Chapter 1
Three-Dimensional Theories

In this chapter we summarize the three-dimensional equations of the
nonlinear theory of electroelasticty for large deformations and strong
fields [1,2], the linear theory of piezoelectricity for infinitesimal
deformation and fields [3,4], the linear theory for small fields superposed
on finite biasing or initial fields [5,6,7], and the theory for weak, cubic
nonlinearity [8,9]. A systematic presentation of these theories can also
be found in [10]. This chapter uses the two-point Cartesian tensor
notation, the summation convention for repeated tensor indices, and
the convention that a comma followed by an index denotes partial
differentiation with respect to the coordinate associated with the index.

1.1. Nonlinear Electroelasticity for Strong Fields

Consider a deformable continuum which, in the reference configuration
at time £y, occupies a region ¥ with a boundary surface S (see Fig. 1.1.1).
N is the unit exterior normal of S. In this state the body is free from
deformation and fields. The position of a material point in this state is
denoted by a vector X = Xyl in a rectangular coordinate system Xy
where Xy denotes the reference or material coordinates of the material
point. They form a continuous labeling of material particles so that they
are identifiable. At time 7, the body occupies a region v with a boundary
surface s and an exterior normal n. The current position of the material
point associated with X is given by y = yi;, which denotes the present or
spatial coordinates of the material point.
Since the coordinate systems are othogonal,

i, i, =0, and I, -1, =38, (1.1.1)
where &, and &k, are the Kronecker delta. In matrix notation,
1 00
[6u]=[6k1=]0 1 0. (1.1.2)

0 01
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Fig. 1.1.1. Motion of a continuum and coordinate systems.

For the rest of this book the two coordinate systems are chosen to be
coincident, i.e.,
O=O, i|=11, i2=12, i3=I3. (113)
The transformation coefficients (shifters) between the two coordinate
systems are denoted by
i, I, =6, (1.1.4)

When the two coordinate systems are coincident, &y is simply the
Kronecker delta. It is still needed for notational homogeneity. A vector
can be resolved into rectangular components in different coordinate
systems. For example, we can also write

Y=y, (1.1.5)
with
Yu = Ouii- (1.1.6)
The motion of the body is described by y, =y,(X,¢) . The equations
of motion and Gauss’s equation of electrostatic (the charge equation) are
Ky +pPof; =P

(1.1.7
Dy k= Pe>
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where K I is the two-point total stress tensor, py (a scalar) is the
reference mass density, f; is the mechanical body force per unit mass,
and D  is the reference electric displacement vector. pg, a scalar (E is

not an index), is the free charge density per unit reference volume, and a
superimposed dot represents the material time derivative

_ Dy, 8'y,(X.0)

y, = = (1.1.8)
- oD or’ Ix fixed

InEq. (1.1.7), K;; and @ ; are given by:

Ky =Fy+My,

1
Fy=yxT, My =JX, & [E,-Ej —EE,,Eka,.J.], (1.1.9)
a

J= det(y,.,K), T]}YL = Po'_wy E = _¢,,~,
and

Dy = 6JX D, = £,JC, By, + P,

Cit = X, X1, (1.1.10)

oy

E., =y E = — , P, = JX iE = s
x = VixEi ¢,K X K, Po OE,

where & (a scalar) is the electric permittivity of free space, E; is the
electric field, P; is the electric polarization per unit present volume, and
D; is the electric displacement vector. € ; is the reference electric field

vector, and @ is the reference electric polarization vector. ¢ is the

electric potential and Cj; is the inverse of the deformation tensor.
v =y(Sk. Ex) is a free energy density per unit mass, which is a
function of € ; and the following finite strain tensor:

Sk =ixYis —0x)/2. (1.1.11)
From Egs. (1.1.9) and (1.1.10), we have

8 1
Ksz)’j,Kpo'a—SW_‘i'JXL,f“:o EiEj_EEkEké"j )
KL 5 (1.1.12)
D= £,JCr, E, — v
k= &k By panK
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With successive substitutions from Egs. (1.1.9) through (1.1.11),
Eq. (1.1.7) can be written as four equations for the four unknowns
y;(X,?) and ¢(X,1).

