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A method is proposed to study inverse scattering problems for electromagnetic
fields in chiral media. The direct scattering problem for the perfect conductor
and the dielectric is formulated in it’s dyadic form considering that the space in
the exterior of the chiral scatterer is also an infinite chiral medium in order to
present the problem in it’s general form. Herglotz dyadic fields in chiral media
are defined. Superposition theorems are proved, far-field operators are defined and
integral equations are posed. The inversion scheme is based on the unboundedness
of the solution of the integral equation and on the properties of Herglotz dyadics.

1. Introduction

In the present work we develop an approximation method for the inverse ob-
stacle scattering problem in chiral media based on Herglotz dyadics. Scat-
tering theorems for dyadic electromagnetic fields in chiral media have been
proved in [3]. Herglotz functions in chiral media (Beltrami Herglotz func-
tions and chiral Herglotz pairs) have been defined and studied for the vec-
tor case in [4]. In [6] Beltrami Herglotz dyadics and dyadic electromagnetic
Herglotz pairs have been defined for the dyadic case. The method we de-
velop forms an extension of the Colton and Kirsch method for acoustics
(see [8,9]). In [11] Colton and Kress study inverse problems in acoustics
and electromagnetics. Dassios and Rigou in [13] and Gintides and Kiriaki
in [14] study inverse problems in elasticity. We develop an inverse scatter-
ing method for electromagnetic fields in chiral media when the scatterer is
a perfect conductor or a dielectric.

Thus, in Section 2 we formulate the direct perfect conductor problem
and the transmission problem for electromagnetic dyadic fields in chiral
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media using Bohren decomposition of electromagnetic fields into suitable
dyadic Beltrami fields. We define the LCP and the RCP Beltrami Herglotz
dyadics and the dyadic electromagnetic Herglotz pairs. In Section 3 we
prove a superposition theorem when the scatterer is a perfect conductor
or a dielectric. Far field operators are defined and an integral equation
is posed. Finally, an inversion scheme is posed and a theorem for it’s
solvability is proved.

2. Dyadic formulation in chiral media

We consider a time-harmonic plane dyadic electromagnetic wave (E¢, H?)
propagating in a homogeneous isotropic chiral medium €2 with electric per-
mittivity €, magnetic permeability 4 and chirality measure 3. Let Q™ be a
bounded and closed subset of R® with C?-boundary S = 80, filled with
a homogeneous isotropic chiral medium with corresponding physical para-
meters €7, u~ and 87. The set 2~ will be referred to as the scatterer and
it will be considered to be either a perfect conductor or a dielectric.

During its propagation, the electromagnetic field (E’i,ﬁ %) is incident
upon the scatterer 2~ and the scattered field (E’”, H %) is produced. Then,
the total electromagnetic field (E*, Ht) in Q is given by

Ei(r) = E'(x) + E°(r) , H'(r)=H'(r)+H(r) mnQ. (1)

An electromagnetic field (E, H) in £ solves the equations (see [3,6])

- - \2 ~
V x E(r) = fy2E(r) + iwp (E) Hr) inQ, )
- - 2 .
V x H(r) = fY2H () — iwe (%) E(x) i, (3)
where w is the anqular frequency and k% = w?ep , 2 = k?(1-F%x?)"L

The total interior electromagnetic field in 2~ satisfies also (2) and (3) with
physical parameters ¢~, u~ and 8.

The scattered field is assumed to satisfy the equivalent Silver — Miiller
radiation conditions

~ ~ ~ ~ ' 1
E*(r)+ntx Hé(r)=o0 (—1-) , ExE(r)—nH(r)=o0 (;) , T — 00,
T
(4)
uniformly in all directions £ = r/r, with r = [r|, where n = (u/€)!/? is the
intrinsic impedance of the chiral medium in €.
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In a homogeneous isotropic chiral medium the electromagnetic fields are
composed of Left-Circularly Polarized (LCP) and Right-Circularly Polar-
ized (RCP) components, which have different wavenumbers and indepen-
dent directions of propagation. We consider the Bohren decomposition of
E and H, [3], [15]

~ ~ ~ ~ 1 ~ ~

E(r) = Er(r) + Er(r) , H(r)= ZH(EL(r) — Er(r)). (5)
The LCP and RCP Beltrami fields E; and Ep respectively, satisfy the
Beltrami equations

Vx B (r) =1ELlr) , VxEgp(r)=-7rEr() (6)
where the wavenumbers 7z, and g are given by v = T—jTﬁ , YR = ﬁ,
they are divergence free and also satisfy the dyadic Helmholtz equation
AEa(r) + Y4Ea(r) = O, (7)
for A=L,R.

Using, now, the Silver-Miiller radiation conditions (4) for scattered elec-
tromagnetic waves and the relations (6) we derive the following radiation
conditions, (3],

fxéﬂn+4ﬁzu):o(%) , fxE%&}dEﬁ@):o(%), r— oo,
(8)

uniformly for all directions f.

For a perfect conductor the total Beltrami fields E%, E% satisfy the
boundary condition

Ax Ei(r)=—hx E4(r) on S (9)

For a dielectric the total exterior and interior Beltrami fields E:, EY
and E[, Eg respectively satisfy the transmission conditions

i x (Bf — E)(r) =t x (B — ER)(x) on S, (10)

n~ax (Bf — E7)(r) = gth x (B4 - ER)(r) on S. (11)

The solvability of the perfect conductor and the transmission problem
has been studied in [1] and [2] respectively, where existence and uniqueness
of solution has been proved.



If, now, the unit vectors d 1 and dp describe the directions of propaga-
tion of the LCP and RCP wave, respectively, then the incident plane dyadic
electric field assumes the form

Ei(r|dr,dg) = Ei(r|ldL) + Eb(rldr), (12)
where
Ei(rldy) = Kp(dp)e™der | Ei(rldg) = Ra(dg)ermdnr,  (13)

are the LCP and RCP plane dyadic electric fields respectively. The dyadics
K, and Kg are given by, [3]

Kp(dp) =T-dpdp+idp xI , Kg(dg)=T—drdg —idg x I, (14)
where T is the identity dyadic.

