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A recognition device, called Finite Array Automaton, accepting a class
of picture arrays, is introduced and it is shown that this device is equiva-
lent to the n—dimensional regular array grammar. Regular (string) lan-
guages, called spreading languages, are associated to the corresponding
n—dimensional array regular languages in order to deal with certain de-
cision problems. Also the effect of controlling the application of rules of
regular array grammars is brought out.

1. Introduction

Picture languages generated by array grammars or accepted by array au-
tomata have been studied by researchers and various models have been
1
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2 A. Atanasiu et al.

proposed in the literature, motivated by problems arising in the frame-
work of syntactic methods of pattern recognition and image processing. %3
Freund* has made an extensive and deep study of array grammars in a
general setting of n—dimensions. Many different aspects of these grammars
such as regulated rewriting,?® cooperating systems,® contextual features*
and so on have been investigated. k—head finite array automata,' have also
been considered to characterize certain families of array languages.

In this paper, an explicit construction of a recognition device, called a
Finite Array Automaton equivalent to an n—dimensional Regular Array
Grammar is made. A class of regular string languages, called Spreading
languages is associated to the finite array automaton which is useful in
certain decision problems. In the case of two dimensions (n = 2), the effect
of controlling the application of rules of a Regular array grammar is brought
out.

2. Preliminaries

For notions of formal languages we refer to Refs. 7 and 10; for basic notions,
notations and results about array grammars to Ref. 4.

Let V be a finite and nonempty alphabet. Let Z denote the set of
integers and N denote the set of positive integers and let n € N. For
x = (x1,22,...,T,) € Z", we shall define

n
lall =D
i=1

A n—dimensional array A over an alphabet V is a function A : Z" —
V U {#} with finite support, supp(A4), defined by

supp(A) = {u € Z" | A(u) # #};
is called the blank symbol, which is not in V. Usually we write
A ={(u,A(u)) | u € supp(A)}.

In each location u € Z™ of the grid an element from V U {#} is placed by
the function A : Z" — V U {#}. Moreover, the set

supp(A) = {u € Z"/A(u) # #}

is finite and nonempty. We require that for any u € supp(A), A(v) # # for
at least one v with |ju — v| = 1.

The set of all n—dimensional arrays over V is denoted by V*™. Any
subset of V*" is called a n—dimensional array language.
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Let w € Z". Then the translation 7, : Z" — Z" is defined by
Tu(v) = v+ u for all v € Z™; for any array A € V*" we define 7,(A),
the corresponding n—dimensional array translated by u, by

Tu(AW)) = A(v +u), YveZ".

The vector (0,0,...,0) € Z" shall be often denoted by €2,,.

Usually, arrays are regarded as equivalence classes with respect to linear
translations, i.e. only the relative positions of the symbols from supp(A) are
taken into account.

The equivalence class [A] of an array A € V*" is defined by

[Al={BeV*™ |3u €Z",B=m7,(A4)}.
For any element u € supp(A), we define the frame
Wy ={(u,v)/v e Z", [Jlu—v| =1}.

If u = Q,, then the frame Wy = {(Q,,v)/||v|]| = 1} is called the initial
frame. Obviously, Wy has 2n elements.

Let us consider the operation of translation 7,(W,,) = {(u+xz,v+z) | v €
Z"} = Wyye. Then, any frame can be obtained by the translation of the
initial frame: Wy, = 7,(Wp) (or Wy = 7_,(W,,)).

A n—dimensional array production over V is a triple P = (W, A1, As)
where W C Z™ is a finite set and A;, Ap are mappings from W to VU {#}.

In such a writing, all positions in W together with their associated
symbols must be listed for representing A; and As, by

This representation is general, for the infinite set of equivalent
n—dimensional array productions of the form (7, (W), 7, (41), 7w (As2)) with
u € Z™. Hence without loss of generality, it can be assumed that ,, € W.
Moreover, the set W can be omitted because it can be uniquely recon-
structed from the description of the mappings Ay, As. A n—dimensional
array production p = (W, Ay, As) is regular if:

(1) W = {9 u} € 2% Jull = 1 and A; = {(2, B), (u, )},
As = {(Q,a), (u,C)},B,C € VN,a € Vp, or
(2) W ={Qn}, A1 = {(Qn, B)}, As = {(Q,,,b)}, where B € Viy,b € Vp.

