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1.1 Motivation and Summary

The flow of fluids, the deformation of solids, the design of structures
able to withstand large and rapid loads, the analysis of complex failure
mechanisms—all of these require numerical simulation techniques. Typi-
cal interesting problems of these types are nonlinear, and often “chaotic”
as well, meaning that the evolving numerical solutions are exponentially
sensitive to small changes in the initial conditions. SPAM is a simple and
flexible numerical technique. It has developed so as to address the need for
efficient designs of structures responding to rapid loading and for reliable
analyses of fluid and solid flows and deformations.

Smooth Particle Applied Mechanics, “SPAM” for short, is a very gen-
eral approach to the simulation of bulk matter in motion. Its novelty lies
in a clever method for smooth interpolation and differentiation within an
irregular grid of moving particles. The emergence of SPAM is a natural
consequence of the fast high-capacity computers which make it possible to
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attack complex numerical problems. Computers feed on algorithms, con-
crete numerical recipes! which can closely approximate the abstract mathe-
matical ideas used to model and to analyze material motion. The last three
centuries have seen Newton’s analysis of particle motions governed by “ac-
tion at a distance” abstracted to Euler and Lagrange’s analyses of continua
composed of unseen mutually interacting particles. The partial differen-
tial field equations of continuum mechanics, which include both time and
space derivatives, can place heavy demands on digital computers, which are
necessarily restricted to a finite number of variables described with finite
precision.

Approximating the solution of the partial differential equations describ-
ing continuum problems by using particles, not atoms but macroscopic par-
ticles, is a clever idea. Clever ideas in physics often exhibit redundancy,
showing up nearly simultaneously in more than one place. In 1977, after
about 30 years of computer simulation, physics was ripe for the application
of particle simulations to continuwm problems. And it happened then that
Gingold, Lucy, and Monaghan discovered the smooth-particle approach to
continuum simulations while working at Cambridge University. Their joint
discoveries of this new approach resulted from confronting challenging as-
trophyical problems. Gingold and Monaghan were interested in modeling
rotating stars. They found that on the order of one hundred particles
provided semiquantitative structural descriptions of such rotating bodies,
including both gravitational and magnetic fields.? Lucy was likewise in-
terested in rotating stellar matter, but beyond the stability limit. He was
able to explain the production of close binary pairs of stars by follow-
ing the detailed breakup of rotating masses, likewise represented by about
one hundred particles.® These early calculations demonstrated the ability
of smooth particle techniques to deal with longrange gravitational forces.
The electric and magnetic field forces found in plasma physics and magne-
tohydrodynamics can likewise be dealt with, but require special techniques
which are unnecessary for the mechanical problems stressed in this book.

For those accustomed to precise analytic solutions the necessarily ap-
proximate nature of SPAM solutions might be disconcerting. The errors
incurred, usually of the order of a few percent, are quite an acceptable
price to be paid in exchange for the ability to solve hard nonlinear prob-
lems with a relatively simple and transparent method. The present book

1Press, Flannery, Teukolsky, and Vetterling, Numerical Recipes (1986).
2Qingold and Monaghan (1977).
3Lucy (1977).
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is an elaboration and illustration of the refinement of these earlier ideas
to applications in fluid and solid mechanics rather than to astrophysics.
Numerical continuum problems are considered here in the context of our
developing knowledge of particle mechanics, which has recently been en-
riched by ideas taken from chaos theory and from nonlinear dynamics.* All
the numerical methods discussed here will continue to profit from increases
in computational speed and capacity.

Here we begin with a summary of classical mechanics, from Newton up
until the development of fast computers. This foundation is followed by a
quick tour of computational developments, spanning the last half century,
which have made it possible to flesh out the earlier theoretical developments
with numerical examples.

1.2 Particles versus Continua

Matter can be described by either particle mechanics or continuum me-
chanics. The two approaches are quite different, both in the underlying
assumptions, and in the forms of the results obtained. Particle mechanics,
as described in the next Section, and as illustrated in an Example Problem
at the end of this Chapter, uses ordinary differential equations for r(¢) to
evolve particle trajectories. The underlying assumption is the functional
form of the forcelaw on which the motion depends. No constitutive infor-
mation (equilibrium equation of state and nonequilibrium transport laws)
needs to be specified. All such information follows from the assumed form
of the motion equations. Statistical mechanics and kinetic theory provide
an understanding of the correspondence between microscopic time averages
and macroscopic continuum behavior.® The catch in applying this corre-
spondence is that any desired equation of state and transport information
has to be obtained from carefully chosen simulations, with no guarantee
that the number-dependence of the results is small or that the state de-
pendence of the constitutive properties is simple. In simulations based on
particle mechanics the main problems are (i) making a clever choice for
the interparticle forces, (ii) developing appropriate boundary conditions to
drive the flow, and (iii) finding useful means for analyzing the results of
simulations. The force and boundary choices together with the analyses
are useful to the extent that they help to interpret physical reality.

4Gleick, Chaos (1989).
SHoover, Computational Statistical Mechanics (1991).
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Continuum mechanics begins instead with assumed constitutive rela-
tions (nothing whatever needs to be said about particles or forcelaws).
These continuum constitutive relations, combined with the conservation
laws for mass, momentum, and energy, take the form of partial differential
equations. These partial differential equations are enough to evolve the
state of a continuum, including the fluxes of mass, momentum, and energy
within it, from given initial conditions, subject to the imposed boundary
conditions. In simulations based on continuum mechanics the main prob-
lems are (i) a clever choice of constitutive relations and (ii) a robust algo-
rithm for solving the evolution equations subject to the imposed boundary
conditions.

The two approaches, particle and continuum, can agree with one an-
other provided that the continuum constitutive equations correspond to
the assumed interparticle forces, and provided that the microscopic fluctu-
ations which are absent in continuum mechanics can be ignored. We will
see that the two approaches can also be related to one another through
Smooth Particle Applied Mechanics, a method which uses particles to solve
problems in continuum mechanics. Before proceeding with a description of
SPAM let us first consider the fundamentals of classical particle mechanics
and continuum mechanics.

