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The dynamics of nuclear collective motion is investigated in the case of
reflection-asymmetric deformation, with the purpose of describing the criti-
cal point of phase transitions between different shapes. The model is based
on the Bohr hydrodynamical approach and employs a new parametrization
of the octupole and quadrupole degrees of freedom, valid for nuclei close to
the axial symmetry. Three particular cases are discussed in some detail: oc-
tupole critical point in nuclei which already possess a permanent quadrupole
deformation (226 Th); octupole vibrations in nuclei at the X(5) critical point of
quadrupole mode (13®Nd, 152Sm); and critical point in both quadrupole and
octupole modes (224Ra, 224Th). Results are compared with experimental data.
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1. Introduction

My talk will concern the description of quadrupole and octupole degrees
of freedom, in the frame of Bohr hydrodynamical model, and in condi-
tions close to the axial symmetry. The main motivation of this work was
to provide a theoretical frame to investigate the possible phase transitions
in nuclear shapes involving the octupole degrees of freedom, in a way anai-
ogous to the one used to describe the phase transitions in the quadrupole
shapes. The subject of quantum phase transitions has been introduced by
Prof. Zamfir at the very beginning of this School, and phase transitions in
the quadrupole modes have been extensively reviewed yesterday by Prof.
Bonatsos.

In my first lecture, I will discuss the basis of the model and introduce the
formalism that will be used to treat, in the second lecture, a few particular



cases: the phase transition from octupole vibrations to stable octupole de-
formation in nuclei with permanent quadrupole deformation; the octupole
vibrations in nuclei at the X(5) critical point; and finally the phase tran-
sition from quadrupole-octupole vibrations to stable quadrupole-octupole
deformation (i.e., the reflection asymmetric rotor).

But, as a first point, I will remind you a few points concerning the
basic assumptions and limitations of the original Bohr model, which will
obviously concern also its extension to the octupole deformation.

The distinctive feature of our approach is the use of an intrinsic frame
referred to the principal axes of the tensor of inertia of the deformed nucleus.
In our opinion, properties of phase transition can be better described in this
scheme than with one of the many models that have been introduced in the
past to describe reflection-asymmetric deformation. Here, I will only remind
some of them shortly.

In principle, algebraic models (like the spdf Interacting Boson Model
[1-4], or the Extended Coherent State Model [5] discussed in this School by
Prof. A.Raduta, or various forms of Cluster models [6,7]) are perfectly able
to describe the entire region of transitional nuclei between the two extreme
simple cases, including the critical point of the phase transition. But just
because all of them are described on the same footing, it will be difficult
to identify the particular features of the phase transition point. This is the
reason why Iachello himself uses a geometrical-model basis to discuss the
phase transitions between the IBM limiting symmetries U(5) and O(6) or
U(5) and SU(3).

In the geometrical approach, the most complete treatment of the oc-
tupole degrees of freedom has been proposed by Donner and Greiner [8].
Like the original Bohr model, it defines a non—inertial intrinsic frame, which
however is not referred to the principal axes of the overall tensor of inertia,
but to the principal axes of the quadrupole alone [8-10]. This approach
would therefore coincide with ours only when the octupole amplitudes are
very small compared to quadrupole. A number of alternative models choose
to work in a reduced space, usually limited to axial quadrupole and oc-
tupole deformations [9,11-17]. In this case, part of the dynamical variables
(those concerning non axial degrees of freedom) are frozen to zero from
the very beginning. As we shall see, such a choice has consequences also
on the differential equations describing the allowed axial modes. Finally,
a parametrization of the octupole mode alone in its own intrinsic frame
(referred to the principal axes of its tensor of inertia) has been reported by
Wexler and Dussel [18]. We shall return to this point in the Sec. 4.



2. The basis of the Bohr model

The hydrodynamical model of nuclear collective motion was introduced by
A. Bohr in a famous paper of 1952 [19] concerning the coupling of collective
motion to the single particle degrees of freedom. Here we are interested in
the first part of the paper, where the collective motion is described as the
irrotational motion of a drop of homogeneous liquid, induced by small defor-
mations of the surface. An implicit assumption is that the typical excitation
energies of the collective modes be small compared to those of single-particle
excitations. Therefore, phenomena concerning a relatively large excitation
energy and/or angular momentum, as band crossing / backbending, band
termination, isovector excitations (Giant Dipole Resonance) cannot be de-
scribed in this simple frame. Instead, the model has proved to be very useful
to describe the new symmetries at the critical point of phase transitions,
and we can expect that it will be so also for its extension to the octupole
modes. Phenomena involving higher energies and angular momenta, as the
“beat pattern” in the parity straggling of alternate parity bands remain
outside our possibilities. Other lectures of this School do treat them by
means of more suitable models.

