Chapter 1

Random Variables

1.1 Basic Concepts

In this chapter, we concern ourselves with the basic concepts involved in
dealing with random numbers. The first question to be dealt with is, “What
is a random number?” I will give plausible answers to this question rather
than a formal definition. This chapter will deal with the formal calcu-
lus of statistics. Chapter 2 will use the concepts developed to do useful
calculations.

A set of random numbers is a set of numbers for which knowledge of any
subset of the numbers will not tell you with certainty the value of the next
one sampled from the set. For certain sets of numbers like the outcome
of the roll of a die, the possibilities are limited and you may occasionally
actually guess the result of the next throw. The point is that you cannot
do it with certainty. Otherwise, playing dice would not be gambling!

A typical situation in science or engineering is that you get a set of mea-
surements from a system. The next measurement is not certain, no matter
how many measurements you took before and no matter how accurately
you took those numbers. This situation is typified by a process where you
put a set of small pieces of paper in a box, each containing a different num-
ber. If the contents of the box are mixed up, you should not be able to
predict the next number drawn by looking at the previous number drawn.
If you know that no number is repeated, you are in the position of exactly
knowing what numbers will not be drawn, but you cannot be certain what
the next number will be.

In engineering and science, you are often in the position of having a
system where the inputs are constant, but the output(s) fluctuate in a
random manner. For instance, you attempt to measure the signal strength
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from a cell phone 5 km away. The measured signal strength will vary with
time because of the events occurring in the atmosphere between you and the
cell phone. You will not be able to predict exactly how those fluctuations
will occur. The field strength measurements are interfered with by the
fluctuations. On the other hand, if you hook up a flow system to send
water at a constant rate though a pipe, you will find that under certain
conditions, everything you can control is constant, but the velocity of the
flow at a given point is fluctuating. This flow condition is called turbulence
and is often the subject of study itself.

The examples in the previous two paragraphs are typical in that the
process that connects the inputs to the outputs is where the randomness is
generated.

I have seen definitions that describe a set of random numbers as a set
of numbers that takes at least as many bits to describe as is contained in
the set. The easiest way to understand this concept is to imagine that
the set of random numbers is all decoded into bits (viz. 6 =0 1 1 0) and
then strung all together to make one big binary word. If it were possible
to find repeating sets of bits in the binary word, then we could describe
the set of numbers with fewer bits than appear in the original set. Let’s
make this more concrete by a simple example. Consider a set of coin flips
of an “honest” coin. We will call “heads” 1, and “tails” 0. Make a 100
bit binary word by flipping the coin 100 times and recording the result of
the nth trial in the nth place in a 100 bit binary word. If the coin were
truly “honest”, you would need all 100 bits to be guaranteed that you could
uniquely describe the results of all your trials. Modern data compression
schemes such as used in MP3 depend on the accidental redundancy in any
particular realization of a set of 100 coin flips, but this does not change the
need for all 100 bits to be guaranteed a unique representation.

In many instances, random numbers selected sequentially are not related
to each other in the sense that if one particular number is larger than the
mean, the next number could be higher or lower than the mean. In such a
situation, it doesn’t matter in what order you deal with the numbers. For
instance, the errors in the adjacent measurements of the temperature on
the rod mentioned above are usually not related to each other.

On the other hand, there are situations where the random numbers are
related to each other. If a number is larger than the mean, the numbers
next to it are likely to also be larger than the mean. Here, it matters what
order the numbers are sampled in. This leads us to the concept of the time
series. A time series is a set of random numbers where the order matters.
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It is important to know which one is first, second, etc. This condition can
arise when measuring the fluctuations in the field strength of a cell phone,
if the time scale is small enough. Events in the atmosphere that cause the
fluctuations can only change but so fast.

The result of a calculation involving random numbers is called a
statistic. For instance, if you add together four samples of a set of ran-
dom numbers, the resulting statistic would also be a random number. The
study of the results of computations using random numbers is called sta-
tistics. A statistic well known to baseball fans in the US is the batting
average. It is computed by dividing the number of hits that result in the
player getting on base by the number of times the player attempts to bat
times 1000. It is taken as a measure of the player’s ability. Since no player
has ever hit safely every time at bat through a season, the chances of the
player hitting safely is assumed be a random number proportional to his or
her ability.

In studying statistics, you will have to define some strange, idealized
objects that are never seen in real life. For instance, there is an implicit
assumption made when doing the calculus of statistics that the numbers
you are dealing with come from a common source called a population. In
principle, there are an infinite number of elements in the population, but
you can only deal with a sample of them. For instance, if you measure the
diameter of axles made by some machine, the set of measurements made
up from sample diameters of the machine output would be a sample of
the population of all possible axles this particular machine could make.
Implicit in this assumption is that the machine could have made an infinite
number of samples without wear and tear in the cutting tools etc. You
are dealing with the infinite variety of axles the machine could make in its
current configuration. The settings of the tool define the state that creates
the population.

If you have two machines making axles and you keep the measurements
of the diameters separate, then you would be dealing with two populations.
If, on the other hand, you just throw axles from both machines in a pile
and make measurements later, without noting which machine the sample
came from, you are back to dealing with a single population.

Suppose you are put in charge of making sure that all the axles shipped
to a customer are within a certain diameter range. You would then measure
every axle made by the machine. Suppose, also, that you get one axle that
is outside the allowed range when all the previous ones had been within
range. How do you tell if it is “just a fluke” or if you have evidence that
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the machine’s condition has changed and it is behaving in a substandard
manner? Or, can you tell the difference between the two alternatives pre-
sented above?

Further, suppose you are put in charge of measuring the heat transfer
coefficient for a new design for a compact heat sink designed by your com-
pany. If you measure the heat transfer coefficient for the same sample more
than once, I guarantee that each measured heat transfer coefficient will be
different. How close do you think you got with any of the measurements to
the “right” value? How much variation in the results between experiments
is reasonable?

