


6 Lectures on QED and QCD 

Until now, we discussed ultraviolet divergences. In theories with mass- 
less particles (for example, gauge theories) some diagrams can also diverge 
at k + 0 (infrared divergences)'. They cannot appear in results for mean- 
ingful physical quantities (we cannot detect arbitrarily soft photons, so, 
cross sections should be summed over final states with any number of such 
photons). In order to do intermediate manipulations, we have to regularize 
infrared divergences, too. This can be done by introducing a small photon 
mass; however, such a regularization breaks gauge invariance. Dimensional 
regularization regularizes infrared divergences as well as ultraviolet ones: 
both appear as 1 / ~  poles (in general, it is very difficult to trace which 1 / ~  
poles are of ultraviolet origin and which are infrared). 

1.2 Massive vacuum diagram 

So, during these lectures, we are going to live in d-dimensional space-time: 
one time and d - 1 space dimensions. 

Fig. 1.2 One-loop massive vacuum diagram 

Let's consider the simplest diagram shown in Fig. 1.2: 

The power of m is evident from the dimensional counting, and our aim is 
to find the dimensionless function V(n);  we can put m = 1 to simplify the 
calculation. The poles in the complex ko plane are situated at 

ko = f (&G - io) 
'If there is an on-shell massless particle with momentum p in the process, there can 

also be collinear divergences when the momentum k of a virtual particle is non-zero but 
parallel to p .  
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(Fig. 1.3). The integration contour C is initially along the real axis. We 
may rotate it counterclockwise by n/2 without crossing the poles. After this 
Wick rotation, we integrate along the imaginary axis in the ko plane in the 
positive direction: ko = iko. Here ko is the 0-th component of the vector 
k in d-dimensional Euclidean space (Euclidean vectors will be denoted by 
the bold font), and k2 = -k2. Then our definition (1.2) of V ( n )  becomes 

= 7rd/2V(n). 
ddk 1 ( k 2  + 1)" 

Fig. 1.3 Complex ICo plane 

It is often useful to turn denominators into exponentials using the a- 
parametrization 

For our integral, this gives 

The d-dimensional integral of the exponent of the quadratic form is the 
product of d one-dimensional integrals: 

This is the definition of d-dimensional integration; note that the result 
contains d as a symbol. Now it is easy to calculate 

V ( n )  = - 1, e-aan-d/2-l da  . r(n> 0 
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The denominator in (1.4) behaves as (k2)" at k + 03. Therefore, the 
integral converges only if d < 2n (or Red < 2n if we also consider complex 
d). This is also clear from (1.8). In this region, it can be calculated via 
I?-function: 

r(-d/2 + n) V(n) = 
r(n) 

We define the integral in the whole complex plane of d as the analytic 
continuation from the region where it converges. In this particular case, 
this means the formula (1.9) everywhere. 

For all integer n, the results are proportional to 

4 
(d - 2)(d - 4) 

VI = V(1) = w +  E )  7 

where the coefficients are rational functions of d. For example, 

(1.10) 

(1.11) 

The integral V(n) is ultraviolet divergent at d + 4 if n 5 2. This ultraviolet 
divergence shows itself as a 1 / ~  pole in (1.9) for n = 1, 2. 

Results for Feynman integrals in d dimensions often contain I'-functions 
of arguments n + mE. In order to expand such results in E ,  we first reduce 
then to I?(l + m E ) ,  and then use 

where y is the Euler constant, and 

n, k=l 

is the Riemann <-function: 

2 T 4  
(331.202,  ( 4 = -  * . .  

C 2 ' 6 ,  90 ' 

(1.12) 

(1.13) 

(1.14) 
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1.3 Integrals in d dimensions 

Integrals in d dimensions have the usual properties: 

c f ( k )  ddk = c f ( k )  d d k ,  s (1.15) 

f ( R k )  ddk = f ( k )  d d k ,  

f ( c k )  ddk = c - ~  f ( k )  d d k ,  

(1.18) 

(1.19) 

where k‘p = hP,k” is a Lorentz transformation. In particular, the transla- 
tional invariance (1.17) for an infinitesimal q gives a very important prop- 
erty 

(1.20) 

which we shall often use. It can be understood directly: in the infinite d- 
dimensional momentum space there can be no boundary terms. Similarly, 
an infinitesimal Lorentz transformation is Ap,, = gpv + E ~ , ,  where E ~ ,  = 
-E”,, is an infinitesimal antisymmetric tensor. Therefore, from (1.18), 

(1.21) 

This Lorentz-invariance condition also can be used for deriving useful rela- 
tions among Feynman integrals. 

What is the value of the massless vacuum diagram 

ddk J ( - k 2  - i01n 

(Fig. 1.4)? Its dimensionality is d - 2n. But it contains no dimensionful 
parameters from which such a value could be constructed. The only result 
we can write for this diagram is 

= 0. ddk s ( - k 2  - iO)n (1.22) 
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Fig. 1.4 One-loop massless vacuum diagram 

Equivalently, from (1.19), 

ddck ddk 
[-(ck)2 - iOIn  = 

Cd-2n 
(-k2 - iO)n ’ 

and we obtain (1.22). This argument fails at n = d/2; surprises can be 
expected at this point. 