Finally, we define Herglotz dyadics in chiral media, [6]. A Beltrami
Herglotz dyadic is a dyadic field of the form

Ea(r) = quy(r) ® & + qp(r) ® & + quy(r) ® &5, (15)

where q4;, A= L, R, i = 1,2, 3 are three Beltrami Herglotz vector functions
and {&;, 62,63} denotes the orthonormal base in R3. A Beltrami Herglotz
dyadic satisfies the well known Herglotz condition and has the following
representation form

Eulr) = /S Ba(da)emaras(dy), A=LR, (16)

where ba € T2(52), A= L, R and

T2(S%) = {br: 82 = C°: b, € L*(S%),h-by, = 0,A x by, = —ib}, (17)

T2(S%) = {br: 52 = C° :bp € L*(S?),h-bgr = 0,11 x bg = ibg}. (18)

A dyadic electromagnetic Herglotz pair is defined by
~ -~ ~ ~ 1 o~ ~
E(r) =&L(r) +&r(r) , H(r)= f(SL(r) - Eg(r)), (19)

and represents entire solution to equations (2) and (3).
We call the dyadic field b = by, + by, for by € TX(SZ) A = L,R, the
electric Herglotz kernel for the electric Herglotz dyadic € and we denote
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the set of all electric Herglotz kernels for the electric Herglotz dyadic g by
T?4(5?). In [6] it has been proved that the set of dyadic electromagnetic
Herglotz pairs is dense within the set of the solutions of equations (2), (3),
that is, for every solution E and H of equations (2), (3) and for every e > 0
there exists a dyadic electromagnetic Herglotz pair (5 , 7-(), such that

max [|[E(r) - E@)[| < e , max||H(r) - HE)| < (20)
reQ- rene
3. An inverse scattering method

Now that we have defined Herglotz dyadics we will make use of them to
prove a superposition theorem for electromagnetic dyadic fields in chiral
media when the scatterer is a perfect conductor or a dielectric.

Theorem 3.1. Given dyadic densities ba € fi(&a), A = L,R, when the
incident electric field is of the form

Ei(rldy, dr) = / Bu(dr)emdrds(dy) + | Br(dr)e"m9m"ds(dR),
52 52
(21)
then, the scattered field is given by the formula

E(rfie, an) = [ Bu(ds) - (By(rldy) + Bp(ride)ds(dy)
+ /S Ba(dn) - (B (ridr) + B(ridr)}as(dr),  (22)
and has the far-field pattern
£ (iay, dn) = [ Bu(ds) - (EE (1dy) + B ()} ds(dy)
+ /S Ba(dn) - {BF (dn) + B (1dr)Yds(dr), (23)
where E’;’f’, A = L, R are the corresponding to E‘fﬁl far-field patterns.

Proof. We use the dyadic potentials
(s~ Wal = [ a0e i), rean, ()
s

[C™(k)a(r) = VX[S™(k)&l(r) , [F~(k)al(r) = Vx[CT(k)a](r),r €2,
(25)
where ®(r,r ; k) is the fundamental solution of the Helmholtz equation
eiklr—rll

Au + ku? = 0 which is given by ®(r,r';k) = &—= , Ir# r.

4r|r—r'|



The proof now comes following the steps of the corresponding vector
case, [5].

We define the far field operator
Frr: TZR(5?) — T2R(5), (26)
by
Frr(o +Br)( / br(dy) - (B (ldy) + B (¢)dy ) yds(dl)

+ [ Baldn) - (B (eldn) + B (el ) s(eln). (27)

It can be proved that the far field operator Fyg is mJectlve and has dense
range if and only if there does not exist a solution E, H of equations (2),
(3) which is a nontrivial electromagnetic Herglotz pair.

If, now we want the scattered field to be a known radiating solution £°
to equations (2), (3) with corresponding known far-field pattern £, we
have to find the solution to the integral equation

Frp(by +br) = £~ (28)

Finally we use the properties of Herglotz dyadics to derive an approxi-
mation of the integral equation (28) and therefore to be able to determine
the scatterer from the knowledge of the far field data. The following theo-
rem holds

Theorem 3.2. Let (E*, H® ) be a radiating solution to equations (2), (3)
with electric far-field patterns E® %, A= LR _Then, the  linear integral
equation of the first kind (28) posses a solution b= (b + br) € TLR(Sz)
if and only if (E°, H® ) is defined in C3\ Q, it is continuous in C3\ Q and
the interior problem for a perfect conductor or a dielectric is solvable and
a solution (gi, H ) is a dyadic electromagnetic Herglotz pair.

In the following theorem we conclude to an approximation of the integral
equation (28)

Theorem 3.3. Let Q™ be simply connected and suppose that (E’S, Hs Jisa
solution to equations (2), (8) which satisfies the Silver — Miiller radiation
conditions (4). Then, for every ¢ > 0 and vy € Q~ there exist dyadics



b (-, 1) € T2(S?) and br(-,m0) € TI%(SZ), with b = by, + bg, such that the
integral equation (28) can be approzimated by

|E® (#dy, dr) — B= (i mo)ll <, (29)

where the far field pattern g°°(i'| dr, ;iR) is given by (26), E°°(i‘, T9) is the
far-field of the infinite medium Green’s dyadic, B(r,19), [3] and

lim “ZL(, 7'0)“[,2(32) = 400 , lim ||BR(, TO)HL?(S?) = +400. (30)
1"0——*5 1‘0—-——’5

We note that by 3,;(-,7‘0) and ZR(-, r9) we denote the dependance of the
dyadic Herglotz kernels from the fized point ry.