Answers to the above and other related problems are derived through a
formal calculus of statistics. This calculus involves manipulation of the for-
mal objects hinted at above such as the probability distribution functions,
the expected value, etc.

We start by examining the idealization of the average of a sample of
random numbers. In statistics texts, what we informally call the average of
something, is an approximation to the formal concept of the ezpected value.

1.2 Expected Values

If = is the outcome of some experiment with a random component, the
practical definition of the expected value, (z), is as the average of an infinite
number of trials of the experiment. This type of averaging is performed by
doing the same experiment many times. It is called ensemble averaging. A
more mathematical definition will be given below.

1.3 Probability Distribution Functions

Suppose an experiment could only have a finite number of outcomes. An
example is the rolling of unloaded dice. Let the nth outcome of the rolling
of a die be denoted by ,,. The average outcome can be computed by adding
up the values of all the events and then dividing by the total number of
events. Alternatively, since there are only a finite number of possibilities
for the outcome, the same calculation could be performed by measuring
the number of times each value of z, occurs. Let P(z,) be the number of
times a particular value of x,, occurred. A typical result from rolling a 6
sided die 20 times is the sequence

(3,1,4,6,6,6,1,3,6,1,2,1,1,1,2,1,2,3,4,3)
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Here, P(1) =7, P(2) =3, P(3) =4, P(4) =2, P(5) =0, P(6) = 4.
The average of this sequence can be computed directly by adding up
the numbers in the sequence and dividing by 20. The result is 2.85. You
can also compute the average by grouping like results as we did in defining
P(). The sum of the results can be computed by adding up the products
ZpP(xn). The number of results is > P(z,). The average can then be
n

computed as

;mnP(zn)

T=—""=. 1.3.1
= P(ar) (1:3:)
n
In the example sequence above, the average is computed
_IXT+H2x34+3x44+4x24+5x0+6x4 57
z= = — =2285.

T+34+442+04+4 20

For a large number of rolls of a single die, a typical set of measurements
would give a P() like that shown in Figure 1.1.

Fig. 1.1 Results of experiment rolling one die.

Experience has shown that if the experiment (rolling the die) were re-
peated a very large number of times, the ratio P(x,)/ " P(z,) would tend
to 1/6. This ratio is called the probability of the result z,. It should be
clear that the probability is bounded by 0 and 1. If the result never oc-
curs (probability is 0), we don’t care about it. If it occurs all the time,
(probability is 1), the process is not random.
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Hence, in this case, (z), the infinite average, can be computed by using
the limit of the weighting, assuming an infinite number of samples.

P(z 1
(z) = Jim_ %P(m,) 6; . (1.3.2)

The ezpected value is 3.5; however, note that the value is not the most
likely value! In fact, you can’t roll a die and get a value of 3.5. In this
case, the expected value should be viewed as being the limiting value of
the average of the outcomes, not as a statement about what outcomes are
expected from each trial. For the example given here, the expected value is
not a particularly useful concept — at least it gives incomplete knowledge
about the data set. Please hang in there. More useful concepts will be
given shortly.

The limit of the function

P(z,) / > P(xy) (1.3.3)

as the number of samples goes to infinity is called the probability distribution
function (pdf) for the event z,. This function is denoted p(z,). It can be
seen to be the expected relative frequency of event z, in any sampling of
the output. In this case, it can be computed a priori by assuming that the
probability of an outcome is equal to the number of ways the outcome can
occur, divided by the total number of possible outcomes. For this example,
each outcome could only occur in one way and there were 6 equally possible
outcomes. The a priori probability of any outcome of rolling a die is thus
1/6. If the pdf is determined by measurement, it is called the a posteriori
pdf.

The mathematical definition of the expected value for a random variable
with a discrete output should now be apparent. It is defined in terms of
the probability density function, wiz.

@W= 3 o).

all possible z

I will deal with random variable with a continuous output below.

If the function p(z) had a peak in it, the value of p(z) at the peak would
be the most likely outcome.

Consider a more complicated experiment, rolling two dice at the same
time and adding the result. Here the possible sums range from 2 to 12.



Random Variables 7

There are 6 x 6 = 36 possible outcomes.

There is only one way to get 2 or 12, 1 + 1 or 6 + 6, so the a prior
probability of each of these is 1/36. There are more ways to get 3, 1 + 2, 2 +
1. The a prior:i probability of 3 and 11 is 1/18. Continuing this argument,
the table of a priori probabilities shown below would be constructed.

Table 1
Table of probabilities for rolling two dice
z plz) =z px)
2 1/36 8 5/36
3 1/18 9 1/9
4 1/12 10 1/12
5 1/9 11 1/18
6 5/36 12 1/36
7 1/6

This p(z) peaks at 7. Monopoly™ players and gamblers take note! The
expected value of the experiment is given by

(x) = plx)w =2/36 +3/18 +4/12 + 5/9 + 30/36 + 7/6
+40/36 +9/9 4+ 10/12 + 11/18 + 12/36 = 7.00.

Here, the most likely outcome and the expected outcome are the same. If
you were to bet money on an outcome of the roll of dice, you could expect
to lose money. If, for instance, you bet on 7, the chances are 1/6 that it
will occur. The chance that it won'’t is 5/6.

Exercise: Try constructing the equivalent to the table above, if you have
two 5 sided dice (There are such things!).

Exercise: If you have access to the spreadsheet program Excel®, you can
examine the behavior of a pair of dice without wearing out your desktop.
Excel® has a feature under the “Options” box in the Toolbar called “Analy-
sis Tools.” If you now double click Analysis Tools, the first time there will
be a pause as the add-on program is loaded. When the menu box comes up
you will see a list of options, containing among other things, “Histogram”
and “Random Number Generation.” Double click Random Number Gener-
ation.

