Chapter 1
Elements of the Linear Theory of Elasticity

1.01 Notation

Rectangular coordinates are designated by x;, x, x; or x;, (i=1, 2, 3)
and components of displacement, referred to these coordinates, by uy, u,,
us or u;, (i=1, 2, 3).

The symbols for components of traction, stress and strain are ¢, T
and S, respectively, where i=1, 2, 3 and j=1, 2, 3.

The summation convention for repeated indices is employed. Thus,
if 4 are the components of traction across a surface, at a point where the
components of the outward-drawn unit normal are v, the relations
between the ¢ and the components of stress at that point are

t, =vI; =vI; +v,T,, +wT;; (1.011)

1.¢., the terms are summed over the repeated index i.
Differentiation with respect to space coordinates is indicated by a
comma followed by an index:

Thus, the relations between components of strain and displacement are
expressed as
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1
Sy =5y 1y, (1.012)

where it is to be understood that the indices i and j range over 1, 2, 3, i.e.,
(1.012) represents the nine relations

Ju 1({0u, odu
S, ==t Sy =8, =—| —=+=2%
ox, 2lox, ox,
ou 1(0u, Ju
S, =—2 S, =8,=—] —L4+=23 1.013
2 o, 31 =913 2[ ox, ox, ( )
ou 1{du, ou
Sp=2h S, =8, =22,
P o, 2o 2(E)xl ox,

Similarly, the components of rotation, ay;, are given by

1
w, =5("i,j ~u;,) (1.014)
Differentiation with respect to time is indicated by a dot over a

symbol. Thus

- du,
"ot
are components of velocity and
= 0%y,
toor

are components of acceleration.
The comma and dot notations and the summation convention are all
employed in writing the stress-equations of motion in the form

T, =pi, (1.015)

ifii

where p is the density and the body-force has been omitted. The scalar
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expansion of (1.015) is

oT}, +8T21 +8T31 =pazz;,
ox, 0x, Ox; ot

dT}, , 0T, 9Ty azuz
49Ty Ty _ (1.016)
o ox, ox, ' of

aTl3+aT23+aT33 - 9’uy
ox, oJx, dx, ot?

An abbreviated, indicial notation is also employed. In this, a pair of
indices ranging over the integers 1, 2, 3 is replaced by one index ranging

over the integers 1, 2, 3, 4, 5, 6, according to the scheme given in Table
1.011.

Table 1.011
23 31 12
ij or ki 11 22 33
32 13 21
porgqg: 1 2 3 4 5 6
In the case of stress, we have
T, i=j, =123
j={ » p_ (1.017)
T, i#j, p=456
or
I, =T, I =T;, =T,
I =T, Ly =T =T; (1.018)
Ty =T, T, =T, =T

Accordingly, in the abbreviated notation, the scalar stress-equations of
motion are
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o, ox, ox, ' o

T, dT, 9T, du,
Pl I B SN Epink. 350) Touii’ 2 .
o, ox, ox, © of (1.019)

o, ox, o L of

%_{_a_TG__'_%: azu]

In the case of strain, the single-index shears are twice as large as the
double-index shears, but the single- and double-index extensions are the
same:

S,, i=j, p=123

S. = 1.011
v %Sp, i#j, p=456 ( 0)
or
du du, du
Su:Sl:'é‘;L 2S23=2532:S4:ﬁ+ﬁ
1 2 3
S,=8,=9% 25 -25 =5=2%,9% oy
dx, dx; dx
du du, Ju
S =8, =—= 28. =28 =S =—247"1
B2 757 12 u ==y o,

The notation of the text, for the three-dimensional theory, may be
compared with those employed by Love (1927)°, Timoshenko and
Goodier (1951), Sokolnikoff (1946) and the Institute of Radio Engineers
(1949) by referring to Table 1.012. Notations for the two-dimensional
theory of plates are introduced in Chapter 3.

*A name followed by the year—Jones (1950) or (Jones, 1950)—
indicates an entry in the list of references at the end of the monograph.