Proof. From inequalities (20), the representation of the scattered field by
means of the infinite medium Green’s dyadic, B(r,rp), [3] and from the
continuity of the operator in (27) we conclude that there exists a dyadic
Herglotz field B° with Herglotz kernels b, (-, ro) and b br(,ro) such that

max || B (r) — B*(r)|| < e. (31)
refe

Applying the superposition theorem and taking into account the asymptotic
behavior of the scattered field we conclude to (29).

Let, now, rg tend to the boundary of the scatterer S. From the fact
that B* is unbounded on S and the relation (31) we get that B is also
unbounded on S. So, the Herglotz kernels ZL and ER of B° must be un-
bounded on S and therefore b = ZL +ZR is also unbounded on S. Thus,
(30) must hold true.

Now that we have found a density b= EL + BR which is unbounded
on S and satisfies the approximate integral equation (28) we could find
the boundary of the scatterer at the points where the L? - norms of the
dyadics b 1, and br take extremely large values. So, finding first the densities
bL( ,ro) and b R( ,rg) for a fixed point r¢ and letting rg go to the boundary
of the scatterer, we expect to find a point of the boundary of the scatterer
when the norms of the dyadic kernels by, and by, are infinite.
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ELECTROMAGNETIC SCATTERING BY A METALLIC SPHEROID
ARISTIDES D. KOTSIS AND JOHN A. ROUMELIOTIS
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ABSTRACT

The scattering of a plane electromagnetic wave by a perfectly conducting prolate or oblate spheroid
is considered. Two different methods are used for the evaluation. In the first, the electromagnetic
field is expressed in terms of spheroidal vector wave functions. In the second, a shape perturbation
method, the field is expressed in terms of spherical vector wave functions only, while the equation of
the spheroidal boundary is given in spherical coordinates. Analytical expressions are obtained for the
scattered electromagnetic field and the scattering cross-sections, when the solution is specialized to
small values of h=d/(2a), (h<<1), with d the interfocal distance of the spheroid and 2a the length of
its rotation axis. In this case exact, closed-form expressions, valid for each small h, are obtained for
the expansion coefficients g® and g in the relation S(h)=S(0)[1+g®h*+gh*+0O(h®)] expressing the
scattered field and the various scattering cross-sections. Numerical results are given for various
values of the parameters.

1. Introduction

Study of electromagnetic scattering by spheroids is an old problem with
numerous applications. Many researchers have been involved with its solution in
the past. Among a great number of papers, treating the problem by various
methods, we refer a few here [1-5].

In this paper we consider the scattering of a plane electromagnetic
wave from a metallic, prolate or oblate spheroid. In Fig. 1 we give the geometry
of the prolate spheroid. Its interfocal distance is d, while a and b are the lengths
of its major and minor semiaxes, respectively. Two kinds of incident waves are
considered, both coming from the same direction, with different polarizations as
seen in Fig.1, although only the first (TE case) will be discussed in detail. Any
case of plane electromagnetic wave can be considered as a combination of these
two polarizations. The prolate spheroid is the only one to be considered
explicitly, but corresponding formulas for the oblate one are obtained
immediately.

We use two different methods for the solution. In the first, a shape
perturbation method, the field is expressed in terms of spherical vector wave
functions only and the equation of the spheroidal boundary is given in spherical
coordinates, while in the second the electromagnetic field is expressed in terms
of spheroidal vector wave functions. When the solution is specialized to small
values of the parameter s =d/(2a),(h <<1)analytical expressions of the form
S(h)=S(0)[1+g®h*+g“h*+O(h%)] are obtained for the scattered field and the
various scattering cross-sections. The expansion coefficients g? and g“ are

11
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given by exact, closed-form expressions, independent of h, while S(0)
corresponds to a sphere with radius a (h=0).

The main advantage of such an analytical solution lies in its general
validity for each small value of h, while all numerical techniques require
repetition of the evaluation for each different h.

The first method is used in section 2 and the second in section 3.
Finally, in section 4 some numerical results are given.

(a3 i)

Fig.l Geometry of the spheroidal scatterer a)TE case b)TM case

2. Solution in Terms of Spherical Vector Wave Functions

We start with the method using spherical vector wave functions. The plane of
incidence is the xz plane. We consider two incident plane electromagnetic waves
impinging on the scatterer. In the first the incident electric field is normal to the
plane of incidence (TE case) while in the second the incident magnetic field is
normal to this plane (TM case). We examine first the TE case. The incident
electric field is (the time factor exp(-jot) is suppressed) [6]

E, = yexp(xsin6, +zcos6,) =

=3 3 [c0n ()M, (.6,9) +d,, (6,00, (r.6.9)]

n=l m=0

where r,0,¢ are the spherical coordinates , 6, defines the direction of incidence,

ey

)
memn and nomn

by[7]

m(,, = \n(n+1)j, (k)C,, (6:¢)
gl,,)m—n(n+1)]"( )Ps (0,¢)+,/n(n+l)]"( )B‘ ,(6,8) s=eo0

are spherical vector wave functions of the first kind defined

2.
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where the subscript e stands for even while o stands for odd functions, k is the
wavenumber, j,(kr) are the spherical Bessel functions of the first kind and

'(x)=d[5,(x)]/dx 3)

B: ,C: P are the vector spherical harmonics defined by
1 sinm OP" (cos@)cosm
c;;”=;— P (cosb) it il (cos6) , ¢(p
/n(n+1) sind cos mg o0 sin mg

Bom = 1/n(n+l)

PE,, = P"(cosf) .

