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1. Introduction

The Cauchy-Pompeiu representation formula for functions in the upper
right quarter plane Q; of the complex plane C follows from the Gauss
theorem for regular domains and a limiting process, see 1.

Cauchy-Pompeiu representation Any w € C*(Q;C) n C(Q;;C),
where

Q={2€C:0< Re 2,0<Im z},
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for which for some 0 < § the function (1 + r)® M (r, w) with
M(r,w) = max{|w(z)| : |2| = 7,0 < Re 2,0 < Im z}

is bounded in R* and w; € L1(Q1;C) is representable as

+o0
we) = g [0S - 5 [wn - L [0
0

21 t—z 2w t+iz
Q

Introducing the harmonic Green function for Q,

S N (S (D]
G1(2,¢) = log ] = log (BT
this representation can be altered into
1 1 1 1
w(z) = 1 Q/ w(0) | ooy ~ ey e TR

(2)
see 1. For respective representations in the upper half plane see 8, in the
unit disc see e.g. 2345 and in arbitrary regular domains see . In ! formula
(1) is adjusted to Schwarz boundary data and the solution to the Schwarz
boundary value problem is given for the inhomogeneous Cauchy-Riemann
and Bitsadze equations.

Here the Dirichlet and Neumann boundary value problems are treated for
the Cauchy-Riemann equation. These problems are known to be overde-
termined so that solvability conditins have to be determined, see e.g 4567,

2. The Dirichlet problem

The complex Gauss theorem in the form

— /w(z)dz = /wz(z)dzdy

for functions w € C*(D;C) N C(D;C) for bounded domains D in the com-
plex plane C with piecewise smooth boundary 0D, see e.g. 2, applied for

Qir={z=z+iy:|2|<R,0<z,0<y}



besides leading to (1) also supplies for w € C1(Q1;C) N C(Q;;C) with in
R+ bounded (1 +7)° M (r,w) and wz € L,y 2(Q;C),2 < p, and z € Q4

dﬁdn
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Properly combined with (1) they lead to solutions to Schwarz problems,

see !

solutions to the Dirichlet problem for the Cauchy-Riemann equation

Theorem 1 The Dirichlet problem

=finQw=mfor0<z,y=0,bw="y for 0 <y,z

=0

. But they together with (1) also lead to solvability conditions and

for f € Ly2(Q1;C),2 < p,11,72 € C(R;C) such that (1 + t)%v1(t), (1 +
t)%y2(t) are bounded for some 0 < & and satisfying the compatibility con-
dition v1(0) = 72(0) is uniquely weakly solvable in the class C1(Qq;C) N

C(Q1;C) if and only if
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The solution is

+0o +o0
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w(z) = 27i / t t—z 2mi 72(t)t+iz 'n'/f(OC—z
0 Q@
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(6)
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(9)



Remark The boundedness condition on the boundary data 1,72 at infinity
can be weakened to y1,v2 € Lo(RT;C).

Proof If this Dirichlet problem has a solution in the class C'(Qy;C) N
C(Qq; C) satisfying w; € L, 2(Qy;C) for some 2 < p then according to
(1) it is of the form (9). On the other hand (9) can be verified to be
a solution. From the assumptions on 71,72 and f it follows by direct
computation and from !0, p. 43, that (1 + r)?M(r, w) is bounded on R¥
with p = min{é, 1';—2} Moreover, w obviously satisfies the differential
equation. For checking the boundary conditions the solvability conditions
(6) to (8) are needed. Adding (7) to (9) and subtracting (6) and (8) leads
to
+00 +o0

2 t2 + |2|2 2i t2 — |2|2
w) = 2 [ty S a2 [ v Cly,
0 0

|t — 22 |t+ 22 It —iz|? |t —iz|?