The free energy y that determines the constitutive relations of
nonlinear electroelastic materials may be written as
PV (S Ex)
1

1
=—C SinScn —€4nE 4 Spr —— E,E
S ascp ~ABOCD T CapcadBe 2%,443 AL

1
- Sgr +=k E
6 3 ABCDEF SasScoSer 2 1 ABCDE S5cSpE

1 1
~=buscpE4EpScp ~=X  E,EREc (1.1.13)
2 63 sc

1
ey +—k E
24 4 ABCDEFGH SasScoSerSon 6 2 ABCDEFG 4SBcSpESFG

1
a E FEgScpSegr +—k E,EzE-S
| ABCDEF ATBUCDYEF 6 3 ABCDE ATBTCYDE

where the material constants

[ s €4 y4
2 ABCD Bc» 2 4B ’
¢ ook buens X s (1.1.14)
3 ABCDEF 1 ABCDE 3 ABC
, k , a . k ;
4 ABCDEFGH 2 ABCDEFG 1 ABCDEF 3 ABCDE 4 4BCD

are called the second-order elastic, piezoelectric, electric susceptibility,
third-order elastic, first odd electroelastic, electrostrictive, third-order
electric susceptibility, fourth-order elastic, second odd electroelastic, first
even electroelastic, third odd electroelastic, and fourth-order electric
susceptibility, respectively. The second-order constants are responsible
for linear material behaviors. The third- and higher-order material
constants are related to nonlinear behaviors of materials. )

For mechanical boundary conditions S is partitioned into S, and Sr,
on which motion (or displacement) and traction are prescribed,
respectively. Electrically S is partitioned into S, and Sp with prescribed
electric potential and surface free charge, respectively, and
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S US, =8,US, =8,
O A (1.1.15)
S,N8; =8,nS, =0.

The usual boundary value problem for an electroelastic body consists of
Eq. (1.1.7) and the following boundary conditions:

yi=y, on §,
¢=¢ on Sy,
KN, =T, on S,

(1.1.16)

where 7, and ¢ are the prescribed boundary motion and potential, T is
the surface traction per unit undeformed area, and &, (a scalar) is the

surface free charge per unit undeformed area.
Consider the following variational functional:

1 |
I(y,¢) = J: dt _[V {Epoyiyi = Po¥ (Sk>Ex)
+ (S Ex )+ PoSiYVi — Ped :|dV (L.1.17)

v flaf Tyds-['aif &.pas,

where

n(SKL,QEK)=-;—eoJEkEk =%£0JC;}N£MQZN. (1.1.18)

The admissible y; and ¢ for I satisfy the following initial conditions in V
and boundary conditions on S, and S,:

é.‘yi |t=lo = 0’ @’,‘ |t=t1 =0 in V,
yi=y, on S, fy<t<p, (1.1.19)
¢=¢ on S, t,<t<t.

Then the first variation of IT is
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h
o= [ dt [ [(Kuu+poti= 058y, + @, pr)S9|aV
—f' dtfs (K N, —T)6y,dS (1.1.20)
Yo T

—f’" dtfs (D, N, +5,)56dS.
Therefore, the stationary condition of Il implies the following equations
and natural boundary conditions:

Kyp+pofe =poy i V,
Dyx=pp n V,
KN, =T, on Sy,

DNy =-0p on §p.

(1.1.21)

1.2. Linear Piezoelectricity for Infinitesimal Fields

The equations of linear piezoelectricity are obtained by expansions and
truncations of the nonlinear theory in the previous section.

1.2.1. Linearization

In linear theory, we introduce the small displacement vector u =y — X
and assume infinitesimal displacement gradient and electric potential
gradient. The infinitesimal strain tensor is denoted by

1
Sk[ ='5(u1’k +uk’1). (12.1)
The material electric field becomes
Ex =Ey,x 2ESx > E,. (1.2.2)
Similarly,
MLJ-EO, K, = Fy,, P, > P, Dy—>D,. (1.2.3)

Since the various stress tensors are either approximately zero (quadratic
or of higher order in the infinitesimal gradients) or about the same, we
use T; to denote the stress tensor that is linear in the infinitesimal
gradients. This notation follows the IEEE Standard on Piezoelectricity
[3]. Our notation for the rest of the linear theory will also follow the
IEEE Standard. Then
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K,=F,>T, Tg—-T,. (1.2.4)
For small fields the free energy density can be approximated by

1
P (S, Ex)— ESOJEkEk

1 1 1
EgABCD SABSCD _eABCf:ASBC —E{AB fAT"B —ESOJEkEk (125)

1 1
- 5c,.f.,c,S,.,S,,, —euE,S —EEgE,E , =H(Sy,E,),
where

s _
&, =X +go(5,.j.