1.3 Newton’s Particle Mechanics

Particle mechanics is built on Isaac Newton’s Laws, which linked together
earlier intuitive ideas in a new and analytic way. Space and time were
primitive notions, with roots predating history. Mass and force are newer
concepts, required for the foundation which underlies the structure of sci-
entific understanding. Mass is a convenient measure for quantities both
rare, the “Troy ounce”, and common, the “metric tonne”. Navigation and
the definition of spatial boundaries require the notion of length. Meetings,
for business or for pleasure, require time.

Newton linked these ideas together by applying his discovery of calculus
and differential equations. His resulting Second Law of motion,

F =mi=md=ma,

links together the notions of mass, length, and time through the limiting
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time rates of change ,

Ar . Av .
E—»rzv; E—»v:r:a,
where the coordinate and velocity changes Ar and Av occur during the
infinitesimally-small time interval A¢. In this book we use superior single
and double dots to indicate the first and second time “derivatives” in New-
ton’s calculus. In his Second Law of motion force is F', mass is m, velocity
is v, and acceleration is a. The coordinate r is measured in a Cartesian
system, with components { z,y } in two space dimensions and { z,y,2 }
in three.

Solving Newton’s motion equation where F' is a constant vector (asin
the frictionless motion of a mass point, or a nonspinning cannon ball, in a
constant vertical gravitational field g ) gives a parabolic trajectory :
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i(t)=F/m=g;
u(t) = 7(t) = v(0) + gt ;

r(t) = r(0) + v(0)t + 591> .

Notice that the two first-order (in time) ordinary differential equations re-
quire two initial conditions, { 7(0),v(0) }, for a unique solution to result.

Once the system considered becomes even a little more complicated—
three bodies interacting with mutual inverse-square gravitational forces, for
instance—where F;; is the attractive force on mass m; due to its “action
at a distance” with mass m; :

{ Fj = =Gmum(ri —r)/Irs = ri* 3,

numerical methods are required to integrate the differential equations of
motion.

Even a one-body problem, constrained by simple boundary forces, can
have a relatively complicated “chaotic” (Lyapunov-unstable) solution, in
which the growth of small errors is exponential in the time. See Sections 6.7
and 6.8 for a detailed approach to the exploration of Lyapunov instability.
Analytic methods, based on truncated Taylor’s series, are quite hopeless
for such problems. Consider, for instance, a single particle with unit mass,
placed at the (x,y) origin with (# = ¢ = 1). Assume that this particle
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moves in the field of four fixed neighbors at z = :J:%7 Yy = :i:\/g where the
forces affecting the motion are derived from the short-ranged pair potential,

B(r < 1) = 100(1 — r)* — F(r < 1) = 800r(1 — r?)3 .
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Figure 1.1: Single particle trajectories. Fourth-order Runge-Kutta with
dt = 0.001. (x,y) points corresponding to 100,000 timesteps are shown.

The full curve in Figure 1.1 shows the resulting motion. In the broken-
line rendering the initial conditions are only slightly different :

- E+1075; gy —1075.

Figure 1.2, based on these same data, shows the ezponential (Lyapunov
unstable) growth of the deviation between these two trajectories.

The most useful numerical approach to solving such mechanics problems
is the fourth-order Runge-Kutta integration used to generate the figures.
The basic method is transparent as well as “self-starting”. That is, given
the current values, the algorithm advances the evolving trajectory by a
specified time interval d¢. This fourth-order method has single-step errors




Newton’s Particle Mechanics 7

of order dt®/5! for a timestep df. This integration technique, developed
by Carl Runge from Martin Kutta’s root-finding technique, estimates the
changes of the dependent variables { r,v } from the known values r(¢)
and v(t) at time t to the desired values r(t + dt) and »(¢t + dt) at time
t + dt as the weighted averages of four time derivatives. A simpler but less-
accurate second-order Runge-Kutta approach advances the coordinates and
velocities through a timestep dt in two distinct stages, rather than four :

{7t +dt) = r(t) + v(t)dt ; Bt +dt) = v(t) +a(t)dt } .

{r(t+dt) = r(t)+ L) +0(t+dt)] ; v(t+dt) = v(t)+Lla(t) +a(t+dt)] } .

-6
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Figure 1.2: The natural logarithm of the squared phase-space deviation,
A? = Ap? + Ar?, between the two trajectories shown in Figure 1.1.
The curve approximates a straightline relationship for 3500 timesteps.
A straight line, on this semilogarithmic plot, corresponds to exponential
(“Lyapunov unstable”) growth of trajectory perturbations. dt = 0.001.
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The first-guess accelerations { a(¢ + d¢) } are evaluated from the corre-
sponding first-guess set of coordinates { 7(¢ + dt) }. The accuracy of this
two-stage integration scheme is “second-order” in the timestep dt. This
means that the coordinate and velocity errors incurred are of order dt® at
each timestep. As a consequence, the error over a sufficiently-short, but
fixed, time interval varies as dt2.

The better choice (more accurate, but still easy to program), justly
popular after its hundred-year history of successes, is the classic four-stage
fourth-order Runge-Kutta scheme :

{r(t+dt) =7r(t) + Llo(t) + 2020t + L) + 2630t + L) + 0a(t +dt)] } ;

{o(t +dt) = v(t) + Lla(t) + 2a2(t + L) + 2aa(t + %) + aa(t +dt)] } .

The new coordinates and velocities at time ¢ + di are accurate through
terms of order dt*. The intermediate coordinates and velocities { 7,0 }
are given by the time derivatives evaluated in three successive stages, from
{ 72,2573, U35 74,74 }, after the initial evaluation of { (), 0 (t) } from

{r,v F={r@),v() }:
{72+ 9) =rt)+ Doi(t) }; {Balt+ L) =v(t) + La,(t) } ;

{Fa(t+ %) =r(t) + Lot + L) }; { 53t + L) = v(t) + Las(t+ L)}

{ Fa(t+dt) = r(t) +dtos(t+ %) } 5 { Ta(t +dt) = v(t) + dtas(t + %) } .

The coordinates and velocities at each of the latter three stages follow from
the velocities and coordinates computed in the previous stage. The last set
of intermediate coordinates and velocities, { 74,7, }, are required for the
final fourth-order derivatives.