= O  

Fig. 1.5 A diagram for the quark propagator 

This dimensions-counting argument is much more general. For example, 
the diagram in Fig. 1.5 contains a sub-diagram which is attached to the 
rest of the diagram at a single vertex, and which contains no scale. This 
subdiagram is given by an integral (maybe, a tensor one) with some d- 
dependent dimensionality. It has no dimensionful parameters; the only 
value we can construct for such an integral is 0. 

A typical 1-loop Feynman integral contains n denominators of propaga- 
tors (which are quadratic in momenta) and, maybe, a numerators (poly- 
nomial in momenta). Using a-parametrization (1.5), we can write it as an 
integral over n parameters ai of an integral over 1 Euclidean &dimensional 
loop momenta ki (after Wick rotation) of an exponent of a quadratic form 
(maybe, multiplied by the polynomial numerator). Loop momenta in the 
numerator can be replaced by derivatives acting on the exponent. Terms 
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This function has a nice property 

(1.41) G(n1,nz + 1) - (d - 2n1 - 2n2)(d - n~ - n2 - 1) - - 
G ( ~ I ,  n2) n2(d - 2722 - 2) 

which allows us to shift its arguments by f l .  For all integer n1,2, these 
integrals are proportional to 

7 (1.42) 
r(i + e ) r 2 ( i  - E) 

r ( i  - 2 4  91 = 
291 

(d - 3)(d - 4) ' GI = G(1, l )  = - 

with coefficients which are rational functions of d. 
The denominator in (1.36) behaves as (k2)nltnz at k + 00. Therefore, 

the integral diverges if d 2 2(nl + n2). At d 4 this means n1 + n2 I 2. 
This ultraviolet divergence shows itself as a 1 / ~  pole of the first r function in 
the numerator of (1.40) for n1 = 722 = 1 (this r function depends on n1+n2, 

i.e., on the behaviour of the integrand at k -+ co). The integral (1.36) can 
also have infrared divergences. Its denominator behaves as (k2)"2 at k + 0, 
and the integral diverges in this region if d 5 2n2. At d -+ 4 this means 
722 2 2. This infrared divergence shows itself as a l /e  pole of the third r 
function in the numerator of (1.40) for 122 2 2 (this r function depends 
on n2, i.e., on the behaviour of the integrand at k -+ 0). Similarly, the 
infrared divergence at k + p -+ 0 appears, at d -+ 4, as a pole of the second 
I? function, if n1 2 2. 

Let's consider the integral (Fig. 1.6) 

I(p2) = -- ddk = G1(-p2)-" (1.43) 
(-k2 - i O ) ( - ( k + ~ ) ~ - i o )  

as a function of the complex variable p2. It has a cut along the positive 
half-axis p2 > 0, starting at the branching point p2 = 0 at the threshold 
of the real pair production (Fig. 1.8). Analytically continuing it from a 
negative p2 = -s (where the function is regular) along the upper contour 
in Fig. 1.8, p2 = -sexp(-ia) with a varying from 0 to 7r, we obtain 

I ( s  + 20) = G1s-"eiRE . (1.44) 

Similarly, continuing along the lower contour, we get I ( s  - i0) having the 
opposite sign of the imaginary part, and the discontinuity across the cut is 

I ( s  + 20) - I ( s  - 20) = Gls-"2i sin(m) . (1.45) 
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Fig. 1.8 Complex p 2  plane 

At E + 0, GI (1.42) has a 1 / ~  pole, and the discontinuity is finite: 

I(” + io) - I(” - i0) = 27ri. (1.46) 

1.6 Tensors and y-matrices in d dimensions 

In order to calculate diagrams in d-dimensional space, we also need to do 
tensor and y-matrix calculations in the numerators. For any integer d, 

6,” = d (1.47) 

is the sum of d 1’s. It is natural to extend this property to arbitrary d. 
Let’s consider the projector 

J b 1 6 P 2  v1 v2 . . . p ; I  (1.48) 

onto completely antisymmetric tensors with n indices. Here the square 
brackets mean antisymmetrization, for example, 

1 

1 

6[P1(5P21 = - Pl(5P2 - p 2 p 1  
vl v 2  2! P v 1  v 2  v1 v2 1 ’ 

6’12 gP31 = - (6;; 6;; 6;; - 6 P 1  JP3 6P2 + gP2 gP3 (5P1 - ,3P2 SP”1P3 
vl v2 v3 3! v1 v 2  v3 v1 v2 u3 v1 v 2  v3 

+ 6;; p 1  p 2  - 6P3 p 2  p 1  
v1 v2 v3 1 ’ 

6 ” ” l p  . . . p _ n l  ? 

v2 v3 

and so on. What is its trace 

P1 P2 

It is the number of independent components of an antisymmetric tensor 
with n indices in d-dimensional space. Let’s consider an arbitrary integer 
d. All indices must be different; their order is not important. In other 



