, however. T hen we were summing over discrete indices, now we

are integrating over the continuous variables x and p that label the kets.

T hen we were dealing with real objects — the coordinates xj and yk are real

numbers — now we have complex-valued wave functions, ψ(x) and ψ(p).

B ut otherwise the analogy is rather close and well worth remembering.

A wave function ψ(x) that is large only in a small x region describes

an object that is very well localized in the sense that we can reliably pre-

dict that we shall find it in this small region. In the limit of ever smaller

regions — eventually a single x value, a point — we would get
∣∣ 〉 →

∣∣x
〉
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in some sense and, therefore,
∣∣x
〉

refers to the situation “ object is at x, ex-

actly” . T his, however, is no longer a real physical situation but rather the

overidealized situation of that unphysical limit. As a consequence, ket
∣∣x
〉

is not actually associated with a physically realizable state, it is a conve-

nient mathematical fiction. T he unphysical nature is perhaps most obvious

when we recall that the perfect localization of the overidealized limit would

require a control on the quantum object with infinite precision — and this

is never available in an actual real-life experiment.

B y the same token, ket
∣∣p
〉

refers to the overidealized situation of in-

finitely sharp momentum, again a mathematical fiction, not a physical re-

ality. B oth
∣∣x
〉

and
∣∣p
〉

kets are extremely useful mathematical objects, but

one must keep in mind that a physical ket
∣∣ 〉 alw ays involves a range of x

values and a range of p values. T his range may be small, then we have a

well-controlled position, or a well-controlled momentum, but it is invariably

a finite range.

K ets
∣∣ 〉,

∣∣x
〉
,
∣∣p
〉
, . . . are analogs of column-type vectors. T hey have

their partners in the so-called bras
〈 ∣∣,

〈
x
∣∣,
〈
p
∣∣, . . . , which are analogs of

row-type vectors. When dealing with the real vectors r
↓
,
→
r , we related the

two kinds to each other by transposition, r
↓

=
→
r

T
. N ow, however, the “ co-

ordinates” — that is the wave functions ψ(x), ψ(p) — are complex-valued.

T herefore, mathematical consistency requires that we supplement transpo-

sition with complex conjugation, and thus have h ermitian conjugation, or,

as the physicists say, we

“ take the adjoint” :
∣∣ 〉† =

〈 ∣∣ ,
〈 ∣∣† =

∣∣ 〉 . (1.3.2)

T he built-in complex conjugation becomes visible as soon as we take the

adjoint of a linear combination,

(∣∣1
〉
α+

∣∣2
〉
β
)†

= α∗
〈
1
∣∣+ β∗

〈
2
∣∣ ,

(
γ
〈
3
∣∣+ δ

〈
4
∣∣)† =

∣∣3
〉
γ∗ +

∣∣4
〉
δ∗ . (1.3.3)

In particular the adjoint statements to the decompositions of
∣∣ 〉 in (1.3.1)

are

〈 ∣∣ =

∫
dxψ(x)∗

〈
x
∣∣ =

∫
dpψ(p)∗

〈
p
∣∣ . (1.3.4)

In further analogy with the column-type vectors of Section 1.2, the kets

are also endowed with an inner product, so that the vector space of kets is

an inner-product space or H ilbert space, the name honoring D avid H ilbert’s
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contributions. T he notation
∣∣1
〉
·
∣∣2
〉

of the inner product as a “ dot product”

is, however, not used at all. In the mathematical literature, inner products

are commonly written as ( , ), so that the inner product of two kets would

appear as
( ∣∣1
〉
,
∣∣2
〉 )

— except that mathematicians are not fond of the ket

and bra notation, D irac’s stroke of genius.

Instead, one follows the suggestion of (1.2.10) and understands the in-

ner products of two kets, or two bras, as the analogs of row-times-column

products. So the inner product of the ket

∣∣1
〉

=

∫
dx
∣∣x
〉
ψ1(x) (1.3.5 )

with the ket

∣∣2
〉

=

∫
dx
∣∣x
〉
ψ2(x) (1.3.6 )

is obtained by multiplying the bra

〈
1
∣∣ =

∫
dxψ1(x)

∗
〈
x
∣∣ (1.3.7 )

with the ket
∣∣2
〉
:

〈
1
∣∣2
〉

=

∫
dxψ1(x)

∗
〈
x
∣∣
∫

dx′
∣∣x′
〉
ψ2(x

′)

=

∫
dxψ1(x)

∗

∫
dx′
〈
x
∣∣x′
〉
ψ2(x

′) , (1.3.8 )

where the integration variable of (1.3.6 ) is changed to x′ to avoid confusion.

T his is also the inner product of bras
〈
1
∣∣ and

〈
2
∣∣. As anticipated in (1.3.8 ),

one writes only one vertical line in the bra-ket product
〈
1
∣∣ ∣∣2
〉

=
〈
1
∣∣2
〉

of

bra
〈
1
∣∣ and ket

∣∣2
〉

and speaks of a D irac bracket or simply bracket.

In accordance with what the reader learned in whichever first course on

quantum mechanics, we expect the inner product (1.3.8 ) to be given by

〈
1
∣∣2
〉

=

∫
dxψ1(x)

∗ψ2(x) , (1.3.9 )

so that we need
〈
x
∣∣x′
〉

such that
∫

dx′
〈
x
∣∣x′
〉
ψ2(x

′) = ψ2(x) (1.3.10)

for all ψ2(x). T hus, we infer
〈
x
∣∣x′
〉

= δ(x − x′) (1.3.11)
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which is to say that x kets and bras are pairwise orthogonal and normalized

to the D irac δ function. T here is a longer discussion of the δ function in

Section 4.1 of B asic M atters , and so we are content here with recalling the

basic, defining property, namely,
∫

dx′ δ(x− x′)f(x′) = f(x) (1.3.12)

for all the functions that are continuous near x.

T he normalization (1.1.2) of the wave function,

∫
dx ψ(x) 2 = 1 , (1.3.13)

now appears as

〈 ∣∣ 〉 = 1 , (1.3.14)

see:

〈 ∣∣ 〉 =

∫
dxψ(x)∗

〈
x
∣∣
∫

dx′
∣∣x′
〉
ψ(x′)

=

∫
dxψ(x)∗

∫
dx′

〈
x
∣∣x′
〉

︸ ︷ ︷ ︸
= δ(x− x′)

ψ(x′)

︸ ︷ ︷ ︸
=ψ(x)

=

∫
dx ψ(x)

2
. (1.3.15 )

In other words, the physical kets
∣∣ 〉, and the physical bras

〈 ∣∣, are of unit

length .

We recall also the physical significance of the bracket
〈
1
∣∣2
〉

in (1.3.9 ),

after which it is named probability amplitude: Its squared modulus
〈
1
∣∣2
〉 2

is the probability prob(2 → 1) of finding the system in state 1, described

by ket
∣∣1
〉

and parameterized by the wave function ψ1(x), if the system is

known to be in state 2, with ket
∣∣2
〉

and wave function ψ2(x). We should

not fail to note the symmetry possessed by prob(2 → 1),

prob(2 → 1) =
〈
1
∣∣2
〉 2

= prob(1 → 2) , (1.3.16 )

which is an immediate consequence of

〈
1
∣∣2
〉

=
〈
2
∣∣1
〉
∗ , (1.3.17 )
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demonstrated by interchanging the labels, 1 ↔ 2, in (1.3.9 ). T he funda-

mental symmetry (1.3.16 ) is quite remarkable because it states that the

probability of finding
∣∣1
〉

when
∣∣2
〉

is the case is always exactly equal to the

probability of finding
∣∣2
〉

when
∣∣1
〉

is the case, although these probabilities

can refer to two very diff erent experimental situations.