If By, Bs are two n—dimensional arrays, we shall write By = Bs if and
only if there exist u € Z™ and a production p = (W, Ay, As) such that the
restrictions of B; to 7,(W) are A;(i = 1, 2).
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In other words, the array By € V*" is directly derivable from the array
B; € V*" by the n—dimensional production (W, A1, Ay) if and only if the
subarray of By corresponding to A; is replaced by As, yielding Bs.

A n—dimensional array grammar is a quintuple G = (n,Vy,Vr, P,

{vs,S)}, #), where

e Vy is the alphabet of nonterminal symbols, V7 is the alphabet of terminal
symbols, Vy NV = ¢;

e P is a finite non-empty set of n—dimensional array productions over
VN U Vp;

o {(vs,S)} is the start array (S € Vy is the start symbol, vs € Z" is the
start location).

The array By € V*" is directly derivable from the array B; € V*" in
G, denoted By =¢ Bs if and only if there exists a n—dimensional array
production p = (W, A1, Ag) in P such that By = Bs. If = is the reflexive
and transitive closure of =, then the array language generated by G is
defined by

L(G) = {A € Vi"/(v,, S) =* A}

The corresponding n—dimensional array language of equivalence classes
with respect to linear translation is [L(G)] = {[A]/A € L(G)}.

The n—dimensional array grammar G is called regular if every produc-
tion in P is regular; in this case L(G) is called a n—dimensional regular
array language. The family of n—dimensional regular array languages will
be denoted by L(n,reg) and the family of regular array languages of equiv-
alence of classes of arrays will be denoted by [L(n,reg)].

3. Finite Array Automata

Let V be a finite and non-empty alphabet. Let V! = {a;/a € V} be another
alphabet, distinct from V. The set of strings over V(V!) is denoted as
usual by V*(V* respectively) with the difference that the identity will be
considered # (blank symbol).

Definition 1: Let A be a n—dimensional array over the alphabet V.
A n-Finite Array Automaton (n-FAA in short) is a 7-tuple, M =
(naQauéa quUOaF)a
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n>1.

@ and V are finite and nonempty sets of “states” and “input characters”
respectively.

§:(QxZ™)xV — 29%*" is the transition map, satisfying the invariance
property (p,v) € 6((¢q,u),a) & (p,72(v)) € (g, Tz(u),a),V x € Z".

qo € @ is the “initial state”.

vg € Z" is the start location; if vg = €1,, this element can be ignored.

o ' CQ,(F # ¢) is the set of “final states”.

(p,v) € §((q,u),a) is defined only if the following constraint is fulfilled:
p,q € Q,u,veZ™ |lu—v||=1,aeV.

We interpret these restrictions in the following way: if the automaton
M is in the state ¢ and finds a symbol a € V in the location u, then it will
pass on to a state p and in another location v in its neighborhood.

Otherwise §((g,u), a) = ¢.

After such a rule is applied relating to a location u, the element a € V
from this location is replaced by a! € V! (in order to avoid the possibility
of the automaton passing a second time through the location w).

The content of the location v is not important at this moment, but we
remark that § cannot be applied if in the current location u there is # or
an element from V.

Remark 1: (p,—u) ¢ 3((q,u),a) unless u = Q,, or p € F (otherwise this
rule cannot be applied).

The property of invariance assures a homogenous behaviour of the tran-
sition map ¢ on the grid Z". Therefore it is enough to define the transition
map of a n—dimensional finite array automaton only for the initial frame:

(p,v) € 6((q,u),a) < (p,v—u) € 6((q, ), a) .

In the following we shall consider, without loss of generality, only the case
Vo = Qn

The transition map § can be extended recursively to 6" : (Q x Z™) x
V* — 2@%2" a5 follows:

0"((q,u), #) ={(¢;w)},V ¢ € Que 2",
5/\((Q7u)a aa) = U(p7v)€5A((q7u),a)5((pa U)a a)7v p,q € Qaa eV,ae V.
For oo = # we obtain 6" ((q,w), #a) = §((q,u),a); so, §” is a natural exten-

sion of § because the invariance assures that #a = a. In the following we
shall denote §” also by d.
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Proposition 1: §((q,u),a8) = 6((q,u), ), 5).