Text

X1, X2, X3
Uy, U, Us
St S22, 833
S23, S32
S31, 813
S12, S
W32, 3,01
t, B, 13
Vi, V2, V3
T, T, T
Ty, Ty
T3y, Tis
Ty, Ty
S1, 82, 53
Ss
Ss
Ss
I, T, Ts
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Notations Employed in the Three-Dimensional Theory

Love

€xx; €y, €7
r2ey,, Vaey,
Yae,., Vaey,
Yaeyy, V2,
T, 0,0,
XV’ XV) ZV
I,m,n
X, Y, Z,
Z,7Y,
X, Zy

Y, X
€xxs €y, €7
€y €2y
€2x5 Exz

€xys €yx

XX’ Yy’ ZZ

Table 1.012

Timoskenko

and Goodier
X, ¥, 2
u, v, w
Ex &y, &;
V2Yyzs V2Vay
V22> V2Vrz
VeYxys Va¥y
., Wy, 0,
X,Y,Z
I,mn
Oy, Oy, O,
Uz Ty
Taxs Taz
Tays Tpx
x> €y &7
Yyzs Vzy
Yzxs Vxz

Vxys Vyx

Ox, Oy, Oz

Sokolnikoff LR.E.
X1, X2, X3 X1, X0, X3
Uy, Up, U3 Uy, Uy, U3

€11, €22, €33 Sti1, S22, 833

€23, €32 823, S22
€31, €13 831, S13
€12, €71 Slz, S21

W32, (013, D -

v v v
L, T, T, N
Vi, V2, V3 -

T11, 122, T33

723, 132

731, T13

T12, T21

€1, €2, €3

€4

€s

€s

T1, T2, 73

Tll, T22, T33
T23, T32
T31, T13
T12, T21

S1, 82, 3
Sa
Ss
Se

Tl; TZ) T3
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T Z,Y, Tyzs Tz T4 Ty
T5 )(z, Zx Taxs Txz Ts T5
T 6 Y, x5 )(y Txys Tyx Te T6
0y, 0, W3 w,,0,,0, Wy, Oy, W, - -

1.02 Principle of Conservation of Energy

If body-forces and thermal and electromagnetic effects are neglected,
the principle of conservation of energy states that the rate of increase of
energy of a body is equal to the rate at which work is done by
surface-tractions. In the linear theory of elasticity the statement takes the
form

I (& +U)av = [g1,4,ds (1.021)

where K and U are the kinetic and internal energy-densities, respectively.
The volume-integral in (1.021) is taken over the volume, ¥, of the body
and the surface-integral over its surface, S.

Now, the kinetic energy-density is, by assumption,

)
K=Epujuj (1.022)
where p is the density of medium. Hence
K = piiu, (1.023)
If we make use of the stress-equations of motion (1.015) (which are

derived from the principle of conservation of linear momentum) (1.023)

may be written as
k=T, ,=0,u,) ~T,i (1.024)

ij7j ij2g,i

Now, by the divergence theorem,
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(T, 4,).dv = Igv, T, u,ds

(1.025)
=g t;u;dS
where the last step is based on the definition of stress (1.011).
Inserting (1.022)-(1.025) in (1.021), we find
LOU-1,4,,)dv =0 (1.026)
This relation must hold for all portions of ¥; hence
U=T,u,, (1.027)
Now, from (1.012) and (1.014),
i, = S‘l.j -, (1.028)
Also, from the principle of conservation of angular momentum,
T, =T, (1.029)
Thus, T; is symmetric but @y is antisymmetric; hence
T, w,=0 (1.0210)

ij¥ij
Accordingly, the principal of conservation of energy takes the form

U=T,S, (1.0211)

ijrij

1.03 Hooke’s Law

We assume that the internal energy is a function of the six
components of strain:

U=U(S,) p=L--6 (1.031)

as that U may now be called the strain-energy-density.
The components of strain are functions of the time; hence



