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Chapter 1

Preliminaries

1.1 Introduction

A fundamental concept in probability theory is random experiment. An
random experiment is an experiment whose outcome cannot be determined
in advance. The set of all possible outcomes of an random experiment is
called the sample space of the experiment and is denoted by S.

An event E is a subset of sample space S. An event E is occurred if the
outcome of the random experiment is an element of E. A random variable
X is a real function defined on S.

A stochastic process {X(t), t ∈ T } is a family of random variables so
that for each t ∈ T,X(t) is a random variable, where T is called the in-
dex set. We may interpret t as time, and then X(t) is called the state of
the stochastic process at time t. If the index set T is a countable set, the
process {X(t), t ∈ T } is called a discrete time stochastic process; if T is a
continuum such, an interval for example, the process {X(t), t ∈ T } is called
a continuous time stochastic process.

Now, we introduce two concepts.

Definition 1.1.1. A stochastic process {X(t), t ∈ T } is said to have
independent increments if for all t0 < t1 < · · · < tn and ti ∈ T, i =
0, 1, . . . , n, the random variables

X(t1)−X(t0), X(t2)−X(t1), . . . , X(tn)−X(tn−1)

are independent.
According to Definition 1.1.1, a stochastic process has independent in-

crements if the changes of the process over nonoverlapping time intervals
are independent.

1
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Definition 1.1.2. A stochastic process {X(t), t ∈ T } is said to have sta-
tionary increments if for all t, t+ s ∈ T , the distribution of X(t+ s)−X(t)
is the same for all t.

Thus, a stochastic process has stationary increments if the distribution
of the change of the process between two times depends only on their time
difference.

Chapter 1 introduces some preliminaries. In Section 1.2, we shall study
the Poisson process that is a simple counting process. Section 1.3 will in-
troduce the renewal process that is a more general counting process. In
Section 1.4, we shall consider the stochastic order and discuss some classes
of lifetime distribution. A new class of lifetime distribution, namely earlier
preventive repair better (worse) than later in expectation, is introduced.
Section 1.5 briefly studies the concept of martingale, then introduces mar-
tingale convergence theorem and the Doob, Riesz and Krickeberg compo-
sition theorems. In Section 1.6, we shall study the rate of occurrence of
failures that is an important concept in reliability.

1.2 The Poisson Process

First of all, we define the counting process.

Definition 1.2.1. A stochastic process {N(t), t ≥ 0} is said to be a count-
ing process if N(t) is the total number of events occurred by time t.

Properties of the counting process.
(1) N(t) ≥ 0.
(2) N(t) is integer valued.
(3) If s < t, then N(s) ≤ N(t).
(4) For s < t,N(t)−N(s) represents the number of events occurred in (s, t].

It follows from Definition 1.1.1 that a counting process has independent
increments if the numbers of events occurred in disjoint time intervals are
independent. On the other hand, a counting process has a stationary incre-
ments if the distribution of the number of events occurred in a time interval
depends only on the length of interval.

Now, we are available to define the Poisson process.

Definition 1.2.2. A counting process {N(t), t ≥ 0} is called a Poisson
process with rate λ > 0, if
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(1) N(0) = 0.
(2) The counting process has independent increments.
(3) For all s, t ≥ 0,

P{N(t+ s)−N(s) = n} =
(λt)n

n!
e−λt n = 0, 1, . . . (1.2.1)

Note that (1.2.1) means that the number of events occurred in an time
interval of length t is a Poisson random variable with mean λt.

Definition 1.2.3 gives an alternative definition of a Poisson process.

Definition 1.2.3. A counting process {N(t), t ≥ 0} is called a Poisson
process with rate λ > 0, if
(1) N(0) = 0.
(2) The counting process has independent and stationary increments.
(3) P{N(h) = 1} = λh+ o(h).
(4) P{N(h) ≥ 2} = o(h).

Theorem 1.2.4. Definitions 1.2.2 and 1.2.3 are equivalent.
Proof.

It is trivial to show that Definition 1.2.2 implies Definition 1.2.3. To
show that Definition 1.2.3 implies Definition 1.2.2, let

pn(t) = P{N(t) = n}.
By classical probability analysis, pn(t) will satisfy the following differential
equations

p′0(t) = −λp0(t), (1.2.2)

p′n(t) = −λpn(t) + λpn−1(t), n = 1, 2, . . . (1.2.3)

with initial condition

pn(0) =
{

1 n = 0,
0 n �= 0.

(1.2.4)

In fact, for n > 0,

pn(t+ h) = P{N(t+ h) = n}
= P{N(t) = n,N(t+ h)−N(t) = 0}

+P{N(t) = n− 1, N(t+ h)−N(t) = 1}

+
n∑

k=2

P{N(t) = n− k,N(t+ h)−N(t) = k}

= pn(t)p0(h) + pn−1(t)p1(h) + o(h) (1.2.5)

= (1− λh)pn(t) + λhpn−1(t) + o(h), (1.2.6)
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where (1.2.5) is due to conditions (2) and (4), while (1.2.6) is in virtue of
conditions (3) and (4) in Definition 1.2.3 respectively, so that

p0(h) = 1− P{N(h) = 1} − P{N(h) ≥ 2} = 1− λh+ o(h).

Therefore
pn(t+ h)− pn(t)

h
= −λpn(t) + λpn−1(t) +

o(h)
h

.

Letting h → 0 yields (1.2.3). The proof of (1.2.2) is similar. Now we can
solve the differential equations with initial conditions. In fact, from (1.2.2)
and (1.2.4) it is easy to see that

p0(t) = e−λt.

Then assume that

pn−1(t) =
(λt)n−1

(n− 1)!
e−λt.

¿From (1.2.3) with the help of (1.2.4), we have

pn(t) =
(λt)n

n!
e−λt. (1.2.7)

Thus by induction, (1.2.7) holds for all integers n = 0, 1, . . . . This proves
that Definition 1.2.3 implies Definition 1.2.2. Hence, the proof of Theorem
1.2.4 is completed.

Definition 1.2.5. A continuous random variable X is said to have an
exponential distribution Exp(λ), if its density is given by

f(x) =
{
λe−λx x > 0,
0 elsewhere.

(1.2.8)

An important property of exponential distribution is the memoryless prop-
erty . To explain this, consider

P{X > s+ t | X > s} =
P{X > s+ t,X > s}

P{X > s} =
P{X > s+ t}
P{X > s}

=
e−λ(s+t)

e−λs
= e−λt = P{X > t}. (1.2.9)

This means that the conditional probability that a system survives for at
least s + t hours, given that it has survived for s hours, is the same as
the unconditional probability that it survives for at least t hours. In other
words, the system cannot remember how long it has survived. It can be
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shown that a continuous distribution is memoryless if and only if it is an
exponential distribution.

A discrete random variable X is said to have a geometric distribution
G(p) with parameter p, if the probability mass function is given by

p(x) = P{X = x} = pqx−1 x = 1, 2, . . . (1.2.10)

with q = 1 − p. Then E{X} = 1/p. An integer valued random variable X
is memoryless if

P{X > m+ n | X > n} = P{X > m} for m, n = 0, 1, . . . (1.2.11)

It can be shown that an integer valued distribution is memoryless if and
only if it is a geometric distribution.

Given a Poisson process with rate λ, let X1 be the time of the first
event. In general, for n ≥ 1, let Xn be the interarrival time between the
(n− 1)th and the nth events. Then we have the following theorem.

Theorem 1.2.6. Given a Poisson process with rate λ, the interarrival
times Xn, n = 1, 2, . . . , are independent and identically distributed (i.i.d.)
random variables each having an exponential distribution Exp(λ).
Proof.

It is clear that

P{X1 > t} = P{N(t) = 0} = e−λt.