18 Lectures on QED and QCD 

words, the indices p1, pa, . . . , pn form a subset of the numbers 0, 1, . . . , 
(d- 1). The number of such subsets, and hence the number of indeperident 
components of an antisymmetric tensor, is 

(1.49) 

It is easy to check, for a few values of n, that this formula for arbitrary d 
follows from (1.47), for example, 

For an integer d, any tensor antisymmetric in n > d indices is zero. 
In particular, the projectors (1.48) with n > d vanish. Hence their traces 
vanish too, in accordance with (1.49). If d is not integer, the traces (1.49) 
are non-zero for all n. This means that the projectors (1.48) are non- 
zero. Therefore, in our d-dimensional space non-zero antisymmetric tensors 
with arbitrary numbers of indices exist. This space is, in fact, infinite- 
dimensional; it is the relation (1.47) which makes it look “d-dimensional” . 

Now we are going to discuss y-matrices in d dimensions. Their defining 
property is 

yPy” + y”yP = 2gP”. (1.50) 

How many different products of the matrices yp are there for an integer d? 
Any product of this kind can be simplified, using (1.50), to such a form that 
each of d matrices yfi occurs either 0 or 1 times. Therefore, the number of 
independent products is 2d. For any even integer d, it is possible to define 
a set of Dirac matrices T P  in such a way that their products span the whole 
space of matrices. The number of independent N x N matrices is N2.  This 
means that yP must be 2d/2 x 2d/2 matrices, and the trace of the unit Dirac 
matrix is 

Tr 1 = 2d12 . (1.51) 

For example, this is so in the familiar case d = 4. 
In other words, any y-matrix expression can be expanded in the basis 

p l . . . P n  = y [ ~ i  . . . y ~ n l  (1.52) 

because symmetric parts are eliminated as a consequence of (1.50). For 
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example, 

19 

and so on. For an integer d, this basis is finite: only antisymmetrized 
products with n 5 d exist. For a non-integer d, this basis is infinite. 

It would be natural to accept (1.51) for any d. This formula can also 
be derived from the completeness relation of the basis (1.52) (this rela- 
tion allows us to do Fierz transformations in d dimensions). However, the 
universally accepted convention is to use 

T r l = 4  (1.53) 

instead (this somewhat simplifies formulas for diagrams with closed fermion 
loops). This convention can be understood in the following way. As we shall 
see, each closed quark loop in QCD produces the factor TF (among other 
things). Changing the definition of the Dirac trace from (1.51) to  (1.53) 
can be viewed as a d-dependent redefinition of TF. In final renormalized 
results, the limit d -+ 4 is taken, and TF returns to its standard value (equal 
to 1/2). The same argument applies to QED; the only difference is that the 
normal value of TF (before the redefinition) in QED is 1, and it is usually 
not included into formulas explicitly. Because of (1.53), the usual formulas 
for traces of 2, 4,. . . y-matrices hold. 

Let’s derive some relations which are used for simplifying y-matrix ex- 
pressions in d dimensions. From (1.50) we have 

ypyP = d .  (1.54) 

How to find yp$yP? We anticommute yP to  the left: 

Similarly, 

and 
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It is not possible to define a matrix 75  satisfying 

75yp + YP75 = 0 (1.58) 

in d-dimensional space. Let us consider the following chain of equalities: 

Try57py' = dTr75 = -Try p 7 5 Y  = - Tr 7 5 7 9 p  = -d Tr 7 5  

=+ dTry5 = o  
(the anticommutativity of 7 5  was used in the second step, and the trace 
cyclicity in the third one). We have learned that if d # 0 then Try5 = 0. 
We assume that d # 0 and continue: 

l h 5 7 p 7 p 7 a 7 '  = day5yayP  = - 7375TpY a ' P  y y 

=-(d-4)Try5yay' +- (d-2)Try5yay'=0. 

We have learned that if d # 2 then Try5y"yO = 0. We assume that d # 2 
and continue: 

Tr Y~T~YYY'Y~Y' = d Tr W / ~ Y ' Y ~ Y '  = - Tr " I ~ T ~ ~ ~ Y ' Y ~ Y ' Y ~  
= -(d - 8) Tr y5yayPy7y6 =+ (d - 4) T r ~ 5 y s ~ ~ y ' y ~ y ~  = 0 ,  

where we have used ypyayPy7y6yp = (d-8)yayPy7y6+terms with fewer y- 
matrices. We have learned that if d # 4 then Tr y5yayPy7yb = 0. Assuming 
d # 4, we can show that (d - 6) Try5yay'y7y6y"yC = 0, and so on. All 
traces vanish if d is not an even integer. And this is not what we want for 
75. 

This leads to interesting physical consequences (the axial anomaly). In 
QED and QCD, y5 does not appear in the Lagrangian, and hence in cal- 
culations of S-matrix elements. Difficulties only appear when we consider 
some external operators, such as axial quark currents. The problem be- 
comes much more severe in the electroweak theory, where 75 appears in the 
Lagrangian (and still more severe in supersymmetric theories). 