Proof: Straightforward to prove, by induction on the length of f.
Now, we give the definition of the array language accepted by a
n — FAAM = (Q,V,0,q0,Vo,F): L(M) contains all the sequences
(vo, aon), (v1,a1), ..., (vn,a,) which satisfy the constraints:

(1) dq, ... yn+1 € Q) with (qi+1a Ui+1) S 5((qi, Ui)a,i), 0<11<n;
(2) (Uiavi+1)€inaOSi§n;
(3) an+1 € F.

Let us denote by 7, (L(M)) the language accepted by the same automaton
but with the start location vy + 2 and let Lo(M) = 7_,, (L(M)) Then the
general language accepted by the automaton M = (Q,V, 6, o, vo, F) is

(LD = | ru(Lo(M)).
uezZm
Let pro: Z™ x V — V be the function projection, defined by pro((u,a)) =
a,V a € V,u € Z™. This function can be extended to a morphism; now,
another language, which is a projection in a 1-dimensional array of the
language Lo(M), can be defined:

pro(L(M)) ={aecV* |3 ¢ge F,3ve Z" (q,v) € 6((q0,v0), )}

It is clear that pro(L(M)) is a regular string language (in terms of formal
languages). O

Example 1: Let n = 2, @ = {q0,q1,¢2}, V = {a,b,c}, vg = Q,
F = {qO} and 5(((]0aQn)va) = {(qlv(lvo))}7 6(((]17911)7()) = {(QQa (071))}’
5((g2,n),¢) = {(qo,(0,1))}. The language accepted by this 2-FAA con-
tains all the arrays having the structure shown below:

Thus [L(M)] = {((7,24),a)((:+1,24),b)((i+1,2i+1),¢)- - ((4,25),a), (F+
1,25),0), ((j + 1,25+ 1),0)|i,j € Z,i < j} and pro(L(M)) = (abe)™.
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Example 2: If we taken =1, Q = {qo, 1}, V ={2},v0=(0) =, F =
{ao} and 6((qo, 1), x) = (q1(1)), 6((q1, ), 2) = (qo, (—1)), the language
accepted by this 1-FAA has only one sequence: Lo(M) = {((0), z)((1),z)}.

Indeed for the string xx, after the second x is accepted the sequence
will have the form z'z!' and the current location becomes again §2; where
the symbol is now 2'. Because the current state is the final state gq, this
string is accepted and the automaton stops.

If F= {Ch}, then L()(M) = {((0)71‘)}

Remark 2: The usual Finite Automata accepting strings can be consid-
ered as a special case 1-FAA, where the frames used by the transition map
are only (i,1+1) e W;,i=0,1,2,....

Theorem 1: The class of languages accepted by n-FAA is [L(n,reg)].

Proof: Let L be a n—dimensional regular array language. Thus, there is
a n—dimensional regular array grammar G = (n,Vn, Vp, P, {(vs, S)}, #}
with [L(G)] = L. We shall construct the n-FAAM = (n,Q,V,0d,qo,vo, F)
as follows:

e Q=VNyU{X} g =325, F={X} where X ¢ Vy UVp;
o V="Vp;

® Vo = Us;

[}

The transition map 0 is defined as follows:

For a production {A; = {(Qy, B), (v, #)}, A2 = {(Qn, a), (v,C)}}, the rule
(C,v) € 6((B,Qy,),a) is generated by keeping the same initial frame.

For a production {A; = {(Q, B), A2 = {(2,,b)}}, we consider an arbi-
trary initial frame (£2,,,b) € Wy we generate the rule (X,v) € §((B,Q,),b).

The equality [L(M)] = L can be proved, by the induction on the number
of production rules used in a derivation.

Let M be a n-FAA and L = [L(M)] be the array language
accepted. We define a n—dimensional regular array grammar G =
(n, Vn, Vp, P, {(vs, S)}, #} as follows:

L4 VN = Q7 VT = Va
® 5 =qo; vs = vo;
e The set P of productions will contain:

{41 = {(Qn,q), (v,#)}, A2 = {(2n,a),(v,p)}}, for any rule (p,v) €
0((g, ), a); the frame W is the same for the automaton rule and for the
grammar production.
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For any ¢y € F' we look for the rules (gf,v) € 6((g,8),a); each such
rule will generate a production {41 = {(Qn,q), }A2 = {Qn,a)}} where its
associated frame is restricted to W = {Q,,}.