T here is a basic requirement of consistency in this context, namely that

prob(2 → 1) ≤ 1. Indeed, this is ensured by the well-known C auch y–

B unyakovsky– S ch w arz inequality, named after Augustin-L ouis C auchy, V ik-

tor Y . B unyakovsky, and K . H ermann A. Schwarz . T his inequality is the

subject matter of the following exercise.

1-5 F or all bras
〈
a
∣∣ and all kets

∣∣b
〉
, show that

〈
a
∣∣b
〉 2 ≤

〈
a
∣∣a
〉〈
b
∣∣b
〉
,

and state under which condition the equal sign applies. C onclude that

prob(2 → 1) ≤ 1 because the physical bra
〈
1
∣∣ is normalized in accordance

with (1.3.14), and so is the physical ket
∣∣2
〉
.

T he orthonormality statement (1.3.11),

〈
x
∣∣x′
〉

= δ(x− x′) , (1.3.18 )

is the obvious analog of (1.2.18 ),

→
eje

↓

k = δjk . (1.3.19 )

We expect that the analog of the completeness relation (1.2.17 ),

∑

j

e
↓

j
→
ej =

↓
− →

1 , (1.3.20)

reads
∫

dx
∣∣x
〉〈
x
∣∣ = 1 . (1.3.21)

Strictly speaking, the symbol on the right is the identity operator — the

operator analog of the unit dyadic
↓
− →

1 — but we will not be pedantic about

it and write it just like the number 1. It will always be unambiguously clear

from the context whether we mean the unit operator or the unit number.

L ikewise, the symbol 5 , say, can mean the number 5 or 5 times the unit

operator, depending on the context. F or instance, in 5
〈
x
∣∣ =

〈
x
∣∣5 we have
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the number 5 on the left and 5 times the unit operator on the right. T here

will be no confusion arising from this convenience in notation.

B ut we must not forget to verify the completeness relation (1.3.21).

“ V erification” means here just the check that it is consistent with everything

else we have so far. F or example, is it true that 1
∣∣ 〉 =

∣∣ 〉? We check:

1
∣∣ 〉 =

(∫
dx
∣∣x
〉〈
x
∣∣
)

︸ ︷ ︷ ︸
=1

∫
dx′
∣∣x′
〉
ψ(x′)

︸ ︷ ︷ ︸
=

˛̨ ¸

=

∫
dx
∣∣x
〉 ∫

dx′
〈
x
∣∣x′
〉

︸ ︷ ︷ ︸
= δ(x− x′)

ψ(x′)

=

∫
dx
∣∣x
〉
ψ(x) =

∣∣ 〉, indeed . (1.3.22)

Similarly, we check that
〈 ∣∣1 =

〈 ∣∣. Another little calculation:

〈
1
∣∣2
〉

=
〈
1
∣∣1
∣∣2
〉

=

∫
dxψ1(x)

∗
〈
x
∣∣
∫

dx′
∣∣x′
〉〈
x′
∣∣
∫

dx′′
∣∣x′′
〉
ψ2(x

′′)

=

∫
dxψ1(x)

∗

∫
dx′

〈
x
∣∣x′
〉

︸ ︷ ︷ ︸
δ(x− x′) =

∫
dx′′

〈
x′
∣∣x′′
〉

︸ ︷ ︷ ︸
= δ(x′

− x′′)

ψ2(x
′′)

︸ ︷ ︷ ︸
=ψ2(x

′)
︸ ︷ ︷ ︸

=ψ2(x)

=

∫
dxψ1(x)

∗ψ2(x) , all right as well. (1.3.23)

F inally, is 12 = 1? L et us see,

12 =

∫
dx
∣∣x
〉〈
x
∣∣
∫

dx′
∣∣x′
〉〈
x′
∣∣

=

∫
dx
∣∣x
〉 ∫

dx′
〈
x
∣∣x′
〉

︸ ︷ ︷ ︸
= δ(x− x′)

〈
x′
∣∣

=

∫
dx
∣∣x
〉〈
x
∣∣ = 1 , indeed. (1.3.24)
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In summary, we have for the position states

adjoint relations:
∣∣x
〉

=
〈
x
∣∣† ,

〈
x
∣∣ =

∣∣x
〉
† ,

orthonormality:
〈
x
∣∣x′
〉

= δ(x− x′) ,

completeness:

∫
dx
∣∣x
〉〈
x
∣∣ = 1 . (1.3.25 )

And, by the same token, the corresponding statements hold for the mo-

mentum states,

adjoint relations:
∣∣p
〉

=
〈
p
∣∣† ,

〈
p
∣∣ =

∣∣p
〉
† ,

orthonormality:
〈
p
∣∣p′
〉

= δ(p− p′) ,

completeness:

∫
dp
∣∣p
〉〈
p
∣∣ = 1 , (1.3.26 )

because we can repeat the whole line of reasoning with labels x consistently

replaced by labels p.

1.4 xp transformation function

Since the two integrals in (1.3.1) are diff erent parameterization for the same

ket
∣∣ 〉, there must be well defined relations between the wave functions ψ(x)

and ψ(p) and also between the kets
∣∣x
〉

and
∣∣p
〉
. F or the wave functions,

the relations are the F ourier transformations of (1.1.3). We use them now

to establish the corresponding statements that relate
∣∣x
〉

and
∣∣p
〉

to each

other.

F irst note what is already implicit in (1.3.22), namely that

〈
x
∣∣ 〉 =

〈
x
∣∣
∫

dx′
∣∣x′
〉
ψ(x′)

=

∫
dx′

〈
x
∣∣x′
〉

︸ ︷ ︷ ︸
= δ(x− x′)

ψ(x′)

= ψ(x) (1.4.1)

or

ψ(x) =
〈
x
∣∣ 〉 (1.4.2)
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and (infer by analogy or repeat the argument)

ψ(p) =
〈
p
∣∣ 〉 . (1.4.3)

T herefore we have

〈
x
∣∣ 〉 = ψ(x) =

∫
dp

eixp/~

√
2π~

ψ(p)

=

∫
dp

eixp/~

√
2π~

〈
p
∣∣ 〉 , (1.4.4)

and this must be true irrespective of the ket
∣∣ 〉 we are considering, so that

〈
x
∣∣ =

∫
dp

eixp/~

√
2π~

〈
p
∣∣ (1.4.5 )

follows. T he adjoint statement reads

∣∣x
〉

=

∫
dp
∣∣p
〉 e−ipx/~

√
2π~

. (1.4.6 )

T he inverse relations follow from

〈
p
∣∣ 〉 = ψ(p) =

∫
dx

e−ipx/~

√
2π~

ψ(x)

=

∫
dx

e−ipx/~

√
2π~

〈
x
∣∣ 〉 , (1.4.7 )

which implies

〈
p
∣∣ =

∫
dx

e−ipx/~

√
2π~

〈
x
∣∣ (1.4.8 )

and

∣∣p
〉

=

∫
dx
∣∣x
〉 eixp/~

√
2π~

. (1.4.9 )

T hey are, of course, all variants of each other. T he most basic statement,

so far implicit, is that about
〈
x
∣∣p
〉
, the xp transformation function:

〈
x
∣∣p
〉

=
〈
x
∣∣
∫

dx′
∣∣x′
〉

︸ ︷ ︷ ︸
=

R
dx′ δ(x− x′)

eix′p/~

√
2π~

=
eixp/~

√
2π~

, (1.4.10)
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that is

〈
x
∣∣p
〉

=
eixp/~

√
2π~

, (1.4.11)

which is the fundamental phase factor of F ourier transformation. It is worth

memoriz ing this expression, as everything else follows from it, sometimes

by using the adjoint relation

〈
p
∣∣x
〉

=
e−ixp/~

√
2π~

. (1.4.12)

Again, we have the choice of repeating the argument, or we recognize it as

a special case of the general statement (1.3.17 ).