(1.2.6)

2

The superscript E in c,.f,d indicates that the independent electric

constitutive variable is the electric field E. The superscript S in f:,-js.

indicates that the mechanical constitutive variable is the strain tensor S.
In Eq. (1.2.5) we have also introduced the electric enthalpy H. The
linear constitutive relations generated by H are:
_oH
v es,

D, = _67H =euSy + 8iiEk'

= cyEldSkl - ekijEk ’
(1.2.7)

i
i

The material constants in Eq. (1.2.7) have the following symmetries:
' E E E
Cied =€ ikt = Cpiyj»>
€Lj = Cujis (1.2.8)
s

lj=

N
&, =&

We also assume that the elastic and dielectric material tensors are
positive-definite in the following sense:

cfk,S,jSk, 20 forany S, =S5,
and cyE'kISg‘Skl =0 > Slj = 0,
egEiEj >0 forany E,,
and s,.jS.E,Ej =0 = E =0

1.2.9)
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Similar to Eq. (1.2.7), linear constitutive relations can also be written
as [3]

Ty = CjpaSu = by Dy
i ikl k! kjS k (1.2.10)
E; =~hyS, + PiDy,
E
Sy =Sl +diyEps (1.2.11)
D, =d,T, +&LE,,
and
E; = -guTy + BiDy.
The equations of motion and the charge equation become
T.’. .+ ﬁ; = pii,'a
" (1.2.13)
Di; = pe

where p is the present mass density, and p, (a scalar) is the free charge
density per unit present volume. The difference between p and p,, and
that between pg and p, are neglected in Eq. (1.2.13).

In summary, the linear theory of piezoelectricity consists of the
equations of motion and charge in Eq. (1.2.13), the constitutive relations

T, =cijkISk1 —ekijEka Di =e,'ijjk +&,E,; (1214)

i gy’
where the superscripts in the material constants in Eq. (1.2.7) have been
dropped, and the strain-displacement and electric field-potential relations
Sy =, ;+u; )2, E, =9, . (1.2.15)
With successive substitutions from Egs.(1.2.14) and (1.2.15),
Eq. (1.2.13) can be written as four equations for u and ¢:
CipaUpy T €iPi + o, = pi;,
CirUryi —€iPy = Pe-
Let the region occupied by the piezoelectric body be V and its
boundary surface be S as shown in Fig. 1.2.1. For linear piezoelectricity

we use X as the independent spatial coordinates. Let the unit outward
normal of S be n.

(1.2.16)
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Fig. 1.2.1. A piezoelectric body and partitions of its surface.

For boundary conditions we consider the following partitions of S:
S, V8p=8; 0S8, =8,

(1.2.17)
S, NSr=8;NSp =0,

where S, is the part of S on which the mechanical displacement is
prescribed, and Sy is the part of S where the traction vector is prescribed.

S, represents the part of S which is electroded where the electric
potential is no more than a function of time, and Sp, is the unelectroded
part. We consider very thin electrodes whose mechanical effects can be

neglected. For mechanical boundary conditions we have prescribed
displacement #,

u;=u; on S, (1.2.18)
and prescribed traction 7,
T,n,=t, on Sr. (1.2.19)
Electrically, on the electroded portion of S,
¢=¢ on S,, (1.2.20)

where ¢ does not vary spatially. On the unelectroded part of S, the
charge condition can be written as

Dn,=-5, on Sp (12.21)

where &, (a scalar) is the free charge density per unit surface area.
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On an electrode Sy, the total free electric charge O, (a scalar) can be
represented by

0, = L'—niDidS. (1.2.22)

The electric current flowing out of the electrode is given by

I=-0,. (1.2.23)

Sometimes there are two (or more) electrodes on a body that are
connected to an electric circuit. In this case, circuit equation(s) will need
to be considered.