Our starting point is the equation of the nuclear surface, that is given
in spherical coordinates as

RO,¢)=FRo[1+Y 3 V¥, 0.0)], o =(-pa).
A p==AA

With this definition, the ' are components of an irreducible tensor of
rank A. The amplitudes afj\ are assumed to be small. Why? Consider, e.g.,
the nuclear volume V

R(0,0)
V= /dQ/ r? dr = R3 [ +\/_a(0)+2’a(’\‘

Higher order terms are neglected, and this already means that the ao‘)
assumed to be small. Up to the second order, to keep the volume constant
one should put a((,o) = —(4n)"1/2 PN laff‘)|2. If, and only if, all the am-
plitudes a( ) are small enough to neglect their modulus squared, we can
assume a(()o) = 0 with the nuclear volume approzimately conserved.

In a similar way it is possible to show that, if even and odd values of \
are present in the sum, then to keep fixed the center-of-mass position it is
necessary to assume a well definite form for the amplitudes a,(}) as bilinear
combinations of amplitudes with A > 2. Again, if all these amplitudes are
small enough, we can assume af}) ~ 0.



3. The Bohr model with Quadrupole and Octupole

Our next step is the description of quadrupole and octupole deformation in
a proper intrinsic frame, referred to the principal axes of the overall tensor
of inertia. The equation of the nuclear surface is now:

r(6, ) =R0[1+ D ¥ awy;,u(a,qs)] .

A=2,3 p=—X,\

In the Bohr hydrodynamical model, the classical expression of the kinetic
energy is
1 2 1 2
- 5(2) il 5(3)
T_232 Z ‘a#l+2B3 Z lau|
p=—2, H=—23,
with constant Bs, Bj. For a classical drop, such an expression is obtained
assuming irrotational flow. We now express aff‘) in terms of the amplitudes

A) - . e
af, )in a (non-inertial) intrinsic frame:

/By al(;\) = ZGS,A)DW*(&)

where D) (8;) are the Wigner matrices and 6; the Euler angles. In order
to simplify the notation in the following, we include the inertia coefficient
B in the definition of the collective variables aL)‘). The classical expression
of the kinetic energy in terms of time derivatives of the intrinsic variables
afj\) and of the intrinsic components ¢; of the angular velocity, is now the
sum of a vibrational term Ty;p, a rotational term Tyoy and a coupling term

Teoup, Which is not present in the case of pure quadrupole deformation:

L] o2 1
Tp = 3 ’\Z: 102 ‘ Tror = 3 ;qm' Tk
sH o
(0)

Tcoup

iS"V3EA+D) [q(1)® [a‘*’@ a‘*)]m]
A

0
The diagonal and non—-diagonal components of the tensor of inertia are
(0) (2
= (3 N
7, Z{C’O(A) [a™ &aV] .

1
— (») (»)
. + \/602(/\) [a ®a ]

(2)
F C2(MRe [a(’\) ® a(’\)]2 }

T = Z {Co(/\) [a(’\) ® a()‘)]:)) - \/g C2(N) [a()‘) ® ao‘)] :2)}

A



(2)
Jiz+i Jaz = ZCQ()‘) [a(x)@,a(x)]l
y

(2)
2

Jiz=_Ca()) Im [am 2 am]

A
with Co(A) = DA M\A+1DV2A +1 /3
Co(A) = (DM /A1) (2A+3)(4X2 - 1)/30 .

We do not give here the proof of these relations, that can be found, e.g. in
the book by Eisenberg and Greiner [10].

4. Intrinsic amplitudes for quadrupole and octupole

In the spirit of the original Bohr paper, we decide to use as intrinsic frame
the one referred to the principal axes of the overall tensor of inertia, and -
preferably — define a parametrization that automatically implies vanishing
of the three products of inertia Ji2, Ji3, and Jos3.