Then X1 has an exponential distribution Exp(λ). Now consider

P{X1 > s,X2 > t} =

∞∫
0

P{X1 > s,X2 > t | X1 = x}λe−λxdx

=

∞∫
s

P{no event in(x, t+ x] | X1 = x}λe−λxdx

=

∞∫
s

P{no event in(x, t+ x]}λe−λxdx (1.2.12)

= e−λt

∞∫
s

λe−λxdx (1.2.13)

= e−λse−λt,
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where (1.2.12) is due to independent increments, and (1.2.13) is in virtue
to (1.2.1). Therefore, X1 and X2 are independent each having Exp(λ)
distribution. Then Theorem 1.2.4 follows by induction.

Now define S0 = 0 and

Sn =
n∑

i=1

Xi,

Sn is the arrival time of the nth event. Clearly, we have

N(t) ≥ n⇔ Sn ≤ t. (1.2.14)

Because Xi, i = 1, 2, . . . , n, are i.i.d. random variables each having expo-
nential distribution Exp(λ). Then (1.2.14) yields that

P{Sn ≤ t} = P{N(t) ≥ n} =
∞∑

i=n

(λt)i

i!
e−λt. (1.2.15)

Consequently, by differentiating with respect to t, Sn will have a gamma
distribution Γ(n, λ) with density function

fn(x) =

{
λn

Γ(n)x
n−1e−λx x > 0,

0 elsewhere.
(1.2.16)

Assume that N is a Poisson random variable with parameter λ, and
{Xi, i = 1, 2, . . .} are i.i.d. random variables each having a distribution
F . Assume further {Xi, i = 1, 2, . . .} are independent of N . Then random
variable

X = X1 + · · ·+XN

is called a compound Poisson random variable with Poisson parameter λ
and component distribution F .

Definition 1.2.7. Assume that {N(t), t ≥ 0} is a Poisson process, and
{Xi, i = 1, 2, . . .} are i.i.d. random variables and are independent of process
{N(t), t ≥ 0}. Let

X(t) = X1 + · · ·+XN(t).

Then stochastic process {X(t), t ≥ 0} is called a compound Poisson pro-
cess.

Clearly, if {X(t), t ≥ 0} is a compound Poisson process, then X(t) is a
compound Poisson random variable with Poisson parameter λt.
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In Definition 1.2.2 or 1.2.3, the rate λ of a Poisson process is a constant,
hence the Poisson process is called a homogeneous Poisson process. Now,
we shall consider the case that the rate is a function of time t. This is a
nonhomogeneous Poisson process.

Definition 1.2.8. A counting process {N(t), t ≥ 0} is called a nonhomo-
geneous Poisson process with intensity function λ(t), t ≥ 0, if
(1) N(0) = 0.
(2) The counting process has independent increments.
(3) P{N(t+ h)−N(t) = 1} = λ(t)h+ o(h).
(4) P{N(t+ h)−N(t) ≥ 2} = o(h).

Then we have the following theorem.

Theorem 1.2.9. Given a nonhomogeneous Poisson process {N(t), t ≥ 0}
with intensity function λ(t), t ≥ 0, then

P{N(t+ s)−N(s) = n} =
(

t+s∫
s

λ(x)dx)n

n!
exp{−

t+s∫
s

λ(x)dx}

n = 0, 1, . . . (1.2.17)

The proof is similar to that of Theorem 1.2.4, see Ross (1996) for details.
Now, let X be the lifetime until the first failure occurs. Then from

(1.2.17), we have

F̄ (t) = P{X > t} = P{N(t) = 0} = exp{−
t∫

0

λ(x)dx}, (1.2.18)

and F̄ (t) is called the survival function . Thus the distribution F and the
density f of X are respectively given by

F (x) = 1− exp{−
x∫

0

λ(u)du}, (1.2.19)

and

λ(x) =
f(x)
F̄ (x)

. (1.2.20)

In other words, the intensity function λ(t) and the distribution F are
uniquely determined each other.
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In practice, two particular nonhomogeneous Poisson processes are im-
portant.

(1) The Cox-Lewis model
The intensity function is

λ(t) = exp(α0 + α1t) −∞ < α0, α1 <∞, t > 0. (1.2.21)

(2) The Weibull process model
The intensity function is

λ(t) = αθtθ−1 α, θ > 0, t > 0. (1.2.22)

1.3 The Renewal Process

Now, let {Xn, n = 1, 2, . . .} be a sequence of nonnegative i.i.d. random
variables each having a distribution F with F (0) = P{Xn = 0} < 1.
Denote

µ = E(Xn) =

∞∫
0

xdF (x).

Obviously 0 < µ ≤ ∞. If we interpret Xn as the interarrival time between
the (n− 1)th and nth events (or renewals), then as in Poisson process, we
can define the arrival time of the nth event by

Sn =
n∑

i=1

Xi (1.3.1)

with S0 = 0. Thus, the number of events occurred by time t is then given
by

N(t) = sup{n : Sn ≤ t}. (1.3.2)

Then, {N(t), t ≥ 0} is a counting process.

Definition 1.3.1. The counting process {N(t), t ≥ 0} is called a renewal
process.

If the common distribution F is an exponential distribution, then the
renewal process becomes a Poisson process. Therefore, renewal process is
a generalization of Poisson process. Now define

M(t) = E[N(t)],
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M(t) is called the renewal function, it is the expected number of events
occurred by time t.

As in Poisson process, we have

N(t) ≥ n⇐⇒ Sn ≤ t. (1.3.3)

Then

P{N(t) = n} = P{N(t) ≥ n} − P{N(t) ≥ n+ 1}
= P{Sn ≤ t} − P{Sn+1 ≤ t} = Fn(t)− Fn+1(t),

where Fn is the distribution function of Sn. Thus we have the following
result.

Theorem 1.3.2.

M(t) =
∞∑

n=1

Fn(t). (1.3.4)

Proof.

M(t) = E[N(t)] =
∞∑

n=0

nP{N(t) = n}

=
∞∑

n=1

n{Fn(t)− Fn+1(t)} =
∞∑

n=1

Fn(t).

This completes the proof.

Theorem 1.3.3.

M(t) <∞ for all 0 ≤ t <∞. (1.3.5)

Proof.
Since P{Xn = 0} < 1, there exists an α > 0 such that p = P{Xn ≥

α} > 0. Now define

X̃n =
{

0 if Xn < α,

α if Xn ≥ α. (1.3.6)

Let

S̃n = X̃1 + · · ·+ X̃n, Ñ(t) = sup{n : S̃n ≤ t}.
It is clear that {Ñ(t), t ≥ 0} forms a renewal process whose events can
only take place at times t = kα, k = 0, 1, . . .. The number of events at
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these times t = kα are i.i.d. random variables each having a geometric
distribution G(p). Thus

E[Ñ(t)] =
[t/α]∑
k=0

E[number of events occurred at kα]

=
[t/α] + 1
P (Xn ≥ α)

<∞,

where [x] is the largest integer no more than x. As X̃n ≤ Xn, then we have
N(t) ≤ Ñ(t), and (1.3.5) follows.

Note that the above proof also shows that E[(N(t))r ] < ∞ for all t ≥
0, r ≥ 0.
By conditional on the value of X1, we have

M(t) = E[N(t)] =

∞∫
0

E[N(t) | X1 = x]dF (x). (1.3.7)

Because

N(t) | X1 = x =
{

0 x > t,

1 +N1(t− x) x ≤ t, (1.3.8)

where

N1(t) = sup{n :
n+1∑
i=2

Xi ≤ t}.

Then by substituting (1.3.8) to (1.3.7), it follows that

M(t) =

t∫
0

{1 + E[N(t− x)]}dF (x),

since N1(t) and N(t) have the same distribution. Thus we have

M(t) = F (t) +

t∫
0

M(t− x)dF (x). (1.3.9)

Equation (1.3.9) is called the renewal equation, it is an integral equation
satisfied by renewal function M(t).