The equations and boundary conditions of linear piezoelectricity can
be derived from a variational principle. Consider [4]

, 1.
ng= [ af {’z”’""”" HER A _peﬂdV (1.224)
+ ,[l dt.[s tu;dS — .[‘l at J‘S Gepds.

u and ¢ are variationally admissible if they are smooth enough and
satisfy

ou; |, =6bu;|,=0 in V,
u,=u; on S,, t,<i<t, (1.2.25)
p=¢ on S, t,<t<t,.

The first variation of I is

ol = J:tl dt,[V [(Tfi,j + g — pii; You; +(D;; — p, )5¢]dV

(1.2.26)
- f dt js (T, ~F,)6u,dS - j:' dt LD (Dn, +5,)54dS.
Therefore, the stationary condition of IT is
T, +pfi=pi; In V, t,<t<t,
D,;=p, in ¥V, t,<t<ty, (1227)

T,n; =t on Sp, t,<t<t,

Dn,=-6, on Sp, [, <t<t.

We now introduce a compact matrix notation [3,4]. This notation
consists of replacing pairs of indices ij or kI by single indices p or g,
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where i, j, k and [ take the values of 1, 2, and 3, and p and g take the
values of 1, 2, 3, 4, 5, and 6 according to

jorkl: 11 22 33 23o0r32 3lorl3 12or2l

(1.2.28)
porg: 1 2 3 4 5 6
Thus
Ciwt —>Cpgs €y > €, T, > T,. (1.2.29)
For the strain tensor, we introduce S, such that
Sy =8, 8,=8,, 85=83, (1.2.30)
Sy =285, Ss=28;, S=28,.
The constitutive relations in Eq. (1.2.7) can then be written as
T,=c,,S,—€,E,, (1231)
D, =e,S,+€,E,.
In matrix form, Eq. (1.2.31) becomes
T 0151 ClEz 6'1% 01E4 C1Es cl”; rSl en €x €3
T, e czEz cfs o czEs Cfs S, €y €pn €y E
<T3 _ ¢ ocnm 3 Cn G G |)Ss |93 fn El
T, C4El cfz cﬁ cﬁ cfs C4E6 Sy €1y €y Oy E2 ’
T cs Chm Cs o Csy css css ||Ss €5 €3 €35 }
3 céEl CeEz 053 ‘36E4 csEs cé;; Ss) \ews €x e
(5]
S
D, €, €3 €3 €y €5 €5 S2 &n 51S2 31Sa E,
Dyr=ley exn ey ey €5 ey <S3 vl ey &y & REy g
D, €3 €3 €33 €y €35 €y S: 3391 53Sz 53Ss E,
S )

(1.2.32)
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1.2.2. Polarized ceramics

Polarized ceramics are transversely isotropic. When the poling direction
is along the x;-axis, we have

o
=
Ay
o
o
o
o o o o
o o c o ©

0 0 0 0 ¢5 O0)(g O O
0 0 0 e, 0 O0f,]0 ¢, 0], (1.2.33)
e;; e ey 0 0 0 0 0 &5

where cgs = (c11 — ¢12)/2. The matrices in Eq. (1.2.33) have the same
structures as those of crystals class Cg (or 6mm). The constitutive
relations take the following form:

Ty = cpyhyy +Cpaty 5 +Cp3thy 3 310 5,
Ty =cppthyy +Cplty, +O3U35 €30 5,
Tyy =cathyy +Cp3lly +Caylly s + €330 5, (1.2.34)
Ty =caq(tyy +usp)+es0,,
Ty =cyq(usy +u3)+esh ),
Ty, = ceg(uyy +uy,),
and
D, =ej5(us; +uy3)—€y19,,
D, =es(uy; +u3,)—€10 5, (1.2.35)

Dy =3, (uy; +uy,) +eyus; €330 3.
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The equations of motion and charge are

Cty gy +(C1y +Cee Yy gy +(Cpy +Cuq U313 + Coglhy 2
+Cyqthy 33 + (€31 €5 )0 13 = Py,

CoaUa 1 +(Cry +Cos YUy 12 +Cp Uy 2y + (€13 +Caq )3 3
+ Cqtty 33 + (€31 + €5 ) 53 = pidy,

Caqlz 1y +(Caq +Cp3 Uy 31 + Caqlhs pp +(Cp3 +Cyq)y 23
+Cylly 33 e (G +9 )+ e 33 = pidy,

sty (€5 + €3y 13 +esly ) +(e5 +e3)Uy 3

teqtyzy —€ (0 +9 ) —€330 5 =0.