Notice that one box is labeled “Distribution.” If you double click the
arrow on the right of this box, a list will appear that contains among other
things, “Normal” and “Discrete.” Click Discrete. Now, click “Number of
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Variables.” Here, type in 2. Now click “Number of Random Numbers” and
insert the number of rolls you want. I suggest 100 for the first time. The
prescription here should generate a 2 column by 100 row output. Finally,
you need to tell the random number generator what range of numbers and
their probabilities to use. You need to have made a column of the possible
outcomes of the roll of a die, i.e. 1,2 3,...to 6. In a parallel column, type
1/6. 1/6,...For the last entry, type 1 — Sum of the other probabilities.
My version of Excel® has a little glitch. It insists that the sum of the
probabilities be 1, but its own arithmetic is not accurate enough to make
the sum of the 6, 1/6s close enough to 1 for it. Click “Parameters” and
insert the range where you have already inserted the properties, e.g. E1:F6.
Now, click onto the “Output Range” box. In here you should insert the
starting address of the column you wish to contain the random number
output, e.g. Al. If you now click “OK,” Excel® will fill the indicated range
with random integers, from 1 to 6, all with equal probability. You can
now compute the sum of each pair of random numbers in the two output
columns. This sum column simulates the sum of two dice.

You are now in a position to examine what the generator has wrought.
First, estimate the expected value by using the Excel® function Average()
on the original, un-summed output columns. Is the result 3.5000?7 Why
not?

Next, find another short column in the spread sheet and put in the
numbers 2,3,4,5,6,7,8,9,10,11,12. T assume here that you used the “D”
column, starting with 1. Now, go back into Options and click Analysis
Tools. Select “Histogram.” Click “Input Range.” Insert the range contain-
ing the numbers you want to analyze, here C1:C100. Click “Bin Range.”
Here you insert the histogram points, D1:D11. When you click “Output,”
insert the range you want the output to appear in, say G1. Before you
do anything else, click off the box “Pareto” and the box “Cumulative.” If
those boxes are cleared, click “OK.” If your machine is set up like mine,
you will see a chart flash by and then disappear. You should see the list of
the number of random numbers in each range listed in a column, starting
with G1. Depending on the version of Excel® you are using, the chart will
either appear next to the histogram or on a separate sheet. If it is on a
separate sheet, and you wish to see the graph, go up and click “Window.”
Under this should be listed something called “Chart1.” Click this and you
should then see your histogram.
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Compare your measured result to Table 1. According to Table 1, we
should expect 100/36 points in the “2” bin and 100/18 in the “3” bin.
Typically, the results should not be exactly what was predicted. There
should be more numbers in the “6” and “7” boxes than in the 2 box, but
the result should not be exactly the prediction of Table 1. As with anything
involving random numbers, there are variations in the output from what is
expected. If Mother Nature wanted you to know things precisely, she never
would have put them in the form of random numbers. But, as we shall see
in this text, there are patterns and structures that we can find.

Probability

Fig. 1.2 Typical Result of Relative Frequency Test. The bars are the measure-
ments and the line is the theory.

Now that you are sophisticated in Excel, create 2 sets of 1000 random
integers and look again at the histogram for the sum. This should look
a lot more like Table 1. In general, in measurement of random variables,

more is better. More on this later. Save this spreadsheet and remember
how you made it.
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I should point out here that random numbers come in two flavors: dis-
crete and continuous. An example of a system with a discrete outcome is
the result of rolling a die. An example of a continuous random outcome
would be the voltage sampled from a noisy electrical circuit. Typically, a
noise voltage could be any number between —10v and 10v.

For a random variable with a continuous output, the probability for
finding an output in the interval z, dz is defined as

p(z)dz. (1.3.4)

The definition of the expected value for a continuous random variable
that ranges from a to b is

b
(m):/ p(z)zdx . (1.3.5)

Distinct random numbers also have a further division into finite out-
comes and infinite possible outcomes. The number of counts measured in
a set time for a radioactive decay experiment must be an integer, but in
principle, could be any number between zero and infinity.

1.3.1 Properties of probability density functions

Probability distribution functions have some interesting and important
properties:

Zp(x) =1, (1.3.6)
all

for discrete variables and

/ p(@)de =1, (1.3.7)

all =

for continuous variables. In other words, the sum of the probabilities of all
the possibilities is one.

For a discrete random variable, if p(z) is the probability of an event hap-
pening, 1 —p(z) is the probability that it won’t happen. For the continuous
case,

b
/ p(z)dz (1.3.8)
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is the probability of an outcome between a and b,

b
1—/ p(z)dz (1.3.9)

is the probability that the outcome will not be between ¢ and b.
If p(zq1) and p(z2) are the respective probabilities of two independent
events x; and z9, the probability of 1 and z5 is

p(z1)p(22) .

If the probability of z; and z, is p(z1)p(z2), the variables z; and z, are
said to be statistically independent variables.
If

p1(z1) and pa(zs) (1.3.10)

are the respective probabilities of two mutually exclusive events x; and x5,
the probability of 1 or x5 is

pi(z1) + pa(z2) - (1.3.11)

Note that 1.3.9 could have been derived from this property.
If p(x) is the pdf for random variable z and p,(y) is the pdf for the
independent random variable y, the pdf for the sum z = z + y is given by

p(z) = py(z — z)ps(x) (1.3.12)
for discrete variables and,
p(z) = / py(z — z)pe(2)d (1.3.13)

for continuous variables.
This property was used implicitly in the derivation of Table 1.

1.4 The Expected Value Process
You may compute the expected value of any function of z, f(z) as follows,

(f(@)) = f(=)p(=), (1.4.1)

for discrete variables.
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In this case of a continuous variable, the expected value is computed by

(f(=)) = f(z)p(z) dz, (1.4.2)

allz

(z) = /11 zp(z) dz . (1.4.3)

An example of the use of such a distribution is shown below:

Let V be a fluctuating, random voltage applied to a circuit. The in-
stantaneous power is V2/R, where R is the resistance of the circuit. The
expected average power is given by

p(V)V?
Ry,

The process of computing the expected value of something is a linear
operation; i.e.,

{af(z) + Bg(x)) = a(f(z)) + B{g(x)) , (1.4.4)

where o and f are fixed numbers and f(z) and g(z) are any functions
of the random variable z. The proof is rather straightforward. Take the
continuous case.