2 z z
_;/f(C)(Cz_ZQ _Cg_zz)dgdn' (10)
Q
Adding (8) to (9) and subtracting (6) and (7) shows
+00

N £+ |32
2 T t° — |z T + |z
= — dt + — t dt
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z

2 z
_;r'/f(g)(cq_zz'i"cz_
Q

Observing that
1 z-2 1 Y .
— = — ,z=x+1y, o, t€R, 0<
2mi |t—z2 7 |t- 2|2 y y
is the Poisson kernel for the upper half plane, see e.g.®, from (10) for
to € Rt

Z2>d§dn. (1)

+o00
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and from (11) likewise for top € RT
+00

lim w(z) = lim 2 /72(7&)
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The solution to the Dirichlet problem can be used to find the solution and
the solvability conditions to the Neumann problem for the inhomogeneous
Cauchy-Riemann equation.

3. The Neumann problem

The normal derivative on the real axis is 8, = (8, — 0;) while 8; =
0, + Oz is the normal derivative on the imaginary axis. With respect to
the upper right quadrant @ these are derivatives with respect to the inner
normals. For simplicity at first the homogeneous Cauchy-Riemann equation
is considered.

Theorem 2 The Neumann problem
Oyw=rv for0<z,y=0, fpw=7y2 for 0 <y, z =0, w(0) =¢

for analytic functions in Q being continuous in Qi, is uniquely solvable
for 11,72 € C(R*T;C),c € C, such that for some 0 < & the functions
(14 |t} (2), (1 + [t])°v2(t) are bounded, if and only if

P a1 ' dt
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The solution is

2
dt. (15)

22 2 422
2

w(z) _C+—/’71(t)10g

+oo
1
dt+— / 7Y2(t) log
0

Proof For an analytic function the boundary conditions are

Oyw = iw' =y, Opw =w' = 9.



These are Dirichlet conditions for the analytic function w’. Hence, accord-
ing to Theorem 1, the solution is

+oo +o0
1 dt 1 dt

w'(z) = - o 71(t) -z omi 72() + iz
0

0

(16)
if and only if (12)-(14) are satisfied. Integrating (16) shows (15) or also

144\ 1 jeear 1 |62 + 22|
—w{ 2} 4 — log =21 4 & t)log =2 1" gy,
w(z) w(\/z")Jrzw/'h €T +27r/72()°g 1468
0 0

To verify that (15) in fact is the solution under the solvability conditions
(12) to (14) at first w has to be recognized as an analytic function. Differ-
entiation with respect to Z shows

1 2z 1 P 2
z z
wele) =5 [ Oz gt g [ nOpy g
0 0

1 1 1
- - dt
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0
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according to (12) and (13). Similarly,
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0

1 7 1 1
- dt
2 x) 72(t )( —1iz t+iz)
0
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= t - t
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0 0

because of (14).



Theorem 3 The Neumann problem
w; = f in Qq, w(0) =¢,
dyw=vy for0<z,y=0, Opw="2 for 0 <y,z=0,

where f € Ly 2(Q1;C)NC*(Q1;C) for2<p,0<a<l,m,m€ C(R*;C)
such that (1 + t)2y1(t), (1 4 t)072(t), (1 + )% £(£), (1 + t)° f(it) are bounded
for some 0 < 8,c € C are uniquely weakly solvable if and only if

= [ / (n(®) + i)

0
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Proof Consider the function

o=w-Tf Ti() = -1 [ FOEL.

It is analytic in Q; satisfying

‘P,:_Zay(w"Tf):—”Yl—Hf+ff01‘05$,y=01
@ =0,(w—Tf)=y —If— ffor0<y,z=0

with

déd
i) =1/x / MO

According to 1%, p. 63 I1f is Holder continuous in Q;. Although the asymp-
totic behaviour of IIf at infinity is not known the following conclusions
follow because of the Fubini theorem.