(1.2.36)

1.2.3. Quartz and langasite

Quartz is another widely used piezoelectric crystal. It belongs to crystal
class 32 (or D;). Langasite and some of its isomorphs (langanite and
langatate) are emerging piezoelectric crystals which have stronger
piezoelectric coupling than quartz and also belong to crystal class 32. For

such a crystal with x; as a trigonal axis and x; as a digonal axis, the
material matrices are

h S22 Gy O 0 0
¢y 63 —¢4 00
3 €3 Cxn 0 0 0
sy -y 0 ¢y 0 0
0 0 0 0 cy cp4
0 0 0 0 ¢ cg

e, —e; 0 e, O 0 e, 00
0 0 0 0 -e, —¢,(,/]0 &, 0] (1.2.37)
0 0 0 O 0 0 0 0 &y

The independent material constants are 6 + 2 + 2 = 10.
Quartz plates are often used to make devices. Plates taken from a
bulk crystal at different orientations are referred to as plates of different

cuts. A particular cut is specified by two angles, ¢ and 6, with respect to
the crystal axes (X, Y, Z).
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X3 Z

X2

X1

Fig. 1.2.2. A quartz plate cut from a bulk crystal.

Plates of different cuts have different material matrices with respect
to coordinate axes in and normal to the plane of the plates. One class of
cuts of quartz plates, called rotated Y-cuts, has ¢ = 0 and is particularly
useful in device applications. Rotated Y-cut quartz exhibits monoclinic
symmetry of class 2 (or C;) in a coordinate system (x;, x,) in and normal
to the plane of the plate. Therefore we list the equations for monoclinic
crystals below which are useful for studying quartz devices. For
monoclinic crystals, with the digonal axis along the x;-axis, we have

&y € €3 ¢4 O 0
€y Cp €y Cy O 0
€y €y €3 €y O 0

Co Cu € €y 0 0
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ey e, €3 e, 0 03)[fg 0 0
0 0 0 0 ey exl| 0 & &y] (1.2.38)
0 0 0 0 ey ey 0 &, &5

The constitutive relations are
T}y = ¢ty +Cppllyy +Cp33 3 +Ciy(Uyy +Uy ) + end,»
Ty, =Cypthy) +Copllyy +Cp3tty 3 +Cog(Uy 3 +135) + enpd)s
Ty3 = Ciathyy +Cpsthy 5 + O3ty 3 +Cay (U3 + U3 5) + €38, (1.2.39)
Ty = Crqthyy +Coqlhy  +Caqlhy 3 +Coy (U3 + U3 5) + €140, o
Ty =css(uyy +uy3) +Cs6 (U5 + Uy ) + €350, + 3503,
Ty, =cssusy +uy3) +Coe(ty 3 + Uy ) + €368, + €363,
and
Dy = eyuy ) + ety + ety 3+, (U3 +1s ) =519,
D, =eys(uzy +uy3)+ sty 5 +Uy))—Endy —Ex3Ps, (1.2.40)
Dy =ey5(us; +u3) e (U, +uy,) =63, — 63303,
The equations of motion and charge are
ity Gy + Cog )ty 1p +(Cra + Cs5 s 13 + (1 + Cs6 Dty 13
+ (G4 + €563 12 + 2561 23 + Cogthy 22 + Cssthy 33
+endn T e + (€6 + )Py t+e55hs3 = Py,
Cstts 11 T (Cs6 + €14 Yty 33+ (Cos + €12 D12 + Coglh 1
+ Cothy 5y F(Ca3 F €44 Y3 53 + 203405 3 + oyl 7
F Caqths 33 + Cogthy 33 T (€35 + €200, + (€36 + 4)815 = pidy, (1.2.41)
Cssty 1y +(Css + i3 )t y3 + (Cs6 + €1 Yty yp + Cs6ly 1y
+ Coathy 23 +2C34%; 33 +(Coq + €3 )ty 53 + Cugthy 5
+ Caalhy 33+ Caqlly 53 + (€x5 + €481, + (&35 +€3)0 13 = pils,
ety + (€ + €6y, + (€3 + €551t y5 + (e + 36y 43
+ (€15 +€5)u3 15 +(€y5 + €36y 53 + 3% 2