Finally the derivatives at the four stages ,

{7 (@), 01(); 72 (b+G), 2(t+ L ); Pt + L), v3(t+L); ra(t+dt), va(t+dt) },

are averaged, with weights { 1/6,1/3,1/3,1/6 }, to advance { r(¢),v(t) } to
{ r(t+dt),v(t + dt) }. Such multistage Runge-Kutta algorithms are most
easily programmed by storing all of the dependent variables ( { r,v } in this
case ) in a vector ( of length 4N for N particles in two-dimensional space
and 6N for N particles in three-dimensional space ). Their computed time
derivatives { 7,0 } are stored in a second vector of the same length. For
more details see Section 4.4.
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A system composed of Newtonian particles requires a definite num-
ber of “degrees of freedom” (independent coordinates) for a complete de-
scription of its “configuration” in space. For point masses the number of
degrees of freedom is the dimensionality multiplied by the number of par-
ticles. For rigid bodies additional rotational degrees of freedom (angles)
are required, one of them in two dimensions and two in three dimensions.
Because computer storage is relatively cheap, the number of degrees of
freedom which can be followed numerically depends primarily on computer
processor speeds and the number of processors. Machines with millions of
processors are now on the drawing boards.®

Today Runge-Kutta integration makes it possible to follow the motion of
billions of mutually interacting particles for as many as a million timesteps.
This is the limit of what can be done today. The timestep dt cannot be too
large. It is limited by the time required for adjacent particles to exchange
information at the speed of sound. If the particles are microscopic models
of atoms then the total simulated time is pitifully small, no more than a mi-
crosecond of real time, and there is no prospect whatever for reaching times
of even one second for macroscopic amounts of matter. The physical ex-
tent of such an atomistic model is likewise very limited. It can be no more
than a cubic micron. By contrast, the original Gingold-Lucy-Monaghan
applications of smooth particles were astrophysical, with interstellar par-
ticle length scales and correspondingly long times. Today—and even in
the forseeable future—it is absolutely necessary to consider a “continuum”
description of matter to simulate and discuss interesting and challenging
scientific problems on the length and time scales relevant to men.

1.4 FEulerian and Lagrangian Continuum Mechanics

Matter distributed continuously in space, with a mass density p depending
upon location p(r), can require an infinite number of degrees of freedom
for its description. But so long as the material properties vary smoothly
in space it is possible to develop ezact differential equations governing the
properties’ time evolution. Consider a one-dimensional flow in which the
density p(z,t) and velocity v,(z,t) vary continuously and differentiably in
space and time ( so that the spatial derivatives Op/0x and Ov,/dz are
also well-defined continuous functions in space and time ). Focus on a
sufficiently small element of length dz , fixed in space. During a short time

6R. Preston, New Yorker Magazine, 11 April 2005.
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interval dt the net change of mass within dx can then be expressed as the
difference of the (pv,) flows in and out at the element’s two endpoints ,

[(PV2)—(dz/2) = (PV2)z4(da/2)ldE -
With the length dx fixed, the change of mass with time can be simplified :

dpdx) | Op
~ar = w5, = (Pe)e—az/2) = (PVs)ot(dns2) -

In the limit that both the time interval di and the element length dx are
sufficiently small, this statement of mass conservation gives an ezxact partial
differential equation (the continuity equation) for the changing mass density
at a fixed location :

dp _ O(pvy)

N N

In three space dimensions, where the flow velocity is the vector v =
( vz, vy,v; ) , the continuity equation has exactly this same form :

dp

ot
Again the partial derivative 9p/0t indicates the change of density at a fixed
point in space.

An alternative description, using the “comoving” time derivative, the
derivative following the motion, d/dt = - (a “superior dot”), can be
evaluated from the evolution of two nearby points, embedded in the material
and initially separated by dz . For simplicity, consider the evolution of the
two neighboring points in one dimension {zq & %””} for a small time interval
dt and a sufficiently small moving element of length dz :

==V (pv) = =Va(pv)e — Vy(pv)y — V. (0v): .

{zot L} — {z+ 9 | vodt + d{(@v/ax)tdt 1.

Evidently the initial separation of the points dz(tg) = Tright — Zlefe changes
whenever there is a velocity gradient. To first order in dt the change is
(0v/8x)dxdt during the time dt

Tright (to) — Zright (to) + vdt + d{(av/ax)tdt N
Tiets (to) — Trefe (to) + vdt — L (v /), dt ;

dz(to) — da(to)[1 + (Ov/0x)dt] = dx(ty -+ dt) ;
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[dx(to + dt) — dz(to)] _ dindr _ dlnp _ Ovg
dtdz(to) dt dt Oz

In two or three dimensions the corresponding comoving version of the con-
tinuity equation is as follows :

%:p:—pv-v% =—-V-v.
The continuity equation is a fundamental representation of mass conserva-
tion, equating the mass change to differences of mass flow.

The change and flow of momentum within a small moving volume ele-
ment is calculated in a similar way, except that an additional momentum
flux, due to “action at a distance” ( from forces ) adds the comoving mo-
mentum flux P = —c¢ to the convective flux pvv :

9(pv)
ot

This “motion equation”, which gives the evolution of v and hence—by
integration—the evolution of the system’s configuration { r }, is a funda-
mental representation of momentum conservation. Just as in deriving the
continuity equation, the equation of motion results from equating an overall
change to a difference of corresponding flows. P is the pressure tensor, the
negative of the stress tensor o, P = —o . P is a momentum flux. Py, , for
instance, the zy component of P, is the comoving flow of £ momentum in
the y direction.

It is usual to term the evolution equations at a fized point in space the
“Eulerian” evolution equations. For the continuity equation and equation
of motion the Fulerian forms are :

op _ A(pv)

ot ot
The equivalent comoving evolution equations are termed “Lagrangian”. La-
grangian time derivatives are defined for coordinates which follow the mo-
tion. The Lagrangian continuity and motion equations are :

= -V -(P+pw)=V-(c-— pvv) .

=V (pv) 3

=—-V-(P+pvv) .

p=—pV-v;i=—V-Pl/p=[V-ol/p.