We have seen that in the case of a pure quadrupole deformation, this
result is obtained with the Bohr parametrization

(2) =pfcosy

<2)_a<1 —0

o =a%) = (1/v2)Bsiny .
In the case of a pure octupole deformation, without any contribution of
quadrupole, this is also possible, with the parametrization proposed by

Wexler and Dussel [18]. We can introduce a very similar one:
(3)

e

= f3 cosvys
—(5/2) (X +1iY) sin~;
af? = /1/2 Bs sins

ag =X [COS’)’3 + (V15/2) sin’yg] +1Y [cos73 - (V15/2) Sil’l’)’3] ,

with a(s) (—)“a,(f’)*. Also with this choice, the tensor of inertia turns out
to be dlagonal for a pure octupole deformation. To the intrinsic parameters
(2 for the pure quadrupole, 4 for the pure octupole) one must add the three
Euler angles to obtain the right number of parameters (5 or 7) needed
to describe the nuclear deformation. We observe that in both cases the
amplitudes with g = +2 are real and those with 4 = +1 are either zero
(for pure quadrupole) or small of the second order, if we consider small of
the first order other amplitudes with u # 0.



Instead, in the presence of both quadrupole and octupole deformations,
also the amplitudes with p = +1 and the imaginary part of those with
i = £2 must be considered. They are, however, not independent of one
another, due to the requirement that

Ji2=TJiz=TJa3 =0 (1)

The Eqgs. 1 are non linear, but if we assume that non—axial amplitudes are
small (of the first order) compared to the axial ones and we neglect the 2nd
order terms, they reduce to the linear equations

Jis +iJas = V6 (ﬂ20(12) + V2 Bsa§3)) =0 (2)
Jis = =26 (ﬂgIm a.ff) + /5 B3lm a?’) =0
which are authomatically verified if one defines
a{” = —c1 V2 By (1 +iC.) of® =1 B (e +1iCc)
Im a?) =—c2 V5 B3 & Im a§3) =c B2 &

where ¢; and ¢ are arbitrary functions of 8, and Ss.

With this choice, at the first order in the “small” quantities
Y2, ¥3, X, Y, 7e, (e & , the intrinsic amplitudes of quadrupole and oc-
tupole deformation are

al) = Bacosya ~ B2 [1 - (1/2) 7] 4)
a?) =—-C V2 B3 (e +i¢c)

0(22) =/1/2 B3 sinyy —icy V5 B3 & ~ \/1/2 B2 v2 —ica V5 B3 &

a$¥ = B3 cosys ~ B3 [1 - (1/2) 4]

ao® = —(5/2) [X +iY] siny; + &1 Ba (e +iCc) ~ e B2 (me + i)

a(23) = \/1/2 B3sinys +ica B2 & & /1/2 B3 v3 +ica B2 &

a§3’ =X [cosvs ++/15/4 sinwg] +1iY [COS’)’;; —/15/4 sin’yg] ~ X +1Y
With this choice, the three products of inertia J.., and also the diag-

onal term Ji3, are small of the second order in the “small” variables

Y25 V3 X, Y7 gc; Nes Cc-

In the following, we are going to consider the equation of motion for
B2, B3 assuming that it is effectively decoupled from that of all other inde-
pendent variables (wich will not necessarily coincide with those defined in
the Eq. 4). The identification of a set of variables for which this condition
holds is a crucial point in our work, as it determines the form of the kinetic
energy operator also in the sector involving 32 and fs.

®3)



5. Quantization of the quadrupole — octupole Hamiltonian

We must now pass from the classical expression T of the kinetic enrgy to
the quantum kinetic energy operator T'. This can be done with the Pauli
procedure [20] for quantization in a non Cartesian reference.

The classical expression of the kinetic energy has the form

1 . 2 1 . 2 1
T= §B2 Z ‘af)‘ + 533 23 3 ‘af’)\ =3 Z GuvVpby (5)
uv

=&y H=—3,

where v, are the components of the generalized velocity vector v. Here,
v = {B27 ’);2: ﬂ37 7;37 Xa Ya €C7 Tic, CCa q1,42, q3}, and q, are the components of
the angular velocity § along the axes of the intrinsic frame.

According to the Pauli recipe, the kinetic energy operator is

5 R 12 0 ij2ip-t
T_-Z?G 5a, [GY2(G™ )uanu]

where the @, are the dynamical variables and G is the Determinant of the
matrix G defined in the Eq. 5.

(6)

If one makes use of the dynamical variables defined in the Eq. 4, the
result obviously depends on the choice of the arbitrary functions ¢ (82, 03)
and ¢c2(52, B3). E.g., with the simplest possible choice ¢; = ¢2 = 1, we would
obtain a determinant G = DetG = 11525252 (43 +253) (8242 + ﬂ373) .In
this case, at the limit for 33 — 0, we obtain G o« A1, while at the same
limit the Bohr model gives G o« 85 2 and in the case of small-amplitude
vibrations around a well deformed shape (8 ~ § constant) the Frankfurt
model [10] gives G o« B5. Therefore, the choice ¢; = ¢2 = 1 seems not to be
adequate.