+ et 33— 618 —Enba — 263053 — £3385, = 0.
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1.3. Linear Theory for Small Fields Superposed on a Finite Bias

The theory of linear piezoelectricity assumes infinitesimal deviations
from an ideal reference state of the material in which there are no pre-
existing mechanical and/or electrical fields (initial or biasing fields). The
presence of biasing fields makes a material apparently behave like a
different material, and renders the linear theory of piezoelectricity
invalid. The behavior of electroelastic bodies under biasing fields can be
described by the theory for infinitesimal incremental fields superposed
on finite biasing fields [5,6], which is a consequence of the nonlinear
theory of electroelasticity. This section presents the theory for small
fields superposed on finite biasing fields in an electroelastic body.

Consider the following three states of an electroelastic body (see
Fig. 1.3.1):

Reference

3 W (Biasing)

A

1,/ :
Fig. 1.3.1. Reference, initial, and present configurations of an
electroelastic body.

1.3.1. The reference state

In this state the body is undeformed and is free of electric fields. A
generic point at this state is denoted by X with Cartesian coordinates Xk.
The mass density is p.
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1.3.2. The initial state

In this state the body is deformed finitely and statically, and carries finite
static electric fields. The body is under the action of body force f.’,

body charge p2, prescribed surface position X, , surface traction 7—1&0 ,

surface potential ¢ ° and surface charge & . The deformation and fields
at this configuration are the initial or biasing fields. The position of the
material point associated with X is given by x = x(X) or x,= x«(X), with
strain Sy, . Greek indices are used for the initial configuration. The
electric potential in this state is denoted by ¢°(X), with electric field E 0.

x(X) and ¢°(X) satisfy the following static equations of nonlinear
electroelasticity:

SgL = (xa,Kxar,L —8x)/ 2, 951(2 = _¢,(;<’ E}= ‘¢,0

a

0
’ @(;(:'_po 4

0 -0
Sk Ex

oy
8SKL

T, = Po

J? =det(x, ), (1.3.1D)

Kio =%, T, + My, Dy=6,J"Xy X, ,E0+@,
1
0 0 0 0 0 0
M, =J XK,ﬂso[EﬂEa —EE,E,%],

0
Klga,K +p0fa =0’ (D(I)(,K: pg

1.3.3. The present state

In this state, time-dependent, small, incremental deformations and
electric fields are applied to the deformed body at the initial state. The
body is under the action of f, , p;, ¥,, I, , ¢ and &, . The final
position of X is given by y = y(X.f), and the final electric potential is
HKX,0). y(X,H) and ¢(X,r) satisfy the dynamic equations of nonlinear
electroelasticity:
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Skt =WixVirL —0x) 2, Ex=—0g, E =-¢,

d o
S v
TKL:P()6 ) K—’*Poafw 5
KLlg,, &, K sy Ex
K=y, T + My, ©y=¢eJCRE +P, (13.2)

I

Ky +pofi=po¥;s Dkx=Pg-
1.3.4. Equations for the incremental fields

Let the incremental displacement be u(X,7) and the incremental potential
be ¢1(X,t) (see Fig. 1.3.1). u and ¢1 are assumed to be infinitesimal. We
write y and ¢ as

Yi(X,t) = 6,4 [x, (X, 0) +u, (X, 0)],
PX,0) = ¢° (X, 0 +¢' (X, 0).

Then it can be shown that the equations governing the incremental fields
uand ¢' are

(13.3)

K;(a[( +Pofol = Polly s
L (1.3.4)
(DK,K_ pE’

where f) and p; are determined from

fi =6a(fa +fa) Pr=PE+PE- (13.5)

The incremental stress tensor and electric displacement vector are given
by the following constitutive relations:

1 1
Ky =Gt = oy i 126
D= Ry uy; + L E; s

where €} =_¢,11<- Equation (1.3.6) shows that the incremental stress

tensor and electric displacement vector depend linearly on the
incremental displacement gradient and potential gradient. In Eq. (1.3.6),
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82
GKaLy = Xo.M po# xy,N +TI(<)L§¢1}' +gKaLy = GLyKa’
Sk OS5y, 2
62
RKLy =—PFo =¥ X, m ki (1.3.7)
aﬁkaSML S[(}fog
Oy
Ly == po——— +lg = Ly,
OELOF, 50, 20
where
0p 0 0
Ekary = £y [EaEﬂ(XK,ﬂXL,y —XK,yXL,ﬂ)
0 0
—EaE}’XK,ﬂXL,ﬁ
0 -0
+ EpEy (XK,aXL,ﬂ - XK,ﬁXL,a)
1 (1.3.8)