8 Mathematical Theory of Vibrations of Elastic Plates

U= —a—q-sp (1.032)
8s,

In the abbreviated notation (1.0211) takes the form
U=T,S, (1.033)

Now, the six components of strain are independent. If, in addition, we
assume that the stress is independent of the strain-rate, the coefficients of
S » 1n(1.032) and (1.033) may be equated, with the result

oUu

Tp=—
Fos,

(1.034)

We now assume that the strain-energy is a homogeneous quadratic
function of the six components of strain:

U=%c S, c,, =C (1.035)

pq-pTq° P4 qp

where the c,, are the constants of elasticity. Then, from (1.034) we have,
for =1, ...,6,

n-2de S e, o

Now
el meli e

Hence
11,5, 6,5) 1059

But p is a dummy index, so it may be changed to g, giving

r

T =%(c,q v, )8, =c.,S, (1.039)
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Finally, replacing r with p, we have Hooke’s Law in the familiar form

T,=c,,S, (1.0310)

Also, from (1.035) and (1.0310),
1
U=ETPSP (1.0311)
Hooke’s Law (1.0310) may be written, in the unabbreviated,
indicial notation, as

T.=c, S, (1.0312)

(cijkl =Cikt TCijie T Ch1ij T Ciike = Cij = Cryji =clkji)

where the c; are the same constants as the c,, when the pairs of indices
ij and &l are replaced by p and g, respectively, in accordance with Table
1.011. The form (1.0312) can be obtained from the
strain-energy-function

U=%c,.jk,S,.jSk, (1.0313)
through the relation
oU
Tk (1.0314)

if, in performing the differentiations, it is assumed that

98y 0, i#j (1.0315)
= , 1 .
3s. /

Jji
This is because, in unabbreviated notation, the analogue of (1.033) is
U=T,S,,
: . : : . . (1.0316)
=108 + TSy + T33S55 + 2(T23Sz3 +15,8;5, + TIZSIZ)

whereas the analogue of (1.032) is
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. U . U . U . U .
U= S, = S, + S, + S
as,, " 9S8, ' 38, 2 98, »
U . 93U . dU .
+ S,s + Sa + S
9S,, > 9S8, ' a8, "

Hence, equating coefficients:

.

as, . 7
T, =100
COLEY

295, 7

(1.0317)

(1.0318)

Equations (1.0318) may be written in the more convenient form (1.0314)

if the convention (1.0315) is adopted.

1.04 Constants of Elasticity

We shall have occasion to consider only four types of elastic

materials: triclinic, monoclinic, trigonal and isotropic (Mason, 1950, p.

44).

The elastic properties of a triclinic material are represented by the

full array of 21 constants:
Ti=c; Si+c; S, +038; 40148, + 6555 +¢16S6
T, =y 8+ 8y 465383+ €4 Sy + €5 S5 + 3655
Ty =05y 8) + 0338 +C33.85 + 03484 + 635 S5+ 036 S
T, =cyy S+ Sy +0383 €4y Sy +C45 S5+ €465
Ty =51 8) +C5y Sy + €533 454 Sy + €55 S5 + €56 S
Ty =1 Sy + €y Sy +Co3 S5+ Coy Sy +Co5.Ss + Cos S

(1.041)

The stress-strain relation of a monoclinic crystal involves 13
independent constants of elasticity. When the x;-axis is the axis of

two-fold symmetry,
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C5 = Cg = Cp5 = Cpg =C35 = C36 = Cy5 = C45 =0 (1.042)
Then
Ti=c¢, Sy +cp S, +638 +¢,8,

Ty=cyu S +cpS,+c3 83+ S,
Ty =c35 8 +¢5, 8, + 03383+ ¢34 8,

(1.043)
Ty=cySi+cyS+cySy+cys,
T, = Cs5 S5 + Cs6 S
T, = Cgs S5 + Co6 6

In the trigonal, if x; is the trigonal axis and x; a binary axis, we have,
in addition to (1.042),