Apparently, a better choice could be ¢; = (82 +282)'/2, ¢y = (82 +583)'/2,
which gives the G matrix shown in the Table 1. All the non diagonal matrix
elements, apart from those of the last line and column, are small at least
of the first order in comparison with the corresponding diagonal elements,
and it is possible to show [21] that they can be neglected. Those of the last
line or column are still small of the first order, but they must be compared
with the diagonal element J3, which is small of the second order. Their
effect will be discussed in the next Sec. 6.

Now the determinant G has a more reasonable behaviour:

G = DetG = 11528282 (82 + 282)° (8% + 582) " (827 + V5 B2vs)”  (7)

and, when 83 — 0, G « 5 as in the original Bohr model. We can consider
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Table 1. The matrix of inertia G: leading terms and relevant first-order terms. Other
first-order terms are indicated with the symbol &0.

Bo v B3 s X Y £ n ¢ | & q2 g3
B2 | 1 0 0 0 0 0 0 0 0 ~0 0 0
v | 0 B2 0 0 0 0 0 0 0 |~0 m0 Y0828t
) \V/B3+583
Bs | 0 0 1 0 0 0 0 0 0 | ~0 =0 0
3| 0 0 0 B2 =m0 ~0 0 ~0 ~0 | m0 w0 2 Y8828t
) VB3+583
X | o 0 0 =0 2 0 0 ~0 0 | =0 =0 6Y
Y 0 0 0 =0 0 2 0 0 ~0 | ~0 =0 -6X
é 0o 0 0 0 o0 0 2 0 0 | ~0 w0 Y2831

VB3 +582

7 0 0 0 ~0 =0 0 0 2 0 ~0 =0 2¢
¢ 0 0 0 ~0 0 ~0 0 0 2 ~0 0 ~27
q ~0 =~0 =~0 =0 =0 ~0 ~0 =0 ~0 T 0 0
q2 ~0 =0 =0 =0 =0 ~0 ~0 =0 ~0 0 T2 0
a [.J] o [.] 6v —6Xx [ 2¢ -29| o0 0 T3

Note: Here v = VBy2—v3, J1 = 3(8Z + 282) + 2v3(B3v2 + vB582v3); Jo = 3(B% +263) —

2v/3(8272 + VBB273); and Js = 48372 + Bv3) + 18(X2 + Y2) +2(n + ¢?) + 8¢€2.
therefore the present choice of ¢1, ¢z and the results given in the Table 1
as a good starting point for our future work.

6. The third component of the angular momentum

Surface vibrations that conserve the axial symmetry correspond to an an-
gular momentum component L; = 0 along the intrinsic symmetry axis. It
is interesting to investigate the relation between the non-axial modes of
vibration, described by the dynamical variables v, v3, X, Y, & 7, ¢ and
other eigenvalues of L3

To this purpose, I will follow here a semiclassical approach, simpler and
more transparent than the completely consistent one, which can be found
in the Ref. [21]. The classical expression for the intrinsic components of the
angular momentum is

L. =0T/8qx (8)

While, at the leading order, the components L;, Ly have the usual form
L, = Jxqx, k =1, 2, the third component has a very complicated expres-
sion, due to the effect of non diagonal terms of the last line and column:

V8B2Bs
VB3 + 5063

L3z = J3q3 + [ (75‘5’?)+6(YX_XY)+2(C77‘77é) ] 9)
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where we have put
v=V51 -7 . (10)

At this point, it will be convenient to express the variables v, and 73 as
linear combinations of two new variables, one of which is, obviously, v =
V572 — 3. The other one, 7, can be chosen proportional to the linear
combination which enters in the expression of the determinant G,

20 = co (837 + V5 B31) (11)

where, again, the factor ¢g will be considered as an arbitrary function of
B2, B3, with the only condition that cg — 85 when 83 — 0.

The expression of L3 can be substantially simplified with the introduc-
tion of a new set of variables v, ¥, u, ¢, w, X, ug and the corresponding
conjugate moments py, Pg, Pus Pp> Pws Px» Puo- Lhese new variables are
related to the old ones by the expressions

X = wsind
Y = wcos?
n =uvsiny
(=vcosyp
E=usiny .