Thus on the basis of Theorem 1 this Dirichlet problem is solvable if and
only if

+o0
o [ m®+ 170 - 5012
0

o /[’72(t — I f(it) — f(zt)]t_i_z —0, (21)
1 +o0o i
5 [ O+ 100 - 1015
0
1 +o0 “
0

2 [ @+ 170 - s 2
0

+or; [ 1m0 - 170 - )2 <o, (23)



The solution is

+00
o (2) = —5% / i) + TLA(E) — £

+
1 dt
mps 0/ ~TIf(it) - £(it)) - (24)
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and similarly
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and
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This shows (17), (18) (19) and

o' =———/[7,’Yl f(t] — "5 /[’72 it)] ftz-z'

Integrating this last equation shows

2

t2
dt

0(z) = $(0) + 5 / fin () — £(8)] log

2+z

+ o /[72(t f(it)] log dt

so that

w(z) = ¢(t) + Tf(z) = w(0) + T f(z) - T£(0)
which is (20).

Dirichtlet and Neumann problems are usually solved for the Poisson
equation. They can also be considered for the Bitsadze equation, see 4,
part II, in the case of the unit disc. For the quater plane @Q; these problems
can be treated in a similar manner as in this paper.
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1. Introduction

From the general definition of Clifford algebra !, the basis of 4-dimensional
Clifford algebra Cfy 3 is €;,¢ = 0,--- ,7 and the multiplication rules for the

basis of Clp 3 are as follows.

For a = ag + a1e1 + azez + azes + aseq + ases + agee + arer € Cly 3,we

define |a| = 4/ Z;;o a? will be the Euclidean norm of a.We point out that
when n > 3, |a?| = |a|? will fail to hold and there exist zero-divisors. For
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1 €1 €2 €3 €4 €5 €g €r
€1 -1 €3 -€3 €5 -€4 €7 -€6
€9 -€3 -1 €1 €g -€7 -€4 €5
€3 €2 -€; -1 €7 €g -€5 -€4
€4 -5 -€g ey -1 e e -e3
es | e4 -er -eg -e1 -1 e3 e
€6 €7 €4 €5 -€9 -e3 -1 -€1
er | -e¢ es -eq4 -e3 ey -€1 1
instance:
(1 + e7)?| = 2v/2, while |1 + e]*> = 2, (1)
(1+e7)(1—e7) = 0. (2)

In this paper we will concentrate on the properties of Clifford numbers
and some equations in Cfy 3. Our first task is to investigate the properties
of Clifford numbers by using the real quaternions and their matrix rep-
resentations in Section 2. Based on the matrix representation of Clifford
numbers, we will give the concepts of Moore-Penrose inverse of Clifford
numbers and obtain the explicit solutions to equation azb = d in Section
3. The nontrivial task of solving equation ax = zb is treated in Section 4.

2. The real matrix representation of elements in Cély,s

We will represent 4-dimensional Clifford numbers with two quaternions. At
first, we recall some properties of division ring of real quaternions H and
their matrix representations.

It is well known that the real quaternion algebra H is algebraically
isomorphic to the matrix algebra corresponding to the bijective map

90 —q1 —q2 —q3

L:ig=go+qei+qes+gescHio L{g):= | & © ~8B &
92 93 qo —q1
g3 —q2 q1 Qo

Denote 7’ = (%o, T1, 2, 23)T for & = zo + x1€1 + To€z + T3€3 € ‘]HI, where
AT stands for the transposed matrix of A. Then the following equations
hold.

32 =L(q)7, ¢ = R(q) T, (3)
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where R(q) = E4L(q)T E4 and E4 = diag(1, —1, —1, —1). For more details of
the properties of quaternions and related topics, see 2345 and the references
therein.

We can write
a = ag+aie1 +azes + asesz + aseq + ases + asep + arer = ap + agey, (4)

where ap, = ag + a1€1 + azea + azes, ay = ag + aze; + ages + ares € H. We
define

a4 = ag — a1€1 — A3 — A3€3 — A4€4 — A5€5 — AGeg + arer (5)
and
1
Cre(a) = E(a + @) = ag + arer, Cim(a) = a — Cre(a).

Note that R + Rez is the center field of Cly3. For a € Clp,3, we define
T :Cly3— R by

T (a) = apar + azas — a1a6 — azay. (6)
Then
ad = aa = |a|* + 27T (a)ey )
and
|abl? = |al?|b” + 4T ()T (b), T (ab) = |a|*T(}) + [b]*T (a), T(a) = T(a).