<wmnwwm=/'p@mﬂm+m@Mx

all z

_ /“ op(z)f(z)dz+ | Bplz)g(x)dz

all z

=a/upuwuwx+ﬁllmmamm
= o(f(2)) + Bla(z)).

This property will be used often in later sections.

1.5 Variance and Standard Deviation

You often want to measure the spread of the likely outcomes about the
mean. How wild a random variable is it? There are many ways to calculate
a measure of the spread of a random variable, but it is usually done by
computing the “variance”, o2, of the probability distribution function.

(= (@)?) =0 = (¢~ ())’p(z). (1.5.1)
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If we expand the formula for calculating the expected value of a function
of = shown above, we can express the calculation of the variance in another
way.

o? = (z?) — (z)2. (1.5.2)
The quantity (z?) is the expected value of z2. For the pair of dice,

(z?) = 54.833, (x)? =49
0% =5.833

0y =2.415.

There are other measures for the deviation of a random variable from
its expected value such as (|z — ()|}, but the variance is usually the easiest
to compute.

The square root of the variance, the standard deviation, of the proba-
bility function is the desired measure of the width of the function. This
measure is particularly useful if the payoff from the outcome is a function
of how much a given outcome differs from the expected value. Typically, if
o/t(z) is small, the distribution is said to be narrow. The variations about
the expected value are not large compared to the expected.

These concepts can be extended to any experiment where the output
has a random component.

Likewise, for a continuous variable,

o? = /(w — (z))*p(z)dz = (2?) — (z)?. (1.5.3)
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1.6 Moments and Moment Generating Functions

The nth moment of a random variable is defined as (z"). The nth central
moment is defined as

((z = (=)™).

As we have seen, knowledge of the first moment and the second central
moment (the variance) gives us some information about the shape of the
pdf, but the description so far is incomplete. For instance, the mean and
the variance give no clue as to whether the pdf is symmetrical about some
point.

It is easy to show that, if the pdf is symmetrical about the expected
value, the odd central moments are zero. Hence a measure of the asymmetry
of a distribution can be given by the normalized third central moment, viz.,

S = ((z — ())%)/o®. (1.6.1)

If this quantity is non-zero, the distribution is not symmetric. A positive
value indicates a distribution with a longer positive tail than the negative
tail. A negative value indicates the reverse.

A complete knowledge of the moments is equivalent to a complete knowl-
edge of the pdf and vice versa. One way this can be seen is by considering
the Moment Generating Function, or the Characteristic Function of the
pdf, defined as follows:

Qz(s) = /e‘”p(w)dw = (e7°%). (1.6.2)

If the range of z is contained within (0, o0), s is usually taken as real
and the integration is the Laplace transform of the pdf. In this case, @ is
called the moment generating function.

Expand %% in a Taylor’s series and integrate,
o] s .’172 3 3
Quls) = / (1-sot 2 - 224 ple)da

2
= z)d z)d —l— z)dz — s 3p(x)dz
= x—s | zp(x)dx z2p(z %2 D
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The nth moment is given by

ny __ nd"Qz(s)

(@) = (-1)"— 2 ) (1.6.3)
If the range of = includes negative numbers, it is customary to keep s
real, but to substitute és for s, 4 = v/—1, in 1.6.2, and extend the integration
from (—oo, o). In this case, you are doing a Fourier Transform and the
resulting function is called the characteristic function. The formula for the
moments is essentially the same, except that (¢*) is substituted for (—1)".

Similar calculations can be done for the central moments.

1.7 Common Types of Distributions

In this section I will describe some of the pdfs that often appear in the
literature. They all have names. The pdf indicated above for the sum of
the result of rolling three dice does not have a name, but is a well defined
distribution. So please understand that the distributions described below
are only a representative sample of the class of distributions.

1.7.1 Uniform distribution

This distribution is the simplest of all. It can describe both continuous and
discrete outputs. In either case, the pdf is either a constant or zero. For
the discrete case,

1/N; 1<i<N
ple) = {0; otherwise (1.7.1)
For the continuous case,
Ple) = {0; otherwise ° (1.7.2)

Using either the moment generating function for the continuous uniform
distribution or using the definition of the moments directly computed from
the pdf, you would get
_c+b _ b +be+c?

(@) :

and (z?)
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The variance is thus

B _ (e—b)?
o? = (z®) - (2)? = T

There are uniform generators in Excel® and Mathematica® that seem
to work well. Understand that random number generators on computers
are all so-called pseudo-random generators. For example, if you start the
generator out at the same value (called the random seed), the generator will
always give the same output sequence. A good pseudo-random generator
will not display an obvious correlation between the output values and will
closely mimic the pdf of the distribution. Typically, a computer random
generator will give you the choice of picking the random seed or it will
generate its own, sometimes by manipulating a value obtained from the
computer’s clock.

1.7.2 Binomial distribution

Consider a situation where you have n attempts to shoot a foul shot in
basketball. Let 1 be the probability for each shot that you make the shot.
The probability that you will miss the shot is 1 — . We also assume that the
probability for each shot is the same as all the others and independent. It
should be immediately obvious that the chances that you will make none of
the n shots is given by p(0) = (1 — )™ (I know you think this is impossible,
but I include it for mathematical completeness.)

The probability, p(1), of making exactly one shot out of the total is
given by p(1) = (the probability of making the first shot) x (probability
of making no other shot) + (the probability of making the second shot) x
(the probability of making no other shot) + ...

