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1 Introduction

In [2], we have introduced the concept of morphism of pseudogroups gen-
eralizing the étalé morphisms of Haefliger [11]. With our definition, any
continuous map between foliated spaces mapping leaves to leaves (a foli-
ated map) induces a morphism between the corresponding holonomy pseu-
dogroups. This concept can be interpreted as a morphism of S-atlases,
defined by Van Est [17], and is more general than a homomorphism of étalé
groupoids: only transverse foliated maps induce homomorphisms of holon-
omy groupoids. The main result of [2] states that any morphism between
complete pseudogroups of local isometries is complete, has a closure and
its maps are C'° along the orbit closures. Here, completeness and closure
are obvious versions for morphisms of concepts introduced by Haefliger for
pseudogroups. The proof of this theorem only involves basic techniques,
but it is rather complicated. It is applied to approximate foliated maps by
smooth ones in the case of complete Riemannian foliations, yielding the
foliated homotopy invariance of their spectral sequence.

The goal of this paper is to clarify that theorem by giving a simplified
proof for the case of dense orbits, recalling the main ideas without many
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details. Applications, examples and related open problems are also given.

2 Morphisms of pseudogroups

A pseudogroup H of local transformations of a space T (or acting on T)is
a collection of homeomorphisms between open subsets of T' which contains
the identity map idr, and is closed under the operations of composition
(wherever defined), inversion, restriction to open sets and combination [11,
Section 1.4]. The pseudogroup H is generated by a subset S C H if any map
in H can be obtained from S by using these operations. The restriction of
H to a subspace Tp C T is the pseudogroup H|r, of local transformations
of Ty that can be locally extended to maps in H. If T is a C° manifold
and the maps in H are C*, then H is called C*. The basic dynamical
concepts can be generalized to pseudogroups: orbits, saturations, invariant
or saturated sets, etc. The quotient space of H-orbits is denoted by H\T.
For any open U C T, let Hy = {h € H | domh = U}.

Let H and H' be pseudogroups acting on spaces T and T". According to
[11], an étalé morphism ® : H — H' is a maximal collection of homeomor-
phisms of open subsets of T' to open subsets of T” satisfying the following
properties.

(i) fope®, heHand h' € H', then K opoh € ®.
(ii) The domains of elements of ® cover T.
(ili) If ¢,9 € ®, then Yo~ € H'.

If &' = {¢7' | § € ®} is an étalé morphism too, then @ is called an
equivalence and H is said to be equivalent to H’. In this case, H" =
HUH UPUSP! is a pseudogroup acting on the topological sum T =
T LT’ whose orbits cut T and T”, and so that H”|r = H and H"|p = H'.
Reciprocally, if a pseudogroup H" acting on T* satisfies these conditions,
then {¢ € H" | dom¢ C T, im¢ C T"} is an equivalence H — H'.

We want to generalize étalé morphisms by involving arbitrary local
maps, and thus the above condition (iii) must be modified accordingly.

Definition 2.1 A morphism ® : H — H’ is a maximal collection of con-
tinuous maps of open subsets of T' to T” satisfying the following properties

() f¢gec®, heHand W € H' ,then A ogpoh € &.
(i) The domains of elements of ® cover T.

(ili) If ¢, € ® and z € dom¢ N domep, then there is some h' € H' with
¢(z) € domh’ and so that h’' o ¢ = ¢ on some neighborhood of z.
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A morphism ‘H — H’ induces a continuous map H\T — H'\T’. When
H and H' are C*°, a morphism H — H' is said to be C if it consists of
C™ maps.

Let ®¢ be a family of continuous maps of open subsets of T to T
satisfying the following properties:

(ii’) The H-saturations of the domains of elements of ®¢ cover T'.

(iii") There is a set S of generators of H, such that, if ¢, € &g, h € S and
z € dom¢Ndom(e o h), then there is some ' € H' with ¢(z) € domh’
and so that h’ o ¢ = 1) o h on some neighborhood of z.

Then there is a unique morphism ® : H — H’' containing ®,, which is
said to be generated by ®3. Observe that morphisms consisting of local
homeomorphisms are precisely those generated by étalé morphisms.

The composition of two consecutive morphisms is the morphism gen-
erated by the composites of the corresponding maps (wherever defined).
With this operation, these morphisms form a category PsGr, whose iso-
morphisms are the morphisms generated by equivalences. Notice that idp
generates the identity morphism idy at H in PsGr, and ‘H C idy. The re-
striction of a morphism ® : H — H' to a subspace Ty C T is the morphism
|, : H|1, — H’ consisting of all maps of open subsets of Tp to T that can
be locally extended to maps in ®. The inclusion map Ty — T generates a
morphism H|r, — H, whose composition with any morphism ® is ®|r,.

The product of two pseudogroups, H; and Hs acting on spaces 77 and
T3, respectively, is the pseudogroup Hi x Hs acting on T x T generated
by the product of maps in H; and He. The product of two morphisms
®; : H; — H,, i = 1,2, is the morphism ®; x &3 : Hy x Hy — H x Hj
generated by the products ¢; X ¢ with ¢; € ®; and ¢ € 5. The pair
of two morphisms ®; : H — H}, ¢ = 1,2, is the morphism (®,,®3) : H —
‘H} x Hj generated by the pairs (¢1, ¢2), where ¢ € @1 and ¢, € P2 have
the same domain.