Either the Eulerian or the Lagrangian equations can serve as the basis of
numerical simulation techniques.

In addition to the flow of mass, as described by the “continuity equa-
tion”, and the flow of momentum, as described by the “equation of motion”,
continuum mechanics also accounts for the flow of energy, a third conserved
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quantity. Just as in the case of momentum flux, experience shows that the
flow of energy can include both “convective” and “conductive” effects. Con-
vection is bodily transport (as is plainly visible in moving clouds or flames)
which takes place at the local fluid velocity v. Conduction is that additional
transport which still occurs in the absence of fluid motion (or, equivalently,
transport occurring in the coordinate frame comowving with the fluid). The
transmission of heat in a motionless solid rod is the simplest example of co-
moving energy conduction. Momentum is likewise transmitted through the
mechanism of forces (action at a distance) as is described by the pressure
tensor. The distinction between free-streaming convective transport and
collisional conductive transport is obvious and natural in particle mechan-
ics. The same distinction requires new, and less obvious, phenomenological
relations in continuum mechanics. On a macroscopic continuum level the
stress tensor 0 = —P | momentum flow per unit area and time | and heat
flux vector @ [ energy flow per unit area and time | replace microscopic
interparticle forces as the underlying ad hoc nonconvective mechanisms for
transporting momentum and energy.

From the classical point of view of particle mechanics it is natural to
separate the total energy F into two parts, potential and kinetic, F¥ =
®+ K. In the simplest case, a Cartesian-coordinate description of mutually
interacting points, the potential energy depends solely on the coordinates
and the kinetic energy depends solely on the velocities. For isolated systems
the total energy F is fixed. Consider, as a simple example, a single harmonic
oscillator, with coordinate g, momentum p = mgq, and force constant  :

Kq P _ mg?
E=¢+K; gb—T,K—%—T.

From a given initial condition the state vector (g,p) evolves on the
constant-energy ellipse, E(g,p) = E(t = 0) . In continuum mechanics
the system’s total energy density—energy per unit volume, with units
[mass|[length]?~P[time] =2 in D space dimensions—is likewise separated
into two parts ,

Petotal = pe + (p1)2/2) )

where e is the “internal energy” per unit mass. It is important to recog-
nize that the internal energy of continuum mechanics includes not only the
microscopic particle potential energy, but also that part of the particles’
kinetic energy which corresponds to macroscopic “heat” energy. The ki-

netic energy density associated with macroscopic motion, %, or the corre-
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sponding contribution from rotation, makes no contribution to the “internal
energy” per unit mass e .

Like the changes of kinetic and potential energy, the macroscopic con-
cepts of heat and work refer to energy changes associated with microscopic
motion (“heat”) and with macroscopic motion (“work”) with the latter
energy change resulting from the time-variation of macroscopic coordi-
nate variables. The First Law of Thermodynamics is usually written as
a straightforward energy balance, in which the change of total system en-
ergy, dE, has two parts, the heat absorbed from the surroundings, d@, and
the work done on those surroundings, dW. If the various changes occur
within a short time dt, and can still be separated into thermal and me-
chanical parts, then the First Law of Thermodynamics can be written as a
differential equation :

dE = dQ — dW «—— é = (E/m) = (Q/m) — (W /m) .

The latter expression can also be applied locally, where the energy per unit
mass e = E/m is a field variable, defined at all points within the system.
The energy changes Qdt and Wdt due to heat absorbed and work done are
both considered in the comoving frame which moves with the system’s local
velocity. The differential form of the First Law separates energy changes (in
this comoving frame) into conductive changes (“heat”) and energy changes
associated with coordinates (“work”). Work can include deformation as
well as motion within an external field. This separation of energy changes
into heat and work is required for a thermodynamic description.
Mechanics introduces the notion of pressure as the force driving vol-
ume changes. Thermodynamics introduces a second notion, temperature,
as the driving mechanism for conductive energy changes, the flow of heat.
The microscopic analogs of these macroscopic concepts invariably involve
averaging, usually over a large number of particles and a long time.® Tem-
perature, for instance, is most simply defined as the mean (microscopic)
kinetic energy per Cartesian degree of freedom (when measured in the “co-
moving” coordinate frame which moves at the material velocity v) :

Dk’T/2 = <m(vmicro - 1))2/2> ’

in D space dimensions, where k is Boltzmann’s constant. A more general
development introduces the ideal-gas thermometer based on this definition,
with the thermodynamic temperature T characterizing any system (even

5Hoover, Computational Statistical Mechanics (1991).
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a quantum system) with which the (classical) thermometer is in thermal
equilibrium.

1.5 Computer Simulation of Microscopic Particle Motion

Molecular dynamics, simulating the evolution of microscopic particle tra-
jectories with computers, has been an active research field for over half
a century. The early simulations, at Brookhaven,” Livermore,® and Los

Alamos,® were mostly devoted to solving Newton’s equations of motion ,

where the force I’ on each particle is the vector sum of contributions from
its nearby neighbors. These Newtonian motion equations apply to isolated
systems for which the total system energy is a constant of the motion.

Vineyard’s studies of radiation damage in solids were an exception to
this rule. He introduced special dissipative viscous boundary forces ,

Fviscous — _g
m 1]’

designed to reduce the influence of boundaries on interior dynamics. The
parameter 7 was chosen to optimize the damping of internally-generated
sound waves incident on the system boundary.