¢ 1 oP" (cos @) cos m¢0 B
00 sin mg Tsing " cos mg

" pr(cos0) ™ q):| @)

cos m¢

sin m¢

where P." are the associated Legendre functions.
The coefficients ¢y, and dp,, in (1) are given by [6]

e, i" (2n+1)(n—-m)!dP" (cosé,)
Cmn (90) =
n(n+l)  (n+m) dé, 5)

i (8)- 2mi"” (2n+1)(n—m)! F," (cos 6, )

A n(nw1) (n+m)! sin g,

with €,=1and €,=2, m>1 the Neumann factor.
The scattered wave can be expressed as
E z Z I:A m(e:r?n r 0’ ¢) + annfw::r)m (r’ 0’ ¢)] (6)

=1 m=0
where m®) and nw(mz are spherical vector wave functions of the third kind with

expressions similar to those in (2), with the spherical Bessel functions of the first
kind replaced by 4, (kr) , the spherical Hankel functions of the first kind.

We express the equation of the spheroidal surface in terms of r and 6 and use its
expansion into power series in h for h<<1 [8]

2 4
r=—a—=a{1—h—sin29—ﬁ—(sinz9—§sin40j+0(h(’)} 7N
Vi-vsin’ @ 2 2 4
2
where v=1-2 —_p K+ O(1°) (8)

By using (7) we obtain the expansion
hZ
Jnlkr)y= j. (x)- —2—xj,§ (x)sin’ 6+

s {—gj,', (x)sin’ 9+%[3xj,’, (x)+xjn( x):l sin 6}+O(h6) x=ka (9
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and similar ones for 4, (kr), where the primes denote derivatives with respect to
the argument Analogous expressions are obtained for j, (kr) and &, (kr),
respectively, with the only difference that one more prime is added in each of
the Bessel functions met there. Also we obtain the expansion

jnl) _in(x) [-”9*1 (x)}m o {[m) ,"(x)}m 0+

kr X 2

+%|: J")(C )+],, (x)+xir (x)}sm 9}+0(h6) x=ka 10)
and a similar one for A, (kr)/kr .

In order to calculate the unknown expansion coefficients A, and B,, the
boundary condition on the surface of the conducting spheroid #x(E,+E )=0
(7 is the normal unit vector there), must be satisfied. Using the orthogonal
properties of the vector spherical harmonics an infinite set of linear
inhomogeneous equations for the expansion coefficients A, and B,, of the
following form (up to the order h*) is obtained:

> a4+ > b,B=K,, > d. 4+ > BB =K(l)

s=n.nt2 nt4 s=ntlnt3 s=ntlnt3 s=n,nt2,nt4
where a, .,a, b, b, K, K, canbe written in the form
=D+’ DP + h* DY + o(hﬁ)
2 @ “n@ 6 4 1y 6 (12)
o =D, +h D, +0(K°), a,,..=h"D,, +0O(h°)
a0 =D B D, +0(h°), @), =h'D'D,+0(r*)  (13)
by = WED +HES, +0(h°), b,,.,=hED +0(k°) (14)

] 1(0) 1(2) 4 '(4) 6
b, =EY +WE®? +hE + Ogh 1)
n n+4

b; 2 = th;‘§12 + h“E,’f,‘,‘lz T o(h =HED, +0(h°)
K, =K+ KD + KO +0(h°), Ky = K,° + R K® + B K +0(h*) (16)
A’s and B are obtained from the solution of (11) by Cramer’s rule, following
steps similar with the ones in [9].
Using the asymptotic expansion for h, we obtain the scattered far field
expression

(a7

where
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100, =53 a0 nm 0]

n=1 m=0
= 1,(6.4)8+ £,(6.9)0
The backscattering (o, ), the forward (o, ) and the total (Q, ) scattering
cross-sections are defined as follows:

g —4”(|fo 7=60,7) +|f, (=) )

o 2 2\ O, 1 % F 2 2\ .
2 = 4|15 (60) +/4 (60,0 )%= +|£,[ )sin6d6d
with A the wavelength of the electromagnetic waves.
For h small analytical closed-form expressions of the form
S(h)=S(0)[1+g®h’+g“h*+0(h®)] (20)
can be found for the various scattering cross-sections.
The TM case is examined in a similar manner. For the oblate spheroid we
simply replace h® with -h® in each case.

(19

3. Solution in Terms of Spheroidal Vector Wave Functions

We next apply the method using spheroidal vector wave functions. The incident
plane electromagnetic wave impinging on the scatterer is expressed as (TE case)

[6]
E =3 3[e ()M (cn.éd)+d (6N (néd)] @D

n=1 m=0

where 0, defines the direction of the incidence, 1., are the spheroidal
coordinates , M’ and N’) are spheroidal vector wave functions of the first

emn omn

kind (where the subscript e stands for even while o stands for odd)defined in [6]
, c=kd/2 (k is the wavenumber).The coefficients ¢, and d,, are given by

2e i" am™ " (cos8,)
r ’0 - m ¥ nl+l
Cnm (C 0) Nmn ’;;1 (r+m)(r+m+1) deo (22)
nm (C 0 ) 42’ z ( d" P""H (COS 90)
' roa (r+m)(r+m+1)  siné,
where Ny, is the normalization constant define by
2
© - td™) (r+2m)!

" Sh (2r+2m+1)r!

The prime over the summation symbols indicates that when n-m is even/odd
this summation starts with the first/second value of r and continues only with
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values with the same parity, while the expansion coefficients d are defined in

[6].

The scattered wave is

B =3 3 4,ME (e 6.9)+ BN (ein.&.6)] )

n=1 m=0

where M) and N are spheroidal vector wave functions of the third

kind[6]. In order to obtain the unknown expansion coefficients A',,, and B,
the boundary conditions on the surface of the conducting spheroid are satisfied.