Let Top be the category of continuous maps between topological spaces.
There is a canonical injective covariant functor Top — PsGr which assigns
the pseudogroup generated by idr to each space T, and assigns the mor-
phism generated by f to each continuous map f. We will consider Top as a
subcategory of PsGr in this way. Many topological concepts can be general-
ized to pseudogroups by using morphisms and orbits instead of continuous
maps and points: path connectedness, homotopies, homotopy equivalences,
singular (co)homology, homotopy groups (see [10, 17]), etc.
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3 Holonomy pseudogroups of foliated spaces

A foliated structure F of dimension n € N on a space X can be described
by a defining cocycle [12], which is a collection {U;, p;}, where {U;} is an
open cover of X and each p; is a topological submersion of U; onto some
space T; whose fibers are connected open subsets of R", such that the
following compatibility condition is satisfied: for every z € U; N U;, there
is an open neighborhood U: i of z in U; NU; and a homeomorphism hi;
pl(U 7) = p;(UZ;) so that p; = h¥; o p; on U ;- Another defining cocycle
{U], pa} determmes the same foliated structure when {U;,p;} U {U.,p,}
is a defining cocycle. The space X endowed with F is called a foliated
space. The usual terminology of foliations can be generalized to foliated
spaces: foliated chart, foliated atlas, plaques, leaf topology, leaves, local
transversals, simple open sets, etc. The quotient space of leaves is denoted
by X/F. Notice that F can be identified with its canonical defining cocycle
consisting of all simple open subsets of X and the canonical projections
onto the corresponding quotient spaces of plaques. Foliated spaces with
boundary or corners can be defined similarly. Indeed, we will only need the
connectedness and local path connectedness of the fibers of the submersions
pi- Many interesting examples of foliated spaces are given in [5].

For a defining cocycle {U;, p;} of F, the homeomorphisms hy ;, given by
its compatibility condition, generate a pseudogroup 'H actingon T = | |, T3,
and {p;} generates a morphlsm P: X — H. Let {U., p,,} be another defin-
ing cocycle of F with p;, : U}, — T7, which induces a pseudogroup H' acting
on T” = | | T, and a morphism P' : X — H'. Then {U;,p;} U{U., p.}
induces a pseudogroup H" acting on 7% = T LI T', defining a canonical
isomorphism ® : H — H’ so that ® o P = P’. The “transverse dynamics”
or “transverse structure” of F is described by the equivalence class of H,
which is called holonomy pseudogroup. It has a canonical representative
induced by the canonical defining cocycle, which is denoted by Hol(F) and
will be called holonomy pseudogroup too.

Let F and G be foliated structures on spaces X and Y. Their product is
the foliated structure F x G on X x Y whose leaves are the products of leaves
of F and G. Observe that Hol(F x G) is equivalent to Hol(F) x Hol(G).

4 Holonomy morphisms of foliated maps

Let X and Y be foliated spaces with foliated structures F and G. A foliated
map f:F — Gisamap f: X — Y which maps leaves of F to leaves of G;

it induces a map X/F — Y/G. The set of continuous foliated maps F — G
is denoted by C(F,G); the notation C®(F,G) is used for the set of C®
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foliated maps when F and G are C* foliations. Continuous foliated maps,
with the operation of composition, form a category denoted by Fol. The
concept of foliated map can be similarly defined for singular foliations.

Let {U;,p;} and {V,,p,} be defining cocycles of F and G with p; :
U; — T; and p/, : V, — T2, which induce pseudogroups H and H’, and
morphisms P : X — H and P’ : Y — H'. Given any f € C(F,G), we can
choose {U;,p;} and {V,,p,} such that f maps each fiber of p; to a fiber of
pl,, for some mapping i — a;. So there are continuous maps ¢; 21y — Qg
satisfying ¢; op; = p),, o flu,. Then {¢;} generates a morphism @ : H — H
such that P'o f = ®oP. By composing ¢ with canonical isomorphisms, we
get a morphism Hol(f) : Hol(F) — Hol(G) called the holonomy morphism
of f; we may also say that ® represents Hol(f). This defines a covariant
functor Hol : Fol — PsGr called the holonomy functor.

Any topological space X can be considered as a foliated space Xpt
whose leaves are its points, and any map between topological spaces is a
foliated map in this sense. This defines an injective functor Top — Fol
whose composition with the holonomy functor is the canonical injective
functor Top — PsGr.

On the other hand, any connected manifold M can be considered as
a foliated space with one leaf, also denoted by M, and any map between
connected manifolds is a foliated map in this sense.

A product fi x fo of foliated maps f; : F; — G;, i = 1,2, is a foliated
map F1 X Fz — G1 xGo. When f; and f2 are continuous, Hol( f1) x Hol(fz)
represents Hol(f1 X fa). A pair (f1, fo) of foliated maps f; : F — G,
i=1,2, is a foliated map F — G1 X Go. When f; and fy are continuous,
(Hol( f1), Hol(f2)) represents Hol(f1, f2).