Much of the early activity in molecular dynamics was devoted to eval-
uating the thermal and mechanical equations of state for given potential
energy functions :

o — E(V,T), P(V,T).
Temperature was evaluated by using the ideal-gas-thermometer definition:
2 _ .2 _ 2\ _ C
<pz_py_pz>:kaa p=mv,

for particles of mass m in thermal equilibrium with an ideal gas thermome-

ter maintained at a temperature T. Here k is Boltzmann’s constant.
Pressure was evaluated by measuring the mean momentum flux, which

separates into kinetic and potential contributions. For a system with

"Vineyard, with Gibson, Goland, and Milgram (1960).
8Alder and Wainwright (1958).
9Fermi, Pasta, and Ulam, as described by Tuck and Menzel (1972).
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pairwise-additive forces ,
b= Z¢z] — Py = ZFzJTW ;’I‘ijE’l"i—’f‘j;{i,j}CV,
1<j

the instantaneous pressure tensor P, the local average of momentum flux
in a comoving volume V, has the form :

Dip
PV = Z k Z"‘ZTU ij > Tig=Ti =755 z] v¢1j‘

1<j

To clarify the meaning of our shorthand notation let us write out the four
components { Pz, Pry, Pyz, Pyy } of the pressure tensor in two space di-
mensions :

Psz pr/m +ZxF/TU7

i<j

PpV = szpy/m —|—Z (xyF/r)i; = PyV 5
1<J

Pyyv Zpy/m +Z 2F/7nlja

i<g

with the definitions of the pair quantities :

T =@ T Y =i — Vi T = 8 T Y Fig = Flry) -

The tensor components of P describe the flux (flow per unit area and time)
of momentum in space, so that P, describes the flow of z momentum in the
y direction. Rotational stability requires that P be symmetric, Ppy = Py,
not just for pairwise-additive systems, but in general.’

Approximately 25 years were required to complete this phase of the
development of molecular dynamics. It is now routine to generate accu-
rate thermodynamic properties for classical systems with given interparti-
cle forces. Work has continued, mostly on more elaborate models for poly-
atomic molecules, but such activities are hampered by difficulties in forcing
quantum systems ( “real matter”) to be described by a classical model.

During the last 25 years methods based on molecular dynamics have
been developed for treating the nonequilibrium problems more closely re-
lated to the subject of this book.!? On the particle level there is no problem

5See page 189 of my Computational Statistical Mechanics (1991).
0Hoover (1997).
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in formulating the flows of momentum and energy (the pressure tensor P
and the heat flux vector @}). The microscopic expressions for these fluxes
have no special nonequilibrium parts. They have exactly the same forms
at equilibrium as they do away from equilibrium. The main difficulties in
simulating nonequilibrium microscopic systems are (i) formulating proper
boundary conditions to drive the flows away from equilibrium and (ii) ab-
sorbing the heat these flows generate. Feedback and control are the familiar
concepts engineers would use and implement in order to deal with these lat-
ter needs.

Shuichi Nosé formalized and implemented the key new idea required
for control in molecular dynamics: thermostat forces designed to enforce
a specified time-averaged ideal-gas temperature on particular degrees of
1 He and Hans Andersen and 1 also formulated barostat forces
designed to enforce a particular average pressure (by making the corre-
sponding volume a function of time). Nosé’s ideas were a direct outgrowth
of Gibbs’ statistical mechanical approach to equilibrium averages, but have
the distinct advantage of being equally applicable to nonequilibrium sys-
tems. Nosé’s ideas make it possible to simulate stationary shear flows and
heat flows, giving direct measurements of shear viscosity and thermal con-
ductivity, even far from equilibrium. The consequences of his thermostat
forces for the development of statistical mechanics are discussed in the next
Section.

freedom.

1.6 Liouville’s Theorem; Statistical Mechanics

Liouville’s Theorem provides an interesting link between Nosé’s mechanics
and the old (1883) Gibbs-Boltzmann equilibrium statistical mechanics.!?
Liouville’s Theorem is a fundamental building block for equilibrium statis-
tical mechanics. It describes the flow of the probability density f(q,p,t) in
the “phase space” composed of all the particle coordinates and momenta,
{ ¢,p } . The underlying (g, p) flow is governed by the “Hamiltonian” H :

. oH . OH
H=K({p)+®q) = ¢=+—;p=—— ;.
dp dq

The Theorem is a direct consequence of Hamiltonian mechanics. It

1Nosé (1991).
'2Hoover, Journal of Chemical Physics (1998).
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establishes that the time derivative of f | following the motion, vanishes :

O\ _ 00D - 0UfD)
() -2 X% -
f=df/dt=<%)+Zd-vqf+zp~vpf:

dq O*H
f2<3_q+_> __fz<8q0p) fZ(f’)‘paq) ’
where the sums include all the degrees of freedom required to describe the
system’s “phase” (g,p). Evidently it is an exact consequence of Hamilto-

nian mechanics that equilibrium systems, for which 8f /9t must vanish also,
correspond to phase space distributions in which f(g,p) is exactly the same

for all accessible states :
— 0 —_—
f=0— <8t>eq

Nosé’s thermostated systems, described with thermostat forces, can also
be discussed from the standpoint of Liouville’s Theorem, modified to in-
clude the frictional contributions of the nonHamiltonian “Nosé-Hoover”
thermostat forces { —Cp } :

If
o

F:—V@—Cpﬂ—fg—i:fC—’

. C . . .
f=0-5f/f=>¢=8/k==) Q/kT.
{r} {1}
The “friction coeffficient” ¢ obeys a feedback equation based on the ra-
tio of the current kinetic energy K to the desired average Ko, with both
represented as sums over all the thermostated degrees of freedom :

= [(Z%/Zkﬂ)) —~ 1} /7

Here 7 is a phenomenological relaxation time describing the response of
the Nosé-Hoover thermostat with temperature Ty corresponding to the ki-
netic energy Ko. See Reference [5] for more details and many worked-out
examples.



18 Physical Ideas Underlying SPAM

With Nosé’s friction included, the comoving phase-space density f
changes according to S, the external entropy production rate due to trans-
fers of heat from the reservoirs at { T' }, at the rates { Q }, to the system.
These are the rates at which heat is transferred from Nosé’s reservoirs
divided by the corresponding reservoir temperatures. In nonequilibrium
steady states heat flows from the system to the reservoirs, on average, so
that ( Q/T ) is negative, and the external entropy increases. The transferred
heat increases the states available to the reservoirs while correspondingly
decreasing the states available to the nonequilibrium system interacting
with those reservoirs.