Y= Vhy -y =V2 (\/ﬂ% + 542 /ﬂzﬁs) ucosx

% = 372 + V5 B3vs = \/ B3 + 563 uo (12)

The expression of the kinetic energy, in terms of the new variables and of
their time derivatives, is

T = LB+ 5+ i+ 2 +0%) + 28 +uR?) + 207 + w?d?)
+ 2¢3 [21)24,/’3 + du’x + 6w219] + Jiq} + Tods + J303 } (13)

with J; = Jo ~ 3(82 + 262), J5 = 4u2 + 2v% + 8u? + 18w?. The expression
of L3 takes the simpler form

Ls = Jags + [2v2<,b + 42y + 6w219] (14)
= 20% (g3 + @) + 4u?(2g3 + X) + 6w? (35 + 9) + dulgs .

We also evaluate the conjugate moments of the new variables ¢, x, ¥ and
invert this system of equations to obtain their time derivatives in terms of
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the conjugate moments and Lj:

P _ 1

Py = 20° (¢ + gs) ¢ =55 = = (Ls — Py ~ 2py — 3po)
: . px 2
Px =27 (X+2e3) X =325 - 5(Ls—p,—2p ~3ps) (15)
_ 2,4 . j 3
Py = 2w (d + 3¢s) V= 3=5 — —(Ls —py — 2px — 3ps).
2xg g
and
1
g = %(Ls — Py — 2py — 3ps) (16)

This last relation shows that, when ug — 0, then gz — oo unless Ly = Q =
Dy —2py —3ps. This relation has a very simple meaning if the potential does
not depend on the variables ¢, x or 9. In such a case (a sort of model y-x-
Y-instable, in the sense of the y-instable model by Wilets and Jean [22])
the conjugate moments of these three angular variables are constants of
the motion, with integer eigenvalues n,,n, and ng (in units of %), and the
operator L3 is diagonal, with eigenvalues K = n, + 2n, + 3ng. Therefore,
the three degrees of freedom corresponding to the pairs of variables v, ¢,
u, x and w, 9 can be associated with non-axial excitation modes with
K =1, 2 and 3, respectively. By using their definitions (Eq. 12), it is easy
to verify that they also carry negative parity.

It remains to discuss the role of ug. The variable uy measures the tri-
axiality of the overall tensor of inertia. In this sense, it plays a role similar
to that of as in the pure—quadrupole case and, like a5 in the case of small
triaxial deformation, it can be eventually replaced by an angular variable
times a proper combinations of 82 and 3. If we assume that the differential
equation for ug can be decoupled from the others, this equation is

{uloaiuo [uo—é?z] + % [Eus — U(uo)] - alg [5{2—0]2} d(ug) =0 (17)

where we have put K = L3 — Q. The variable uy can take positive as well
as negative values. The condition of continuity for the wavefunction ¢(ug)
and its derivative at ug = 0 imposes that Ko = 2n,,, with n,, integer.
We can conclude that the degree of freedom associated to the variable ug
carries two units of angular momentum along the intrinsic axis 3, and it is
possible to show that it also carries positive parity.

With this choice of dynamical variables, the determinant G is

G = DetG = 2304 v v*u’w? (62 + 2[33)2 (18)
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Fig. 1. (From Ref. [21]). Excitation energies for states of positive parity (circles) and
negative parity (triangles), in units of E(2%), for the ground-state band of 226Th and
228Th. Theoretical curves: g — rigid rotor; b (b') - present model with critical potential,
fitted on the 1~ state (on high-spin states); ¢ — present model with harmonic potential.

and the inverse of the matrix G turns out to be diagonal (at the relevant
order) in the space of momenta conjugate to the variables defined in the
Eq. 15 and of the angular momentum components L1, L» and Ko = L3 —).
A more formal derivation of these results, involving the derivatives of the
Euler angles, can be found in the Appendix C of Ref. [21].

7. Axial octupole mode with stable quadrupole deformation

This is the simplest case in which the properties of octupole excitation can
be followed from the limit of harmonic oscillations around the reflection
symmetric core to the opposite limit of stable octupole deformation. A
detailed discussion of this subject can be found in the Ref. [21]. Here, we
only summarize these results.