5 Leafwise homotopies and foliated homotopies

Let X and Y be foliated spaces with foliated structures F and G. A leafwise
homotopy between foliated maps f,g: F — G is a foliated map F xI — G
(I =0,1]) which is a homotopy between f and g. In this case, f and g are
said to be leafwisely homotopic, and we get Hol(f) = Hol(g). From this,
we can define leafwise homotopy equivalences in a standard way. If f is a
leafwise homotopy equivalence, then Hol(f) is an isomorphism.

A foliated homotopy between f and ¢ is a homotopy H : X x I —» Y
between f and g which is a foliated map F x Ipt — @. In this case,
f and g are said to be foliatedly homotopic. Any leafwise homotopy is
a foliated homotopy. We can also define foliated homotopy equivalences
in the standard way. Since Hol(F x Ip) is equivalent to Hol(F) x I, if
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H:Fx It — G is a foliated homotopy between f and g, then Hol(H)
defines a homotopy between Hol(f) and Hol(g). Therefore Hol(f) is a
homotopy equivalence if f is a foliated homotopy equivalence.

6 Complete pseudogroups and complete morphisms

For any map h : T'— T" between topological spaces, let y(h,z) denote its
germ at any z € T. If H is a pseudogroup acting on a space T, let v(H)
denote the topological groupoid of all germs of the maps in ‘H with the
operation induced by composition and the étalé topology.

Recall from [11] that a pseudogroup H acting on a space T is said to
be complete if, for all z,y € T, there are open neighborhoods U and V of
z and y such that, for any h € H and any z € U N domh with h(z) e V,
there is some h € H so that U C domh and v(h, z) = 7(h, z); in this case,
(U, V) is called a completeness pair.

Definition 6.1 Let H and H’ be pseudogroups acting on topological spaces
T and T’. A morphism @ : H — H’ is said to be complete when, given
any ¢,% € ®, any r € dom¢ and any y € doms, there are open subsets
U,V C T withx € U C dom¢, y € V C domy, and such that, for all
h € H and every z € U N domh with h(z) € V, there is some b € H and
some h' € H' so that U C domh, h(U) C domy, y(h,z) = v(h, z), and
hogp=1pohonl.

Observe that a pseudogroup H is complete if and only if the identity
morphism idy is complete (see Section 2).

7 Pseudogroups of local isometries

Let H be a pseudogroup of local isometries of an n-dimensional Riemannian
manifold 7. Then v(H) is a Hausdorff manifold of dimension n, the topo-
logical groupoid J*(T') of 1-jets of local diffeomorphisms of T is a manifold
of dimension n? + 2n, and the 1-jet homomorphism j' : v(H) — JY(T) is
continuous and injective.
Theorem 7.1 (Haefliger [11, Proposition 3.1]) With the above nota-
tion, suppose H is complete. Then there is a unique pseudogroup H of local
isometries of T such that j1(v(H)) = j1(v(H)) in JY(T). Moreover H is
complete, its orbits are the closures of the H-orbits, and H\T is Hausdorff.
In Theorem 7.1, H is called the closure of H, and H is said to be closed
if H = H. In this case, the maps in H that are, roughly speaking, close
enough to identity maps generate a closed complete pseudogroup Ho whose
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orbits are the connected components of the orbits of H. The following is a
generalization of the theorem of Myers-Steenrod.

Theorem 7.2 (Salem [15]) With the above notation, if H is closed, then
Ho is defined by an effective isometric local action of some local Lie group G.

Suppose that H is not closed, and consider an effective isometric local
action of a local Lie group G on T defining Ho. Then the elements of G
defining maps in H form a dense local subgroup A C G.

8 Riemannian foliations

A C foliation F on a manifold M is called Riemannian when its holonomy
pseudogroup consists of local isometries for some Riemannian metric [14].
In this case, there is a defining cocycle of F consisting of Riemannian
submersions for some Riemannian metric on M, which is called a bundle-
like metric. A characteristic property of bundle-like metrics is that any
geodesic is orthogonal to the leaves at every point if it is so at one point.
This condition can be considered for singular foliations too, obtaining the
definition of singular Riemannian foliations [14].

A Riemannian foliation F on a manifold M is called transversely com-
plete when there is a bundle-like metric so that the geodesics orthogonal to
the leaves are complete. In this case, Hol(F) is complete [14].

By Theorem 7.2, the connected components of the orbits closures of a
complete pseudogroup of local isometries are the leaves of a singular Rie-
mannian foliation [11]. Thus the leaf closures of any transversely complete
Riemannian foliation F are the leaves of a singular Riemannian foliation F.

9 Morphisms of complete pseudogroups of local isometries

Theorem 9.1 The following properties hold for any morphism ® : H — H'
between complete pseudogroups of local isometries

(i) ® is complete.
(1) ® generates a morphism @ : H — H'.

(#id) The maps in ® are C™ along the leaves of the singular foliation defined
by the orbit closures, with continuous leafwise derivatives of arbitrary
order.

In Theorem 9.1, the morphism @ is called the closure of ®. The con-
tinuity of leafwise derivatives, used in (iil), makes sense even for singular
foliations!
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Properties (i) and (ii) of Theorem 9.1 can be reduced to the following
result.