As an illustration of the fundamental role of
〈
x
∣∣p
〉
, we consider,

ψ(x) =
〈
x
∣∣ 〉 =

〈
x
∣∣1
∣∣ 〉

=
〈
x
∣∣
(∫

dp
∣∣p
〉〈
p
∣∣
)∣∣ 〉

=

∫
dp
〈
x
∣∣p
〉〈
p
∣∣ 〉

=

∫
dp

eixp/~

√
2π~

ψ(p) , (1.4.13)

which takes us back to (1.1.3). Another application is

δ(x− x′) =
〈
x
∣∣x′
〉

=
〈
x
∣∣1
∣∣x′
〉

=
〈
x
∣∣
(∫

dp
∣∣p
〉〈
p
∣∣
)∣∣x′

〉

=

∫
dp
〈
x
∣∣p
〉〈
p
∣∣x′
〉

=

∫
dp

eixp/~

√
2π~

e−ipx′/~

√
2π~

=

∫
dp

2π~
ei(x− x′)p/~ (1.4.14)

which is the basic F ourier representation of the D irac δ function. It appears

in many forms, all of which are variants of
∫

dk eik x = 2πδ(x) . (1.4.15 )

T his, too, is an identity that is worth remembering.
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T he formulation of the position-momentum analog of the orthogonal

transformation (1.2.27 ) requires some care because
∣∣x
〉
→
∣∣p
〉

is a mapping

between objects of diff erent metrical dimensions. R elations such as (1.3.9 )

or (1.3.13) tell us that the position wave function ψ(x) =
〈
x
∣∣ 〉 has the

metrical dimension of the reciprocal square root of a distance (1/
√

cm, say),

and likewise the momentum wave function ψ(p) =
〈
p
∣∣ 〉 has the metrical

dimension of the reciprocal square root of a momentum (1/
√

g cm/s, for

instance). And since the state ket
∣∣ 〉 is dimensionless, see (1.3.14), the bras〈

x
∣∣ and

〈
p
∣∣ have these metrical dimensions as well, and so do the kets

∣∣x
〉

and
∣∣p
〉
.

T herefore it is expedient to work with dimensionless quantities, for

which purpose we introduce an arbitrary length scale a. T hen, the ana-

log of (1.2.27 ) reads

∣∣x
〉√

a→
∣∣p
〉√

~/a = U
∣∣x
〉√

a for
x

a
=

p

~/a
, (1.4.16 )

where we note that ~/a is the corresponding momentum scale because

P lanck’s constant has the metrical dimension of length × momentum. T he

operator U thus defined is given by

U = U1 = U

∫
dx
∣∣x
〉〈
x
∣∣ =

∫
dxU

∣∣x
〉〈
x
∣∣

=

∫
dx
∣∣p = x~/a2

〉√
~/a2

〈
x
∣∣ (1.4.17 )

or, after substituting x = ta,

U =

∫
dt
∣∣p = t~/a

〉√
~
〈
x = ta

∣∣ . (1.4.18 )

1-6 V erify that U brings about the transformation in (1.4.16 ). T hen

evaluate
〈
p
∣∣U . D o you get what you expect?

T he hermitian conjugation of (1.3.2) has the same product rule as trans-

position, see (1.2.11),

(AB)† = B†A† , (1.4.19 )

because the complex conjugation that distinguishes the two operations has

no eff ect on the order of multiplication. In particular we have
(∣∣p
〉〈
x
∣∣)† =
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∣∣x
〉〈
p
∣∣, so that

U † =

∫
dt
∣∣x = ta

〉√
~
〈
p = t~/a

∣∣ (1.4.20)

is the adjoint of U . In analogy with the orthogonality statement (1.2.36 ),

we expect

UU † = 1 = U †U (1.4.21)

to hold. L et us verify the left identity:

UU † =

∫
dt
∣∣p = t~/a

〉√
~
〈
x = ta

∣∣
∫

dt′
∣∣x = t′a

〉

︸ ︷ ︷ ︸
=

R
dt′ δ(ta− t′a)

√
~
〈
p = t′~/a

∣∣

=

∫
dt
∣∣p = t~/a

〉
~

∫
dt′ δ(ta− t′a)

〈
p = t′~/a

∣∣
︸ ︷ ︷ ︸

= (1/ a)
˙
p = t~/ a

˛̨

=

∫
dp
∣∣p
〉〈
p
∣∣ = 1 . (1.4.22)

It is all right indeed, and the right identity in (1.4.21) is demonstrated the

same way. At an intermediate step the identity

δ(ta− t′a) =
1

a
δ(t− t′) (a > 0) (1.4.23)

is used, which is a special case of (5 .1.109 ) in B asic M atters .

O perators with the property (1.4.21), that is: their adjoint is their

inverse, are called unitary operators. T hey transform sets of kets or bras

into equivalent sets, much like a rotation turns sets of vectors of column or

row type into equivalent ones, and play a very important role in quantum

mechanics.

1.5 P osition op erator, momentum op erator, functions of them

We look for the object (electron, atom, . . . ) and find it at position x,

with the probability of finding it inside a small vicinity around x given by

dx ψ(x)
2
. T his is then the probability distribution associated with the

(random) variable x. Accordingly, the mean value of x is calculated as

x =

∫
dx ψ(x)

2
x , (1.5 .1)
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and the mean value of x2 as

x2 =

∫
dx ψ(x)

2
x2 . (1.5 .2)

M ore generally we have

xn =

∫
dx ψ(x)

2
xn (1.5 .3)

for an arbitrary power, and

f(x) =

∫
dx ψ(x)

2
f(x) (1.5 .4)

for the mean value of an arbitrary function of the position variable x.

R ecalling that ψ(x)
2

= ψ(x)∗ψ(x) =
〈 ∣∣x

〉〈
x
∣∣ 〉, we rewrite these

expressions as

x =
〈 ∣∣
(∫

dx
∣∣x
〉
x
〈
x
∣∣
)∣∣ 〉 ,

x2 =
〈 ∣∣
(∫

dx
∣∣x
〉
x2
〈
x
∣∣
)∣∣ 〉 ,

...

f(x) =
〈 ∣∣
(∫

dx
∣∣x
〉
f(x)

〈
x
∣∣
)∣∣ 〉 , (1.5 .5 )

thereby isolating the specific state of the system — bra on the left, ket on

the right — from the quantity that we are taking the average of,

x −→
∫

dx
∣∣x
〉
x
〈
x
∣∣ ≡ X ,

x2 −→
∫

dx
∣∣x
〉
x2
〈
x
∣∣ ≡ X2 ,

...

f(x) −→
∫

dx
∣∣x
〉
f(x)

〈
x
∣∣ ≡ f(X) . (1.5 .6 )

T he first line introduces the position operator X as the integral of
∣∣x
〉
x
〈
x
∣∣,
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the second line introduces X2, the square of X , as we can verify,

XX =

∫
dx
∣∣x
〉
x
〈
x
∣∣
∫

dx′
∣∣x′
〉
x′
〈
x′
∣∣

=

∫
dx
∣∣x
〉
x

∫
dx′

〈
x
∣∣x′
〉

︸ ︷ ︷ ︸
= δ(x− x′)

x′
〈
x′
∣∣

︸ ︷ ︷ ︸
= x

˙
x

˛̨

=

∫
dx
∣∣x
〉
x2
〈
x
∣∣ = X2, indeed . (1.5 .7 )

And so forth, we have

Xn =

∫
dx
∣∣x
〉
xn
〈
x
∣∣ (1.5 .8 )

for the powers of X . T hen by linear combinations,

f(X) =

∫
dx
∣∣x
〉
f(x)

〈
x
∣∣ (1.5 .9 )

for all polynomial functions of x and, by approximation, finally for all

reasonable functions of x. “ R easonable” means here that the numbers f(x)

have to be well defined function values for all real numbers x. O nce we have

gone through this argument we can just accept (1.5 .9 ) as the definition of

a function of position operator X . T he integral on the right-hand side of

(1.5 .9 ) is an example for the spectral decomposition of an operator, here of

f(X).