) =p(l— )" +p(l-p)" "+

~-
(n times)

p(1) =np(l —p)"t.

By a similar argument, you can show that p(2) = (number of ways of making
two shots in n tries without regard to order) times (The number of pairs in

n) x p(1— p)"2.
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The symbol

denotes the number of ways of putting m things in n places without regard
to order. It is called the Binomial Coefficient.

p(2) = (g) PPl — )2, (1.7.3)

In general,

pm) = (1) w1 = . (1.7.4)

This is the probability of making m shots in n tries if the probability
for each shot is p. It is called the binomial distribution.

The definition of the binomial distribution may seem a bit arcane and
not really related to everyday life, but, in point of fact, the binomial dis-
tribution is by far the most often used distribution that affects your life. It
is the distribution used to tell you how dangerous a pesticide might be. It
is used to tell you how many people would vote for a given candidate. It
is used to determine which TV shows are the most popular. A direct con-
sequence of this is that the binomial distribution is often the most abused
distribution. It is used to tell you that coffee is bad for you. Then, it
is used in another study to tell you that coffee is good for you... Usually,
the problem with clearly interpreting survey results is knowing whether the
sample taken was really representative of the entire population you are ex-
trapolating to. For instance, a telephone poll by definition does not sample
people without telephones. It is conceivable that in some situations people
without telephones will have a different response to a survey question than
someone with a telephone. The reader may skip directly to the definitions
of other distributions if you are not interested in the details of how pdfs
like the binomial distribution help inform us about what happens in the
real world.

A situation in which the binomial distribution is often used is when you
know there are n events in an interval L. You wish to know the probability
for m events in a sub-interval L,. If the probability of an event is spread
equally over the interval, yu = L;/L. The probability of m events in the
interval is given by 1.7.4. The parameters n, m, and u are used in exactly
the same way.
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Suppose you select 11 numbers from a continuous uniform random num-
ber population on the interval [0,1]. The probability of a number being in
the interval, [0,0.25] is 1/4. What is the probability that only 2 of the 11
random numbers ended up in the interval [0,0.25)?

p(2) = <121) (1/4)%(3/4)° = 0.26.

The binomial distribution is most often encountered when you have a known
number of independent trials of a phenomenon whose output can be one of
two choices. For instance, if you do n trials where the outcome can be 1
or 2 and the probability of each 1 is u, the probability of encountering m
type one events in the trial is given by 1.7.4.

The binomial distribution is also appropriate when you have an ex-
periment where n outcomes are distributed among & possibilities. If the
probability for the pth event is p,, the probability of finding m, events of
the type p is also given by 1.7.4, viz,,

plmg) = (0 ) el ). (175

This latter case is the use to which the binomial distribution will be
most often used in this text. It explains the statistics for a measured pdf,
a histogram. Since this is a text, there will be many examples given of
measured pdfs and the results will never be exactly what is predicted to
be the expected distribution. The statistics of the measured pdfs will be
elucidated using the binomial distribution.

Exercise:

N
1= 1= = 30 ()i -
M=0

Using the above definition, show that
(m)=Np. (1.7.6)

Hint:
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The variance of a binomial distribution is
Np(l—p). (1.7.7)

You are doing measurements of a system with ten possible outcomes.
The probability of the third outcome is 0.15. If you do 200 trials, what is
the probability of getting 32 occurrences of the third outcome?

1.7.2.1 Using the binomial distribution

A popular use of the binomial distribution occurs when you are not so
much looking at how many successes you have, but are trying to figure out
from knowing the number of successes what the probability of the outcome
is. Suppose you figure out how to select a set of N “typical” television
viewers. If you find that a certain fraction m watch “Gilligan’s Island”
reruns every week, how good an estimate is m/N of the probability for the
entire population of television watchers? This scenario should be known
to you by now. The company doing the measurement claims that they
sampled about 1000 people and claim to be able to tell us the result for
several hundred million television viewers. In a similar vein, doctors do
epidemiological studies and tell us on alternate days that power lines cause
brain cancer and then that they don’t. Again, how much should you believe
them?

Figuring out the quality of survey results can be done by examining the
amount of variation expected for the result compared to the result itself.
If we get a probability of an outcome of 0.13 and the expected variation
in the measurement, the standard deviation, is 0.27, we shouldn’t have a
lot of confidence in the result. Using the results of the homework problems
above, we can define a characteristic relative error as the expected standard
deviation divided by the expected mean. By characteristic, I mean that it
can generate numbers that tell you the order of magnitude of what you
are dealing with. So, if the characteristic ratio of those quantities is 1%,
then a variation of 10% would be considered very unusual. Likewise, if
you calculate a characteristic ratio of 10%, then a 1% variation would be
likewise rare.

According to the homework

standard deviation  /Nu(l—p)  [(1—p)
= N =

mean Nu
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If you are doing election polling, it is only worth it if u ~ 0.5, i.e.
both candidates have a possibility to win. In that case the relative error is
approximately 1/1/N. So, if you go out and get results from 1000 “typical”
voters, the relative error should be about 3%. If you poll 10,000 voters
instead, your relative error only goes down to 1%. Typically, national polls
use on the order of 1000 samples. It tends not to be worth it to go the
extra mile and use 10,000 or more samples.

If you are trying to estimate the percentage that are watching “Gilligan’s
Island” daily, that should be less than 5%, so the relative error for a sample
of 1000 people will be

1/0.95/0.05 % 1000 = v.019 = 0.14.

In this case you get a 14% error with 1000 samples. You expect to get 50
positive measurements, but the laws of chance say that you could easily
measure as low as 43 measurements or a high as 57 measurements. You
would still come up with the result that Gilligan’s Island is not very popular,
but the result would not be as relatively accurate as for an event whose
probability was near 0.5.