Then assume that {Xn, n = 1, 2, . . .} are continuous with common den-
sity function f . Let the density of Sn be fn. Thus, Theorem 1.3.2 gives

M ′(t) =
∞∑

n=1

fn(t). (1.3.10)



THE GEOMETRIC PROCESS AND ITS APPLICATIONS 
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6219.html

June 26, 2007 12:31 World Scientific Book - 9in x 6in GeometricProcessAppl

Preliminaries 11

Denote the Laplace transform of M(t) by

M∗(s) =

∞∫
0

e−stM(t)dt,

and the Laplace transform of f(t) by

f∗(s) =

∞∫
0

e−stf(t)dt.

Because Sn =
n∑

i=1

Xi is the sum of X1, . . . , Xn, the density of Sn is the

n-fold convolution of f . Then the Laplace transform of fn(t) is given by

f∗
n(s) = [f∗(s)]n.

Now, let the Laplace transform of M ′(t) be M ′∗(s). By taking Laplace
transforms on both sides of (1.3.10), we have

M ′∗(s) =
∞∑

n=1

f∗
n(s) =

∞∑
n=1

[f∗(s)]n =
f∗(s)

1− f∗(s)
.

However, as

M ′∗(s) = sM∗(s)−M(0) = sM∗(s).

It follows from the above two equalities that

M∗(s) =
f∗(s)

s[1− f∗(s)]
. (1.3.11)

Thus, to determine renewal function M(t), we can either use Theorem
1.3.2, or solve renewal equation (1.3.9). Alternatively, we can determine
the Laplace transform M∗(s) by (1.3.11) and then obtain M(t) by invert-
ing.

In many practical situations, an approximate formula for M(t) is con-
venience. To derive an approximate formula, we need to introduce the
concept of lattice.

A random variable X is lattice if it only takes on integral multiples of
some d ≥ 0. In other words, X is lattice, if there exists d ≥ 0 such that

∞∑
n=−∞

P{X = nd} = 1.

The largest d having this property is called the period of X . If X is lattice
and F is the distribution of X , then we also say F is lattice.
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Theorem 1.3.4. If F is not a lattice, E[X ] = µ and V ar(X) = σ2, then

M(t) =
t

µ
+
σ2 − µ2

2µ2
+ o(1) as t→∞. (1.3.12)

Proof.
First of all, let the common density be f . Then the Laplace transform

of f is given by

f∗(s) = E[e−sX ] = E[1− sX +
1
2
(sX)2 − · · · ]

= 1− sµ+
s2

2
(σ2 + µ2) +O(s3). (1.3.13)

By substitution, (1.3.11) becomes

M∗(s) =
1− sµ+ s2(σ2 + µ2)/2 +O(s3)
s[sµ− s2(σ2 + µ2)/2 +O(s3)]

=
1
µs2

[1− sµ+ s2(σ2 + µ2)/2 +O(s3)][1 +
σ2 + µ2

2µ
s+O(s2)]

=
1
µs2

+
σ2 − µ2

2µ2s
+O(1) as s→ 0. (1.3.14)

Inverting (1.3.14) yields

M(t) =
t

µ
+
σ2 − µ2

2µ2
+ g(t) as t→∞. (1.3.15)

Let g∗(s) be the Laplace transform of g(t). Then from (1.3.14) and (1.3.15),
by using the Tauberian theorem, we have

lim
t→+∞ g(t) = lim

s→0
sg∗(s)

= lim
s→0

s[M∗(s)− 1
µs2
− σ2 − µ2

2µ2s
] = 0.

This completes the proof of Theorem 1.3.4.
Now, let N(∞) = lim

t→∞N(t), then we have

Lemma 1.3.5.

P{N(∞) =∞} = 1. (1.3.16)
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Proof.
From (1.3.3), we have

P{N(∞) <∞} = P{Xn =∞, for some n}

= P{
∞⋃

n=1

(Xn =∞)}

≤
∞∑

n=1

P{Xn =∞} = 0.

Lemma 1.3.5 means that with probability 1, N(t) tends to infinity as t
tends to infinity. The following lemma gives the limiting rate of N(t) as t
tends to infinity.

Lemma 1.3.6. With probability 1,

N(t)
t
→ 1

µ
as t→∞. (1.3.17)

Proof.
Because SN(t) ≤ t < SN(t)+1, then

SN(t)

N(t)
≤ t

N(t)
<
SN(t)+1

N(t)
.

It follows from Lemma 1.3.5 that with probability 1, N(t)→∞ as t→∞.
Then the strong law of large numbers shows that

SN(t)

N(t)
→ µ as t→∞.

On the other hand, we have

SN(t)+1

N(t)
= { SN(t)+1

N(t) + 1
}{N(t) + 1

N(t)
}

→ µ as t→∞.
As t/N(t) is between two numbers, both of them converge to µ as t→∞, by
principle of squeezing, so does t/N(t). This completes the proof of Lemma
1.3.6.

Definition 1.3.7. Given a sequence of random variables {Xn, n =
1, 2, . . .}, an integer-valued random variable N is called a stopping time
for {Xn, n = 1, 2, . . .}, if for all n = 1, 2, . . ., event {N = n} is independent
of Xn+1, Xn+2, . . ..
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Assume that N is a stopping time for stochastic process {Xn, n =
1, 2, . . .}. Then we can observe the process in sequential order and let N be
the number observed before stopping. If N = n, then we shall stop after
observing X1, . . . , Xn and before observing Xn+1, Xn+2, . . . Obviously, if N
is a stopping time for {Xn, n = 1, 2, . . .}, then for all n = 1, 2, . . . events
{N ≤ n} and {N > n} will be determined by X1, . . . , Xn only. Now, we
have the following theorem.

Theorem 1.3.8. (Wald’s Equation)
If {Xn, n = 1, 2, . . .} is a sequence of i.i.d. random variables each having a
common expectation E[X ] <∞, and if N is a stopping time for {Xn, n =
1, 2, . . .} with E[N ] <∞, then

E[
N∑

n=1

Xn] = E[N ]E[X ]. (1.3.18)

Proof.
Let the indicator of event {N ≥ n} be

In =
{

1 if N ≥ n,
0 if N < n.

(1.3.19)

Then

E[
N∑

n=1

Xn] = E[
∞∑

n=1

XnIn] =
∞∑

n=1

E[XnIn]

= E[X ]
∞∑

n=1

E[In] (1.3.20)

= E[X ]
∞∑

n=1

P{N ≥ n} = E[N ]E[X ], (1.3.21)

where (1.3.20) is because N is a stopping time, then event {N ≥ n} is
determined by X1, . . . , Xn−1 and hence independent of Xn. This completes
the proof.

Now, assume that {N(t), t ≥ 0} is a renewal process whose interarrival
times are {Xn, n = 1, 2, . . .}. Then N(t)+1 is a stopping time for {Xn, n =
1, 2, . . .}. This is because

N(t) + 1 = n ⇔ N(t) = n− 1

⇔ X1 + · · ·+Xn−1 ≤ t, X1 + · · ·+Xn > t.

Thus event {N(t) + 1 = n} is determined by X1, · · · , Xn. Consequently,
N(t) + 1 is a stopping time. Therefore Theorem 1.3.8 yields the following
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result.

Corollary 1.3.9. If µ <∞, then

E[SN(t)+1] = µ{M(t) + 1}. (1.3.22)

The following theorems are important in renewal process.

Theorem 1.3.10. (The Elementary Renewal Theorem)

M(t)
t
→ 1

µ
as t→∞, (1.3.23)

where 1/∞ = 0.
See Ross (1996) for the proof.

Theorem 1.3.11. Let µ and σ2 be the mean and variance of the common
distribution of the interarrival time in a renewal process {N(t), t ≥ 0}.
Then

P{N(t)− t/µ
σ
√
t/µ3

< y} → 1√
2π

y∫
−∞

e−x2/2dx as t→∞. (1.3.24)

Proof.
Let rt = t/µ+ yσ

√
t/µ3. Then by using (1.3.3)

P{N(t)− t/µ
σ
√
t/µ3

< y} = P{N(t) < rt}

= P{Srt > t} = P{Srt − rtµ
σ
√
rt

>
t− rtµ
σ
√
rt
}

= P{Srt − rtµ
σ
√
rt

> −y(1 +
yσ√
tµ

)−1/2}

→ 1√
2π

∞∫
−y

e−x2/2dx (1.3.25)

=
1√
2π

y∫
−∞

e−x2/2dx as t→∞,

(1.3.25) is due to the central limit theorem so that (Srt − rtµ)/σ
√
rt con-

verges to standard normal distribution N(0, 1) as t tends to infinity, and
because

−y(1 +
yσ√
tµ

)−1/2 → −y as t→∞.
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This completes the proof.
Theorem 1.3.11 states that if t is large, then N(t) will approximately

be normal with mean t/µ and variance tσ2/µ3.