1-7 Show that the eigenvalue equation

f(X)
∣∣x
〉

=
∣∣x
〉
f(x) (1.5 .10)

holds. What is
〈
x
∣∣f(X)?

1-8 C onsider f(X)† =
∫

dx
∣∣x
〉
f(x)∗

〈
x
∣∣ and compare f(X)f(X)† with

f(X)†f(X). Which property must be possessed by f(x) if f(X) is its

own adjoint, f(X)† = f(X)? O perators with this property are called

selfadjoint or simply h ermitian (C harles H ermite), whereby we ignore the

subtle diff erence between the two terms in the mathematical literature.

C onclude that all expectation values of a hermitian operator are real. T his

reality property can serve as an alternative definition of what is a hermitian

operator.
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L ikewise, we have the momentum operator P ,

P =

∫
dp
∣∣p
〉
p
〈
p
∣∣ , (1.5 .11)

and can rely on the spectral decomposition

g(P ) =

∫
dp
∣∣p
〉
g(p)

〈
p
∣∣ (1.5 .12)

for all functions of P that derive from reasonable numerical functions g(p).

O nce again, the reasoning is completely analogous and we need not repeat

it.

1-9 Show the following fundamental relations:

〈
x
∣∣P =

~

i

∂

∂x

〈
x
∣∣ , X

∣∣p
〉

=
~

i

∂

∂p

∣∣p
〉
, (1.5 .13)

and their integral versions
〈
x
∣∣ eix′P/~ =

〈
x+ x′

∣∣ , eip′X/~
∣∣p
〉

=
∣∣p+ p′

〉
. (1.5 .14)

T he latter involve the basic unitary operators associated with P and X ;

more about them in Section 1.8

N ow, with the operator functions of X and P at hand, we return to

(1.5 .5 ) and note that

x =
〈 ∣∣X

∣∣ 〉
︸ ︷ ︷ ︸

≡ 〈X〉
︸︷ ︷ ︸

position operator X sandwiched

between state bra
〈 ∣∣ and state ket

∣∣ 〉
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the numbers x

(1.5 .15 )

which introduces a new notation, 〈X〉, that emphasizes the role played by

the position operatorX . O ne speaks of the “ expectation value” , a historical

terminology that is, as so often, not fully logically but completely standard.

Similarly, we write
〈
f(X)

〉
for the expectation value of the operator-

function f(X) and 〈P 〉,
〈
P 2
〉
, . . . ,

〈
g(P )

〉
, for the expectation values of

P , P 2, . . . , g(P ). We have introduced the latter, by analogy, in terms

of integrals involving the momentum wave function ψ(p), but we can, of

course, also refer to the position wave function ψ(x).
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1-10 In particular, establish expressions (you know them from your first

course on quantum mechanics) for the expectation values 〈P 〉 and
〈
P 2
〉

in

terms of ψ(x).

1-11 D etermine the normalization constant A for the position wave func-

tion

ψ(x) =

{
A sin(2πx/L ) for −L < x < L ,

0 for x > L ,

and then calculate 〈X〉,
〈
X2
〉
, 〈P 〉, and

〈
P 2
〉
.

1.6 T races and statistical op erators

G iven a ket
∣∣1
〉

and a bra
〈
2
∣∣, we can multiply them in either order, thereby

getting

the bracket
〈
2
∣∣1
〉
, a number ,

or the “ ket-bra”
∣∣1
〉〈

2
∣∣ , an operator .

In the bracket
〈
2
∣∣1
〉
, the ingredients are no longer identifiable because very

many pairs of a bra and a ket have the same number for the bracket. B y

contrast, given the ket-bra
∣∣1
〉〈

2
∣∣, one can identify the ingredient almost

uniquely. T herefore, we cannot expect that there could be a mapping from

the bracket to the ket-bra, but there is a mapping from the ket-bra to the

bracket,

∣∣1
〉〈

2
∣∣→

〈
2
∣∣1
〉
.

It is called “ taking the trace” and we write tr{· · ·} for it,

tr
{∣∣1
〉〈

2
∣∣} =

〈
2
∣∣1
〉
; (1.6 .1)

read: the trace of
∣∣1
〉〈

2
∣∣ is

〈
2
∣∣1
〉
.

B efore proceeding, let us look at the analog for column and row vectors:

r
↓→
s → →

sr
↓

=
→
s · →r , (1.6 .2)
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or




x1

x2

...

xn


(u1, u2, . . . , un) =




x1u1 x1u2 · · · x1un

x2u1 x2u2 · · · x2un

...
...

. . .
...

xnu1 xnu2 · · · xnun




→ x1u1 + x2u2 + · · ·+ xnun , (1.6 .3)

the diagonal sum of the matrix for r
↓→
s . C learly, if you only know the value

of this sum, you cannot reconstruct the whole matrix, but given the matrix,

you easily figure out the diagonal sum.

T he linear structure for kets and bras is inherited by the trace. F or

example, consider

∣∣1
〉

=
∣∣1a

〉
α+

∣∣1b

〉
β , (1.6 .4)

and compare the two ways of evaluating tr
{∣∣1
〉〈

2
∣∣},

tr
{∣∣1
〉〈

2
∣∣} =

〈
2
∣∣1
〉

=
〈
2
∣∣1a

〉
α+

〈
2
∣∣1b

〉
β

= α tr
{∣∣1a

〉〈
2
∣∣}+ β tr

{∣∣1b

〉〈
2
∣∣} ,

tr
{∣∣1
〉〈

2
∣∣} = tr

{(∣∣1a

〉
α+

∣∣1b

〉
β
)〈

2
∣∣
}

= tr
{∣∣1a

〉
α
〈
2
∣∣+
∣∣1b

〉
β
〈
2
∣∣} . (1.6 .5 )

T his generalizes to

tr{αA+ βB} = α tr{A}+ β tr{B} (1.6 .6 )

immediately, wherein A,B are operators and α, β are numbers.