+§E2E2(XK,7XL,a _XK,aXL,y)]’

rKL;/ = 6‘OJ0 (EgXK,aXL,y - EgXK,yXL,a - E;(')XK,aXL,a )a
Iy = 50J0XK,aXL,a-
Giary s Ry, » and Ly, are called the effective or apparent elastic,

piezoelectric, and dielectric constants. They depend on the initial

deformation x(X) and electric potential ¢°(X).
In summary, the boundary value problem for the incremental fields u

and ¢1 consists of the following equations and boundary conditions:
K;(a,K +pofa = Poliy 0V,
®11<,K: pr in V,
K]Ly =G pa¥am + RML7¢,1M in V,
Dy=Ryu,; —Lgg, in V, (13.9)

u, =u, on S,

¢] = al on S¢’

KN, =T, on S8,

1 _ =1
DygNg=—0, on S§).
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Consider the following variational functional:

h 1 .. 1
n(u> ¢1) = f dth [Epouaua —EGKaLyuK,auL,y
l

1
Lt + ol — ol | av

! _ !
+f ‘drf TaluadS—f ‘dtf G.4'ds.
fo Sr fo Sp
The admissible u and ¢' must satisfy
ouy |, =0u, |, =0 in V,

u, =u, on §,, Il,<t<t,

1
- RKLr¢,KuL,7 +

¢'=¢' on S,, f,<t<i.

The first variation is found to be
oM p)= [t || (Ko + potl — poiia )y
+(Dyx = PE)5Y 1AV
S[laf KL, -Tou,ds

[ di[ (DN +53)59'dS.
to D

(1.3.10)

(13.11)

(1.3.12)

Therefore, the stationary condition of the functional gives the following

governing equations and boundary conditions:
Kiak +pofa = Poily iV,
®11<,1<= pp in ¥V,
Kj N, =T, on S,

1 =l
DyNy =-Gp on .

1.3.5. Small bias

(1.3.13)

In many applications, the biasing deformations and fields are also
infinitesimal. In this case, usually only their first-order effects on the
incremental fields need to be considered. Then the following energy

density of a cubic polynomial is sufficient:
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1 1
PV (SkrEx) = ECABCDSABSCD —eucE4Spe _EZABEAEB
1 1
+ECABCDEFSABSCDSEF +5kABCDEEASBCSDE (1.3.14)

1 1
- 5 b 4scpEAERScp = _6- XapcEAEpEc,

where the subscripts indicating the orders of the material constants have
been dropped. For small biasing fields it is convenient to introduce the
small displacement vector w of the initial deformation (see Fig. 1.3.1),
given as

X, =8, Xy +w,. (13.15)

Then, neglecting the quadratic terms of the gradients of w and ¢, the
effective material constants take the following form [5,6]:

Grary =Ckary +éKaLy’
Ry, =ex, +éKL7, (1.3.16)
Ly =g +Exp
where
éKaLy :T1?L5ay T CxanWyn T CxnryWa N
+cKaL;/ABS,?1B +kAKaL7£2’
xty =€k Wy _kKLyAB‘SgB +bAKLy£2
+50(£25L7 _£25K7 “E245My51a)a (1.3.17)
Ex, = byrapSus + ZxaEy +£0(Sams Ok — 258)s
TI?L :cKLMNSI(\)/IN _eAKLfg

Sos =W, 5 +wp )12,

0 0
Ex =—Px-

1.3.6. Frequency perturbation due to a small bias

For many applications to be discussed later, we are interested in the
effect of biasing fields on resonant frequencies of an electroelastic body.
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Consider the following eigenvalue problem for free vibrations of an
electroelastic body under small biasing fields:

A - 1 2
~[CCrpta + Cromta Wane T (Crny + 0y )0l = Po@ U,

) o (1.3.18)
[(exr, +xr) Y0, —(Ex + Ex )P 11 =0,

with appropriate boundary conditions. In Eq. (1.3.18), @ and u, are the
resonant frequency and the corresponding mode, respectively, when the
biasing fields are present and may be called a perturbed frequency and
mode. Then it can be shown [7] that, to the first-order of the biasing
fields,