Proposition 9.2 For all ¢ € ® and all x € dom¢, there is an open neigh-
borhood U of x in dom¢ satisfying the following properties

(i) There is a (compact-open) neighborhood O of idy in Hy such that, for
all h € O, we have h(U) C dom¢, and there is some h' € H' with
dU) C domh’ and h' op=¢oh on U.

(#4) For all hy, bl € H' with ¢(U) C domh!, N domhl, if hiogd=hhoo on
some neighborhood of x, then hi o =hbo¢ on U.

Let us show that Proposition 9.2 implies (i) and (ii) of Theorem 9.1.
To prove that ® generates @, it is enough to prove the condition (iii’) of
generation. Take ¢, ) € ®, he Hand z € dom¢Ndom(ipoh). Consider the
open neighborhood U of z given by Proposition 9.2. We can also assume
that (U,U) is a completeness pair for H by taking U small enough. Then
there is a sequence of maps h, € H, defined on some open neighborhood
of z in U, so that h, — h with respect to the compact-open topology. On
the one hand, the sequence g, = h,! oh € H is defined in some fixed
neighborhood of x, where it converges to the identity. Since (U, U)isa
completeness pair, there is a sequence g, € Hy so that Y(Gn, z) = y(gn, z),
and thus g, — idy. By Proposition 9.2-(i), there is some §/, € H’ for n
large enough such that ¢(U) C domh, and §, 0 = ¢ 0§, on U. On
the other hand, since ® is a morphism, there is a sequence hl € H' with
#(z) € domh;, and 1) o h, = hl, o ¢ around z. Then (iii’) is satisfied with
h' = hl, o0 g, € H' for n large enough.

Completeness is proved first for ®. Take ¢, 1) € &, z € dom¢ and
y € domw. Let P and @ be open connected neighborhoods of z and y with
compact closures, and so that P ¢ P, and Q C Q; for some complete-
ness pair (P, Q1) of H consisting of connected relatively compact sets. By
Proposition 9.2-(i), every h € Hp, with h(P) N Q # 0 has a neighborhood
Gr in Hp, so that any ¢ € G, satisfies the completeness condition with
some open neighborhoods Uy and Vj, of z and y. Since P; is connected
with compact closure, the mapping (h,z) — j'(y(h, z)) defines a homeo-
morphism between F = {(h,2) € Hp, x P | h(z) € Q} and the compact
space of elements of j1(v(H)) with range in P and target in Q. The sets
Fr =FN(Gr x P) with h € Hp, form an open covering of F, and thus
there is a finite subcovering Fp,, ..., Fp,. Then the condition of complete-
ness holds with U = Uy, N ... N Uy, and any open neighborhood V of y
with V C Q.
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Now, let us prove that ® is complete. Take ¢, € &, z € dom¢ and
y € dome). With these data, the completeness condition of ® is satisfied
for some open neighborhoods U and V of z and y. We can assume that
Proposition 9.2 holds with this U, and that ¢(U) and ¢(V) are contained in
the sets of some completeness pair of H’. Take any h € H with z € domh
and h(z) € V. We can suppose that domh = U. Then there is some
hy € H so that ¢(U) C domh), and ¢y o h = hjy o ¢ on U. On the other
hand, since ® is a morphism, there is some A’ € H’ such that ¢(x) C domh’
and h' o ¢ =1 o h around z. So h' 0 ¢ = h{ o ¢ around . We can assume
that ¢(U) C domh’, obtaining h’' o ¢ = h{, o ¢ on U by Proposition 9.2-(ii),
and thus poh=h'o¢ on U.

10 Ideas of the proof of Proposition 9.2

In both T and T”, the distance function will be denoted by d, B(y, R) will
denote the ball of radious R centered at a point y, and exp,, the exponential
map at y.

For any ¢ € @, there are relatively compact connected open subsets
Uy CUpy C T and U] C U}j C T, and numbers R, R’ > 0 such that

(A) T C dome and 6(T5)  Uj;

(B) (Up,Up) and (U}, U{) are completeness pairs of H and H’;
(C) ¢(Uh) C Uy '

(D) diameter(U;) < R and d(U;, T \ Up) > R;

E) d(U{,T"\U}) > R/;

F) ¢(B(y, R)) C B(¢(y), R') for all y € Ty;

(G)

(
(
exp, is a well defined diffeomorphism on the ball of radius R’ around

zero in the tangent space at every 3’ € 7{, whose inverse is denoted
by log,;

(H) Ui NnH(y) is connected for all y € Uy;

(I) U, ﬂhl(Ul)ﬂhl(hz(Ul))ﬂﬂ(y) 75 {0 for all ES Uy and all hl, hy € ﬁUo
close enough to idy,.
According to (G), for 0 <7 < R and y € Uy, let E(y,r) be the linear span
of log,, (#(B(y, R))) in the tangent space of 7" at y' = ¢(y) € UJ. Set also
E(y) = Nocr<r By, 1) and B(X) = U,cx E(y) for any X C U;. Notice
that E(y) = E(y,r) for some r.
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Lemma 10.1 For i, hy € H'y;, we have hj o ¢ = hyo ¢ on B(y,r) if and
only if b}, = kY, on E(y,7).

Lemma 10.2 For h € Hy, and h' € WU(), if poh = h'o¢ around y, then
k, : E(y) — E(h(y)) is an isomorphism.