I will do one more example before moving on to numerical experimen-
tation. Assume you are trying to discover whether a local plant’s effluent is
causing some rare disease. In a situation like this, you know the background
level of disease occurrence. This would be the random occurrence of the
disease without a specific cause. By the definition of “rare” condition, the
probability is small. For sake of argument, let us assume that p = 0.001.
If you found 2 occurrences of the disease in 500 samples, do you have good
enough evidence to go to court and stop the plant from operating?

Homework: Calculate the probability of measuring a 0.4% rate if the
actual rate was 0.1%. Is the probability low enough to make it improbable
that the conclusion that the plant was causing a problem was in error?

1.7.3 Poisson distribution

Consider a situation where a line of length L is divided into n segments
by cuts of length Az. Let the probability of one particle being in a line
segment be given by,

p = pAz. (1.7.8)
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Using the binomial distribution just derived, the probability of there
being exactly m particles in the interval L is given by

p(m) = (Z) (uAz)™(1 — pAz)"~™

= (Z) (wL/n)™(1 — pL/n)"™™. (1.7.9)

If you let Az(= L/n) shrink to zero by letting n go to infinity while
keeping the length constant, it is easy to show that

lim p(m) = ('uL)me_“L .

(1.7.10)

This is the probability distribution for m events occurring in the in-
terval, if the expected number of events is pL. It is called the Poisson
distribution. This distribution occurs in many physical situations where
the process has an output consisting of the sum of discrete, independent
events. Photon counting experiments or radioactive experiments are typical
situations where this distribution occurs. Recall that the binomial distribu-
tion is used when you know how many outcomes you have and you want to
know how they probably are distributed. The Poisson distribution is used
when you know the average number of outcomes and you want to know
what the probability of a particular outcome is.

Computing the Poisson distribution as a limit of the Binomial distri-
bution hints that in the limit of large n, we can approximate a Binomial
Distribution with a Poisson distribution, i.e.

p(m) = (Z) p (=)t (“:l%m exp(—un].

I often use this approximation when doing calculations on histograms.
For example, calculate the probability of there being 10 counts in an inter-
val for a uniform distribution divided into 100 bins and 1000 trials. The
probability per bin is 0.01.

p(10) = (1280) (0.01)1°(1 — 0.01)%% ~ 0.1257.
But,
1 10
( 100)' exp[—10] = 0.1251.

Close enough.
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Computation of the moments of this distribution is rather straight-
forward.

(m) = Z —m(ﬁj)m e HE
m=0 :

To simplify the notation here, let uL = .

d =A™
D O Bl -
=€ (dz\mzzom!>/\'

But the sum term is the series for e*, thus

d
S S pe S
(m)=¢e /\d/\e A
(m)=A=uL. (1.7.11)
oo 2\ m
2 meA
(m?) =e ,;:o =
e m(m = 1A mA™ !
= ()\ Z m! AZ m!
d
= 6_)‘ <)\2d—)\§6>\ + )\d—/\e)\>
(m?) = X? 4 X, (1.7.12)
Thus,
(m?) — (m)2 = X. (1.7.13)

The mean and the variance of a Poisson distribution are both X.

Example:

The arrival of electrons at an anode, or photons from a coherent source can
both be described by a Poisson process. If p is the mean rate of arrival,
the expected number measured in a time At is uAt. The probability of n
electrons (or photons) arriving in time At is given by

e HAY (AL
p(n) = ——r———.

The variance of the number of arrivals in At seconds is pAt.
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A measure of the quality of the measurements S/N would be the RMS
fluctuation in the measurements divided by the mean.

pAL
S/N N/  pAt.
The ratio of the RMS fluctuations to the mean varies as the square root of
the mean. This effect can be the primary source of noise in an experiment
involving weak light or small signals. The fluctuations in the measurement
rate of photons coming even from a steady source appear as a noise that
can tend to obscure the signal.
Excel® and Mathematica® contain good Poisson generators.

1.7.4 Gaussian (or normal) distribution

This distribution is defined for continuous variables.

T — )2
p(z)de = \/2;7 exp <—(—20—5)> dz . (1.7.14)

2

¥

The expected value of z is 1 and the variance of x from the mean is o
ie.,

(& - ) = o

The other central moments of the Gaussian can easily calculated using
the characteristic function.

22

Te 202 dg.

0= o

Qs) ="

In particular, the fourth central moment will be of use later in this text.

<A1,'4> — (24) 64Q(3)

o = 3(c?)2. (1.7.15)

s=0

Likewise, it can be shown that all the odd central moments are zero.

The Gaussian distribution is very useful in light of a theorem known as
the Central Limit Theorem. It is stated as follows: If z is the average of n
independent random variables from a population of expected value u and
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a standard deviation o, in the limit as n goes to oo, the probability density
for the variable

G0} (1.7.16)

V202 /n

becomes Gaussian, i.e.,

limn — oop(z)dz = %e‘z dz. (1.7.17)

In other words, as n gets large,

o — )2
p(z) — _—Eﬁ exp (—%—%) . (1.7.18)

There is a lot here. First, it says that if you average the samples of a
random variable together, the probability density of the resultant variable
tends to a Gaussian no matter what the original probability distribution
function. Further, in the limit, the expected value of the average is the
same as the expected value for the original population. Moreover, this
formula claims that in the limit, the variance of the mean is less than the
variance of the original population, going down by a factor of n, the number
of points used in the average.

Example: Consider a system measuring the number of photons in a regular
time interval such that the mean number per interval is 10. The probability
distribution is Poisson so that the variance is 10. Figure 1.3 shows the pdf
for a Gaussian of mean and variance of 10.0 (solid line), along with the
Poisson pdf (shaded rectangles).

Recall that the distribution functions are often used as parts of sums or
integrals, so that exact agreement at every point is not always needed for
a useful approximation. As a rule, a Gaussian is a good approximation to
a Poisson distribution if the expected value is greater than 10.