Based on the real matrix representations of quaternions, we can intro-
duce the real matrix representations of numbers in Cly 3 as follows.

Definition 2.1. Let a = a;, + agey € C¥¢ 3. Then the real 8-by-8 real
matrix

L{ap) ——L(aH)P4)
= 8
w(a) (L(aH)P4 L(an) ®)
is called the left matrix representation of a over R, where P, =
diag(1l,—1,—1,1). The real 8-by-8 real matrix
v(a) := Ksw(a)T Kg 9)

is called the right matrix representation of a, where Kg =
diag(-1,1,1,1,1,1,1, ~1).
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We list some properties of the representation matrix as following
propositions.

Proposition 2.1. Denote 7 = (z9, x1, 3, T3,%4,Ts5,T6, 7)Y for x = zo+
Ti€1 + T2ez + x3€3 + T4€4 + Tses + T6e6 + T7€7. Then
ot =w(a)T and Fd=v(a)T. (10)
Proposition 2.2. Leta,b ¢ Cly 3 and A € R. Then
(1) a=b<+= w(a) = w(b) < v(a) = v(b);
(2) w(a+b) = w(a)+w(b),w(ra) = w(a),w(ab) = w(a)w(b),w(l) = Ig;

(3) v(a+b) =v(a) + v(b),v(Aa) = Av(a), v(ab) = v(byv(a), (1) = Ig;
(4) w(@) = w(a)",v(a) = v(a)T,w(a)v(b) = v(b)w(a);

where Iy denotes the 8 x 8 unit matriz.

Proposition 2.3. The eigenvalues of right matriz representation of a,
w(a), are given by

M2=ao+ar+ i\/|a|2 + 27T (a) — (a0 + az)?

and

)\3,4 =ag— ar + i\/|a|2 - 2T(a) ot (ao - a7)2,
where ¢ = v/—1 and each eigenvalue occurs with algebraic multiplicity 2.

In order to find the solution of ax = zb in Section 4, we need the
following propositions which proof can be verify directly.

Proposition 2.4. The eigenvalues of w(a) — v(b) can be expressed by

H12 = (ao + a7) — (bo + b7) + i(\/(al — a6)2 + (a3 - (14)2 -+ (az + a5)2
£ /(b1 — b6)% + (b3 — ba)® + (b2 + b5)?),

H3,4 = (ao + a7) - (bo + b7) — i(\/(al — a6)2 + (a3 - a4)2 + (az + a5)2
£ /(b1 — b6)% + (b3 — ba)? + (ba + b5)?),

5,6 = (a0 — ar) — (bo — br) +i(v/(a1 + ag)? + (az + a4)? + (az — as)?
+ /(b1 + b6)? + (b3 + ba)2 + (b — bs)2),

p7,8 = (a0 — ar) — (bo — br) — i(v/(a1 + a6)? + (aa + a4)? + (az — as)?
+ \/(b1 + bs)2 + (b3 + bs)? + (bg — bs)?).
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Proposition 2.5. The eigenvalues of w(a) + v(b) can be expressed by

p1,2 = (ao + ar) + (bo + br) +i(v/(a1 — as)? + (az — as)? + (ag + as)?
£ /(b1 — be)? + (b3 — ba)? + (b2 + b5)?),

H3,4 = (ao + a7) + (bo + b7) - i(\/(al — a6)2 + (a3 - a4)2 + (CL2 + 61,5)2
£ /(b1 — b6)? + (b3 — bg)? + (b2 + bs)?),

ps,6 = (a0 — ar) + (bo — br) +i(+/(a1 + ae)? + (az + a4)? + (a2 — as)?
+ \/(bl + b6)2 + (b3 + b4)2 + (b2 — b5)2 ),

pr8 = (a0 — ar) + (bo — br) — i(+/ (a1 + a6)? + (a3 + as)? + (a2 — as)?
+ \/(b1 + be)z + (b3 + b4)2 + (bg — b5)2 ).