A preliminary comment is in order. The properties of the quadrupole
vibrations around an axially deformed core are better described [10] with
respect to the intrinsic parameters a§2), 6a(()2) = ag‘)) - 682) than in terms of
the Bohr parameters 82 and -y2. We have seen that the parameter ug defined
in the Eq. 12 plays, in our treatment, a role analogous to that of agz) in
the pure quadrupole Hamiltonian. It appears reasonable, therefore, to use
it as a dynamical variable instead of defining an angle variable similar to
the vo of the quadrupole case. Therefore, we can use the expression of G
given in Eq. 18, to derive with the Pauli recipe the differential equation
for B3 (in doing this, we assume decoupling of the (3 motion from the
small-amplitude oscillations in all other degrees of freedom). One obtains

d2y(z 2z dy(z J(J+1
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where z = /2 83/, while v(z), € are the potential energy and the en-
ergy eigenvalue in a proper energy unit, and ¥(—c) = (=)7+¢(z). As for the
potential v(zx), we have considered two simple cases: a quadratic expres-
sion v = fcz” or a critical (square-well) potential, as in the X(5) model:
v(z) = 0for |z| < band = +oo for [2| > b. In both cases, the model has one
free parameter (c or b) to be adjusted to fit the experimental data. In the
Fig. 1 the energies of positive and negative parity levels of the ground-state
band of 226Th and 2?8Th are compared with different model predictions.
The former turns out to be close to the results we obtain for a critical-point
potential, while the latter is closer to those obtained with a quadratic poten-
tial. Relative values of experimental transition strengths, B(E1) and B(E2)
have also been calculated and compared with existing experimental data.
The results can be found in the Ref. [21]. The agreement is satisfactory,
within the (admittedly large) experimental errors.

8. Going close to the quadrupole critical point

If we want to consider the case where the dependence of the potential energy
on f; is that of a square well extending from f» = 0 to some finite limit
B%, we need that the results of our model converge to those of the Bohr
model in the limit of small octupole deformation. This is not the case for the
Hamiltonian we have used in the previous Section, where ug has been used
as independent dynamical variable. Since in the Bohr model the variable ~y,
is used in the place of agz), it is now necessary to replace ug with a proper
adimensional variable v which would reduce to v, for 33 — 0. A necessary
condition we have to fulfill by means of this substitution is that the limit of
the determinant G for 3 — 0 assume the correct dependence on 3, as in
the Bohr model. However, this is not enough to ensure that, at this limit,
the model Hamiltonian converge to that of Bohr.

In fact, if we assume that the complete differential equation obtained
with the Pauli quantization rule can be effectively separated in one part
depending only on 5, A3 and another containing ali other dynamical vari-
ables, for the former we obtain

19 o1, 10 0 Ay =
{ga—& [ggﬂ:]ﬁ-a%; l:ga_ﬂs] +€—V—B;:_2—ﬁ§}‘1’(ﬂ2aﬁ3) =0 (20)

where g o« G2, e = 2E/R, V = V(Bs,B3) and Ay = J(J +1)/3. It is
convenient to eliminate in the Eq. 20 the first—derivative terms, with the
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substitution ¥(Ba, B3) = g~ /2 ¥y(B2, B3), to obtain

8 9 A
{3—/3% + 362 +e~V(B2,B3) + Vg(B2,83) — BTJ%%} Tp=0 (21)

where

1 a9 \? 89\’ 1 [8%g %

Vel o) = 5 [(5@‘) (o5 } 5 om o) )
We need, therefore, that also V; takes the correct value at the limit
B3 <« 2. To this purpose, it is sufficient [23] that the first and second
derivatives of G with respect to 83 vanish when 83 — 0. A possible (per-
haps, non unique) choice leading to this result corresponds to assuming
co = 1/+/(B% + B2)(52 + 2B2) in the definition of vo (Eq. 11). In this case
one obtains

(B3 + B3)*(53 + 263)"
(B3 +583)°
and the first and second derivative of g with respect to 3 vanish for 83 — 0.

G = 38 [1+16 (8s/ 32)4+...]

9. Specific models for quadrupole—octupole oscillations

We now consider the case of simultaneous quadrupole—octupole oscillations,
and in particular the quadrupole motion corresponding to the critical point
of phase transition described by the X(5) model. We can start from what
seems to be the simplest case: (3 oscillations of very small amplitude com-
pared to those in B2, and, therefore, large excitation energy of the negative-
parity levels. Experimentally, this happens in ***Nd and !52Sm.