1.7.5 Student-t distribution

A useful distribution for statistical experiments is the Student-¢ distrib-
ution. It is used on the occasions where you have measured means and
measured variances which are, by definition, estimates of the expected
values.

1 T((v+1)/2) 2\ ~H/2
f(t,u)._\/ﬁ 0D (1+7> (1.7.19)
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Fig. 1.3 Pdfs for a Gaussian (continuous line) and a Poisson (bars) both with a
mean and variance of 10.

Here, ¢t is the independent variable and v is known as the number of
degrees of freedom. Don’t panic. Tables of the t-distribution are ubiquitous
and there are functions in Excel® and Mathematica®.

Typically, the ¢ is made up as follows.

where Z is the measured mean obtained using N points, and s is the mea-
sured standard deviation. The number of degrees of freedom is one less
than the number of points used to estimate the variance, here N — 1. In
principle, the t distribution applies only if the original random numbers
had a Gaussian distribution. However, thanks to the central limit theo-
rem, the distribution for the averages approaches a Gaussian distribution
as more and more points are used for the average. In most statistics texts,
the implicit assumption is that there are enough points used that the means
derived have a Gaussian distribution.
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1.7.6 Sum of two Gaussian variables

Let z be the sum of two independent Gaussian random variables with the
same mean and variance, u and o2, respectively. From 1.3.13, the pdf for
z is given by

Lo @) (s =5y
2mo? /_ooexp (— 202 P~ 202 dz

5 — )2
_ 4;02 exp <__——_( ) ) (1.7.20)

1.7.7 The Chi-squared distribution

Let z, be a zero mean Gaussian random variable with variance one. Then
define

v

2 ___§ 2

Xl/_ zn'
n=1

The pdf for this variable is

v—2
2 1 2 Xo
p(xy) = —T—U(Xu) 2 exp 5| (1.7.21)
(27)I(3)
2
It can be shown that
(X?/) =v (1.7.22)
and

02 =2v. (1.7.23)

This distribution is most useful in dealing with the statistics of estimates
of the variance. Let 2, = (z, — Z)/0. Then,

- "\ (zn — 7)? 52
Xooi =) =) = -1)=.
n=1

o2 o?
n=1

Note the v — 1 that comes about because you have to use the computed
average to estimate the variance.



Random Variables 27

In the limit of large v, the distribution becomes Gaussian and the chi-
squared distribution can be written,
1 —v)?
2y 7.2 2
dxi = dx .
pixi)dx, = —7— ] X

It is straightforward to convert this to the pdf for the measured variance

in the large number limit,
52 ?
(HZe-n-0-1) | 4

4y

1
P(52)d82 = mExp — 1) ?(l/ -1)
2)ds? — 1 ol — (s® - ‘72)2 2
p(s°)ds” = e ey 1)E p[ 1) 1):|ds . (1.7.29)

1.7.8 The error function

The indefinite integral of a Gaussian is a very important quantity in statis-
tics.

2 T _p
— = 1.7.2
ﬁ/e dt=erfz, (1.7.25)
0

the error function.
In terms of the distributions commonly used,

ﬁ /; exp ( - (t;%;—)dt = % (1 +erf {%D . (1.7.26)

where it is understood that erf (—z) = —erf(x).
Values for the error function may be obtained form tables found in most
statistics texts or from functions found in Excel® or Mathematica®.
There are many other examples of probability distribution functions, but
those outlined above will be sufficient for this work. In any event, please
do not adopt the standard procedure of assuming that every distribution is
Gaussian!
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1.8 Functions of More Than One Random Variable

Until now, we have restricted our discussion to situations involving just
one random variable. It often occurs that we have to deal with functions of
more than one random variable, where the random variables involved are
not necessarily independent. An example would be the probability of a day
in Cleveland above 90°F and there being a thunderstorm on that day. The
two events are linked, but they are both random variables.

The probability of 1 and 2 is denoted p(1,2). The conditional probability
of 1 if 2 occurs is denoted p(1|2). That would be the probability of a
thunderstorm if the temperature were above 90°F. There are several useful
theorems relating these probabilities:

1.8.1 (Bayes theorem)

p(1,2) = p(112)p(2) = p(2[1)p(1). (1.8.1)

The probability of 1 and 2 is the conditional probability of 1 given 2
times the probability of 2. In addition

p(1) = "p(1,2). (1.8.2)
2

The probability distribution of the outcome p(1) is obtained if you sum
p(1,2) over all 2 type events. For continuous random variables, you have

p(z1) = /P(ﬂil,wz)dwz- (1.8.3)

These results generalize for a set of more than two random variables,
i.e.,

p(z1,...,2k) = /p(xl e Zp)dTryy . dTy, (1.84)
Characteristic functions can be defined for joint pdfs:

wa(sl, 32) = /6_(31214_321:2);0(.’21, xg)d.'ltldll?z . (185)

These concepts are most useful when considering functions of multiple
random variables. In general the expected value of a function of multiple
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random variables is given by

(f)= ///---/f(a:l,z2,x3,...,zk)p(xl,x2,m3,...,mk)dxldxzd:c3,...,da:k.

This formula is also useful for computing multiple moments. (1:86)
Define
Az = = (@) (1.8.7)
Then
(AziAxg) 2/ AziAzop(zy, z2)dz1dTs . (1.8.8)

This quantity is known as the covariance of z1 and zs. It is a measure
of the correlation in the fluctuations of the two variables from their means.

An alternate method of calculating the moments is through the moment
generating function of the characteristic function. The multiple moments
of p(x) are given by

8*Q(s)

=l
(x]mz . -'xk) - [ 1] 651332 .. .ask '

(1.8.9)

Consider a simple example where x3 = x;+22, where z; and z5 are both
random variables. We wish to know the pdf for the new random variable
z3. If we could find the pdf for z3 and =, the problem could be handled
rather simply. By 1.8.3,

p(x3) = /10(953,391)61201-

It can be shown that, if z3 is a function of z; and z2,

-1
p13(23, T2)dz3dz, . (1.8.10)

oz
p12(z1, x2)dx dxy = }—3

61’1
Here,
plZ(fEly 932) = P(933 — Zo,%2)
and

Oy
811?1

=1,
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SO

p(x3) = /p12(-733 — Zg, Ta)dTs .