We apply this to expectation values, such as

〈A〉 =
〈 ∣∣A

∣∣ 〉 (1.6 .7 )

where A is any operator, perhaps a function f(X) of position operator X ,

or a function g(P ) of momentum operator P , or possibly something more

complicated, like the symmetrized product XP + PX , say. Whatever the

nature of operator A, we can read the above statement as

〈A〉 =
〈 ∣∣A
︸︷ ︷ ︸
b ra

∣∣ 〉
︸︷ ︷︸
k et

= tr

{ ∣∣ 〉
︸︷ ︷︸
k et

〈 ∣∣A
︸︷ ︷ ︸
b ra

}
(1.6 .8 )
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or as

〈A〉 =
〈 ∣∣
︸︷ ︷︸
b ra

A
∣∣ 〉
︸︷ ︷ ︸
k et

= tr

{
A
∣∣ 〉
︸︷ ︷ ︸
k et

〈 ∣∣
︸︷ ︷︸
b ra

}
, (1.6 .9 )

which introduces
∣∣ 〉〈 ∣∣ as the mathematical object that refers solely to the

state of aff airs of the physical system,

〈A〉 = tr
{∣∣ 〉〈 ∣∣A

}
= tr

{
A
∣∣ 〉〈 ∣∣

}
.
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(1.6 .10)

What has been achieved here, is the complete separation of the mathe-

matical entities that refer to the physical property (position, momentum,

functions of them, such as energy), and to the state of aff airs. T here is one

appropriate operator A for the physical property, irrespective of the par-

ticular state that is actually the case, and all that characterizes the actual

situation is contained in the ket-bra

ρ ≡
∣∣ 〉〈 ∣∣ . (1.6 .11)

T his is also an operator, but not one that describes a physical property,

rather it is the statistical operator that summarizes all statistical aspects

of the system as actually prepared. It is common to refer to the statistical

operator as the state operator or simply the state of the physical system.

In particular, we extract probabilities from ρ as illustrated by the prob-

ability of finding the object between x = a and x = b (a < b). We recall

that

prob(a < x < b) =

∫ b

a

dx ψ(x) 2

=

∫ ∞

−∞

dx ψ(x)
2
χa,b(x) , (1.6 .12)

where

χa,b(x) =

{
1 if a < x < b ,

0 elsewhere,
(1.6 .13)
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is the mesa function for the interval a < x < b. T hus,

prob(a < x < b) =
〈 ∣∣
(∫

dx
∣∣x
〉
χa,b(x)

〈
x
∣∣
)∣∣ 〉

=
〈 ∣∣χa,b(X)

∣∣ 〉

= tr
{
χa,b(X)

∣∣ 〉〈 ∣∣}

= tr{χa,b(X)ρ} , (1.6 .14)

where we recognize the expectation value of a function of position operator

X , namely χa,b(X). Indeed, such a probability is an expectation value, and

the argument is easily extended to other probabilities as well.

1-12 F ind the operator A whose expectation value is the probability of

finding the object in the range x > 0. Express A in terms of the sign

function

sgn(x) =

{
+1 for x > 0 ,

−1 for x < 0 .

R epeat for the range x < 0, and then check that the two operators add up

to the identity.

In (1.6 .10) we found

〈A〉 = tr{Aρ} = tr{ρA} , ρ =
∣∣ 〉〈 ∣∣ , (1.6 .15 )

as if the order of multiplication did not matter. In fact, it does not. We

demonstrate this by evaluating tr{AB} and tr{BA} forA =
∣∣1
〉〈

2
∣∣ andB =∣∣3

〉〈
4
∣∣, which is all we need, because all operators are linear combinations of

such ingredients, and we know already that the trace respects this linearity.

T herefore, it suffi ces to consider these special operators. See, then,

tr{AB} = tr

{∣∣1
〉〈

2
∣∣3
〉

︸ ︷ ︷ ︸
k et

〈
4
∣∣

︸︷ ︷︸
b ra

}
=
〈
4
∣∣1
〉〈

2
∣∣3
〉
,

tr{BA} = tr

{∣∣3
〉〈

4
∣∣1
〉

︸ ︷ ︷ ︸
k et

〈
2
∣∣

︸︷ ︷︸
b ra

}
=
〈
2
∣∣3
〉〈

4
∣∣1
〉
. (1.6 .16 )

Indeed, they are the same because the numbers
〈
4
∣∣1
〉

and
〈
2
∣∣3
〉

can be

multiplied in either order without changing the value of the product. P lease

note that AB 6= BA, as a rule, but their traces are the same.
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Since the operators A,B themselves can be products, we have the more

general rule

tr{ABC } = tr{C AB} = tr{BC A} (1.6 .17 )

for products of three factors and analogous statements about four, five, . . .

factors. All of them are summarized in the observation that

the value of a trace does not change when the factors in a

product are permuted cyclically.

T his cyc lic property of th e trace is exploited very often.

So far, letter ρ was just an abbreviation for the ket-bra
∣∣ 〉〈 ∣∣, the prod-

uct of the ket and the bra describing the actual state of aff airs. L et us now

move on and consider a more general situation:

source
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We have a source that puts out the atoms either in state
∣∣1
〉
, or in state∣∣2

〉
, or in state

∣∣3
〉
, whereby we have no clue what will be the case for the

next atom except that we know that there are definite probabilities w1, w2,

w3 of occurrence for the three states, with w1 + w2 + w3 = 1, of course,

because nothing else can possibly happen.

At the measurement stage we perform a measurement of the physical

property that is associated with operator A. T hus we have an expectation

value that is given by

〈A〉 = w1

〈
1
∣∣A
∣∣1
〉

+ w2

〈
2
∣∣A
∣∣2
〉

︸ ︷ ︷ ︸
+w3

〈
3
∣∣A
∣∣3
〉
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.......probability

of getting
∣∣2
〉

(1.6 .18 )

or

〈A〉 = w1tr
{
A
∣∣1
〉〈

1
∣∣}+ w2tr

{
A
∣∣2
〉〈

2
∣∣}+ w3tr

{
A
∣∣3
〉〈

3
∣∣}

= tr
{
A
(∣∣1
〉
w1

〈
1
∣∣+
∣∣2
〉
w2

〈
2
∣∣+
∣∣3
〉
w3

〈
3
∣∣
)}

= tr{Aρ} (1.6 .19 )
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with the statistical operator

ρ =

3∑

k= 1

∣∣k
〉
wk

〈
k
∣∣ . (1.6 .20)

T his ρ summarizes all that we know about the source: there are the states∣∣k
〉

and their statistical weights wk.

T here is nothing particular about the situation discussed, with three

diff erent states emitted by the source, there could be fewer or more. Ac-

cordingly, we have the more general case of

ρ =
∑

k

∣∣k
〉
wk

〈
k
∣∣ , wk > 0 ,

∑

k

wk = 1 , (1.6 .21)

where the summation can have one or more terms, and it is understood

that all kets and bras are normalized properly,

〈
k
∣∣k
〉

= 1 for all k . (1.6 .22)

B y measuring suffi ciently many diff erent physical properties, we can es-

tablish a body of experimental data that enables us to infer the statistical

operator ρ with the desired precision. T hen we know the statistical proper-

ties of the atoms emitted by the source, and this is all we can find out. We

cannot, in particular, establish the ingredients
∣∣k
〉

and their weights wk,

we can only know ρ. T his is also the only really meaningful thing to know

since it gives us all probabilities for the statistical predictions. N othing else

is needed. N or is anything else available.