The situation is very much simplified in this case, as far as 83 < f2 and
we can neglect 42 in comparison to 2. One could express the quadrupole
and octupole amplitudes in terms of two new variables 3 and 4,

Ba = P cosd B3 = Bsiné (23)

and confine § to very small values by a proper potential term. It is clear
that also the amplitudes v, u, w must be small compared to 3, as well as
7o compared to 1. At the moment, however, we will forget their presence
and only discuss the Schrédinger equation involving the variables 3, § and
the Euler angles. With this ansatz, and assuming that the potential energy
has the form (h2/2) V(B,§), for K = 0 we obtain

10 8] 181 9 Ay -
{5 bl i Lo v | 900 =0 0
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Fig. 2. The experimental (left) and theoretical energies (normalized to that of the first
excited state) of the K = 0 bands in 15°Nd and 32Sm. In the latter, the experimental
values for the K™ = 1~ band are also shown. Theoretical values for even J and parity
are those of the X(5) model, for odd J and parity are obtained with A; = 15 for 150Nd
and with A; = 20 for 152Sm.

where g oc G1/2 oc 8% [(1 +sin®6)2/ (1 + 4sin®8)] v v u w, € = 2E/A?2,
and Ay = J(J + 1)/3. Again, it is convenient to eliminate in the Eq. 24
the first—derivative terms, with the substitution ¥(8,8) = g~1/2 ®y(83, d)
giving, at the limit § < 1,

2 2
{aa—ﬁz+%(—?(’zs—2+e—V([3,5)—A—J—ﬁT7—/é}\Ilo=0. (25)
The Eq. 25 has a structure very similar to that of the Bohr equation for
pure quadrupole motion at the limit close to the axial symmetry, with our
parameter d in the place of yo. We could assume, also here, that the poten-
tial V(§,0) is the sum of two independent terms, V = V3(8) + V5(4), and
try — as in the X(5) model [24] — an approximate separation of the variables,
substituting the factor 1/3% with a proper average value in the differential
equation for 4. The result would be a level spacing in the excited band very
similar to the ground-state band, and, at least in 52Sm and '50Nd, this is
the case for the v band but not for the negative-parity ones [25].

Now we want to explore some alternative procedure which could better
account for the experimental data. If, e.g. one assumes for § a square-well
potential V5(8) = 0 for § < §,, and = +00 elsewhere, the equation becomes
exactly separable, with Ug = 9(83)¢(4):

d%p (8
A0 | (4 - v6(0) eu0) = 0 (26)
2 ~

- QZ:EJ:»@ + [6skJ = Vs(8) - BIE (s +2+ A’“)]wsu(ﬁ) =0

where V3 = V3(8) + (1/82)[4f — 1/4] and Ay, = AL, — A}. We now consider
in particular the case where Vj is a critical-point potential, V3 = 0 when
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Table 2. Experimental and calculates B(E1) strengths in 152Sm

Transition E; [keV] Ev [keV] B(E1) [1072W.u.]
experimental calculated

1— — 0t 963 963 0.42 (4) 0.42 (norm.)
1— -2t 963 841 0.77 (7) 0.97

3- o2t 1041 919 0.81 (16) 0.62

3 =4t 1041 675 0.82 (16) 0.99

17 —0F 963 279 weak 0.37

1= —2f 963 153 0.013 (4) 0.61

Note: Calculated strengths are normalized to the experimental one for
the 1~ — 0% transition.

B is in the interval 0 — 8y and = 400 elsewhere*. In this case, for k = 0
one obtains the X(5) solution. For the first excited band of negative parity
(k = 1), the term A; = A} — Aj will be considered as an adjustable
parameter. In this case, the spectrum of eigenvalues is given by

(s, J, k) — €0 = C [z,(s,J, k)]? (27)

with C constant, z,(s, J, k) the s'" zero of the Bessel function J,(x) and
v = /J(J+1)/3+9/4+ A. The Fig. 2 shows a partial level scheme
of 12Sm and 5°Nd, normalized to the energy of the first excited state,
and compared with the values derived from Eq. 27 (which, for positive—
parity states, coincide with those of the X(5) model). The agreament is
fairly good in both cases. In 152Sm, the comparison can be extended to the
lowest negative—parity state of the s = 2 band, if the level reported as 1(-)
really belongs to this band as it would be suggested by its decay. If it is so,
its energy is significantly lower than the model prediction, but this happens
also for all the s = 2 excited states of even parity and spin.

The B(E1) strength of a few transitions is known, but the theoretical
analysis of this information is not easy. In fact, if we remain strictly in
the frame of the hydrodynamical model (with a fluid of constant charge
density) all El transitions are predicted to vanish (at least, in the long
wavelength limit). An extension of the model, assuming a constant charge
polarizability of the fluid, gives an Electric Dipole operator in the form [26]

D,(Ll) =c Bzﬁsyu(l) (28)

*With a separation constant A6 = 1/4 one would obtain exactly ‘75 = Vj. Actually, it is
probably unnecessary to assume that this relation holds. In fact, if a phenomenological
potential is used for the active variables, this potential should already include the zero—
point energies of all other degrees of freedom not explicitly taken into account.