3. The Moore-Penrose inverse of elements in C4g 3

Definition 3.1. Let a € Clp 3. If there exists an z € Clp3 such that
ax = 1, then z is called the inverse of a, which is denoted by a~!.

For a € Ctp,3, we define p: Cfp 3 — R by
pla) = la|* - 4T (a)?. (11)
Proposition 3.1. If p(a) = |a|* — 4T (a)? # 0, then a is invertible and

L (o~ 2T(@en) |

¢ p(a)

Lemma 3.1. The following equations
ar =0, ax =0, aaz =0 (12)

have the same solutions. Moreover, if a is not invertible then the general
solution is

T = (|a|2 — 2T (a)er)p, Vp € Clp 3. (13)

Definition 3.2. The Moore-Penrose inverse of a € C%y 3, denoted by a™*,
is a Clifford number z such that

ara = a, Tar = ¥, GT = aZ. (14)
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Note that if z is the Moore-Penrose inverse of a then Za = za and thus
w(z) is the unique Moore-Penrose inverse of w(a).

If a = 0 then a* = 0 and if ¢ is invertible then a* = o~ = %:EL. For

non-zero element a, by da = a@ = |a|? + 27 (a)er, we have

a a a=a a a a a a a
= = a =
2lal2 = 2jaP“2[a T 2laP’ “2/a? ~ “2Ja?’

(15)

which implies that the Moore-Penrose inverse of a (which is not invertible)
is

at = %;Iz. (16)

It is easy to verify that w(at) = w(a)* and the following proposition.

Proposition 3.2. If a € Cly 3 is not invertible, then a satisfies one of the
following two cases:

(1)aa = |a®’(L+e7) and a = aer; (2)aa = |a|*(1 —e7) and
a = —aer.

Examples: a =e3+e5,b=ea+e3+es, ab=—-24+¢; —eg— 2e7, ba =
—2—e1+eg—2er,at = —(ea+es), b = —}(ea+3e3+2e4+e5), aer = a.
By the theory of linear equation, we have the following two theorems.

Theorem 3.1. Let a € Cly3 be a nonzero element and not invertible.
Then the linear equation ax = d has a solution if and only if ﬁ;d =d. In
that case, the general solution can be expressed by

ad

= 3 + (2|a|* — ad)p, V p € Cly 3.

x
Theorem 3.2. Let a,b € Clp 3 be nonzero elements and not invertible.
Then the linear equation axb = d has a solution if and only if T(‘:]”Q‘ll—l,;l;d =d.
In that case, the general solution can be expressed by

adb

ETPEE

+ (4|a|?|b|? ~ abab)p, ¥V p € Cly 3.

4. Linear equation ax = b over C/lg 3

Due to the non-commutativity and existence of non-division elements of
Cly 3, it is non-trivial to find the solutions of equation in C¥¢ 3.
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We say a,b € Cly 3 satisfy condition 1 if

ao + a7 = by + by and |a|?> 4 27 (a) = |b]? + 27 (b) (17)
and condition 2 if
ao —ar = by — by and |a|> — 27 (a) = |b|? — 27 (b). (18)
By the equivalently of (w(a) — v(b))Z = 0 and the linear equation
ax = xb, (19)

Proposition 2.4 implies that

Proposition 4.1. Equation (19) has a nonzero solution if and only if a, b
satisfy condition 1 or condition 2.

In order to find the general solution of Eq.(19), we list some properties
of its solutions.

Proposition 4.2. The solution x of Eq.(19) with |a] # |b| satisfies
(1) x = ze; provided condition 1 holds; (2) x = —xeq provided condi-
tion 2 holds.

Proposition 4.3. Equation (19) with |a] = |b| has a nonzero solution if
and only if one of the following three cases holds: (1) T(a) = T(b),ao +
a7 = by + b7, ag 7é bo; (2) T(a) = T(b),ao — a7 = by — by,a9 7é bo; (3)
T(a) = T(b), a0 = by, ar = bz. Moreover, the solution x of Eq.(19) satisfies
(4) = xer provided (1) holds ; (5) x = —xzer provided (2) holds.