When we state that knowledge of ρ does not translate into knowledge

of the ingredients from which it is composed in

ρ =
∑

k

∣∣k
〉
wk

〈
k
∣∣ , (1.6 .23)

we mean of course that diff erent right-hand sides can give the same ρ. T o

make this point it is quite enough to give one example. T he simplest is

ρ =
1

2

(∣∣1
〉〈

1
∣∣+
∣∣2
〉〈

2
∣∣
)

with
〈
1
∣∣2
〉

= 0 , (1.6 .24)

that is just two states mixed with equal weights of 5 0% for each. In view

of their stated orthogonality, the kets

∣∣α
〉

=
1√
2

(∣∣1
〉

+
∣∣2
〉)
,
∣∣β
〉

=
1√
2

(∣∣1
〉
−
∣∣2
〉)

(1.6 .25 )
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are also orthogonal and properly normalized. T hen

1

2

(∣∣α
〉〈
α
∣∣ +
∣∣β
〉〈
β
∣∣
)

=
1

2

(∣∣1
〉

+
∣∣2
〉

√
2

〈
1
∣∣+
〈
2
∣∣

√
2

+

∣∣1
〉
−
∣∣2
〉

√
2

〈
1
∣∣−
〈
2
∣∣

√
2

)

=
1

2

(∣∣1
〉〈

1
∣∣+
∣∣2
〉〈

2
∣∣
)

= ρ (1.6 .26 )

establishes

ρ =
1

2

(∣∣α
〉〈
α
∣∣+
∣∣β
〉〈
β
∣∣
)

(1.6 .27 )

which has diff erent ingredients than the original ρ of (1.6 .24). We speak

of the two blends for one and the same mixture or mixed state. All that is

relevant is the mixture ρ, not the particular ways in which one can blend

it.

F or

ρ =
1

2

(∣∣1
〉〈

2
∣∣+
∣∣2
〉〈

2
∣∣
)

=
1

2

(∣∣α
〉〈
α
∣∣+
∣∣β
〉〈
β
∣∣
)

(1.6 .28 )

one can say that “ it is as if we had 5 0% of
∣∣1
〉

and 5 0% of
∣∣2
〉
” or one can

say with equal justification that “ it is as if we had 5 0% of
∣∣α
〉

and 5 0% of∣∣β
〉
” . B ut neither as-if reality is better than the other, both are on exactly

the same footing, and there are many more as-if realities associated with

this ρ.

1-13 C onsider
∣∣u
〉

=
1
√

2

(∣∣1
〉
+ i
∣∣2
〉)

,
∣∣v
〉

=
1
√

2

(∣∣1
〉
− i
∣∣2
〉)

and evaluate

1

2

(∣∣u
〉〈
u
∣∣+
∣∣v
〉〈
v
∣∣
)
. What do you conclude?

T he basic probability is that of finding a particular state,
∣∣0
〉
, say. If

state
∣∣k
〉

is the case, this probability is
〈
0
∣∣k
〉 2

, as in (1.3.16 ), so more

generally the probability is
〈
0
∣∣ρ
∣∣0
〉
. It must be nonnegative,

〈
0
∣∣ρ
∣∣0
〉
≥ 0 for any choice of

∣∣0
〉
. (1.6 .29 )

In short: ρ ≥ 0, which is a basic property of all statistical operators, their

positiv ity. O ther properties are that ρ is hermitian,

ρ = ρ† , (1.6 .30)
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and normalized to unit trace,

tr{ρ} = 1 . (1.6 .31)

All these properties follow directly from the construction of ρ as a blend in

(1.6 .21).

We emphasize the physical significance of
∑

k wk = 1. Suppose you

perform a measurement that identifies the complete set of states
∣∣an

〉
, that

is
∑

n

∣∣an

〉〈
an

∣∣ = 1 . (1.6 .32)

T hen the probabilities of the various outcomes are
〈
an

∣∣ρ
∣∣an

〉
which are

assuredly positive, and their sum must be 1:

1 =
∑

n

〈
an

∣∣ρ
∣∣an

〉
=
∑

n

tr
{
ρ
∣∣an

〉〈
an

∣∣}

= tr

{
ρ
∑

n

∣∣an

〉〈
an

∣∣

︸ ︷ ︷ ︸
= 1

}
= tr{ρ} . (1.6 .33)

T hat is: tr{ρ} = 1 is just the statement that the probabilities of mutually

exclusive events have unit sum.

T he extreme situation of only one term is the one we started with,

ρ =
∣∣ 〉〈 ∣∣. T hen it is possible to almost identify the ingredients. “ Almost”

because of the phase arbitrariness,

ρ =
∣∣ 〉〈 ∣∣ =

(∣∣ 〉 eiϕ
)(

e−iϕ〈 ∣∣
)
, (1.6 .34)

according to which the pair

∣∣ 〉 eiϕ , e−iϕ〈 ∣∣ (ϕ real) (1.6 .35 )

is as good as the pair
∣∣ 〉,

〈 ∣∣. It is one of the advantages of using the sta-

tistical operator rather than
∣∣ 〉 and

〈 ∣∣ that there is no phase arbitrariness

in ρ. T he statistical operator ρ is unique, its ingredients are not.

T he situation of ρ =
∣∣ 〉〈 ∣∣ is also special because, for such a pure state,

it is characteristically true that ρ2 = ρ; see

ρ2 =
(∣∣ 〉〈 ∣∣

)(∣∣ 〉〈 ∣∣
)

=
∣∣ 〉 〈 ∣∣ 〉
︸︷ ︷ ︸
= 1

〈 ∣∣

=
∣∣ 〉〈 ∣∣ = ρ . (1.6 .36 )
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If there is more than one term in ρ =
∑

k

∣∣k
〉
wk

〈
k
∣∣ then ρ2 6= ρ, as is best

illustrated by considering the trace

tr
{
ρ2
}

=
∑

j,k

tr
{∣∣j
〉
wj

〈
j
∣∣k
〉
wk

〈
k
∣∣}

=
∑

j,k

wjwk

〈
j
∣∣k
〉 2

. (1.6 .37 )

N ow, since
∣∣j
〉〈
j
∣∣ 6=

∣∣k
〉〈
k
∣∣ if j 6= k (we want really diff erent ingredients),

we have
〈
j
∣∣k
〉 2

< 1 for j 6= k, so that

tr
{
ρ2
}
<
∑

j,k

wjwk =


∑

j

wj




︸ ︷︷ ︸
=1


∑

k

wk




︸ ︷︷ ︸
=1

= 1 , (1.6 .38 )

or tr
{
ρ2
}
< 1. T hus we have

tr
{
ρ2
}

= 1 if ρ =
∣∣ 〉〈 ∣∣ , ρ2 = ρ

and tr
{
ρ2
}
< 1 otherwise . (1.6 .39 )

T herefore, the number tr
{
ρ2
}

can serve as a crude measure of the purity

of the state, it is maximal, tr
{
ρ2
}

= 1, for a pure state, ρ =
∣∣ 〉〈 ∣∣, and

surely less than unity for all truly mixed states.

1.7 A lgeb raic comp leteness of op erators X and P

We have the position operator X and the momentum operator P , functions

f(X), g(P ) of either one, and upon forming products and sums of such

functions can introduce rather arbitrary functions of both X and P . And

these general functions f(X,P ) comprise all possible operators for a degree

of freedom of this sort. In other words: position X and momentum P are

algebraically complete.

T o demonstrate this we show that we can write any given operator A

as a function of X and P , quite systematically. We begin with noting that〈
x
∣∣A is a well defined bra and A

∣∣p
〉

is a well defined ket, and that
〈
x
∣∣A
∣∣p
〉

is a uniquely specified set of numbers once A is stated. T hese numbers
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appear in

A = 1A 1 =

∫
dx
∣∣x
〉〈
x
∣∣A
∫

dp
∣∣p
〉〈
p
∣∣

=

∫
dxdp

∣∣x
〉〈
x
∣∣A
∣∣p
〉〈
p
∣∣ . (1.7 .1)

We divide and multiply by

〈
x
∣∣p
〉

=
1√
2π~

eixp/~ , (1.7 .2)

which is never zero, to arrive at

A =

∫
dxdp

∣∣x
〉〈
x
∣∣a(x, p)

∣∣p
〉〈
p
∣∣ (1.7 .3)

where

a(x, p) =

〈
x
∣∣A
∣∣p
〉

〈
x
∣∣p
〉 (1.7 .4)

is such that A = 1 is mapped onto a(x, p) = 1. B orrowing once again the

terminology from classical mechanics, we call a(x, p) a ph ase-space function

of A.