The proof of the equality L = [L(G)] is now straightforward. O

Example 3: For the 2-dimensional finite array automaton defined in Ex-
ample 1, the regular array grammar which will generate the same language
has the rules

{((070)7 a), ((1,0), QI)}} )
((0,0),0),((0,1), Q2)}} )
((070)’ C)7 ((07 l)a QO)}} )

3.1. The spreading languages

As in the case of regular languages, it is possible to associate an oriented
graph I' to a n-FAA. The construction of I" is the following;:

Let M = (n,Q,V,d,q0,v0, F) be a n—dimensional finite array automa-
ton.

e The nodes of the graph I" will be labelled by states; gg will be the initial
node and the nodes labelled by F' are final nodes.

e The labels of the edges are the elements of the set £ = {ay|a € V,u €
Wot.

For any rule (p,u) € 6((q,Q,),a), an edge from ¢ to p, labelled by a,, is
drawn. So, at most 2n edges can leave every node of this graph.

Example 4: For the 2-FAA of Example 1, the graph associated is.
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Example 5: For the Example 2, the graph associated is

This graph I' designs a finite automaton and thus a regular language.
Let M = (Q,V,4,q, F) be the finite automaton defined by the graph
T', where

oV :_{au|a eV,ue Wy}
e p (g au) & (p,u) €6((q, ), a).

Let L = L(M)be the regular language accepted by the regular automa-
ton M. This language will be called the spreading language of L.

For every word w = (Q,, a0)(vi,a1) - (vg,ar) € L(M) there is a path
in I" designed by the sequence W = (ao)v;, (a1)vy -+ (ak—1)vr, (ak)vy, | € v
from the initial state qo to a final state ¢ with (g, vi+1) € 6((p, vk), ar); we
have denoted by v} = 7_y,—1(v;)(2 < i < k +1),v1) = v1.

Let ¢ : L — L be the mapping defined by ¢(w) = w. In this way,
for every word in a n—dimensional array regular language corresponds a
word in a regular language. The language ¢(L) is regular sublanguage of
L. Sometimes the mapping ¢ is surjective (like for the 2-dimensional array
language defined in Example 1), but this property does not hold always;
the 1-dimensional regular language defined in Example 2 is finite, but the
graph I' constructed in Example 5 accepts the infinite language L = (zx)*.
So, in this case ¢(L) C L; But it is possible to find if a given sentence w € L
is in ¢(L) or not.

Theorem 2: Let L be a n—dimensional regular array language and L its
spreading language, with ¢(L) C L Let w € L. We can decide recursively
whether w € ¢(L) or not.

Proof: Let M = (n,Q,V,6,qo,v0, F) be a n-FAA with L = L(M) and L
its spreading language. The algorithm will have as input a sentence w =
Quguy * Gy, € L, (ay, € V,u € Wy, 0 < i <k —1). The steps are:

(1) mo :={vo},i=1;
(2) vi 1 —vi—1 +wj—1; My = My U{vi_1};
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(3) If (M # M;_1) and (i < k) then i : =i+ 1, go to 2;
(4) If i = k then w € ¢(L), otherwise w € L\ ¢(L).

The algorithm tries to find a word z € L so that ¢(z) = w. So it iteratively
builds the locations where the symbols of z can be placed. If these locations
do not overlap, such a construction is possible from the point of view of
finite array automaton M. The formal details are easy to be supplied. O

Example 6: Let us consider the 2-dimensional finite array automaton

M = (2aQ7‘/76a QOaF) with Q = {QO7Q1aLI2aQB}7 F = {q3}7 V = {a’} and
the transition map:

6((g0, 22),a) = {(q0, (1,0)), (q1,(1,0))},
6((q1,2),a) = {(q1,(0,1)), (g2, (=1,0))},
(g2, 22),a) = {(g2, (=1,0)), (g3, (0, ~1)) },
6((g3,2),a) = {(g3, (0, -1)), (g0, (1,0))},

We shall construct the graph I' designed by this automaton:

a(1,0) . a(0,1)
@ CL(O, 1)

The spreading language is L = (a a ) (0 1 ( 1,0)%(0, 71)) e L.