Theorem 1.3.12. (Blackwell’s Theorem)
Let F be the common distribution of interarrival times in a renewal process.
(1) If F is not lattice, then for all a ≥ 0

M(t+ a)−M(t)→ a/µ as t→∞. (1.3.26)

(2) If F is lattice with period d, then

E[number of renewals at nd] → d/µ as t→∞. (1.3.27)

For the proof of Theorem 1.3.12, see e.g. Feller (1970).

Given a function h defined on [0,∞), for any a > 0, letmn(a) andmn(a)
be the supremum and infimum of h(t) on interval [(n−1)a, na] respectively.
Then h is said to be directly Riemann integrable if for any a > 0, mn(a)
and mn(a) are finite and

lim
a→0
{a

∞∑
n=1

mn(a)} = lim
a→0
{a

∞∑
n=1

mn(a)}.

A sufficient condition for a function h to be directly Riemann integrable is
that
(1) h(t) ≥ 0 for all t ≥ 0,
(2) h(t) is nonincreasing,

(3)
∞∫
0

h(t)dt <∞.

Then we have the following theorem.

Theorem 1.3.13. (The Key Renewal Theorem)
Let F be the common distribution of the interarrival times in a renewal
process. If F is not lattice, and h is directly Riemann integrable, then

lim
t→∞

t∫
0

h(t− x)dM(x) =
1
µ

∞∫
0

h(t)dt, (1.3.28)

where

M(x) =
∞∑

n=1

Fn(x) and µ =

∞∫
0

F̄ (t)dt.



THE GEOMETRIC PROCESS AND ITS APPLICATIONS 
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6219.html

June 26, 2007 12:31 World Scientific Book - 9in x 6in GeometricProcessAppl

Preliminaries 17

For the proof of Theorem 1.3.13, see e.g. Feller (1970).

Given a renewal process {N(t), t ≥ 0} with interarrival times {Xn, n =
1, 2, . . .}, we can define the age at t as

A(t) = t− SN(t), (1.3.29)

the residual life at t as

B(t) = SN(t)+1 − t, (1.3.30)

and the total life at t as

XN(t)+1 = SN(t)+1 − SN(t) = A(t) +B(t). (1.3.31)

Then we have the following theorem.

Theorem 1.3.14. Let F be the common distribution of the interarrival
times in a renewal process. If F is not lattice with mean µ <∞, then

(1) lim
t→∞P{A(t) ≤ x} = lim

t→∞P{B(t) ≤ x} = 1
µ

∫ x

0
F̄ (y)dy, (1.3.32)

(2) lim
t→∞P{XN(t)+1 ≤ x} = 1

µ

∫ x

0 ydF (y). (1.3.33)

See Ross (1996) for the proof of Theorem 1.3.14.

Now, consider a renewal process {N(t), t ≥ 0} with interarrival times
{Xn, n = 1, 2, . . .} having a common distribution F . Assume that each time
a renewal occurs we shall receive a reward. Let Rn be the reward earned
at the time of the nth renewal. Usually, Rn will depend on Xn, but we
assume that the pairs {(Xn, Rn), n = 1, 2, . . .} are i.i.d. random vectors.
Then {(Xn, Rn), n = 1, 2, . . .} is called a renewal reward process. Thus, the
total reward earned by time t is given by

R(t) =
N(t)∑
n=1

Rn.

Let

E[R] = E[Rn], E[X ] = E[Xn].

Afterward, we have the following theorem.

Theorem 1.3.15. Assume that E[R] < ∞ and E[X ] < ∞. Then with
probability 1,

R(t)
t
→ E[R]

E[X ]
as t→∞, (1.3.34)
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and

E[R(t)]
t

→ E[R]
E[X ]

as t→∞. (1.3.35)

See Ross (1996) for the proof of Theorem 1.3.15. This is an important
result and has a lot of applications in practice.

Remarks
If we say a cycle is completed whenever a renewal occurs, then (1.3.35)

states that the long-run average reward per unit time (or simply average
reward) is just the expected reward earned during a cycle, divided by the
expected time of a cycle.

The reward can be negative. In this case, we may define Rn as the
cost incurred at the time of the nth renewal. Then (1.3.35) states that the
long-run average cost per unit time (or simply average cost) is given by

average cost =
the expected cost incurred in a cycle

the expected time of a cycle
. (1.3.36)

Although we have assumed that the reward is earned all at once at the
end of the renewal cycle, Theorem 1.3.15 still holds when the reward is
earned gradually during the renewal cycle.

1.4 Stochastic Order and Class of Lifetime Distributions

At first, we introduce the concept of stochastic order here.

Definition 1.4.1. A random variable X is said to be stochastically larger
(less) than a random variable Y , if

P{X > t} ≥ (≤) P{Y > t} for all t. (1.4.1)

It is denoted by X ≥st (≤st)Y . Let F and G be the distributions of X and
Y respectively, then (1.4.1) is equivalent to

F̄ (t) ≥ (≤) Ḡ(t) for all t. (1.4.2)

A sequence of random variables {Xn, n = 1, 2, . . .} is stochastically increas-
ing (decreasing) if

Xn+1 ≥st (≤st)Xn, n = 1, 2, . . .
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Lemma 1.4.2. If X ≥st Y , then E[X ] ≥ E[Y ].
Proof.

Assume first that X and Y are nonnegative random variables. Then

E[X ] =

∞∫
0

P{X > t}dt ≥
∞∫
0

P{Y > t}dt = E[Y ]. (1.4.3)

In general, we have

X = X+ −X−,

where

X+ =
{
X if X ≥ 0,
0 if X < 0,

(1.4.4)

and

X− =
{

0 if X ≥ 0,
−X if X < 0.

(1.4.5)

Similarly, Y = Y + − Y −. It is easy to show that

X ≥st Y ⇒ X+ ≥st Y
+, X− ≤st Y

−. (1.4.6)

Consequently, it follows from (1.4.3) and (1.4.6) that

E[X ] = E[X+]− E[X−] ≥ E[Y +]− E[Y −] = E[Y ]. (1.4.7)

The following theorem gives a sufficient and necessary condition so that X
is stochastically larger than Y .

Theorem 1.4.3.

X ≥st Y ⇐⇒ E[f(X)] ≥ E[f(Y )]

for any nondecreasing function f. (1.4.8)

Proof.
Suppose that X ≥st Y and f is a nondecreasing function. For any t, let

f−1(t) = inf{x : f(x) > t}.
Then

P{f(X) > t} = P{X > f−1(t)} ≥ P{Y > f−1(t)} = P{f(Y ) > t}.
Consequently, F (X) ≥st f(Y ). Then, from Lemma 1.4.2, E[f(X)] ≥
E[f(Y )].
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Now assume that E[f(X)] ≥ E[f(Y )] for any nondecreasing function f .
For any t, define

ft(x) =
{

1 x > t,

0 elsewhere.

Then

E[ft(X)] = P{X > t}, E[ft(Y )] = P{Y > t}. (1.4.9)

Because E[ft(X)] ≥ E[ft(Y )], (1.4.9) implies that X ≥st Y .

Then assume that X is the lifetime of a system with distribution F .
The residual life of the system at age t given that the system has survived
up time t will be given by

Xt = X − t | X > t. (1.4.10)

A very popular class of life distribution is studied on the basis of the mono-
tonicity of Xt.