Entropy had already been associated with phase-space states by Gibbs!?
and Boltzmann'4 by 1883. Both men recognized the probabilistic tendency
of chaotic mechanical systems to explore as many such states as possible
and characterized the “approach to equilibrium” in terms of a natural in-
crease in the number of available states. For over a century nonequilibrium
systems have been viewed as approaching equilibrium through an increase
in the number of available states. Nosé’s approach leads instead to a new
understanding of nonequilibrium systems in terms of the intrinsic rarity of
their states. In Nosé’s mechanics the overall increase in available states
occurs only within the external heat reservoirs where the nonequilibrium
system deposits its generated heat. The nonequilibrium system coupled
to these reservoirs has itself fewer and fewer states available as time goes
by. Nosé’s feedback constraint forces restrict the system dynamics into an
ever-smaller fractional-dimensional region of phase space.

Thus external entropy production—gain—corresponds to internal en-
tropy loss, with the system’s phase-space density shrinking onto a nonequi-
librium “attractor” of ever smaller volume. Because the external entropy
production for nonequilibrium stationary states is necessarily positive, the
internal phase-space probability density f grows exponentially with time
as its phase-space extent shrinks. The nonequilibrium phase-space distri-
bution function f(g,p,(,t) eventually diverges in any steady state so that
the corresponding phase volume described by the stationary state actually
vanishes. The new dynamical approach developed by using Nosé’s mechan-
ics to simulate nonequilibrium steady states shows very directly that such
nonequilibrium states are extremely rare in the sense that they occupy a
“multifractal” (fractional-dimensional) vanishing volume of phase space.

Figure 1.3 illustrates this nonequilibrium volume and dimensionality

13Gibbs (1902).
14Boltzmann, as described by Cercignani (1998).
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reduction for the simplest possible system, the “Galton Board”, in which
a single particle is accelerated by gravity while moving within a lattice
of fixed scatterers.'® The ensuing chaotic motion is constrained to occur
at constant speed [ which is equivalent to a constant kinetic temperature
proportional to (p% + p2)/mk ]. This constant-speed motion generates a
(time-averaged) stationary nonequilibrium state. The (time-averaged) net
effect of the motion is to transfer gravitational field energy to a heat reser-
voir through the medium of the moving particle. This energy transfer,
corresponding to a heat loss, substantially reduces the states available to
the moving thermostated particle, as is shown in Figure 1.3 .

Figure 1.3: Galton Board phase-space states at equilibrium (left) and
away from equilibrium (right) illustrating the fractal nature of microscopic
nonequilibrium states. The abscissa gives the location of the collisions,
0 < a < , with 7 corresponding to the “top” of the scatterer, and 0
corresponding to the bottom. The ordinate —1 < sin§ < +1 corresponds
to the post-collision tangential velocity component.

The Figure shows the available phase-space states, both at and away
from equilibrium, for the collisions of a single thermostated hard disk mov-
ing through an infinite periodic triangular lattice of fixed disks. In both
cases the motion occurs at constant kinetic energy either with or without
a vertical external accelerating field. With the field off (equilibrium) all
the states in the rectangular phase-space section shown in the Figure are

15Moran, Hoover, and Bestiale (1987).
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equally likely. With the field on (nonequilibrium steady state) the dis-
tribution becomes a zero-volume “fractal” singular distribution. Various
fractional dimensionalities have been defined and can be evaluated for rel-
atively simple problems like this one. The “information dimension” of the
attractor based on (fIn f) is 1.8 , while the “correlation dimension” based
on (f?In f), is 1.6 . There is a vast literature on this Galton Board problem.

1.7 Simulating Continua with Particles

Continuum mechanics is a “field theory” in which the various field variables
(p,v,0,Q,...) = (density, velocity, stress, heat flux, ...) vary continuously
in both space and time. Because in principle continua involve an infinite
number of degrees of freedom, it is necessary in practical computations
somehow to truncate the description to a manageable finite number.

In some cases the field variables can be usefully expressed as truncated
Fourier series. Another approach to making the simulation work manage-
able is to use the “finite-element method”. That method visualizes the
continuum as partitioned into a set of contiguous space-filling “finite ele-
ments”, each described by a finite number of degrees of freedom. The field
variables within a particular element then vary according to an appropriate
“shape function”. A linear representation is the simplest. Suppose that the
continuum variable C(z) has specified values at the two endpoints of an in-
terval of length dz centered at . In one dimension the linear interpolation
of C{x) = a + bx between the two known values at the ends of the interval
requires just the two constants (a,b) :

Ly CeCo

C_=C(z—%)and Cy =C(z+ %) %az%—bx, o

A similar linear interpolation function can be developed in two di-
mensions (a + bx + cy for triangular elements) or in three dimensions
{a + bz + cy + dz for tetrahedral elements). This is a natural approach to
follow in a Lagrangian simulation, in which the elements follow the motion
of the continuum. If the variation of a continuum property C(z,y) within
a two-dimensional element has the “bilinear” shape function, a + bz + cy,
it is evident that the shape functions for any two contiguous triangles must
agree along their common linear boundary. On the other hand, with this
bilinear approach, the gradient of C perpendicular to such a common bound-
ary is typically discontinuous. Continuous spatial derivatives would require
at least quadratic shape functions.
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“Finite difference methods” are another possibility. These are best
suited to Eulerian calculations for which a fixed Cartesian grid made up
of line segments of equally-space points, or of squares in two dimensions,
or cubes in three, is the simplest choice. Replacing the spatial derivatives
{V-w, V-P, V-Q } on the righthandsides of the continuum equations by
appropriate differences (based on Taylor’s series) then gives rise to a finite
set of ordinary differential equations for the time development of the nodal
values.

Consider a regular one-dimensional grid of points separated by line seg-
ments of length dz, with each line-segment endpoint characterized by its
own temperature 7. Recall that the phenomenological equation for heat
transfer in one dimension is the Fick-Fourier law :

or o0?T

Et_ =D T_aﬁ s
where Dy is the “thermal diffusivity”, with units [length]?/{time]. For
the discrete fixed-grid-point model of a heat-conducting continuum, this
partial differential heat-transfer equation is replaced by a finite-difference
approximation to the spatial derivative, corresponding to the approximate
set of ordinary differential equations :

{ T, = C%Tg [Tip1 — 2T + T } ;
for the grid-point temperatures’ evolution. The underlying assumption is
that the second-difference representation of V2 [with its accompanying error
of order (dz)?V*T] is adequate. More details and applications of the finite-
difference approach are given in the next Chapter.