If 2y and z; are independent random variables, then

p(zs) = /Pl(z3 — z9)pa(z2)dzy, (1.8.11)

the convolution of the two pdfs.
Example: Let z1 and z9 have a uniform distribution from 0 to 1.
Then

T3 1
p(iL‘g) = / de; x3 < 1; p(Ig) =/ diEz; z3>1.
0

z3—1

p(zs) =z3, 0<z3<1, plrs)=2—-=z3, 1<z3<2 p23)=0

otherwise.

This result is equivalent to summing over the probabilities of all combi-
nations of z; and z3 that add up to z3.

Consider now computing the probability of 3 = z1/z2, from the known
probability of z; and x3, pi2 (21, z2). We wish to make a variable change
from (x1, x3) to (x3, x3). For this problem,

p12(~"31,$2) = P12(Z‘3$2,332)
and

923
8:01

1

T2

Thus,

p(zs) = /Plz(ﬂvsfcz,xz) |z2| dzs .

Example: Again let z; and 25 come from a uniform distribution from 0
to 1. For z3 < 1,

1
p(zz) = / Tadre = 1/2.
0
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For z3 > 1,

1/2)3 1
p(zs) /o Fadaz 2:::%

Similar forms apply for the computations involving discrete event pdfs.
For instance, the function in Table 1 for the probability of the sum of the
results of rolling two dice can be computed from the individual pdf for each
die. Taking into account that each die is independent, we get

p(sum) = Z p1(sum — z9)pa(zs) .

z1+zT2=sum

But we know that each p; has the same value, 1/6. Therefore, the
calculation becomes

1
p(sum) = 36 < (number of terms where z; 4+ x5 = sum).

Try to compute the pdf for the sum of three dice.

1.8.2 Joint Gausstan distributions

If you have multiple zero mean random variables that have a joint Gaussian
distribution, the pdf for the data set would be written

p(T1,T2,...,2Tn) = (2m) V2 |A|—l/2 exp(—0.5(x)- A1 -x), (1.8.12)
where x is the vector of random variables,
X = (ZIJI, Z2,T3,... ),Aij = (.’Ei.’L‘j> y

and |A| is the determinant of A.
The multiple moments of this distribution can be calculated through
use of the characteristic function.

o0

Qorssa,--v0) = 02 A [~ exp(-050x A7)

—00

x exp(is - x)dx , (1.8.13)
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By completing the square of the exponent of the integrand, we get

Q(s1, 82, - .., s%) = (2m) M2 |A| 72

[» ]

X / exp(—0.5(x —iA - s)- A7l (x — A -5))
x exp(—0.5s - A - s)dx.

Now, performing the multiple integrations, we get

Q(s1,82,...,8;) = exp(—0.5s - A - s). (1.8.14)

The fourth multiple moment will later be of interest.

9'Q
<£L‘1"I72x3$4> - m 81

= A12A3s + AigAos + Ayalos.

=83=83=84 =0

Thus, the fourth central moment can be written

(21222374) = (T122) (T3T4)(T123) (T2 Z4)
+ (m1m4)(x2w3) . (1815)

1f the variables are not zero mean, it can be shown that the characteristic
function is given by

Q(51,52,...,5k) = exp(is-pu) exp(—~0.5s - A - s), (1.8.16)

where p = (p, iyt ), = (T3).
In this case

<.’B1:I)2.’E3IL‘4> = <$1:E2><.’B3CL‘4> + <£L‘1$3>(.’E2£L‘4>

+ <931ZE4>(£L‘2.’133> - 2/1.4 . (1817)

1.9 Change of Variable

This section is devoted to examining, in more detail than before, the concept
of computing the probability density function of a function of a random
variable z if we know the probability density function for z.

Let y(x) be a monotone (either increasing or decreasing) function of
z. See Figure 1.4. From this figure, it can be seen that the probability of
the function shown being in the interval y(z), y(x) + dy is the same as the
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Ay

AX

Fig. 1.4 Monotone function.

probability of z being in the interval z, z + dz. Further, dy is related to dz
by

dy
dy = |—|dz. 9.
Y ‘d:z: z (1.9.1)

The absolute value sign comes about because we are only interested in the
length of dy, not its sign. It follows then that the pdf for y{z) is given by

p(y) = P=(2(v)) ; (1.9.2)

dy
dz

where the pdf on the right is the pdf for z.

Example:
Suppose z is a Gaussian random variable with mean p. What is the pdf
for In z7

1 (z —p)?
glz)=Inz.
—d—g-_———l-ze_9~x>0.

dr =z
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Thus,

e? —p)?

The pdf for the log is hardly Gaussian! This is known as a log normal
distribution.

The formula for a change of variable is a bit more complicated if g(z)
is not a monotone function. See Figure 1.5.

If g(x) lies within the interval y, y + Ay, then the corresponding z
interval can lie at x; or at z9, or at x3, etc. We must take into account all
the possible z intervals. Let {z,} be the set of solutions to g(z,) = y.

py) =32 (@n) (1.9.4)

dg(znz
n dzx
where the sum runs over all z,,.
ay
Ax1 Ax2 Ax3

Fig. 1.5 Function with multiple roots.

Example:
Let y = 2. For any y, there are two solutions +z. If the pdf for z is a
Gaussian with a zero mean, the pdf for 22 is derived as follows:

1 z?
p(z) = Wexp (_Eﬁ> .
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Thus,

2 %)~ vame (o)
= exp| -2 | = ———exp| < ]. 1.9.5
20 = s (-5) = e (o) 099
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