Definition 1.4.4. A life distribution F has an increasing failure rate (IFR)
if Xt is decreasing in t, i.e.

Xs ≥st Xt for s < t. (1.4.11)

Or for any x ≥ 0, we have

P (X − s > x | X > s) ≥ P (X − t > x | X > t) for s < t. (1.4.12)

It has a decreasing failure rate (DFR) if Xt is increasing in t, i.e.

Xs ≤st Xt for s < t. (1.4.13)

Or for any x ≥ 0, we have

P (X − s > x | X > s) ≤ P (X − t > x | X > t) for s < t. (1.4.14)

If F has an IFR, it is denoted by F ∈ IFR, if F has a DFR, it is denoted
by F ∈ DFR. Now define

F̄t(x) = P (X − t > x | X > t) =
F̄ (t+ x)
F̄ (t)

.

Then we have the following result.

Theorem 1.4.5. F ∈ IFR (DFR) if and only if F̄t(x) is decreasing
(increasing) in t.
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The class of IFR (DFR) distributions is closely related to the concept of
failure rate. Consider a continuous random variable X , let the distribution
and density be F and f respectively. Then the failure rate function is
defined by

λ(t) =
f(t)
F̄ (t)

. (1.4.15)

LetX be the lifetime of a system. Given that the system has survived for
time t, the conditional probability that it will not survive for an additional
time dt is given by

P{t < X < t+ dt | X > t} =
P{t < X < t+ dt,X > t}

P{X > t}

=
P{t < X < t+ dt}

P{X > t} =

t+dt∫
t

f(u)du

F̄ (t)
.=
f(t)dt
F̄ (t)

= λ(t)dt. (1.4.16)

Thus λ(t) is the probability intensity that a t-year-old system will fail in
(t, t+ dt).

Now, assume that X is the lifetime until the first failure in a nonhomo-
geneous Poisson process with intensity function λ(t). Then it follows from
(1.2.19), (1.2.20) and (1.4.15) that intensity function λ(t) is the failure rate
function of X .

In particular, if X is the lifetime before the first failure in a Poisson
process with rate λ, then lifetime X will have an exponential distribution
Exp(λ) with density function given by (1.2.8). As a result, the failure rate
is

λ(t) =
λe−λt

e−λt
= λ.

Therefore, the failure rate of an exponential distribution Exp(λ) is a con-
stant λ that is the rate of the Poisson process.

Let
d = sup{t : t ≥ 0, F̄ (t) > 0}.

It can be shown that if F ∈ IFR(DFR), then F is absolutely continuous in
(0, d), i.e. F has a probability density in (0, d). See Barlow and Proschan
(1975) or Cheng (1999) for reference. Now we have the following equality.

dF̄t(x)
dt

=
1

{F̄ (t)}2 {−f(t+ x)F̄ (t) + f(t)F̄ (t+ x)}

=
F̄ (t+ x)
F̄ (t)

{λ(t)− λ(t + x)}.
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Then we have the following theorem.

Theorem 1.4.6. A continuous life distribution F has an IFR (DFR) if
and only if its failure rate function λ(t) is increasing (decreasing).

From Theorem 1.4.6, we can see intuitively that X is IFR (DFR) means
that the older the system is, the more (less) likely to fail in a small time dt
is.

The following results are well known, see Barlow and Proschan (1975)
for reference.

Theorem 1.4.7.
(1) A gamma distribution Γ(α, β) with density function

f(x) =

{
βα

Γ(α)x
α−1e−βx x > 0,

0 elsewhere,
(1.4.17)

is IFR if α ≥ 1 and DFR if α ≤ 1.
(2) A Weibull distribution W (α, β) with density function

f(x) =
{
αβxα−1e−βxα

x > 0,
0 elsewhere,

(1.4.18)

is IFR if α ≥ 1 and DFR if α ≤ 1.
In particular, an exponential distribution Exp(λ) with density function

(1.2.8) is IFR as well as DFR.
The set of all IFR (DFR) distributions forms a class of life distribution.

Now, we consider another class of life distribution.

Definition 1.4.8. A life distribution F with finite mean µ is new better
than used in expectation (NBUE) if

F̄ (t) ≥ 1
µ

∞∫
t

F̄ (x)dx for t ≥ 0. (1.4.19)

It is new worse than used in expectation (NWUE) if

F̄ (t) ≤ 1
µ

∞∫
t

F̄ (x)dx for t ≥ 0. (1.4.20)

They are denoted respectively by F ∈ NBUE and F ∈ NWUE.
The set of all NBUE (NWUE) distributions forms a class of life distri-

butions. The following lemma gives the relationship between IFR (DFR)
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and NBUE (NWUE) classes.

Lemma 1.4.9. If a lifetime distribution F ∈ IFR (DFR), then F ∈ NBUE
(NWUE).

See Barlow and Proschan (1975) for the proof.
Let the lifetime of a system be X . Given that X > t, then Xt =

X − t is the residual life. Thus from Definition 1.4.8, we can see that a life
distribution F is NBUE (NWUE) if the expected residual life of a system
which has survived for time t is no larger (less) than the expected lifetime
of a new and identical system. In fact, if F ∈ NBUE (NWUE), then from
Definition 1.4.8, it yields that

E[Xt] =

∞∫
0

xdFt(x) =
1

F̄ (t)

∞∫
0

xdF (t + x)

=
1

F̄ (t)

∞∫
t

F̄ (x)dx ≤ (≥)µ.

Besides IFR (DFR) and NBUE (NWUE) classes, many other classes of
life distributions have been considered (see Barlow and Proschan (1975) and
Cheng (1999) for reference). However, all the classes of life distributions
studied so far are defined on the basis of the life distribution of a system
itself, i.e. the ageing effect on the system itself. In practice, for improv-
ing the system reliability and implementing the system more economically,
besides the failure repair, we may also adopt a preventive repair that is a
repair during the operating time of the system. Then, it is interesting to
study the effect of preventive repair on the distribution of the total operat-
ing time of the system. For this purpose, we shall introduce a new class of
lifetime distribution by taking into account the effect of preventive repair.

Let F (x) be the distribution of the operating time X of a system. As-
sume that a preventive repair is taken when the operating time of the
system reaches T , and the system after preventive repair is as good as new.
Let M be the number of preventive repairs before system failure. Then,
Y = M + 1 will have a geometric distribution G(p) with probability mass
function given by (1.2.10), where

p = P{X ≤ T } = F (T )

and q = P (X > t) = 1− p. Moreover,

E[M ] = E(Y )− 1 =
1
p
− 1 =

q

p
.
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Now, the total operating time with preventive repair at T is given by

XT =
M∑
i=1

T +X(M+1) = MT +X(M+1),

where X(M+1) < T is the (M + 1)th operating time of the system. Thus,
the expected total operating time with preventive repair at T is given by

E[XT ] = E{E[XT |M ]}
= E{E[MT +X(M+1)] |M)}

= E{MT +
1

F (T )

∫ T

0

tdF (t)}

=
1
p
{qT +

∫ T

0

tdF (t)}

=
1

F (T )

∫ T

0

{1− F (t)}dt. (1.4.21)

Then, Lam (2006b) introduced the following definition.

Definition 1.4.10. A life distribution F is called earlier preventive repair
better than later in expectation (ERBLE) if the expected total operating
time with preventive repair at t

µ(t) =
1

F (t)

∫ t

0

{1− F (x)}dx (1.4.22)

is nonincreasing in t, this is denoted by F ∈ ERBLE. It is called earlier
preventive repair worse than later in expectation (ERWLE) if µ(t) is non-
decreasing in t, and is denoted by F ∈ ERWLE.

The following results are also due to Lam (2006b).

Lemma 1.4.11. If a life distribution F ∈ IFR (DFR), then F ∈ ERBLE
(ERWLE).