Let us select for instance the sentence w = a(1,0) a(1,0) @(0,1) A(-1,0)
a(,-1) a(0,-1) € L.
Thus k& = 6 and the algorithm will generate:

(1) vo = (0,0), Mo = {(0,0)};

(2) v1 = (0,0) + (1,0) = (1,0), My ={(0,0),(1,0)};

(3) v2 = (1,0) + (1,0) = (2,0), Mz ={(0,0),(1,0),(2,0)};

(4) v3 = (2,0) + (0,1) = (2,1), Ms = {(0,0),(1,0),(2,0),(2,1)};

5) va =(2,1)+ (—-1,0) = (1,1), My = {(0,0),(1,0),(2,0),(2,1),(1,1)};

(6) vs = (1,1) + (0, -1) = (1,0), Ms ={(0,0),(1,0),(2,0),(2,1), (1, 1)} = My;
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Finite Array Automata and Regular Array Grammars 11

Since i = 5 and 5 # k, the answer is w ¢ ¢(L): if we wish to draw the array
of this word in a 2-dimensional grid, the location (1, 0) will appear twice.

But, if we consider the word w = a(1,0y a(1,0y @(0,1) @(-1,0y @(0,—1) € L,
it will be accepted, because although M5 = My, we have i = k = 5. The
sentence z € L with ¢(z) = w is z = (Q2,a) ((1,0),a) ((2,0),a) ((2,1),a)
((1,1),a) with the array representation shown below:

#aa

a aa

4. Regular Array Languages and Pumping Lemma

Let M be a n—dimensional finite array automaton, L = L(M) be the
regular array language accepted by M and L its spreading language. Since
L is a regular language and ¢(L) C L, we can use the pumping lemma in
order to decide whether or not some n-array languages are regular.

Proposition 2:

(1) The 2-dimensional array language of all hollow rectangles is not regqular.
(2) The 2-dimensional array language of all hollow squares is not regular.

Proof: (1) Let L be the 2-dimensional array language of all rectangles. Let
us suppose that this is a regular array language and let L be its spreading
language. Since any rectangle has four sides with opposite sides equal, we
have

L={w/w= alt,0)4(0,1)%(-1,0%(0,—1): M, = 1}

where a € V is the symbol used by drawing the rectangles.

But the pumping lemma for regular languages shows that a language of
type {a™b™c"d™|m,n > 1} is not a regular language®; thus L is not regular,
a contradiction.

(2) If the 2-dimensional language of all squares would be a regular lan-
guage, the spreading language associated will be

L={w/w= aa,o)a?o,1)a?—1,0)a7(10,—1)v" > 1};

but a language of type {a™b"c™d"|n > 1} is not regular, so L cannot be a
spreading language, contradiction. O

Remark: It is known'! that hollow rectangles and hollow squares cannot
be generated by regular array grammars although solid rectangles and solid
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12 A. Atanasiu et al.

squares can be generated. The Proposition 2 gives a different approach
to this question. We have chosen to reduce the decision of finding if a
language is not regular, from the n—dimensional array languages area to
formal regular languages area. This problem arises because the pumping
lemma is not easy to be established in array languages.

Let us recall the following lemma (Lemma 4.119):

Lemma 1: Let R be a reqular language over V. Then there is a constant
k, depending on R, such that for each w € R with |w| > k there exist z, y,
z € V* such that w = zyz and:

(1) [zy| < k;
@) Iyl > 1
(3) zy*z € R for all i > 0.

We suppose that this pumping lemma is true also for n—dimensional
regular array languages; we try to apply it to the language L generated by
the 2-FAA built in Example 6. Let us consider the word w designed by

B A

(blank symbols were ignored) where in the zone A there are more than &
“a”-s. In the decomposition w = xyz, the subword y has to be in the zone A;
but here there is no possibility of erasing or of pumping another subwords
of y — s. If we relax the condition (1) by replacing it by (1) |y| < k, then we
can find the sequence y somewhere outside the zones A and B. In this case
the pumping lemma will be true for all assertions, except the case i = 0 in
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Finite Array Automata and Regular Array Grammars 13

(3): there is no word in L of the form zz, because overlaps will arise in all
variants.