(E,,+Ex)ﬂ =0 and (E,,+EJ,)¢ =0 (25)
We next substitute the expansion formula [6]

0

Rl (c,cosh i)S,,(c,m) = . J A (€) P (€08 0) fas (k1) (26)

5=0,1
where RY) and S, are, respectively, the radial and the angular, spheroidal

functions of the first kind, as well as a similar one for RS (the radial spheroidal
function of the third kind) with hy,., instead of j,... By using, finally, the
orthogonal properties of the associated Legendre and the trigonometric
functions, an infinite set of linear inhomogeneous equations for the expansion
coefficients 4/ and B with the same form with the one in (11), (12)-(16)

.Thus 4/ ’sand B, ’s are obtained by its solution using the same method as

before.
Using the relation [10]
)(3) — Z Js ndmn 3) N;(:'i — Z JA ndmn 3) ,o0=¢e,0 (27)

anm s—m ms’ m ms
s=m,m+1 s=m,m+l

the scattered electromagnetic field can be written in the form (6) where
A= 2 (4 imdr,), B, = > (BLi™dr,) (28)
n=s,54+2,514 n=s,5+2,5+4
and thus we follow the same steps as in section 2.
A similar procedure can be followed for the TM case. For the oblate
spheroid we replace h* with - h’.

4. Numerical Results
In Figs. 2-4 the scattering cross-sections are plotted, versus §,, for both TE and

TM cases, for a prolate and an oblate metallic spheroid for a/A=0.7 and h=0.2. In
each figure the corresponding scattering cross-section for h=0 (sphere with
radius a) is also plotted. The results are symmetric about 0;=90", as it is imposed
by the geometry of the scatterer. Another check for their correctness, moreover
to the use of two different methods for the solution, is the validity of the forward
scattering  theorem, which in the present case has the

form Q, / A* = Im[G(6,,0)]/
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Fig.2 Backcattering cross-sections for oblate and prolate spheroids for a/A=0.7 and h=0.2 (TE and
TM case)
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Fig.3 Forward-scattering cross-sections for oblate and prolate spheroids for a/A=0.7 and h=0.2 (TE
and TM case).
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Fig.4 Total-scattering cross-sections for oblate and prolate spheroids for aA=0.7 and h=0.2 (TE and
TM case)
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A NEW LINEAR SAMPLING METHOD FOR THE
ELECTROMAGNETIC IMAGINING OF BURIED OBJECTS
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We present a new linear sampling method for determining the shape of scatter-
ing objects imbedded in a known inhomogeneous medium from a knowledge of
the scattered electromagnetic field due to a point source incident field at fixed
frequency. The method does not require any a prior information on the physical
properties of the scattering object and, under some restrictions, avoids the need
to compute the Green’s tensor for the background medium.

1. Introduction

The mathematical modelling of the application of scattering of electromag-
netic waves in mine detection, medical imagining, nondestructive testing
etc. leads to the inverse scattering problem of determining the shape of the
scattering object imbedded in a known inhomogeneous background. Typi-
cally, in such applications, neither the physical properties of the scatterer
object nor geometrical features such as the number of components etc. are
known a priori. In particular the scatterer can be a perfect conductor of di-
electric, partially coated etc and this information in general is not available.
The aim of this paper is to develop a method for solving the inverse prob-
lem which does not depend on the physical properties of the scatterer and

*Work partially supported by the Air Force Office of Scientific Research under grant
FA9550-05-1-0127.
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is easy to implement. The solution method we have in mind is a new ver-
sion of the linear sampling method based on the reciprocity gap functional
which, in certain cases, avoids the need to compute the Green’s function
for the background medium. For the sake of theoretical justification of the
method and in order to present the basic ideas we confine ourselves to the
case of scattering by a perfect conductor buried in a known piecewise homo-
geneous background. However, the method can be applied to other type of
scatterer and we refer the reader to !, 4 for the mathematical justification
of the method in the case of anisotropic penetrable objects.

We consider the scattering of a time-harmonic electromagnetic field of fre-
quency w by a scattering object embedded in a piecewise homogeneous
background in R®. We assume that the magnetic permeability pg > 0 of
the background medium is a positive constant whereas the electric per-
mitivity €(z) and conductivity o(z) are piecewise constant. Moreover we
assume that for |z} = r > R, for R sufficiently large, ¢ = 0 and ¢(z) = €.
After an appropriate scaling 7 and elimination of the magnetic field we now
obtain the following equation for the electric field F in the background
medium

curlcurl E — k?n(z)E = 0,

k = eopow? and n(z) = (e(m) + 2#}1) Note that the piecewise constant
function n(z) satisfies n(z) = 1 for r > R, R(n) > 0 and $(n) > 0. The
surfaces across which n(z) is discontinuous are assumed to be piecewise
smooth.

Now let D be the support of a perfect conductor embedded in the above
piecewise homogeneous background. We suppose that R?\ D is connected
the boundary 8D of D is piecewise smooth and denote by v the outward
unit normal. Furthermore, we suppose that the incident field is an electric
dipole located at zo € A with polarization p € R3, where A is a smooth
open surface situated in a layer with constant index of refraction ng, given
by

eikslx—zol

()

)
Be(@,0,p, ko) 1= reurly curle p o —
S

where k2 = k?n,. We denote by G(x,zg) the free space Green’s tensor
of the background medium and define E‘(z) := E%(z,z0,p) = G(z,zo)p
which satisfies

curl curl E*(x) — k*n(z)E*(x) = pd(z — z0) in R3, (2)
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where ¢ denotes the Dirac distribution. Note that E* can be written as
Ez(m) =Ee(17,930,17,ks) +Eg(l‘) (3)

where Ef = E}(-, xo, p) is the electric scattered field due to the background
medium. The scattering of the dipole E.(z,zg,p, ks) by the perfect con-
ductor D is described by the following boundary value problem: Given
E' = E(-,x0,p) = G(-,z0)p, find E € Hype(curl,R3\ DU {xo}) satisfying

curlcurl E — k?n(z)E = 0 in R3\ DU {zo}, 4)
vxE=0 on 0D, (5)

E*® = (E — E%) € Hipe(curl,R3\ D), (6)
lim, o (curl E® x x — tkrE*) = 0. (7)

where
H(curl, D) := {u € (L}(D))3 : V x u € (L*(D))3}

and Hioc(curl, R*\ D) the space of functions u € H(curl, K) for all compact
sets K C R®\ D.