1-14 Show that this mapping A → a(x, p) is linear. What is a(x, p) for

A = f(X)? F or A = g(P )?

F urther, consistent with the general rules

f(X) =

∫
dx′
∣∣x′
〉
f(x′)

〈
x′
∣∣ ,

g(P ) =

∫
dp′
∣∣p′
〉
g(p′)

〈
p′
∣∣ (1.7 .5 )

we have

∣∣x
〉〈
x
∣∣ =

∫
dx′
∣∣x′
〉
δ(x′ − x)

〈
x′
∣∣ = δ(X − x) ,

∣∣p
〉〈
p
∣∣ =

∫
dp′
∣∣p′
〉
δ(p′ − p)

〈
p′
∣∣ = δ(P − p) (1.7 .6 )

and therefore

A =

∫
dxdp δ(X − x)a(x, p)δ(P − p) . (1.7 .7 )
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T his equation already proves the case: we have expressed A as a function

of X and P . B ut we can go one step further and evaluate the integrals over

the δ functions, with the outcome

A = a(X,P )
∣∣∣
X ,P -ordered

≡ a(X ;P ) (1.7.8)

where we must pay due attention to the structure of the previous expression

(1.7.7). There all Xs stand to the left of all P s, and this order must be

preserved when we replace x→ X , p→ P in a(x, p).

We have thus achieved even more than what we really needed. Operator

A is now expressed as an ordered function of X and P , for which the

procedure gives a unique answer. Of course, we can interchange the roles

of position and momentum in this argument and can equally well arrive at

a unique P,X-ordered form, where all P operators are to the left of all X

operators in products.

As a simple example, consider A = PX for which

〈
x
∣
∣A
∣
∣p
〉

=
〈
x
∣
∣PX

∣
∣p
〉

=
~

i

∂

∂x

〈
x
∣
∣
~

i

∂

∂p

∣
∣p
〉

=

(
~

i

)2
∂

∂x

∂

∂p

〈
x
∣
∣p
〉

=

(
~

i

)2
(

i

~
+

(
i

~

)2

xp

)

〈
x
∣
∣p
〉
, (1.7.9 )

where the last step exploits the familiar explicit form of
〈
x
∣
∣p
〉

in (1.7.2).

Accordingly,

a(x, p) =

〈
x
∣
∣A
∣
∣p
〉

〈
x
∣
∣p
〉 = xp+

~

i
(1.7.10 )

here, and we get the X,P -ordered form

A = PX =

(

xp+
~

i

)∣
∣
∣
∣
x → X
p → P
ordered

= XP − i~ . (1.7.11)

The result is, of course, as expected inasmuch as we just get Werner H eisen-

berg’s fundamental com m u ta tion rela tion

[X,P ] = i~ . (1.7.12)
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(S ee S ection 3 .2 in B a sic M a tters for the basic properties of commutators,

in particular their linearity, expressed by the sum rule, and their product

rule.) We recall the two extensions,

[f(X), P ] = i~
∂f(X)

∂X
, [X, g(P )] = i~

∂g(P )

∂P
, (1.7.13 )

which are frequently used (see S ection 5 .1.4 in B a sic M a tters ).

1-15 S how that, most generally,

[F (X,P ), P ] = i~
∂F (X,P )

∂X
, [X,F (X,P )] = i~

∂F (X,P )

∂P
,

where F (X,P ) is a n y operator function of X and P . It is suffi cient (why? )

to consider the special case F =
∣
∣x
〉〈
p
∣
∣.

1-16 Is there a diff erence between
∂

∂X

∂

∂P
f(X,P ) and

∂

∂P

∂

∂X
f(X,P )?

1-17 F ind the X,P -ordered form of the commutator
1

i~

[
X2, P 2

]
.

A simple statistical operator for a pure state, ρ =
∣
∣
〉〈 ∣
∣, is our next

example. We have

〈
x
∣
∣ρ
∣
∣p
〉

=
〈
x
∣
∣
〉〈 ∣
∣p
〉

= ψ(x)ψ(p)∗ (1.7.14 )

and then
〈
x
∣
∣ρ
∣
∣p
〉

〈
x
∣
∣p
〉 =

〈
x
∣
∣
〉〈 ∣
∣p
〉

〈
x
∣
∣p
〉 =

√
2π~ψ(x) e−ixp/~ψ(p)∗ (1.7.15 )

so that

ρ =
√

2π~ψ(X) e−iX;P/~ψ(P )† . (1.7.16 )

H ere

e−iX;P/~ = e−iXP/~

∣
∣
∣
X,P -ordered

=

∞∑

k= 0

1

k!

(−i

~

)k

XkP k (1.7.17)

is a basic ordered expon en tia l fu n ction . Its adjoint is

(

e−iX;P/~
)†

= eiP ;X/~ (1.7.18)
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as one verifi es immediately, and since ρ† = ρ we get

ρ =
√

2π~ψ(P ) eiP ;X/~ψ(X)† (1.7.19 )

for the P,X-ordered version of ρ.

When the ordered form of an operator is at hand, it is particularly easy

to evaluate its trace,

tr{A} = tr

{∫

dx
∣
∣x
〉〈
x
∣
∣A

∫

dp
∣
∣p
〉〈
p
∣
∣

}

=

∫

dxdp
〈
x
∣
∣A
∣
∣p
〉〈
p
∣
∣x
〉

=

∫

dxdp

〈
x
∣
∣A
∣
∣p
〉

〈
x
∣
∣p
〉

︸ ︷ ︷ ︸

a(x, p)=

〈
x
∣
∣p
〉〈
p
∣
∣x
〉

︸ ︷ ︷ ︸

= 1/(2π~)

(1.7.20 )

so that

tr{A} =

∫
dxdp

2π~
a(x, p) . (1.7.21)

This has the appearance of a classical phase-space integral, counting one

quantum state per phase-space area of 2π~, so to say.

N ext, suppose operator A is given in its X,P -ordered form,

A = a(X ;P ) , (1.7.22)

and the statistical operator is given as a P,X-ordered expression

ρ = r(P ;X) . (1.7.23 )

Then we have

〈A〉 = tr{ρA}

= tr

{∫

dp
∣
∣p
〉〈
p
∣
∣ρ

∫

dx
∣
∣x
〉〈
x
∣
∣A

}

=

∫

dxdp
〈
p
∣
∣ρ
∣
∣x
〉〈
x
∣
∣A
∣
∣p
〉
, (1.7.24 )

for the expectation value of A, where we meet

〈
p
∣
∣ρ
∣
∣x
〉

=
〈
p
∣
∣r(P

↓
p

;X

↓
x

)
∣
∣x
〉

= r(p, x)
〈
p
∣
∣x
〉

(1.7.25 )
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and

〈
x
∣
∣A
∣
∣p
〉

=
〈
x
∣
∣a(X

↓
x

;P

↓
p

)
∣
∣p
〉

= a(x, p)
〈
x
∣
∣p
〉
. (1.7.26 )

These just exploit the basic property of ordered operators, namely that X

and P stand next to their respective eigenbras and eigenk ets so that these

operators can be equivalently replaced by their eigenvalues. Then,

〈A〉 =

∫

dxdp r(p, x)a(x, p)
〈
p
∣
∣x
〉〈
x
∣
∣p
〉

︸ ︷ ︷ ︸

=1/(2π~)

(1.7.27)

or

〈A〉 =

∫
dxdp

2π~
r(p, x)a(x, p) , (1.7.28)

which look s even more lik e a classical phase-space integral of the product of

a density r(p, x) and a phase-space function a(x, p), whereby
dxdp

2π~
suggests

the injunction noted at (1.7.21), namely to count one quantum state per

phase-space area of 2π~.