Proof.
If F ∈ IFR, F will be absolutely continuous. Let the density function

be f , then the failure rate function is given by λ(t) = f(t)/{1−F (t)}. Thus
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it follows from (1.4.22) that

µ′(t) =
1

F (t)2
{F (t)[1− F (t)]− f(t)

∫ t

0

[1− F (x)]dx}

=
f(t)
F (t)2

{F (t)
λ(t)

−
∫ t

0

f(x)
λ(x)

dx}

≤ f(t)
λ(t)F (t)2

{F (t)−
∫ t

0

f(x)dx} = 0.

Thus, F ∈ ERBLE. For the case F ∈ DFR, the proof is similar.
Then, from Theorem 1.4.7, we have

Corollary 1.4.12.
(1) A gamma distribution Γ(α, β) with density function (1.4.17) is ERBLE
if α ≥ 1 and ERWLE if α ≤ 1.
(2) A Weibull distributionW (α, β) with density function (1.4.18) is ERBLE
if α ≥ 1 and ERWLE if α ≤ 1.

In particular, an exponential distribution Exp(λ) with density function
(1.2.8) is ERBLE as well as ERWLE.

To see the relation between the classes of ERBLE (ERWLE) and IFR
(DFR). we can consider the following two examples.

Example 1.4.13. Let

F (x) =
{

1− e−x 0 ≤ x < 1,
1− e−3x x ≥ 1.

(1.4.23)

It is easy to check that for s < 1 < t and 1 < s+ x < t+ x, then

F̄s(x) =
F̄ (s+ x)
F̄ (s)

= e−(2s+3x)

< F̄t(x) =
F̄ (t+ x)
F̄ (t)

= e−3x.

Thus F /∈ IFR. However, for 0 ≤ t < 1, µ(t) = 1, it is a constant. Moreover,
for t ≥ 1

µ(t) =
1

1− e−3t
(1− e−1 +

1
3
e−3 − 1

3
e−3t),

it is decreasing. This implies that F ∈ ERBLE.

Example 1.4.14. Let

F (x) =
{

1− e−1 0 ≤ x < 1,
1− e−x x ≥ 1.

(1.4.24)
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By a similar argument, it is also easy to show that F ∈ ERWLE, but F /∈
DFR.

From Lemma 1.4.11 and two examples above, we can conclude that the
ERBLE class (ERWLE) is greater than the IFR (DFR) class. The class of
ERBLE (ERWLE) is a new class of life distributions by taking into account
the effect of preventive repair. This new class of life distributions should
have its own theoretical interest and practical application.

1.5 ∗ Martingales

Consider a stochastic process {Zn, n = 1, 2, . . .}, let

Fn = σ{Z1, . . . , Zn}
be the σ-algebra generated by {Z1, . . . , Zn}. If we interpret Zn as the sys-
tem state at time n, then Fn will represent the history of the system up to
time n.

A stochastic process {Xn, n = 1, 2, . . .} is called a martingale with re-
spect to {Fn, n = 1, 2, . . .} if for all n

E[|Xn|] <∞, (1.5.1)

Xn ∈ Fn i.e. Xn is Fn measurable, (1.5.2)

E[Xn+1 | Fn] = Xn. (1.5.3)

If {Xn, n = 1, 2, . . .} is a martingale, then taking expectation on both sides
of (1.5.3) yields

E[Xn+1] = E[Xn],

and hence

E[Xn] = E[X1] for all n. (1.5.4)

A stochastic process {Xn, n = 1, 2, . . .} is called a supermartingale (sub-
martingale) with respect to {Fn, n = 1, 2, . . .} if for all n, conditions (1.5.1),
(1.5.2) and

E[Xn+1 | Fn] ≤ (≥)Xn, (1.5.5)

hold. If {Xn, n = 1, 2, . . .} is a supermartingale (submartingale), then
taking expectation of (1.5.5) yields

E[Xn+1] ≤ (≥)E[Xn],
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and hence

E[Xn] ≤ (≥)E[X1] for all n. (1.5.6)

Theorem 1.5.1. (Martingale Convergence Theorem)
Assume that {Xn, n = 1, 2, . . .} is a supermartingale (submartingale) with

sup
1≤n<∞

E[|Xn|] <∞.

Then with probability 1, random variable

X = lim
n→∞Xn

exists and E[|X |] <∞. See e. g. Stout (1974) for the proof of Theorem
1.5.1.

Theorem 1.5.2. (The Doob Decomposition)
Assume that {Xn, n = 1, 2, . . .} is a submartingale with respect to {Fn, n =
1, 2, . . .}. Then {Xn, n = 1, 2, . . .} has a decomposition such that

Xn = Mn −An, (1.5.7)

where Mn, n = 1, 2, . . . is a martingale, {An, n = 1, 2, . . .} is an decreasing
sequence of random variables such that An+1 ≤ An with probability 1,
A1 = 0 and An ∈ Fn−1. Moreover, such a decomposition is unique.
Proof.

Let M1 = X1 and A1 = 0. Then define Mn, An for n ≥ 2 as follows.

Mn = Mn−1 + (Xn − E[Xn | Fn−1]), (1.5.8)

An = An−1 + (Xn−1 − E[Xn | Fn−1]). (1.5.9)

¿From (1.5.8) and (1.5.9), we have

Mn − An =
n∑

i=2

(Xi −Xi−1) +X1 −A1 = Xn,

and (1.5.7) follows. It is then easy to check Mn, n = 1, 2, . . . and {An, n =
1, 2, . . .} satisfy the requirements. To show such a decomposition is unique,
suppose Xn = M

′
n −A

′
n is another decomposition. Then

Mn −M ′
n = An −A′

n.

Thus M1 = M
′
1, since A1 = A

′
1 = 0. Moreover, because M2 − M

′
2 =

A2 −A′
2 ∈ F1, therefore,

M2 −M ′
2 = E[M2 −M ′

2 | F1] = M1 −M ′
1 = 0.
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Then by induction, we can show that Mn = M
′
n and hence An = A

′
n for all

n. This completes the proof of Theorem 1.5.2.

Theorem 1.5.3. (The Riesz Decomposition)
Assume that {Xn, n = 1, 2, . . .} is a submartingale with respect to {Fn, n =
1, 2, . . .}. Then the following two conditions are equivalent.

(1) lim
n→∞E[Xn] <∞, (1.5.10)

(2) {Xn, n = 1, 2, . . .} has a decomposition such that

Xn = Yn + Zn, (1.5.11)

where {Yn, n = 1, 2, . . .} is a martingale and {Zn, n = 1, 2, . . .} is a non-
positive submartingale with lim

n→∞E[Zn] = 0. Moreover, such a decompo-

sition is unique. If in addition, {Xn, n = 1, 2, . . .} are nonnegative, then
{Yn, n = 1, 2, . . .} are also nonnegative.
Proof.

(1)⇒ (2) By Theorem 1.5.2, {Xn, n = 1, 2, . . .} has a Doob decompo-
sition Xn = Mn −An, then

E[Xn] = E[Mn]− E[An] = E[M1]− E[An].

As An is nonpositive, then E[|An|] = E[Xn] − E[M1] < ∞, and A∞ =
lim

n→∞An is integrable. Define

Yn = Mn − E[A∞ | Fn], (1.5.12)

Zn = E[A∞ | Fn]−An. (1.5.13)

Now {Yn, n = 1, 2, . . .} is a martingale, since {E[A∞ | Fn], n = 1, 2, . . .}
is a martingale. As An, n = 1, 2, . . . , is decreasing and An ∈ Fn−1, then
{Zn, n = 1, 2, . . .} is nonpositive submartingale since

E[Zn | Fn−1] = E[E(A∞ | Fn)−An | Fn−1]

= E[A∞ | Fn−1]−An

≥ E[A∞ | Fn−1]−An−1 = Zn−1.

On the other hand, by monotone convergence theorem, (1.5.13) gives

lim
n→∞E[Zn] = lim

n→∞E[E(A∞ | Fn)−An]

= E[A∞]− E[A∞] = 0.