€3 =0, cyu=-cy, ¢1=cp, Cpn=cy

1 (1.044)
C44 =Cs55 Cs6 =Clgs Cog =E(Cn _Clz)
so that there are six independent constants. Then
Ti=c S +¢ 8 +0384+ ¢, 8,
Ty=cy Si+¢ S +¢385—¢4 S,
Ty =03 8 +¢3 5, + ¢33 55
Ty =cy S1— €14 S, +C4 S, (1.045)
T, = Cas S5 + €14 S¢
1

Ty = 14 S5 +E(Cn —€12)56

In the case of quartz, which belongs to the trigonal system, x,, x;, x3

are the electrical, mechanical and optical axes, respectively (Mason,

1946, p. 28). Let us designate these axes as x, x5, xJ, respectively
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and the six constants in (1.045) as cgq . Then, if the stress-strain relation
is referred to a system of axes x,, x,, x; in which x; coincides with
x{ and the positive x;-axis lies in the positive xJ-x) quadrant, making
an angle @ with the positive x] -axis (see Fig. 1.041), the stress-strain
relation has the same form as (1.043), i.e., the monoclinic case, but the
thirteen constants are not independent. They are related to the ¢°

pg 88
follows (Sykes, 1946, p. 247):

OPTICAL

Fig. 1.041

Rotated x,-cut of quartz.
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o =ciy

cp =ctct+ el st + 2(2 Coy + cg)s"‘c2 +4clsc?

ey =c) st +cl et + 2(2 Cas +Cl )szc2 ~4cl, s’

Cag =Coy + (clol +cy —4cd, - 2¢), )szc2 -2c), (02 -s* )sc

Cs5 = Coy + 0 52 +2¢) s¢

Cos =Cay 8° +Cogct —2¢0 s

¢, = ¢l c? +eys®—2c) sc (1.046)
cy=ch st +eh et +2cl sc

Cla =c,°4(c2 —s2)+ (clo2 —cg)sc

Cy3 =y (c4 + s4)+ (clo1 +cyy—dcl, )szc2 -2c, (cz —sz)sc
Cyq =Coy (452 ——l)c2 + [c,olc2 —chs® — (2 Cay +C Xcz —s° )]sc
Cyq =—Cy (4c2 - l)s2 + [clolc2 —chst + (2 co, + c&Xc2 —sz)]sc

_0(.2_ 2 0o _ 0
c56—c14(c -5 )+ Ce6 —Cas JSC

where s=sind, c=cosf.

The values of cgq for quartz (Mason, 1950, p. 84) are, in units of
10" dyne/cmz,

¢, =86.05 cp, =18.25
cp, =4.85 cy, =107.1 (1.047)
)y =10.45 Cay =58.65

In the case of an isotropic material (2 constants) the stress-strain
relation reduces to
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Li=cSi+ep 8,40, 5,
Ty=cySi+c; Sy +¢, 8
Ty=cy S +¢y 8+ S5

1
T,= E(Cn "Clz)S4
1
I = E(Cu —c1)Ss
l .
I, = E(Cu ~€12)Ss

(1.048)
The relations of the constants ¢;; and ¢, to Lamé’s constants (4, 1) and to

Young’s modulus, E, and Poisson’s ratio, v, are given in Table 1.041.

Table 1.041

Elastic Constants of Isotropic Materials

Ci1, €12 Al E,v
E(Ql-v)
o o A2 L+ v)(1=2v)
Ev
e c1z A A+ v)(1—2v)
Ev
* c1z A +v)1-2v)
- E
11 ~C12
# 2 K 21+ v)
(c1; +2¢15)e —€i2) HBA+20)
E E
¢+ A+u
Ca A
v v

e tep 24+ p)
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1.05 Uniqueness of Solutions

Subject to certain restrictions, initial and boundary conditions,
sufficient to assure a unique solution of the stress-equations of motion,
may be obtained from Neumann’s theorem (Love, 1927, p. 176).