Lemmas 10.1 and 10.2 are easy consequences of the fact that a local
isometry locally corresponds to its differential map via the exponential map.
The following kind of semi-continuity of E(y) is more difficult to prove.

Lemma 10.3 IfV is an open subset of U1 and z € V N'H(y), then E(z) C
Nw E(VNW NH(y)), where W runs in the open neighborhoods of z.

Corollary 10.4 Let h € Hy, and b’ € H;fé' If W(U,) C Uy and poh =

ho¢ on_some neighborhood of y, then ¢oh = h' o ¢ on some neighborhood
of Us NH(y).

Proof. Let A be the set of points z € U; such that ¢o h = h’ o ¢ around
z. Clearly, this set contains y and is open. Then, by (H), it is enough to
prove that A NH(y) is closed in U; N H(y).

Take any z € Uy NH(y) N ANH(y) = Uy N ANH(y). Since @ is a
morphism and by (B), there is some h” € H{]{) such that ¢goh = h" o ¢

on some neighborhood P of z. For V = PN A, we get z € V NH{y) and
hWogdp=c¢oh="h"o¢onV. Hence h', = h/] on E(V) by Lemma 10.1,
yielding A}, = A on E(z) by Lemma 10.3. So h/ o ¢ = h” o ¢ around z by
Lemma 10.1, and thus z € A. O

Corollary 10.5 If h(UI) C Uy for some h € ﬁUO, then there__is some
h' € WU(/) such that ¢ o h = h' o ¢ on some neighborhood of Uy NH(y).

Proof. By (B), there is a sequence h,, € Hy, converging to h in Hy,. We
can assume that h,,(U;) C Up for all n. Since @ is a morphism and by (B),
there is another sequence h!, € ’HQJ(,) so that ¢poh,, = hl, o¢ around y. There-

fore gohy, = hy,0¢ on UtNH(y) by Corollary 10.4. Because it(v(hl, 9(¥)))
approaches in j!(y(H’)) the compact subset of elements with source ¢(y)
and target ¢poh(y), we can assume by (B) that j1(v(h.,, #(y))) is convergent

to some element of the form j'(v(k/, ¢(y))) with b’ € H'y;. Hence h;, — b’
in WU(Q because this is a space of local isometries and U] is connected,

obtaining ¢ o h = b’ o ¢ on U; N H(y). O

Lemma 10.1 yields Proposition 9.2-(ii). Proposition 9.2-(i) follows from
Corollary 10.5 when the H-orbits are dense; the general case is much more
involved.
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11 Smoothness along the orbit closures

To prove Theorem 9.1-(iii), let us continue with the notation and arguments
of the above section. Let X, = U1 N'H(y) and X, = ¢(X).

Corollary 11.1 In Corollary 10.5, if h is close enough to idy,, we can
choose h' as close as desired to idy; -

Proof. Cglsider a sequence h,, € Hy, such that h, — idy,. We can
assume h,, (Ul) C Uy for all n. By Corollary 10.5, there is a sequence h, €
ﬁUé such that ¢ o h, = h/, o ¢ on X,. We have h, 0 ¢(y) = pohn(y) — ¥/,
and thus o, = j(y(h.,,y’)) approaches the compact set j* ('y(ﬁ))zj Hence

some subsequence oy, is convergent to some 7 € j 1(7(7))5 There is
some f’' € H'y; such that 7 = j'(y(f’,y’)). Furthermore h;,  — f on Uy,
and thus f' o ¢ = ¢ on X,, yielding that f’ is the identity on X,. Hence
hy,. o f'~! is defined on some neighbourhood of X}, for all m, and we have
(b, f71Y)) = on,, 7"t — 1. There is some i, € H'y; such that
onT ™t = jH(v(R},,y')), and we get h;,, — idy;. Then hy, = hj, o f'~!
on some neighbourhood of Xz/; because this space is connected by (H).
Therefore h, op =h], o f'lto¢p=h] o¢=¢ohy,, on X, because f/
equals the identity on X;. O

Corollary 11.2 Ifh € Hy, and b’ € WU(; are close enough to the corre-
sponding identity maps, and poh = h’o¢ around X, then poh™t = h'"1og
around X,.

Proof. Suppose that h(U1) C Uy, U; C h(Up), M(X,) N Xy # 0 and
U! C h'(Up). These conditions satisfied if h and h’ are in neighbourhoods
of idy, and idy; by (I). We get Uy C domh™?, U C domh/~!, and poh™! =
W=1o ¢ around h(X,) N X,. Take f € Hy, and f' € H'y; equal to
h=! and A'~! on U; and Uj, respectively. Thus ¢ o f = f’ o ¢ around
h(Xy) N X,. Moreover h(Xy) N X, # @ and f(U;) = h~1(U;1) C Up. So
poh™t =¢of=fo¢p=~r"1o¢around X, by Corollary 10.4. O
Corollary 11.3 If hy, he € Hy, and by, hb € WUé are close enough to the
corresponding identity maps, and ¢ o h; = h} o ¢ around X, for i = 1,2,
then ¢ o hy o hg = hi o hj o ¢ around X,,.