When material motion (“flow”) is included in the evolution it is usual to
contrast Eulerian and Lagrangian techniques. The Eulerian approach uses
a fixed grid. This approach has difficulty in tracking the motions of the
boundaries of the various described materials. The Lagrangian approach
makes use of a comoving grid (moving with the material velocity) so that
material boundaries define, and coincide with, element boundaries.

The Lagrangian finite-element approach, with moving triangles or tetra-
hedra (or with more elaborate elements, such as shells or hexahedra) has dif-
ficulty in dealing with largescale irregular deformations. If the grid becomes
badly distorted, with strains of order unity, so that the zones can become
tangled, the whole formalism fails. This is because the finite-difference for-
mulee, which properly describe the derivatives and surface normals needed
for flux calculations, are only accurate for small deformations. They become
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increasingly less accurate for large ones and eventually lead to instabilities.
Figure 1.4 shows a Lagrangian mesh, composed of shell elements which
deform in response to external shear and compressive forces.!®

Wi WEA mE

iAW
wer muy w

W R
CTTO T

Figure 1.4 [before]: A Lagrangian finite-element mesh composed of 208,896
shell elements prior to deformation. See Reference [16] for the details.

A way to avoid the instability problems associated with Eulerian inter-
face tracking and Lagrangian distortion and tangling is to compute deriva-
tives of the continuum field variables on an #rregular grid, where the grid
is itself composed of sufficiently many moving particles. Though the use
of an irregular grid to combat distortional instability seems paradoxical,
the idea works because the “grid” of particles lacks a memory of its ini-

6Hoover and Hoover, (2005).
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tial configuration, and is consequently self-healing. This particle-grid idea
is included in the smooth-particle approach discovered jointly by Gingold,
Lucy, and Monaghan. It is described in the next Section. Alternative ap-
proaches, which are computationally more cumbersome, consider particles
moving within a regular Eulerian grid of field points. The “particle-in-cell”
method is an example.'”

Figure 1.4 [after]: Mesh deformed in response to applied external loads.
The final relaxed structure shown here has become “auxetic” (with nega-
tive Poisson’s Ratio) as a result of the deformation. See Reference [16].

"Birdsall and Langdon, Plasma Physics via Computer Simulation (1985).
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1.8 SPAM [ Smooth Particle Applied Mechanics ]

SPAM began in 1976-1977 at Cambridge University’s Institute of Astron-
omy. The discoverers were Robert Gingold, Leon Lucy, and Joseph Mon-
aghan. At that time their research interests centered on complex astrophys-
ical problems which were ill-suited to conventional Eulerian and Lagrangian
simulation techniques. Their basic idea was, and is, to express all of the
continuum variables on a grid composed of moving particles. If each parti-
cle is itself viewed as being distributed over space, with a normalized weight
function w, then the mass density p at any point r in space can be defined
as the sum of the densities {mw} of all particles close enough to contribute:

0.25
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Figure 1.5: Lucy’s weight function, along with its first and second deriva-
tives, in two dimensions and with h = 3 ; the abscissa is (r/h) .
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This weight function gives the simplest possible smooth-particle recipes,
with continuous first and second derivatives, as detailed in Chapter 3.
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o(r) = ijwrj s wry = w(|r —ryf)

Lucy’s weight function, which we use throughout this book to formulate
and solve many of our example problems, is illustrated in Figure 1.5 .

Continuum properties associated with the particles can likewise be av-
eraged to compute local values :

C(r) =Y myweCi/ Y mywes — p(r)C(r) = Y myw;C; .

This intuitive recipe for averages has particularly useful consequences for
evaluating gradients, as we will see in detail in Chapter 3. Note particularly
that only the weight function w,; = w(|r — r;|) is affected by the gradient
operator V,. :

VT(pC)T = VT ijwTjCj = ijijrU}Tj .
g J

There is a significant difference between smooth-particle interpolation
and the simpler Eulerian finite-difference and Lagrangian finite-element in-
terpolation schemes. In the smooth-particle case the continuum variables
associated with a particular particle, { C; }, typically differ from the field
variables evaluated at the location of the particle, { { C(r;) ) } because
the latter averages include additional contributions from nearby particles.
Gradients evaluated at the particles’ locations { ( VC )(r;) } can then be
used to evaluate the evolution of particle properties as solutions of ordinary
differential equations { C; }. Besides an elegant simplicity, this smooth-
particle approach has the additional advantage that fracture and failure can
be made to occur naturally and automatically. Even complex astrophysical
problems can be treated with SPAM. A relatively recent example is the
collision of a comet with the back side of Jupiter.'®

I spell out and illustrate the remaining details of the numerical method
in Chapter 3. Because the technique closely resembles molecular dynam-
ics, but with more elaborate accelerations, we lay the groundwork here
by sketching the molecular dynamics approach as it applies to a simple
16-particle example.

18 Ahrens, Takata, O’Keefe, and Orton (1994).
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1.9 Example: A Molecular Dynamics Simulation

To illustrate the simplest mass-point particle dynamics, “molecular dy-
namics”, consider a simple dynamical simulation. We begin with the 16
particles shown in the Figure 1.6 . The initial configuration is a square
lattice. The initial velocities were first chosen at random from the square
(=1 < vg,vy < 1), and then modified to satisfy two constraints, (i) vanish-
ing center-of-mass velocity :

<vi—>fui—%2v>—> ZUEO;

and (ii), a prescribed initial kinetic energy :

(viﬁvim> — > ¥ =32,

The sums here include all 16 particles. The random number generator used
to choose their initial velocities appears in Section 4.5 .

Two different integration algorithms were used to generate the config-
urations illustrated in Figure 1.6 . The fourth-order Runge-Kutta method
used here was already detailed in Section 1.3 . The corresponding Fortran
and C codes for this integrator are given in Section 4.4 . The simpler, but
less accurate, “leapfrog” algorithm, also used here, is equivalent to a simple
recipe for computing the coordinates at time t + d¢ from two previously
known coordinate values together with the current acceleration at time ¢.
Rearrange the approximate expression for the acceleration ,

dt?a(t) o~ r(t +dt) — 2r(t) + r(t — dt) ,

so as to define the new coordinate r(¢ + dt) in terms of its predecessors at
times £ and ¢t — dt :

r(t + dt) = 2r(t) — r(t — dt) + dta(t) .