Remark 1.1. i is also possible to consider the problem of objects buried
in an unbounded multi-layer medium. In this case, the radiation condition
and mathematical analysis of the forward become more complicated (see
for the case of two layered medium). However the following analysis of the
inverse scattering problems remains the same.

Let  be such that D is contained in Q and the open surface A is contained
in R®\ Q. Let T denote the piecewise smooth boundary of 2. Note that
A may be a subset of I'. The inverse scattering problem we are interested
in is to determine D from a knowledge of the tangential components v x F
and v x H of the total electric field E = FE(-,z¢,p) and magnetic field
H= %curlE measured on I" for all point sources zo € A and two linearly
independent polarizations p tangent to A at zg. Here v denotes the outward
unit normal to I". The linear sampling method can be use to solve the inverse
scattering problem. ! (for a scholarly review of the this method we direct
the reader to 2, 3, 5). In particular, the linear sampling method is based
on finding a tangential field ¢, € L?(A) that satisfies the following integral
equation of the first kind referred to as the near field equation:

(Fe)(a) == /A v(z) x E*(2,y, 02(v)) ds(y) = v(z) x G(z,2)q  (8)
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for all z € T, where z € Q and ¢ € R3 is an artificial polarization. Note
that since £° depends linearly on the polarization p, the near field operator
F : L}(A) — L#(T) is linear. Assuming that k is not a Maxwell eigenvalue,
i.e. the interior boundary value problem

curleurl E — k*n(z)E=0 in D (9)
vx E=—-vxG(,2)q on 8D (10)

has a unique solution, one can prove that
(1) For z € D and a given € > 0, there exists a ¢S € LZ(A) such that
1Fos — v x G(-,2)qllL2(ry < €

and the corresponding potential Sp¢ converges to the solution of
(9)-(10) in H(curl, D) as € — 0.
(2) For a fixed ¢ > 0, we have that
Jim {1SeZ (s eurt,p) = 00 end Jim ez iz ca) = oo
(3) For z € R3\ D and a given € > 0, every ¢¢ € L2(A) that satisfies
1Fes —v x G(,2)qll L2y < €
is such that

hm (IS¢ || (eurt,p) = 00 and lim ||zl Lz a) = 00

The above result provides a characterization for the boundary 8D of the
scattering object D. Unfortunately, since the behavior of S¢¢ is described
in terms of a norm depending on the unknown region D, S¢S can not be
used to characterize D. Instead the linear sampling method characterizes
the obstacle by the behavior of ¢%. In particular, given a discrepancy € > 0
and ¢, the e-approximate solution of the near field equation, the boundary
of the scatterer is reconstructed as the set of points z where the L?(A) norm
of ¢ becomes large.

Even though the linear sampling method, in principle, can be used in the
case of a quite general inhomogeneous background, the main drawback of
the method in this case is the need to compute the background Green’s
function. This job can be numerically very costly for complex background
geometries. The main goal of this paper is to show how, at the expense
of additional data and restrictions, one can avoid the need to compute the
background Green’s function.
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2. The Reciprocity Gap Functional

We make two additional assumptions. First, we assume that the medium
inside the domain  containing the scattering object D is homogeneous with
constant index of refraction ny and define k2 = k%n;. Second, we assume
that both the tangential components v x E and v x H of the total electric
field F = E(-,z9,p) and magnetic field H = icurl E, respectively, are
known on T for all point sources g € A. In other words we assume that we
know v x E|r and v x curlE|r for all zp € A. Furthermore, without loss of
generality, we assume that A is a closed surface surrounding €2 situated in a
layer with index of refraction n,. By an analyticity argument the following
analysis also holds true if the point sources are located on an open analytic
surface provided it can be extended to a closed (analytic) surface as above.

We need to recall the definition of the following trace spaces

H;}(9D) = {u € (H¥(dD))3, v-u=0, divepue H-%(aD)}

H‘%

curl

(8D) = {u € (H_%(aD)):‘, v-u=0, curlspu€ H'%(GD)}

with curlsp denoting the surface curl. It is known that traces v X u|sp and
1
v X (u x v)|lap of u € H(curl,D) (or v € Hjoc(curl, D)) are in H,,2(0D)

1

and H_ 2 ,(0D) respectively. Note that by an integration by parts we can

url

define a duality relation between H, d_j (8D) and H C_m%,l (8D).

Let E = E(-,30,p) = E*(-,z0,p) + G(-,z0)p and H = 1/ikcurl E be
the total electric and magnetic fields, respectively, corresponding to the
scattering problem (4)-(7). Then for any function W € H(curl, ), we can
define the gap reciprocity functional by

R(E,W) = /F(V x E)-curlW — (v x W) - curl Eds. (11)

Since F € H(curl, 2), the integral is interpreted in the sense of the duality

1

between H d_j (T') and H_2,(I'). Note that F depends on xy and hence so

curl

does R. Next we define the subspace H(Q2) C H(curl, Q) by
H(Q) == {W € H(cur, Q) : curlcurl W — kjW =0} .