Aw=
S s CrymaUpiUa s +26,® Uy 1 =60 Py ® 10V () 319y
2w, f L PoUaUqdV

where Aw = © —ay. ay, U, and @ are the frequency and mode when the
biasing fields are not present, or the unperturbed frequency and mode.
They are governed by

2
~CrpaUant t ;P p) L = Lo U, s
(eKLyUy,L —& D) ),K =0,

with appropriate boundary conditions. Equation (1.3.19) is the result of a
first-order perturbation analysis. It breaks a complicated eigenvalue
problem of Eq.(1.3.18) for vibrations under a bias into two simpler
problems of Eq. (1.3.19) for vibrations without a bias, and the biasing
field problem.

(1.3.20)

1.4. Cubic Theory for Weak Nonlinearity

By cubic theory we mean that effects of all terms up to the third power of
the displacement and potential gradients or their products are included
[8]. Cubic theory is an approximate theory for relatively weak
nonlinearities, and can be obtained by expansions and truncations from
the nonlinear theory in the first section of this chapter. The resulting
equations are:
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1
F,=6,1c Uyp+e b +t=C u u
y=0m|§, oY T CambatC  Yka¥ks

+cC u u +—=cC UypUc p
2 LKAB M.K=4B 2 3IMABCD ’

e gty xPa— 1 ABCLM UpcPa— EbABLM P05

+
| — D~

Uy pUp U +— Uy kU pUc p
LRAB MRTK.ATK.B 23LKABCD ’ BEC, (1.4.1)

o0

+

C U,ypgl u +—=C U, gl u
K K.,D AB*C,D¥EF
3 LMABcD 4.8 € 6 4 LMABCDEF ? ? ’

Uy o 4 ——k Uy glig o P
BCUM kP 4 k.BYUk cP 4
apcrg  DCTMKT, 2 VaBcim e

|
—% o

UgcUp E ¢,A - E b ypr1k Uy k ¢,A ¢,B

ABCDLM 6 3 ABCLM

+ C]I U, D¢A¢B + - k ¢,A¢,B¢,C }

1
P =epogc — Z ¢A + e pcly glg c ——k Up cip g —barcpc p® 4
2 2 1LBCDE

1

t=x PP _‘k Ug cUg pUk E
25 481 2 1LBCDE

- UpclUp gUr G _EbALCDuK,CuK,D¢,A

6 2 LBCDEFG
1 1
- 2 Vascosr Me-PEF Pt 2 ]3CABLDE psbafs ——EZAB Pubsbe:
(1.4.2)
1
ML,- = £O5JM [¢,L¢,M - 5¢,K¢,K S — ¢,1< ¢,M gt
~PxPrtirk +PrPrtixx —BuPrti pr (1.4.3)

1 1
+ ¢,K¢,R"R,K O + 5¢K ¢,1< Uy — ‘2'¢,R¢,Ru1<,1( Orm },
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-1 -
E0JCx By = & [“ P +xu gy —Prugx T Oxup

- ¢,M UpglUgm + ¢,KuM,MuL,K - 5¢,LuK,KuM,M

+ 5¢,LuK,M Upt k~ Pasthp kUar ik + Pasthas LUk k — Pashs kUi L ]
(1.44)

A special case of the cubic theory is the case of relatively large
mechanical deformations and weak electric fields [9]. In this case all
electrical nonlinearities can be neglected. The following energy density
is sufficient:

1
PV = ECABCDSABSCD —e48cE S pc —EZABEAfB
(1.4.5)

+ ‘6"CABCDEF SaaScpSpr t QCABCDEFGH SasScoSerScH -

Keeping the linear terms of the electric potential gradient and up to cubic
terms of the displacement gradient, we obtain

Kim =Crupstps +exmPx
+ ChamsknUrsti n Clarskni YR, sUk NYUI L) > (1.4.6)
Dy =egpstips —Ex P 1>
where

1
4 ——
€ LMRSKN —'2'(CLMRS1<N +C s Oxkr + Conrs O s )»

. 1
CIMRSKNIJ = ‘6" C LMRSKNLJ (1.4.7)

+ E(CLMKNSJ Opr +CongyOrx Orr + Crnmrsiy Ok )-