5. Control on Regular Array grammars

We examine now the effect of controlling the application of rules of a regular
array grammar by prescribed sequences of their applications, constituting
a control language. We consider the case n = 2 here.

In the two dimensional case the array productions can be depicted in a
more simple way as given below:

A# — aB,#A — Ba, ﬁ — f , ;i — ; JA—a.

The concept of control on the application of the rules in a grammar is
standard in the string language theory. The rules of a grammar are given
labels and the control word is a sequence of such labels. A derivation in
the grammar is obtained from the start symbol by applying the produc-
tions corresponding to the labels that occur in order from left to right in
a given control word. The terminal words obtained in this way constitute
the language generated. The control words themselves constitute a lan-
gauge, called the control language. Here we consider regular, context-free
or context-sensitive control languages. We denote a 2-dimensional regular
array grammar with control by G = (2, Vn, Vr, P, {(vs, S), #}, Lab(P),C)
where Lab(P) is the set of labels of productions in P and C' C (Lab(P))*
is the control language.

As in string language theory regular control does not increase the gener-
ative power of regular array grammars but CF and CS controls do increase.

Proposition 3: Given a 2-dimensional regular array grammar

G=(2,Vn,Vr,P,{(vs,S),#}, Lab(P),C) with control C',

*

the array language generated by G is regular if C C (Lab(P))* is a regular
string language. But if C'is context-free or context-sensitive then the array
langauge generated need not be regqular.

Proof: When C is regular generated by rules of the forms X — fY, Z — g
where f, g belong to Lab(P) and X, Y, Z are nonterminals in the regular
grammar generating C' and if f is the label of a rule in G of the form,
say, A# — aB, then we form a regular array rule of the form (4, X)# —
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a(B,Y) (likewise for other types of regular array rules). If g is the label
of a rule in G (which will be a terminal rule) of the form A — a, then
we form a regular array rule of the form (A, Z) — a. It can be easily seen
that the 2-dimensional array language generated by the new regular array
productions is the same as the 2-dimensional array language of G. In fact
the effect of the control word is taken care of by the second component of
the new nonterminals formed.

When C is context-free or context-sensitive, that the generative capacity
of GG is increased can be seen from the following examples.

We give only the rules of the regular array grammar G and the context-
free control language C;. The rules are

#

fri#S—Sa, fa:

Y piSoa
a

and context-free control language

C={f" i fs/n=1}.

G generates arrays over {a} which describe “token L” with equal arms of
all sizes. For instance, for n = 5, the control word is fi fa f3. Applying rules
with label f; four times followed by fo four times and finally f3, we obtain
the array as

a
a
a
a
aaaaa

It can be seen that these arrays describing token L cannot be generated by
a regular array grammar as the “arms” of equal sizes cannot be maintained

by regular array grammar rules.
When the rules are the following

foos#—as, g o pigs s,

fa: i — g ;o fsiS—a
and the context-sensitive control language C' = {f" 'fr~! fg”_l 2
f5/m,n > 1} then the grammar generates arrays over {a} which describe
hollow rectangles. O
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6. Final Remarks

The recognition device proposed here, namely, the n—dimensional finite
array automaton equivalent to the n—dimensional regular array grammar,
represents a natural extension of the usual finite automaton and recognizes
[L(n,reg)]. There are some problems that remain to be solved. For exam-
ple, each regular language R is spreading a family of n—dimensional finite
array languages. What are the properties of thus family? It not empty be-
cause R is spreading by itself. Is it possible to establish a pumping lemma
regarding n-FAA? This will help us to solve some decidability problems
(i.e. emptiness, finiteness). It would also be interesting to study the deter-
ministic behavior of n-FAA. For example, we can consider that a n-FAA
is non-deterministic if and only if there are p, ¢, r € Q, y € Wy, a € V
with (p,y), (r,y) € 6((q, ), a) but p # r. This type of definition for non-
deterministic n-FAA can be eliminated in the same way as we do for usual
NFA (see[4]). But, What happens if (p,y), (r,2) € 6((¢, ), a) but y # 2?
These questions and other problems regarding n—dimensional finite array
automata remain to be solved in forthcoming papers.
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