The reciprocity gap functional restricted to H({2) can be seen as an operator
R:H(Q) — L?(A) defined by

R(W)(xo) - p(z0) = R(E(, Zo, p(x0)), W) (12)
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for all zg € A and p(zp) a tange~nt vector to A at zg. Now, we consider a
subset {Ap € H(Q?) : ¢ € L%, (A)} of H(R), where Ay is the single layer
potential defined by

(49)(e) = eurleurl [ p)B@yk)ds, e LuB) (19

where

1 eikblz_yl

ar o —y|’
Ais a regular part of the boundary of some simply connected domain
containing € in its interior, and L2, (A) is the space of vector functions
u € (L2(A))3 such that v - u = 0 and divep u € L2(A). Next, letting

E.(z,z,q,k) = %curlw curl, ¢ ®(z, 2, kp), geR? (14)

denot§ the electric dipole corresponding to k; we look for a solution ¢ €
Lgiv (A) of

R(E, Ap) = R(E, Ec(-, 2,9, kb)). (15)
Then, the linear sampling method based on the reciprocity gap functional
characterizes D from the behavior of ¢ for different sampling points z € Q.

In the rest of the paper we investigate the solvability of (15) with respect
to ¢. To this end we prove the following important lemmas.

Lemma 2.1. Assume that ky is not a Mazwell eigenvalue for D. Then the
operator R : H(Q) — L2(A) defined by (12) is injective.

Proof. RW = 0 means R(E(-,zo,p(x0)), W) = 0 for all (zo,p(x0)) as in
(12). Since both E and W satisfy Maxwell’s equation in Q \ D, we have,
using the boundary condition on 8D,

0= fr(u X E)-curlW — (wx W) -curl Eds = _/ (v x W) - curl E ds.

oD
It suffices to show that the set L := {(curl E(:, zg,p(zg)))T: zo € A} is
dense in H ;jl(aD). Indeed, this fact implies that v x W = 0 on 8D and
from the uniqueness of the solution to (9)-(10) we have that W = 0 in D,
whence from the unique continuation principlle we obtain W =0 in .

To prove the denseness property, let f € H,,2(9D) and assume that

f-(vxcurlE)ds=10
oD



25

for all total fields E such that (curl E)t € L. Let E be the unique solution
to

curlcurl £ — k2n(z)E = 0 in R3\D
vxE=f on dD
lim, o0 (curlE X T — ikrE) =0.

By a duality argument we have that

0= f-(vxcurlE)ds = E-[v x curl (E® + G(-, zo)p)] ds
aD aD

= E - (v x curl E®)ds +/ E . (v x curl G(-, zo)p) ds. (16)
8D 8D

Since both E* and E are radiating solutions to curlcurl E — k?n(z)E = 0

outside D, by applying the vector Green’s formula we have that

E-(vxcurlE®)ds = E* - (v x curl E) ds. 1
8D aD

Substituting (17) into (16) and using the boundary condition v X E* =
—v X G(-, o)p on 8D we have that

0= E - (v x curl G(, z¢)p) ds + E*- (vxcurl E)ds = p- E(xo).
8D aD

Since p is an arbitrary polarization in the tangent plane to A at zo, we ob-
tain v X E‘(zo) = 0 for 2o € A. Furthermore, since E is a radiating solution
to Maxwell’s equations outside the domain bounded by A, we conclude by
the uniqueness theorem for the scattering problem for a perfect conductor
(c.f. 7) that E = 0 outside the domain bounded by A. Then the unique
continuation principle implies that E = 0 outside D, whence f = 0, which
proves the lemma. O

Lemma 2.2. Assume that ky is not a Mazwell eigenvalue for D. Then the
operator R : H(Q) — L2(A) defined by (12) has dense range.

Proof. Consider a € L?(A) and assume that
(RW,a)p24) =0 for all W e H().
From (12) and the bi-linearity of R one has

(RW,a)Lg(A) = /A’R(E(-,:vo,a(ro)),W) ds(zg) = R(E, W),
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where
E(z) = /A E(z, 20, (o)) ds(xo). (18)

Using Green'’s vector formulas and the boundary condition on 8D one con-
cludes that

0=’R,(E,W)=——/ curl€ - (v x W) ds (19)
aD
for all W € H(R). Since H(Q) contains the Herglotz wave functions, from
1
6 one has that the set of (v x W)|ap is dense in H 22 (8D). Therefore
curl€ x v =0 on dD.

Since £ x v = 0 on 8D as well, the extension of £ by 0 inside D satisfies
Maxwell’s equations inside the domain bounded by A with the index n set
equal to n; inside D. From the unique continuation principle one has that
¢ is 0 inside the domain bounded by A and outside D. Noting that

E(z) = /A(Es(z,mo,a(wo)) + G(z, zo)a(zo)) ds(zp)

one concludes that £ x v is continuous across A. The uniqueness theorem of
the exterior problem for Maxwell’s equations with boundary data v x £ = 0
on A implies that £ = 0 outside the domain bounded by A as well. Finally,
from the jump relations of the vector potential across A 7 we have that

O=curl&|p+ —cwrl€|p- = —a on A

which ends the proof. 0O

Lemma 2.3. Assume that k is not a Mazwell eigenvalue for D. Then the
set {Ap, p € Hy? (A) is dense in H(curl, D).

Proof. Making use of the well-posedness of
curlcurl W — k?nyW =0 in D (20)
vxW=f on 0D (21)

with f € H .2 (8D) it suffices to show that v x A<p|3D for all ¢ € H,,2 (A)
is dense in H 2 (BD) To this end let v € H_ (BD) and look at the dual

curl

2(0D) — Hdz (I") such that
(vx Ap, ¥)op = (p, A"Y)5

*
operator A* : H_ 2,
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-1
where (-, -) denotes the H 2, H_,

curl

duahty palrmg By changing the order
of integration one can show that for ¢ € H,,2 (8D)

(A*y)(y) = v(y) x (curly curly, /BD Y(z)P(z,y) ds(z)) x v(y), Yy € A

where v is the unit outward normal to A. Now, since kp is not a
Maxwell elgenvalue for D, we conclude that A* is injective, whence

{1/ x Aplop : v € Hyl (A)} is dense in Hdw (8D). O Now we are at the
position to prove the main result of this paper.