To show that such a composition is unique, suppose Xn = Y
′
n + Z

′
n is

another decomposition. Now let

Wn = Yn − Y ′
n = Z

′
n − Zn.
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Then {Wn, n = 1, 2, . . .} is a martingale and

E[|Wn|] ≤ E[|Z ′
n|] + E[|Zn|]

= −E[Z
′
n]− E[Zn]→ 0 as n→ 0.

This implies that {Wn, n = 1, 2, . . .} is uniformly integrable and W∞ =
lim

n→∞Wn = 0. Consequently,

Yn − Y ′
n = Wn = lim

k→∞
E[Wn+k | Fn] = E[W∞ | Fn] = 0.

Thus such a decomposition is unique. Now if in addition, {Xn, n = 1, 2, . . .}
are nonnegative, then (1.5.12) yields

Yn = Mn − E[A∞ | Fn]

= lim
k→∞

E[Mn+k | Fn]− lim
k→∞

E[An+k | Fn]

= lim
k→∞

E[Mn+k −An+k | Fn] = lim
k→∞

E[Xn+k | Fn] ≥ 0.

Thus, {Yn, n = 1, 2, . . .} are also nonegative.
(2)⇒ (1) Now

E[Xn] = E[Yn] + E[Zn] = E[Y1] + E[Zn] ≤ E[Y1] <∞.
This completes the proof of Theorem 1.5.3.

Theorem 1.5.4. (The Krickeberg Decomposition)
Assume that {Xn, n = 1, 2, . . .} is a submartingale with respect to {Fn, n =
1, 2, . . .}. Then the following two conditions are equivalent.

(1) sup
n
E[X+

n ] <∞. (1.5.14)

(2) {Xn, n = 1, 2, . . .} has a decomposition such that

Xn = Ln −Mn, (1.5.15)

where {Ln, n = 1, 2, . . .} is a nonpositive submartingale and {Mn, n =
1, 2, . . .} is a nonpositive martingale. Moreover, such a decomposition has
the maximality such that for any other decomposition Xn = L

′
n − M

′
n,

where L
′
n,M

′
n are nonpositive submartingale and nonpositive martingale

respectively, then

Ln ≥ L′
n, Mn ≥M ′

n.

Proof.
(1) ⇒ (2) Because {Xn, n = 1, 2, . . .} is a submartingale, then
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{X+
n , n = 1, 2, . . .} is a nonnegative submartingale and {E[X+

n ], n =
1, 2, . . .} is nondecreasing. As a result,

lim
n→∞E[X+

n ] = sup
n
E[X+

n ] <∞. (1.5.16)

By Theorem 1.5.3, {X+
n , n = 1, 2, . . .} has a Riesz decomposition

X+
n = Yn + Zn,

where {Yn, n = 1, 2, . . .} is a nonnegative martingale and {Zn, n = 1, 2, . . .}
is nonpositive submartingale. Now for n = 1, 2, . . ., let Mn = −Yn and
define

Ln = Xn +Mn ≤ X+
n +Mn = X+

n − Yn = Zn ≤ 0.

Then {Mn, n = 1, 2, . . .} is a nonpositive martingale and {Ln, n = 1, 2, . . .}
is a nonpositive submartingale. To show the maximality, suppose that
Xn = L

′
n −M

′
n is another decomposition, then

M
′
n = L

′
n −Xn ≤ 0 ∧ (−Xn) = −X+

n = −Yn − Zn = Mn − Zn.

Therefore

M
′
n = E[M

′
n+k | Fn]

≤ E[−X+
n+k | Fn] = E[Mn+k − Zn+k | Fn]

= Mn − E[Zn+k | Fn]. (1.5.17)

Because {Zn, n = 1, 2, . . .} is nonpositive and

lim
n→∞E[Zn] = 0,

then {Zn, n = 1, 2, . . .} is uniformly integrable and Z∞ = lim
n→∞Zn = 0.

Thus, lim
k→∞

E[Zn+k | Fn] = 0. Consequently, letting k→∞, (1.5.17) yields

M
′
n ≤Mn,

hence

L
′
n − Ln = M

′
n −Mn ≤ 0.

(2)⇒ (1) Since Mn = Ln −Xn, we have Mn ≤ −X+
n . Then

E[X+
n ] ≤ −E[Mn] = −E[M0] <∞.

This completes the proof of Theorem 1.5.4.
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1.6 ∗ The Rate of Occurrence of Failures

Given a repairable system, let Nf (t) be the number of failures of the system
that have occurred by time t. Then the expected number of failures by time
t is Mf (t) = E[Nf (t)]. Its derivative mf(t) is called the rate of occurrence
of failures (ROCOF) at time t. Obviously, if mf (t) is increasing, the system
is deteriorating, if mf (t) is decreasing, the system is improving. Therefore,
the ROCOF is an important index in reliability theory.

Lam (1995, 1997) introduced a simple formula for the determination of
the ROCOF mf (t) for a Markov chain with infinite state space. Suppose
the state of a system at time t is X(t). Assume that {X(t), t ≥ 0} is a
continuous time homogeneous Markov chain with a finite or infinite state
space S = {0, 1, 2, . . .}. Let the infinitesimal matrix of the process be
A = (qij). Thus

pij(∆t) = P (X(t+ ∆t) = j | X(t) = i)

=
{
qij∆t+ o(∆t) j �= i,

1− qi∆t+ o(∆t) j = i,
(1.6.1)

where qi = −qii ≥ 0 and qij ≥ 0 for j �= i.
Assume that the system has two kinds of state: up state and down

state say. Denote the set of up states by W and set of down states by F .
Then obviously S = W ∪F . At the beginning, suppose the system is in an
up state. Let the number of transitions of the Markov chain by time t be
N(t) and the number of failures by time t be Nf (t) respectively. Denote
N(t, t+ ∆t] = N(t + ∆t)−N(t) and Nf (t, t + ∆t] = Nf(t + ∆t) −Nf(t).
Then clearly

Nf(t, t+ ∆t] ≤ N(t, t+ ∆t]. (1.6.2)

Moreover, let pi(t) = P (X(t) = i). Now, we make the following two as-
sumptions.

Assumption 1. The Markov chain {X(t), t ≥ 0} is conservative, i.e.

qi =
∑
j �=i

qij .

Assumption 2.

q = sup
i
qi <∞.

Note that if the Markov chain has a finite state space S, Assumptions 1 and
2 will automatically hold. Thus Assumptions 1 and 2 are actually made for
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the Markov chain with an infinite state space S.

It is well known that for a Markov chain {X(t), t ≥ 0}, the sojourn time
at state i has an exponential distribution Exp(qi). Therefore, Assumption 2
means that the expected sojourn time will have a positive lower bound, i.e.

1
q

= inf
i

1
qi
> 0.

To derive the formula for the determination of the ROCOF mf (t) for the
Markov chain {X(t), t ≥ 0}, we start with time T0 = 0, for n > 1, let Tn

be the nth transition time of the process {X(t), t ≥ 0}. If X(Tn) = i, then
Tn+1 − Tn is the sojourn time of the process in state i. Now we can prove
the following lemmas.