Proof. Assume Y, = X, N h1(Xy) N hy o ha(Xy) # 0, h1(U1) C Uy,
hy o hi(U1) C Up and hi(U]) C U} for i = 1,2. These conditions hold
for b} and A} in some neighborhoods of the corresponding identity maps
by (I). We get U1 C dom(hy o hs), U] C dom(h} o hb) and ¢po hy o hy =
h} o hy o ¢ around Y,. Take some f € ﬁUO which equals hy o hy on Us,
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and some f’ € WU(J which equals h} o b}, on U].  Thus ¢o f = f'o¢
around hy ' o h71(Y,). Moreover f(U1) = hy o ho(U7) C Up. Therefore
¢pohiohy =¢of=fo¢=h]ohjo¢around X, by Corollary 10.4. O

Corollary 11.4 There are neighborhoods of idy, in Hy, and of idy; in
WU(S such that, for maps h and h' in such neighborhoods, if h' is close

enough to idy; and oh = h' o ¢ around X, then there is some f € Hy,,
as close as desired to idy,, such that ¢o f = h' o ¢ around X,.

Proof. Take sequences hy, € Hy, and h, € WU(; such that ¢oh, = hl 0@
on X, and h], — idy;. Suppose that these sequences are taken in some
shrinkings of neighborhoods satisfying the conditions of Corollary 11.2. The
sequence j'(y(hn,y)) approaches the compact set j'(v(H))J°, and thus
some subsequence h,, is convergent to some h in Hy,. We get ¢ o h =
¢ around X, yielding U; C domh™! and ¢ = ¢ o h~! around X, by
Corollary 11.2. Then h=! o h,, , is defined on U; for m large enough, and
thus there is a unique f,, € ﬁUO which equals k=1 o h,,, on U;. Moreover
fm —idy, and ¢o fr, =dpoh~toh, =doh,, = h;,. o ¢ around X, for
m large enough. O

According to Theorem 7.2, let G and G’ be local Lie groups with local
actions on T and T’ generating the pseudogroups Hy and H_(). Since Uy and
U} are relatively compact, we can suppose that G and G’ are small enough
around its identity elements e and e’ so that the local action of all of their
elements is defined on the whole Uy and U{. For g € G and ¢’ € G’, we shall
also denote by g and ¢’ the corresponding maps in Hy, and WU(S defined
by the local action. Again, we can assume GG and G’ are so small that the
corresponding maps in Hy, and WUé belong to the neighbourhoods of the
identity maps given by Corollaries 11.2, 11.3 and 11.4.

Let G, be the set of elements g € G such that there is some ¢’ € G’ so
that g’ 0 ¢ = ¢ 0 g around Xy, and let G}, be the set of elements g’ € G’
satisfying ¢’ o ¢ = ¢ o g around X, for some g € G,.

Lemma 11.5 G, is an open local subgroup of G.
Proof. This follows easily from Corollaries 11.1, 11.2 and 11.3. ]

Lemma 11.6 G; is a local Lie subgroup of G'.

Proof. From Corollaries 11.2, 11.3 and 11.4, it follows easily that G is
a locally compact local subgroup of G, and thus a local Lie subgroup of G
by [4, page 227, Théoreme 2]. O
Lemma 11.7 X, is an open subset of the Gi-orbit of y', and thus a C*°
submanifold of H'y/' .
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Proof. Since G is an open neighbourhood of e in G, we get that Hoy is
the orbit of the local action of G, on T that contains y. Take any z € X.
Because X, is a connected open subset of Hoy, there are g1,...,g95 € Gy
such that z = g;...gxy and g;giy1...9xy € X, for i € {1,...,k}. Then
there are g1,...,g) € Gy, such that gj o ¢ = ¢ o g; around X,. Hence
¢(z) = g7 ...g,y is in the G -orbit of y'.

On the other hand, for all g’ € G, there is some g € G, such that g'o¢ =
¢ o g on X,; in particular, ¢'y’ = ¢(gy). Furthermore, by Corollary 11.4,
the above g can be chosen to approach e in Gy as g’ approaches €’ in G},
So gy € X, if ¢’ is close enough €’ in G}, yielding ¢'y’ = ¢(gy) € X,.
Therefore X contains a nontrivial open subset of the Gi-orbit of y'. It

Yy
follows that X?’J is open in that orbit as desired. (N

_ We can assume that G’ is an open local subgroup of a local Lie group
G’ such that the product g’h’ is defined in G’ for all g/, A’ € G’, and the
local action of G’ on 7" can be extended to a local action of G’ on T”. Two
elements of G; are called equivalent if, as elements of WU(), they have the
same restriction to X?’j. The corresponding quotient space will be denoted
by Gy

Lemma 11.8 The local Lie group structure of Ggl canonically induces a
local Lie group structure on Gy, and the C*° local action of G}, on X,
canonically induces a C™ effective isometric local action of GZ on Xl'/.