Theorem 2.1. Assume that k is not a Mazwell eigenvalue for D and let
E = E(-,x0,p) and H = 1/ik curlE be the total electric and magnetic
fields, respectively, corresponding to the scattering problem (4)-(7). Then
-1z
(1) For z € D and a given € > 0, there exists a ¢ € H ;7 (A) such that
HR(Ev A(pi) - R(Ev Ee(') Z,4, kb))“L?(A) <e
and the corresponding potential ApS converges to the solution of
curl curlW — k*n,W =0 in D (22)
vx W =E.(, z,q,kp) on 8D (23)

in H(curl, D) as € — 0.
(2) For a fized € > 0, we have that

. € _ _
z}ing “A(pz“H(Curl,D) =oo and ”(pz“ ;3 (A) -

(3) For z € R3\ D and a given € > 0, every ¢§ € Hd_iZ(A) that satisfies
”R(E7 A(,O;) - R(E’ Ee('v z,q, kb))”L?(A) <€
is such that

; € _ .
ll_l}'(l) ”A(pz”H(curl,D) =00 and EI_I% “(pz” H2 (A)

Proof. Let z € D. Since W € H(Q) and E.(, z, g, ks) satisfy curl curl W —
kyW = 0 in Q \ D, integrating by parts and using the boundary condition
for the total field we have that

R(E,W)-R(E, E.(-, 2z,q,kp)) = —/ (vXW—vXE,(-, 2,4, kp))-curl E ds.
oD

From the proof of Lemma 2.1 we see that R(E, W) = R(E, Ee(-, 2,9, ks))
has a unique solution W if and only if there exists a W € H(Q) such that v x
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W = vx E,(-, z,¢,ky) = 00on 8D which is in general not true. However from

Lemma 2.3 we have that the family { Ay, € H(;j (A)} is dense in H(curl, Q).
Hence, from the trace theorem, for every e > 0 there exists a potential Ap¢

-1
such that v x Ap¢ approximates v X E,(-, z,q) with respect to the H,;,2 (0D)
norm. In particular, ¢¢ is an approximate solution to (15) and v x Ayp¢
converges to the solution of (22)-(23) in the H(curl, D) norm as ¢ — 0.

Next, since ||[vx E.(+, 2, q)HH_ 3 D) blows up as z approaches the boundary,
div
we obtain that, for a fixed € > 0, lim,_,ap {lv x ApE|| _i = oo and
H,2(8D)
1|2 9zl Lz (s2) = oo
Now we consider z € Q\ D and let g5 and its corresponding Herglotz

function Ay be such that

consequently lim,_.sp || A¢S || f(curt,p)y = 00 and lim, _,5p

|IR(E7A<;0;) - R(Ea Ee('7 2,4, kb))“LZ(A) <e (24)

Note that from Lemma 2.2 we can always find such a ApS. Assume to
the contrary that (|AvS| m(cur,p)y < C where the positive constant C is
independent of . From the trace theorem we have that v x Apj is also
bounded in the H d_“% (8D) norm. Noting that the total field can be written
as E(-, zo,p) = E*(:, z0,p) + G(-, 2o)p and integrating by parts, we obtain
that

R(E, Ec(z,2,q, kb)) = /F(I/ x E*(z,z0,p)) - curl Ee(z, 2, q, kp) ds,
-~ /F(y x Bo(x,2,q,kp)) - curl B*(z, zo,p) ds,
+ /F(u x G(z,x0)p) - curl E,(z, 2,4, kp) dsg
- /F(I/ X Eo(z,2,q,kp)) - curl G(z, xo)p ds,.

Due to the symmetry of the background Green’s function, E°(x,zo,p) as a
function of zg solves curly, curly, E*(z, zo,p) — k*n(x0)E*(z,z0,p) = 0 in
the domain bounded by A and 8D. Hence the first two integrals in the above
equation give a solution W (zg) to the same equation as E°(-, g, p), while
the last two integrals add up to —G(z, zo)p by the Stratton-Chu formula and
the fact that E.(z, 2, g, kb) is the fundamental solution of curl curl £ ~kZE =
0. On the other hand it is easy to see that

R(E, Aps) = —/ (v x Ap3) - curl Eds.
aD
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Combining the above results we finally have that
R(EvA(pi) - R(EvEe(', Z,q,kb)) (25)
= —/ (v x ApS) - curl Eds — W(xo) + G(z, z0)p-
oD

Now since ||A¢S|| < C there exists a subfamily, still denoted by

b
-1
Ay, that converges weakly to a V € H ;2(0D) in the duality pairing
_1 ~1
between H,,2(8D) and H, 2, (D) as € — 0. Let us set

W (o) = lin(l)R(E,Acpi) = —/ (v x V) curl E(:, zo,p) ds, Zo € A.
e aD

From (24) we now have that
W (zo) = W(zo) + G(z,z0)p Zg € A. (26)
Since W (xo) and W (zo) can be continued as radiating solutions to
curly, curly, E*(z, 20, p) — k°n(zo) E°(z,%0,p) = 0

outside the domain bounded by A we deduce by uniqueness and the unique
continuation principle that (26) holds true in R3 \ (D U {z}). We now
arrive at a contradiction by letting zo — z. Hence Ay is unbounded in
the H(D, curl) norm as ¢ — 0, which proves the theorem. ]

The above theorem, provides a characterization of the boundary 0D
of the scattering objects. In particular, &D is the set of points where the
L2(A)-norm of the regularized approximate solution ¢ of the equation (15).
becomes large. For a detailed discussion on the numerical implementation
of both the classical linear sampling method and the linear sampling method
based on the reciprocity gap functional we refer the reader to !. Numerical
examples comparing the performance of the linear sampling method based
on the reciprocity gap functional to the classical linear method for solv-
ing the inverse scattering problem for objects imbedded in a two layered
medium are also presented in 1.
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