The seemingly classical appearance of (1.7.28) is strik ing, it is also pro-

found, but we must k eep in mind that we continue to talk about quantum

mechanical traces and that the phase-space functions r(p, x) and a(x, p)

are just particularly convenient numerical descriptions of the quantum me-

chanical operators ρ and A. We are n ot replacing quantum mechanics by

some equivalent version of classical mechanics. There is no such thing.

1-18 U se the X,P -ordered and P,X-ordered forms of ρ =
∣
∣
〉〈 ∣
∣ to eval-

uate tr{ρ} as a phase-space integral.

1.8 W e y l c o m m u ta to r, B a k e r– C a m p b e ll– H a u sd o rff re la tio n s

The unitary operators eip′X/~ and eix′P/~ of (1.5 .14 ) do not commute,

except for special values of x′ and p′, and we can fi nd out what is the

diff erence between applying them in either order by establishing the X,P -

ordered version of the operator

A = eix′P/~ eip′X/~ , (1.8.1)
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which we thus defi ne by its P,X-ordered version. We begin with

〈
x
∣
∣A
∣
∣p
〉

=
〈
x
∣
∣ eix′P/~

︸ ︷ ︷ ︸
˙

x + x′
˛

˛ =

eip′X/~
∣
∣p
〉

︸ ︷ ︷ ︸

=
˛

˛p + p′
¸

=
〈
x+ x′

∣
∣p+ p′

〉
=

1√
2π~

ei(x + x′)(p + p′)/~

=
eixp/~

√
2π~

︸ ︷ ︷ ︸

=
˙

x
˛

˛p
¸

eixp′/~ eix′p/~ eix′p′/~

︸ ︷ ︷ ︸

= a(x, p)

, (1.8.2)

and now the replacement a(x, p) → a(X ;P ) gives us

A = eip′X/~ eix′P/~ eix′p′/~ . (1.8.3 )

M ore explicitly, this says

eip′X/~ eix′P/~ = e−ix′p′/~ eix′P/~ eip′X/~ , (1.8.4 )

which is H ermann K . H . Weyl’s commutation relation for the basic unitary

operators associated with X and P , the W ey l com m u ta tor for short.

H ow about combining the various exponentials into one? That requires

some care because the arguments of the exponentials do not commute with

each other. B ut nevertheless we can be systematic about it, and we could

use several methods for this purpose. L et us do it with a sequence of unitary

transformations.

As a preparation, we recall that

U †f(A)U = f(U †AU) (1.8.5 )

for any function of operator A (arbitrary) and any arbitrary operator U .

One easily verifi es that it is true for any power of A — for example

U †A2U = U †AUU †AU =
(
U †AU

)2
(1.8.6 )

— and then it is true for all polynomials and fi nally for arbitrary functions.

1-19 If
∣
∣a
〉

is an eigenk et of A, A
∣
∣a
〉

=
∣
∣a
〉
a, then f(A)

∣
∣a
〉

=
∣
∣a
〉
f(a).

Why? C onclude that U †
∣
∣a
〉

is an eigenk et of f(U †AU).
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We also note that the diff erentiation rules in (1.7.13 ) imply
[

X, eig(P )
]

= −~g′(P ) eig(P ) ,
[

eif(X), P
]

= −~f ′(X) eif(X) , (1.8.7)

which are equivalent to

e−ig(P )X eig(P ) = X − ~g′(P ) ,

eif(X)P e−if(X) = P − ~f ′(X) , (1.8.8)

with primes indicating diff erentiation with respect to the argument.

In a fi rst step we write

ei(p′X + x′P )/~ = e
ip′

`

X + x
′

p′
P
´

/~
for p′ 6= 0 (1.8.9 )

and note that

X +
x′

p′
P = e

i

2~

x
′

p′
P 2

X e
−

i

2~

x
′

p′
P 2

(1.8.10 )

and therefore

ei(p′X + x′P )/~ = exp

(

ip′ e
i

2~

x
′

p′
P 2

X e
−

i

2~

x
′

p′
P 2

/~

)

= e
i

2~

x
′

p′
P 2

eip′X/~ e
−

i

2~

x
′

p′
P 2

. (1.8.11)

N ow we remember that we want to have a factor eip′X/~ on the right

eventually, so we write

ei(p′X + x′P )/~ = e
i

2~

x
′

p′
P 2

eip′X/~ e
−

i

2~

x
′

p′
P 2

e−ip′X/~ eip′X/~

(1.8.12)

and observe that

eip′X/~ e
−

i

2~

x
′

p′
P 2

e−ip′X/~ = exp

(

− i

2~

x′

p′

(

eip′X/~P e−ip′X/~
)2
)

(1.8.13 )

wherein

eip′X/~P e−ip′X/~ = P − p′ , (1.8.14 )

implying

ei(p′X + x′P )/~ = e
i

2~

x
′

p′
P 2

e
−

i

2~

x
′

p′
(P − p′)2

eip′X/~ . (1.8.15 )
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The fi rst and second exponentials on the right are functions of P only and

so there is no problem in combining them into one,

e
i

2~

x
′

p′
P 2

e
−

i

2~

x
′

p′
(P − p′)2

= e
i

2~

x
′

p′
[P 2

− (P 2
− p′)2]

= e
i

2~

x
′

p′
(2 P − p′)p′

= eix′P/~ e−
i

2
x′p′/~ . (1.8.16 )

Accordingly,

ei(p′X + x′P )/~ = eix′P/~ eip′X/~ e−
i

2
x′p′/~

= eip′X/~ eix′P/~ e
i

2
x′p′/~ (1.8.17)

where the second equality is that of the right-hand sides in (1.8.1) and

(1.8.2). These are examples of the famous B a ker– C a m p bell– H a u sdorff re-

la tion s among exponential functions of operators, named after H enry F .

B ak er, J ohn E . C ampbell, and F elix H ausdorff .

1-2 0 What is
〈
x
∣
∣ ei(p′X + x′P )/~? What is ei(p′X + x′P )/~

∣
∣p
〉
? Introduce

the operator

R =

∫
dx′ dp′

2π~
ei(p′X + x′P )/~

and fi nd
〈
x
∣
∣R and R

∣
∣p
〉
.

1-2 1 S how that

tr
{

ei(p′X + x′P )/~ e−i(p′′X + x′′P )/~
}

= 2π~δ(x′ − x′′)δ(p′ − p′′) .

1-2 2 F or any (reasonable) operator function A(X,P ) we can defi ne its

ch a ra cteristic fu n ction

a(x, p) = tr
{

A(X,P ) ei(xP + pX)/~
}

.

This is a mapping of operator A(X,P ) on the phase-space function a(x, p).

[The present a(x, p) is n ot the same as the one in (1.7.4 ).] S how that the

inverse map is given by

A(X,P ) =

∫
dxdp

2π~
ei(xP + pX)/~a(x, p) .

H int: It is enough to show this for all k et-bras of the form
∣
∣x′
〉〈
p′
∣
∣. Why?

1-2 3 F ind a(x, p) for A(X,P ) = Xn, n = 0 , 1, 2, . . . .
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