Proposition 4.4. Equation (19) has a solution which is invertible if and
only if

Cre(a) = Cre(b), |a| = |b|, and T (a) = T (b).

Remark 4.1. We say two Clifford numbers a and b are similar if there
exists invertible Clifford number ¢ € C¥¢y 3 such that @ = gbg~!. The
above proposition provides the necessary and sufficient conditions for two
Clifford numbers to be similar, which generalizes the corresponding concept
of quaternions.

We are now ready to consider the general solution of Eq.(19). This will
be divided into three cases.

Case 1: Cim{a) = 0 or Cim(b) =0
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The case 1, say Cim(b) = 0, implies that Eq.(19) is equivalent to (a —
b)x = 0. By Lemma 3.1, we can summarize these results as the following
theorem.

Theorem 4.1. If case 1 and condition 1 or condition 2 hold, then the
general solution of Eq.(19) is

z=(la-b?—27(a~b)er)p, ¥V pe Clys.
Case 2: |a| # |b], Cim(a) # 0 and Cim(b) # 0
Theorem 4.2. If case 2 and condition 1 hold, then

(1) if |Cim(a)]? = —27(Cin(a)) and |Cim(b)|? = —2T (Cim(b)) then the
general solution can be expressed by

z={(l+er)p, VpeClygs; (20)
(2) otherwise the general solution can be expressed by
z = (1+e7)(Cim(a)p + pCim(b)), Vpe Clygs. (21)
If case 2 and condition 2 hold, then
(3) if |Cim(a)]®> = 27 (Cin(a)) and |Cim(b)|?> = 27T (Cim(b)) then the
general solution can be expressed by
z=(l—e7r)p, YpeClyg; (22)
(4) otherwise the general solution can be expressed by

z = (1 —e7)(Cim(a)p + pCim(b)), V p € Clps. (23)

Proof. At first, we assume that condition 1 holds. By Proposition 4.2,
if z¢ is a nonzero solution of ax = zb then (1 — e7)zo = 0. It follows from
axg — xob = (Cre(a) — Cre(b))zo + Cim(a)zy — zoCim(b) that

Cim(a)zp = zoCim(b).
If |Cim(a)|? = —27 (Cim(a)) and |Cim(b)|2 = —27 (Cim(b)) hold, then each
solution of Eq.(19) satisfies Cim{a)x = zCim(b) = 0. By Lemma 3.1, the
general solution can be expressed as
x=(l4+e7)p, Vpe Ceo,;;.
This completes the proof of Theorem 4.2 (1).

For the remaining cases, since

Cim(a)? — Cim(b)? = (Cre(a)® — Cre(d)?) + (|b|* — |a|® + 2(T (b) — T (a))er),
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we have (1 + e7)(Cim(a)? — Cim(h)?) = 0. Thus, z = (1 + e7)(Cim(a)p +
pCim(b)), which satisfies az — zb = 0, is a solution of Eq.(19) for each p in
050’3.

Suppose that zp is any solution of ax = xzb of the cases in The-
orem 4.2 (2). Let p = Cim(a)*zo/4 provided Cim(a) is invertible or
|Cim(a)|? = 27 (Cim(a)), and let p = zoCim(b)* /4 provided Cim(b) is in-
vertible or |Cim(b)|? = 27 (Cim(b)). Then zo = (1 +e7)(Cin(a)p + pCin(b))
for such p.