Lemma 1.6.1. For all integer n, we have

1. P (Tn − T0 ≤ ∆t | X(Tn) = j,X(T0) = i) ≤ (q∆t)n, (1.6.3)

2. P (Tn − T0 ≤ ∆t | X(T0) = i) ≤ (q∆t)n. (1.6.4)

Proof.
For n = 1, it is well known that the sojourn time in state i has ex-

ponential distribution Exp(qi) with density function f(x) = qiexp(−qix)
for x > 0 and 0 otherwise, and T1 is independent of the state X(T1) = j.
Therefore

P (T1 − T0 ≤ ∆t | X(T1) = j,X(T0) = i)

= P (T1 − T0 ≤ ∆t | X(T0) = i) = 1− exp(−qi∆t)
≤ qi∆t ≤ q∆t, (1.6.5)

where (1.6.5) is due to the inequality 1 − exp(−x) ≤ x for x ≥ 0 and
Assumption 2. Thus, (1.6.3) and (1.6.4) are true for n = 1. Now, assume
that (1.6.3) and (1.6.4) hold for n. For n+ 1,

P (Tn+1 − T0 ≤ ∆t | X(Tn+1) = j,X(T0) = i)

≤
∑

k

P (Tn+1 − Tn ≤ ∆t, Tn − T0 ≤ ∆t,X(Tn) = k

| X(Tn+1) = j,X(T0) = i)

=
∑

k

P (Tn+1 − Tn ≤ ∆t

| Tn − T0 ≤ ∆t,X(Tn) = k,X(Tn+1) = j,X(T0) = i)

×P (Tn − T0 ≤ ∆t | X(Tn) = k,X(Tn+1) = j,X(T0) = i)

×P (X(Tn) = k | X(Tn+1) = j,X(T0) = i). (1.6.6)
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Then

P (Tn+1 − T0 ≤ ∆t | X(Tn+1) = j,X(T0) = i)

≤
∑

k

P (Tn+1 − Tn ≤ ∆t | X(Tn+1) = j,X(Tn) = k)

×P (Tn − T0 ≤ ∆t | X(Tn) = k,X(T0) = i)

×P (X(Tn) = k | X(Tn+1) = j,X(T0) = i) (1.6.7)

≤ (q∆t)n+1
∑

k

P (X(Tn) = k | X(Tn+1) = j,X(T0) = i) (1.6.8)

= (q∆t)n+1,

where (1.6.7) is because of the Markov property and (1.6.8) is due to the
homogeneity. Consequently by induction, (1.6.3) holds for all integers. A
similar argument shows that (1.6.4) is also true for all integers.

Lemma 1.6.2.

P (T1 − T0 ≤ ∆t, T2 − T0 ≥ ∆t,X(T1) = j | X(T0) = i) = qij∆t+ o(∆t).

(1.6.9)

Proof.

P (T1 − T0 ≤ ∆t, T2 − T0 ≥ ∆t,X(T1) = j | X(T0) = i)

=
∫ ∞

0

P (T1 − T0 ≤ ∆t, T2 − T0 > ∆t,X(T1) = j | T1 − T0 = x,X(T0) = i)

×qiexp(−qix)dx

=
∫ ∆t

0

P (T2 − T1 > ∆t− x | X(T1) = j, T1 − T0 = x,X(T0) = i)

×P (X(T1) = j | T1 − T0 = x,X(T0) = i)qiexp(−qix)dx

=
∫ ∆t

0

P (T2 − T1 > ∆t− x | X(T1) = j)[(qij/qi) + o(1)]qiexp(−qix)dx

=
∫ ∆t

0

exp[−qj(∆t− x)][(qij/qi) + o(1)]qiexp(−qix)dx
= qij∆t+ o(∆t).

Lemma 1.6.3.

P (Nf(t, t+ ∆t] = 1) =
∑

i∈W,j∈F

pi(t)qij∆t+ o(∆t).

Proof.
Because of (1.6.2), we have

P (Nf (t, t+ ∆t] = 1)
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=
∑
i∈W

P (Nf (t, t+ ∆t] = 1 | X(t) = i)P (X(t) = i)

+
∑
i∈F

P (Nf(t, t+ ∆t] = 1 | X(t) = i)P (X(t) = i)

=
∑
i∈W

{P (Nf(t, t+ ∆t] = 1, N(t, t+ ∆t] = 1 | X(t) = i)P (X(t) = i)

+P (Nf (t, t+ ∆t] = 1, N(t, t+ ∆t] ≥ 2 | X(t) = i)P (X(t) = i)}
+

∑
i∈F

P (Nf(t, t+ ∆t] = 1, N(t, t+ ∆t] ≥ 2 | X(t) = i)P (X(t) = i)

=
∑
i∈W

P (Nf (t, t+ ∆t] = 1, N(t, t+ ∆t] = 1 | X(t) = i)P (X(t) = i)

+
∑

i

P (Nf(t, t+ ∆t] = 1, N(t, t+ ∆t] ≥ 2 | X(t) = i)P (X(t) = i)

= I1 + I2. (1.6.10)

On the one hand, it follows from Lemma 1.6.2 that

I1 =
∑

i∈W,j∈F

P (T1 − T0 ≤ ∆t, T2 − T0 ≥ ∆t,X(T1) = j | X(T0) = i)pi(t)

=
∑

i∈W,j∈F

pi(t)qij∆t+ o(∆t). (1.6.11)

On the other hand, Lemma 1.6.1 gives

I2 ≤
∑

i

P (N(t, t+ ∆t] ≥ 2 | X(T0) = i)pi(t)

=
∑

i

P (T2 − T0 ≤ ∆t | X(T0) = i)pi(t)

≤ (q∆t)2
∑

i

pi(t) = (q∆t)2. (1.6.12)

The combination of (1.6.11) and (1.6.12) yields Lemma 1.6.3.

Lemma 1.6.4.

∞∑
k=2

kP (Nf (t, t+ ∆t] = k) = o(∆t).

Proof.
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∞∑
k=2

kP (Nf (t, t+ ∆t] = k)

=
∞∑

k=2

∑
i

kP (Nf (t, t+ ∆t] = k | X(t) = i)P (X(t) = i)

≤
∞∑

k=2

∑
i

kP (N(t, t+ ∆t] ≥ k | X(t) = i)P (X(t) = i)

=
∞∑

k=2

∑
i

kP (Tk − T0 ≤ ∆t | X(T0) = i)P (X(t) = i)

≤
∞∑

k=2

k(q∆t)k = o(∆t), (1.6.13)

where (1.6.13) follows from Lemma 1.6.1.
Now, since

Mf(t+ ∆t)−Mf (t) = E[Nf (t, t+ ∆T )]

= P (Nf (t, t+ ∆t] = 1) +
∞∑

k=2

kP (Nf (t, t+ ∆t] = k)

=
∑

i∈W,j∈F

pi(t)qij∆t+ o(∆t),

by Lemmas 1.6.3 and 1.6.4. Thus we have proven the following theorem.

Theorem 1.6.5. Assume that a Markov chain is conservative, i.e.

qi =
∑
j �=i

qij

and

q = sup
i
qi <∞,

then the ROCOF at time t is given by

mf (t) =
∑

i∈W,j∈F

pi(t)qij . (1.6.14)

In particular, if the state space S of a Markov chain is finite, Assumptions
1 and 2 are clearly true, then Theorem 1.6.5 holds. This special case was
considered by Shi (1985).
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1.7 Notes and References

For reading this monograph, we assume that the readers should have
learned Calculus and an undergraduate course in Probability and Statis-
tics. Of course, some other preliminaries are needed. Chapter 1 contains
almost all additional knowledge needed in this monograph. Sections 1.2 to
1.4 are mainly based on Ross (1996), Barlow and Proschan (1975), Ascher
and Feingold (1984). However, in Section 1.4, the class of life distributions
ERBLE (ERWLE) that takes into account the effect of preventive repair is
new, it was introduced by Lam (2007a). We expect that ERBLE (ERWLE)
will have important theoretical interest and wide practical application. In
Section 1.5, we introduce martingales and the martingale convergence the-
orem. Moreover, the Doob, Riesz and Krickberg decomposition theorems
are also studied. For reference of these three decomposition theorems, see
Dellacherie and Meyer (1982) or He et al. (1995). As in many reference
books, they just highlight on the supermartingale case. Here we state
the martingale convergence theorem for both the supermartingale and sub-
martingale cases. Then we state these three decomposition theorems for
submartingale case and give detailed proof for convenience of application
in geometric process. In Section 1.6, we study the rate of occurrence of
failures (ROCOF). If the expected sojourn time in a state of a conserva-
tive continuous time Markov chain has a positive lower bound, Lam (1995,
1997) gave a formula for the evaluation of ROCOF. In the case that a pro-
cess is not a Markov chain but can be reduced to a Markov process after
introducing some supplementary variables, Lam (1995, 1997) also gave a
formula for the determination of the ROCOF. Section 1.6 is based on Lam
(1997) that was published in Journal of Applied Probability by Applied
Probability Trust.




