Chapter 1

Model of a Taut Wire

This chapter will formulate a relatively simple model (a so-called initial
boundary value problem) that describes the deflection or vibrations of a
taut string. In the next chapter, we will seek approximate solutions to this
model with the Galerkin method.

1.1 Deriving the PDE model

Figure 1.1 illustrates an idealization of a taut wire. The wire is under
prestress by the force P, assumed to be uniform along the length of the
wire. The left-hand end is immovably fixed, while the right-hand end is
held in a fixture which can slide perpendicularly to the axis of the wire. A
transverse force F| is applied at the movable end. In addition, there may
be some distributed force g acting along the length (for instance gravity).
The transverse displacement is a function of both the axial coordinate X
and the time t, w = w(x; t). The transverse displacement is assumed to be
very small compared to the length of the wire.

Fig. 1.1 Schematic of taut wire.
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2 A Pragmatic Introduction to the Finite Element Method

1.2 Balance equation

Taking a section of length Ax of the wire (see Fig. 1.2), collecting all the
forces, and equating them to the inertial force (Newton’s law), leads to a
balance equation for the taut wire

@w -
PGz ta= Wi (1.1)

where W = —— is the acceleration.

@2

Fig. 1.2 The forces acting on a segmert of the taut wire.

1.3 Boundary conditions

The function w that describes the transverse deflection takes two argu-
ments, X, and t. It is defined on a rectangle shown in Fig. 1.3: 0 < x <L,
and 0 < t < t. It needs to be determined to satisfy the balance equa-
tion (1.1), but that would not completely nail the answer down. Indeed,
there are other things we would require a solution to satisfy, namely the
conditions at the boundaries of the domain rectangle.

How many pieces of information do we need to know? A reasonable
answer is, ‘Enough to make the solution unique.” To find the deflection w
is going to involve integration, because the balance equation refers to space
and time derivatives of w. Using the definitions

L@ _a
@’ @’

we may rewrite the balance equation that involves the second derivatives
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of the function W as a system of first order partial differential equations
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For each derivative @ @ one boundary condition (integration constant)
will be needed. Similarly, for each of the time derivatives @, and — one
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boundary condition along the time axis will be required.
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Fig. 1.3 The domain of the de ection function w.

1.4 Boundary conditions (in space)

The conditions on W along the edges of the domain rectangle parallel to the
time axis are known (for historical reasons) as the boundary conditions.
(Perhaps also because they are applied along the physical boundaries of the
structure.)

It needs to be realized that the domain of the wire, that is the interval
0 < x <L, has only one boundary, namely the two endpoints, X = 0 and
X = L. Since these two points are disjoint, the boundary of the interval
consists of two disjoint sets. As discussed in more detail in Chapter 4,
we are really prescribing a single boundary condition. Since it happens
to be applied at two disjoint points, we loosely use the plural “boundary
conditions”.

In this example, at the left-hand end of the wire we are prescribing in
general nonzero displacement,

w(0;t) = Wo(t) : (1.2)
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4 A Pragmatic Introduction to the Finite Element Method

As we shall find out, there is a good reason why this kind of condition is
commonly called the essential boundary condition.

At the other end the boundary condition is of a different nature. It is
also a bit more interesting, as we have to derive it. Again, we take a short
section of the wire of length Ax (see Fig. 1.4). This time there are terms
that are multiplied by AX, but there are also others which are not. Only
the latter survive when we make AX go to zero

—P%(L; t)+FL(t)=0: (1.3)

This boundary condition is simply the balance of forces at the end of
the wire. Boundary conditions of this kind are called natural boundary
conditions.

Fig. 1.4 The forces acting on the right-hand end of the taut wire.

1.5 Initial conditions (b oundary conditions in time)

Along the edges of the domain rectangle that are parallel to the space axis
we also apply two pieces of information. However, as we are all aware, the
time direction is special. Therefore, it will probably come to us naturally
to expect to know something about the deflection at one point in time,
typically at t = 0. Because this is the initial point along the time axis, this
condition is known as the initial condition (and we need two equations,
one for each variable or for each derivative, in order to compensate for
prescribing the condition at one point only):
@v

w(x; 0) = W (x); @(x; 0) =V (X); (1.4)
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Model of a Taut Wire 5

where W (X) (the initial deflection) and V (X) (the initial velocity) are known
functions.

1.6 Anything else?

The balance equation (1.1), the boundary conditions (1.2) and (1.3), and
the initial conditions (1.4) are all we need to fully define what model it is we
are trying to find solutions to. It is an initial boundary value problem,
and as such it is quite typical of the models with which structural engineers
have to deal. In what follows, we shall find out how to formulate an algo-
rithm, the so-called Galerkin finite element method, which will supply an
approximate solution to this problem.
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