Proof. Let K, C G’ be the closed normal local Lie subgroup of elements
in G that fix all points of XZ’J. Right translations obviously define a local
action of I?y on Gy whose orbit space will be denoted by G/ f(y Since
K, is normal in G’, the local group structure of G; induces a local group
structure on G, / K, and the local action of G, on X induces a local action
of G,/ Ky on X,. N

The pseudogroup on Ggl generated by the local action of K, preserves

the parallelism defined by any frame of right invariant vector fields, and
thus is Riemannian. This pseudogroup is closed because K, is closed in G.
Moreover it is obviously complete. So G; / K y is a manifold and the quotient
map G, — G /IN(y is a C® submersion. Therefore the result follows by
showing that G;/IN(y =Gy

To show this assertion, observe that, if the product g'a’ is defined in
G, for some ¢’ € G}, and some o’ € Ky, then ¢’ and g'a’ have the same
restriction to Xé, and thus are equivalent. Hence it only remains to show
that two equivalent elements g', ' of Gy, are in the same I?y—orbit. But for
such ¢’, k', the inverse ¢’~! is also an element of Gy, and thus the product
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o' = g’~'h is defined in G. Moreover a’ fixes every point of X, because
g’ and h’ are equivalent; i.e., ' € K. So ¢’ and b’ = ¢’a’ are in the same
K y-orbit as desired. g

Lemma 11.9 There is a homomorphism of local Lie groups, F, : G, —
Gy, such that the restriction ¢ : X, — X is Fy-equivariant.

Proof. For each g € Gy, there is some g’ € Gy, so that g0 ¢ = ¢og
on X,. Any other element of G; satisfying the same property defines the
same element in Gy; thus the notation Fy(g) € G makes sense for the
element defined by g'. This defines a map Fy : Gy — Gy, which is a
homomorphism of local groups by Corollary 11.3. Moreover ¢ : X, — Xz,;
clearly is Fy-equivariant. On the other hand, Corollary 11.1 implies that
F, is also continuous, and thus analytic too [4, Theorem 1, page 225]. O

Corollary 11.10 The map ¢ : Xy — X, is C*°.

Proof. This is a consequence of Lemma 11.9, since small enough open
sets of X, and X?’/ are images of surjective submersions defined on open
subsets of G, and Gyjso that ¢ is locally induced by F,. O

Since X, and X, are open in the orbit closures of H and H’, Corol-
lary 11.10 means that ¢ is C*° along the orbit closures, showing The-
orem 9.1-(iii) when the orbits are dense. More steps are needed in the
general case.

12 The strong plaquewise topology

Let X and Y be foliated spaces with foliated structures F and G. Fix the
following data

e Any foliated map f: F — G.

¢ Any locally finite collection U = {U;} of simple open sets of X.

o A family V = {V;} of simple open sets of Y, with the same index set.
Let ¢; : V; — Q; be the projection of each V; to its quotient space of
plaques.

e A family X = {K;} of compact subsets of X, with the same index set,
such that K; C U; and f(K;) C V; for all 4.

Let N(f,U,V,K) be the set of foliated maps g : F — G such that g(K;) C
V; and g; o g(x) = ¢; o f(z) for each ¢ and every z € K;. Such sets
N(f,U,V,K) form a base of a topology on C(F,G), called the strong
plaquewise topology, and the corresponding space is denoted by Csp(F, G).
A weak version of this topology can be defined by taking finite families,
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and both topologies are equal if X is compact. If two foliated maps are
close enough with respect to the strong plaquewise topology, then they are
leafwisely homotopic and induce the same holonomy morphism (a leafwise
homotopy can be defined along the plaques in a standard way).

13 Smooth approximation for Riemannian foliations

Let F and G be transversely complete Riemannian foliations on manifolds
M and N. Consider a transversely complete bundle-like metric on N. Fix
the following data:

Any f e C(F,G).

Any locally finite family Q = {Q.} of saturated closed subsets of M
with compact projection to M/F.

A family & = {e,} of positive numbers, with the same index set.
e A neighborhood N of f in Cgp(F,G).

Let M(f, Q,&,N) be the set of continuous foliated maps g : F — G such
that there is some sequence (fg, f1,...) in C(F,G) such that ff € N fi. = g
on each @, for all but finitely many k£ € N; and, for all z € M and k € ZT,
there is a geodesic arc ¢, orthogonal to the leaves between f;_;(z) and
fi(z), so that > ;- length(c, k) < €, whenever z € Q,. The family of
such sets M(f, @, &, N) form a base of a topology, called the strong adapted
topology, and the corresponding space is denoted by Csa(F,G). A weak
version of this topology can be defined by considering finite families and
neighborhoods in Cyp(F,G); both of these topologies are equal when F
has compact leave closures and M/F is compact. If F has compact leaf
closures, then the strong adapted topology equals the strong compact-open
topology on C(F,G).
Theorem 13.1 With the above notation, C*°(F,G) is dense in Csa(F,F').
This result follows from Theorem 9.1-(iii): for any foliated map f : F —
G, since the differentiability of Hol(f) along the orbit closures is granted,
we only have to approximate f improving differentiability along the leaves
and transversely to the leaf closures, which can be done with standard
arguments.
Theorem 13.2 With the above notation, if two foliated maps are close
enough in Csa(F,G), then there exists a foliated homotopy between them.
Proof. For any f € C(F,G), consider a neighborhood M=M(f, Q,&,N)
of the above type. For any g € M, take f] and ¢, as above. Suppose for
simplicity that there is some m € Z% so that fi, = g for all k > m. Since
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the metric of N is bundle-like and transversely complete, the numbers ¢,
can be chosen so small that the mapping (z,t) — ¢z ,(¢) is a foliated ho-
motopy between each f;_, and f;. On the other hand, there is a leafwise
homotopy between f and f] when N is small enough. O

Corollary 13.3 Any foliated map F — G is foliatedly homotopic to a C™
foliated map. Moreover, if two C*° foliated maps F — G are foliatedly
homotopic, then there is a C* foliated homotopy between them.