18

Bs
0.16-f 220Th

Bs (b)

0
— By
0.16 3, 0 By BB

Fig. 3. Part a: Potential energy V (82, B3) calculated by Nazarwicz et al. [29] for 220Th,
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with ¢ dependent on the nuclear polarizability.

It would be important to check the validity of Eq. 28 in real nuclei by
means of microscopic calculations. Results obtained with a Skyrme Hartree—
Foch approach for well deformed nuclei of the Ra — Th region [27], show
that the nuclear polarizability ¢ is almost constant in a given nucleus, but
changes drastically (even in sign) from one isotope to the next. It is not
clear what can happen outside the region of stable quadrupole deformation.

In the Table 2, the values of B(E1) calculated [28] according to Eq. 28
are compared with experimental data. The strengths of E1 transitions inside
the s = 1 sector of the level scheme are reasonably reproduced, but the
experimental values of B(E1) for transitions to the s = 2 band are much
smaller than the calculated values. Apparently, a selection rule exists, that
the model is not able to reproduce.

10. Critical-point behaviour for 224Ra and ?24Th ?

When the amplitude of the octupole vibrations is not negligible compared
with the quadrupole, i.e. when the excitation energy of negative-parity
levels is comparable with that of positive-parity ones, the above approxi-
mations are no longer valid and, at the moment, the only practicable way
seems to be a numerical approach. The phase transition could take place,
in this case, between a situation of quadrupole—octupole vibration around
a spherical shape (with a potential like in Fig. 3a) directly to a perma-
nent quadrupole-octupole deformation. The flat potential at the critical
point has been schematized as shown in Fig. 3b. With the substitution



19

0 TE 015 20 05T 20
J J

Fig. 4. Experimental excitation energies of the positive parity levels (circles) and of
the negative parity ones (triangles) for 22Ra and 224Th, compared with the results
of the present model (full line) with the follwing values of the parameters: for 224Ra,
BY/BY = 0.915, fPax/By = 1.333; for 224Th, BY /By = 0.800, SF=*/By = 1.360 (note
that the assumed values are not the result of a real optimization, still to be done). The
predictions of the X(5) model (dotted lines) and of a rigid-rotor model (dashed-dotted)
are shown for comparison.

¥ = g~1/2®,, the differential equation to be solved takes the form
o? o?
W"' 5 +€—V(B2,83) — Vg(B2,83)—| Wo(B2,83) =0  (29)
2 3
with Vj given in the Eq. 22 and ¥o = 0 on the contour of Fig. 3b.

The numerical integration has been performed with the finite difference
method. Namely, the space is discretized on a rectangular lattice and values
of ¥y at the lattice nodes are taken as independent variables. In the place
of second derivatives, the ratios of finite differences are used: e.g.,

(32‘110) N Wo(r + Az,y) =2 Uo(z,y) + Yoz — Ay y)
x’y

o2 A2

As Uy(Bs, B3) = £¥o(B2, —F3) for J even/odd, it is enough to consider only
the region 83 > 0. The lattice centers are chosen as

B3 = (ka + 1/2)Ay By = (kz + k3 + I/Z)Az (30)

with ks = 1...n9, k3 = 1...n3, and Az = ,35”/(’"/2 + 1), Ay = 2,35‘3”/(2713 + 1)
The ratio A, /A, determines the slope of the lateral borders. With this
choice, all borders contain a line of nodes, on which we assume ¥ = 0.
The number of nodes internal to the integration region — and therefore
the number of variables — is now N = n, - n3, and we obtain a finite
dimensional N x N Hamiltonian matrix. This Hamiltonian has been di-
agonalized with the Implicitly Restarted Arnoldi — Lanczos method, using
the ARPACK package [30]. This kind of analysis is still in progress. As
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an example, we give in Fig. 4 the results for two particular values of the
parameters 552 /33 and 5Y /BY , which satisfactorily reproduce the exper-
imental values of E(J™)/E(2%) for ??Ra 224Th. We note that in both cases
the positive part of the band is very close to the X(5) predictions, while
the negative part fits satisfactorily the experimental results. This fact sug-
gests that 224Ra and 224Th really lye close to the critical point of a phase
transition between spherical shape and reflection-asymmetric deformation.
Obviously, this conclusion should be substantiated by further calcula-
tions, in particular for the transition amplitudes. This work is in program.
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