A comparison of the Taylor’s series expansion (in dt) for the two sides shows
that the single-step error in the new coordinate is of order 7 dt*4(t), so that
the algorithm is “third-order”, accurate through terms of order adt®.
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Figure 1.6: 16 particles before (left top) and after (center top) 24,000
fourth-order Runge-Kutta timesteps of d¢t = 0.001 each. The pair potential
used here is ¢(r < 1) = 100(1 — r?)*. Velocity reversal, at t = 24, leads
to the configuration at the right. The corresponding snapshots in the
bottom row correspond to the same times and initial conditions, but to
the use of a larger timestep, d¢t = 0.01. Time histories of the energy
components according to the fourth-order Runge-Kutta and third-order
Leapfrog algorithms for dt = 0.002 are shown in the following Figure.

With a particle mass of unity, m = 1, the initial kinetic energy of the
system is 3. mwv?/2 = 16 . For simplicity, let all pairs of particles interact
with a simple short-ranged pair potential ¢ whenever the separation of the
pair is less than unity :

o(r < 1) =100(1 —r%)*

In the original configuration the total potential energy vanishes so that the
total energy—a constant of the motion—is £ = K +® =16 .

Once the particles start to move, all interacting pairs with r < 1 will
experience a repulsive force F(r < 1) = =V¢ :

F(r <1)=a(r) =800r(1 - r?)3
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We eliminate the need for special boundary forces by imposing periodic
boundary conditions on the 4 X 4 box in which the motion takes place :

r<2—-zx=z4+4;,x>4+2—>zx=2—4;

Yy< 2—-y=y+4;y>4+2-y=y—4.

In calculating the forces between Particle i and Particle j these same
periodic boundaries require that the smallest (in absolute value) of the three
possible separations, 7;; = (x5, ¥:;), in both the = and the y directions :

Tiyg =23 —x;ELorzyy =x —x; ;

Yij =y —Y; £ Lor yy =y —y; ,

be used in calculating the “nearest-image” forces between all interact-
ing pairs of particles. This nearest-image distance is calculated by going
through the sequence of steps :

m¢j<—2—>xij:xij—|—4; xij>+2_’37ij =z —4;

Yis <=2y =Yg+ 45 Y > +2 oy =y — 4

With the initial and boundary conditions in place, the ensuing dynamics
of this system requires the solution of 64 first-order ordinary differential
equations :

{Fi=wi}; {0i=) 800r;(1—r3)%},
J
or, equivalently, 32 second-order differential equations :

{#=0;= 800r;(1—r%)* },
J

where the differential equations for each vector r; and each vector v; corre-
spond to pairs of equations for the z and y components of these vectors.
Figure 1.7 shows the time histories of the total, kinetic, and potential
energies for two solutions, Runge-Kutta and Leapfrog. In both cases the
trajectories were reversed after 12,000 timesteps, with dt = 0.002 . In the
Runge-Kutta case the energy plot is accurate to five digits at ¢ = 12 . Tt still
appears to be perfectly symmetric about the reversal time (24) even though
the final configuration, with a total time of 24+24 , shows coordinate errors
and potential/kinetic energy errors of order 0.1 . The apparent symmetry
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is illusory. The errors in the Runge-Kutta algorithm are only small, and
are not time-reversible.

1.00 = A -

0.50¢

0.00L. s
0 12 24

Figure 1.7: Time histories of the (top-to-bottom) total, kinetic, and poten-
tial energies per particle for the fourth-order Runge-Kutta integrator (full
line) and the third-order Leapfrog integrator (broken line) using 12,000
timesteps of 0.002 in both cases. The plot below is the corresponding “re-
versed” simulation proceeding backward in time from time 24 using 12,000
timesteps of -0.002 in both cases. The abscissa is time.

In the Leapfrog case the energy and coordinate errors are much larger,
with readily visible discrepancies appearing between simulations with d¢
values of either 0.001 and 0.002 at ¢t = 12 , the same time at which the
leapfrog trajectories deviate visibly from the more-nearly-accurate Runge-
Kutta solutions. The leapfrog trajectory reversibility is still nearly perfect,
despite its relatively large trajectory errors. The lack of precise time re-
versibility for the leapfrog algorithm is due only to computational rounding
errors. %20

The energy errors from either integration scheme can be estimated
directly. The classic fourth-order Runge-Kutta scheme, with a timestep

19 evesque and Verlet (1993).
20Kum and Hoover (1994).
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dt = 0.002 would ideally incur an error per timestep of the same order as
the double-precision computer roundoff error ,

error =~ (d°r/dt%)dt® /120 ~ 10715 .

But the forcelaw discontinuity (in the third derivative), which comes into
play at the beginning and end of every collision, gives a somewhat larger
coordinate error Ar, of order

1
F ~ 6400(6r)® — Ar =~ 56400(vdt)3dt2 ~ 10710,

These single-step integration errors, though small, are amplified exponen-
tially fast by the chaotic Lyapunov-unstable many-body dynamics. A com-
prehensive study of the chaotic dynamics shows that small perturbations
grow roughly as e*, where the largest Lyapunov exponent?' X is about
3. Thus a relatively short Runge-Kutta simulation of just 6000 timesteps
(t — 12) is already long enough that the reversed trajectory visibly fails to
reproduce the reversed initial configuration.

It is amusing that a much less accurate simulation, a “bit-reversible”
leapfrog algorithm described by Levesque and Verlet,

r(t+dt) — 2r(t) + r(t — dt) = [(dt)%a(t)] ,

where all the coordinates, as well as the combination (dt)2a(t) are restricted
to be single-precision inlegers, regains the initial condition perfectly, with-
out any roundoff error at all, despite the inaccuracy of the corresponding
trajectory. We will revist the relatively subtle subject of errors in numerical
integration in Chapter 6 .

21'Hoover and Posch (1995).
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