The above statements show that, for cases of Theorem 4.2 (2), any
solution of ax = zb can be expressed by (21). This completes the proof
of Theorem 4.2 (2). By similar arguments, we can obtain the proof of

Theorem 4.2 (3),(4). O
Case 8: la| = |b|, Cim(a) # 0 and Cin(b) # 0

Theorem 4.3. If case 8 and the hypotheses in Proposition 4.3 (1) hold,
then

(1) if [Cim(a)|? = —27T (Cin(a)) and |Cim(b)|? = —27 (Cim(b)) then the

general solution can be expressed by
z=(1+e7)p, Vpe Clygs; (24)
(2) if |Cim(a)|? # —2T (Cim(a)) or |Cim(b)|? # —2T (Cim(b)) then the

general solution can be expressed by
z = (1 + e7)(Cim(a)p + pCim(b)), V p € Clp3. (25)
If case 8 and the hypotheses in Proposition 4.8 (2) hold, then

(3) if |Cim(a)|? = 2T (Cim(a)) and |Cim(b)|* = 27 (Cim(b)) then the
general solution can be expressed by

= (1 — 67)p, v pE 080,3; (26)

(4) if |ICim(a)|? # 27 (Cim(a)) or |Cim(b)|? # 2T (Cin(b)) then the gen-
eral solution can be expressed by

z = (1 —e7)(Cim(a)p + pCim(h)), V p € Clygs. (27)
If case 3 and the hypotheses in Proposition 4.3 (8) hold, then
(5) if Cim(a) is invertible then the general solution can be expressed by
z = Cim(a)p + pCim(b), V p € Cly3; (28)
(6) if Cim(a) is not invertible and
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(a) if |Cin(a)|> = —2T(Cim(a)), then the general belongs to the
direct sum

QOQr={z=21+22:21 € Q1,72 € Q2},

where Q1 = {z : z = Cim(a)p + pCim(b),Vp € C4} and Q3 =
{z:z2=Q1+er)p,Vpe Clys}.

(b) if |Cim(a)|> = 27T (Cin(a)), then the general belongs to the
direct sum

NOQ={r=21+x2: 71 € Q1,72 € Q2},

where Q1 = {z : x = Cim(a)p + pCim(b),Vp € C4} and Q; =
{z:z=(1-e7)p,VpeClgs}.

Proof. The proofs of the Theorem 4.3 (1)-(4) follow from the similar
reasoning as that in the proof of Theorem 4.2.

If the hypotheses in Proposition 4.3 (3) hold then Cim(a)? — Cim(b)? =
Cre(a)?—Cre(b)? = 0. Thus ¢ = Cim(a)p+pCin(b), which satisfies ax—zb =
(Cim(a)? —Cim(b)?)p = 0, is a solution of Eq.(19) for each p in C¢p 3. Under
the hypotheses in Proposition 4.3 (3), z is a solution of Eq.(19) if and only
if Cim(a)z = zCim(b).

If Cim(a) is invertible, then any solution zy can be expressed by
Cim(a)p + pCim(b) for p = Cim(a) lzo/2. This completes the proof of
Theorem 4.3 (5).

If Cim(a) is not invertible, say |Cim(a)|? = —27(Cim(a)), then
|Cim(b)|? = —27(Cim(b)). Thus = = (1 + e;)p, which satisfies Cim(a)z =
zCim(b), is a solutions of Eq.(19) for each p in C¥¢ 3.

Let Qu={z:z=(1+4+er)p,Vp€ Clys} and Q2 = {z: z = Cim(a)p +
pCim(b), V p € Cly3}. We can prove that Q1 N Q2 = {0}.

By Propositions 2.4 and 2.5, we know that rank[w(a) — v(b)] = 2 and
ranklw(Cim(a)) + v(Cim(b))] = 2. Thus all the solutions of Eq.(19) belong
to direct sum Q1 & @2 of @1 and Qs.

Similarly, we can obtain the proof of the case [Cim(a)|? = 27 (Cim(a)).
This completes the proofs of Theorem 4.3 (6). O

Remark 4.2. By proposition 3.2, if a € Cy 3 is not invertible, then ¢ =
(1 +e7)a or a = 3(1 — er)a. In both cases, we have (1 — e7)a = 0 or
(14+e7)a = 0. Thus, in the case (6) of Theorem 4.3, if y = y;1 +y2 € Q19 Q2
with 0 # y1 € @1 and 0 # ya2 € Q2 then y is invertible.
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