14 The spectral sequence of a C* foliation

Let F be a C*° foliation of dimension p and codimension g on a C* manifold
M. Consider the decreasing filtration of the de Rham differential algebra
(Q = Q(M),d) by the differential ideals

Q=FQ>F'QO>...>DFIQ> FITIQ =0,

where and r-form is in F*Q if it vanishes when r — k + 1 vectors are tangent
to the leaves; intuitively, this means that its “transverse degree” is > k.
The induced spectral sequence (E; = E;(F),d;) is a differentiable invariant
of F. The terms E? '* and Eg’o are respectively called leafwise cohomology
and basic cohomology, and E3* is isomorphic to the transverse cohomology
[9] (also called Haefliger cohomology).

Let G be another C* foliation on a manifold N. For each f € C*(F,G),
the corresponding homomorphism f* : Q(N) — Q(M) preserves the filtra-
tions and induces a spectral sequence homomorphism E;(f) : (E;(G),d;) —
(E;(F),d;). Since the operator on differential forms defined by a C*° foli-
ated homotopy decreases the filtration degrees at most by one, we get the
following.

Proposition 14.1 If there is a C* foliated homotopy between C* foliated
maps f and g, then E;(f) = E;(g) fori> 2.

15 Foliated homotopy invariance of the spectral sequence

Let F and G be transversely complete Riemannian foliations. Accord-
ing to Corollary 13.3, any f € C(F,G) is foliatedly homotopic to some
g € C*(F,G). Moreover, by Corollary 13.3 and Proposition 14.1, the ho-
momorphism E;(g) is independent of the choice of g for ¢ > 2, and can be
denoted by E;(f). The following is also a consequence of Corollary 13.3
and Proposition 14.1.
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Corollary 15.1 If f,g € C(F,G) are foliatedly homotopic, then E;(f) =
E;(g) fori > 2. If f € C(F,G) is a foliated homotopy equivalence, then
E;(f) is an isomorphism for i > 2.

Corollary 15.1 is a generalization of the topological invariance of the
basic cohomology obtained by El Kacimi-Alaoui and Nicolau [8].

If the leaves are dense, then we can similarly get the invariance of Ey
by leafwise homotopy equivalences; in particular, this holds for the leafwise
cohomology.

There is a version of Corollary 13.3 for complete pseudogroups of local
isometries. This implies that the basic and transverse cohomology of trans-
versely complete Riemannian foliations is a homotopy invariant of their
holonomy pseudogroup in the sense of Section 2.

16 Examples

Theorem 9.1-(i) supplies a large class of complete morphisms. Another
source of complete morphisms is the following one. Any pseudogroup gen-
erated by a group action is complete, and any equivariant map generates a
complete morphism.

For A > 1, the mapping z — Ax generates a complete pseudogroup
'H, whose restriction to U = (—1,1) is not complete. Since U cuts every
‘H-orbit, completeness is not invariant by pseudogroup equivalences, unless
we are considering only pseudogroups of local isometries on Riemannian
manifolds. The identity morphism of H|y is not complete.

Consider Arnold’s example of a diffeomorphism of the circle which is
topologically conjugated but not C? conjugated to a rotation [3]. By
suspension, we get examples of homeomorphic C'*° foliations with non-
isomorphic basic cohomology [8]; so these foliations can not be diffeomor-
phic. Hence Theorem 13.1 fails in this example, and thus the morphism
generated by such topological conjugation does not satisfy Theorem 9.1-
(iii); the hypothesis of this theorem is not satisfied because Arnold’s diffeo-
morphism is not isometric for any Riemannian metric. But it generates an
equicontinuous action, showing that Theorem 9.1-(iii) cannot be generalized
to equicontinuous pseudogroups [7, Section 5], [1].

17 Open problems

We may ask whether results like the Hurewicz isomorphism theorem [16] or
the Van Kampen theorem [13] can be generalized to pseudogroups in the
sense of Section 2.
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It seems that morphisms of pseudogroups induce morphisms between
the corresponding C*-algebras and their K-theory. What can be said about
them?

A version of Theorem 9.1 for “measurable morphisms” seems to be
possible.

Even though Theorem 9.1-(iii) cannot be generalized to equicontinuous
pseudogroups, what about its assertions (i) and (ii)?

A pseudomonoid can be defined like a pseudogroup with arbitrary con-
tinuous maps and without using inversion. By the lack of inversion, it
makes sense to consider - and w-orbits, referring to the backwards and
forwards direction. We similarly have a- and w-morphisms, and «- and
w-equivalences. The holonomy pseudomonoid of a foliated space can be de-
fined as the family of maps between local quotients induced by inclusions of
its simple open subsets. Its a-class gives the holonomy pseudogroup of all
open subsets. This may be useful to deal with invariants like the transverse
LS-category, whose definition involves non-saturated open sets [6]. For in-
stance, to address the problem of knowing to what extent is it a transverse
invariant.
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