In a body occupying a volume ¥, bounded by a surface S, consider
two sets of displacements, strains, tractions and stresses and let their
respective differences be designated by starred symbols. Also, let K* and
U* be the kinetic and strain-energy-densities calculated from the
difference-displacements and difference-strains and let K* and U* be
the total kinetic and strain-energies of the body, calculated from the
difference-energies and reckoned from an initial time ¢, to a later time .
Then, the total energy in the body at time ¢ is

K*+U*EK*(:O)+U*(zO)+L'dtjy (K*+0%)av @051

where K*(#,) and U*(z,) are the initial values of K* and U".

Now '
& aU‘ ¥ * ¥ * %
U =6S' Sp=T,8,=T;;u;,
=T 47), — T u
and, by the divergence theorem,
[ @;a) K [vi1yu; ds = [ a5 ds (1.052)

Also,

v 1 0 e e

K =Epa(u u; ) pu;u;

Hence
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_[V(I'{* +U‘)dV= '[,(p i) —Ti‘}’,.)wi;’. dv + J; t; 0 dS

If each of the two systems satisfies the stress-equations of
motion, the difference-system does also, since the equations are linear.
Thus

P u; -T".=0

iji
and (1.051) reduces to
K* +U" =K* (1, )+ U* (1, )+ J:'dtjst; i ds (1.053)

that is, the total energy of the difference-system is equal to the initial
energy plus the work done by the difference-tractions acting through the
difference-displacements, on the surface S, during the interval 7.

The argument proceeds in three steps: (1) it is shown that, if
K*+U® =0 the two systems must be identical except for a
rigid-body-displacement; (2) conditions sufficient to make K* +U*=0
are established; (3) these results are converted to conditions for the
uniqueness of a solution.

(D) If K*+U"=0, K* and U" must vanish separately, since both are
positive.

If K* vanishes, K* vanishes, since it is positive, and hence the u:
vanish since K* is proportional to the sum of the squares of the u: .

Now, U* is a homogeneous, quadratic function (of the
difference-strains) which must be positive to secure the stability of
the body (Love, 1927, p. 99). Hence if U" vanishes, U* must vanish
and, with it, the difference-strains. If the latter vanish, so must the
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difference-stresses (through Hooke’s Law) and the
difference-displacements, except for the displacement possible in a rigid
body.

Hence, if K* +U"=0, the two systems must be identical except,
possibly, for a rigid-body-displacement (independent of the time since
the difference-velocities vanish) and the latter can be eliminated by
requiring the initial displacements to be the same.

(2) K*+U* will vanish under conditions sufficient to make the right
hand side of (1.053) vanish. If the initial displacements of the two
systems are the same and the initial velocities are the same, then K*(z,)
and U’(z,) vanish. This leaves only the integral in (1.053) which will
vanish if one member of each of the three terms of the product t;u;
vanishes at each point of the surface. Thus, if n, s, ¢ are orthogonal
directions at any point of the surface, it is sufficient that T, or u, and
T, or u, and T, or u, vanish ateach point.

(3) Returning, now, to a single system, sufficient conditions for a unique
solution of the stress-equations of motion (subject to the limitations noted
below) are

(a) Specification of the initial displacement and velocity throughout
the body.

(b) Specification, at each and every point of the surface, of any one
of the eight combinations formed by choosing one member of each of the
three products T,,u,, Tpstts, Toithy.

[Because of the use of a restricted form of the divergence theorem
in passing from (1.051) to (1.053), these conditions are subject to the
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limitations as to continuity, single-valuedness, singularities and behavior
at infinity associated with this form of the divergence theorem (Kellogg,
1929, Chapter IV). Some of the limitations may be removed.

For example, conditions which assure single-valuedness of
displacements may be included in the uniqueness theorem by taking into
account the possibility of surfaces of displacement-discontinuity. In that
case (1.052) would have additional terms of the form J.s,t;Au;dS
where the integrations are over surfaces §’ across which the
displacements have discontinuities Au; . Then the condition
Au; = §c du; =0, where the integration is around any closed curve C,
leads, by Cesaro’s and Weingarten’s theorems, (Love, 1927, p. 222) to (1)
the necessity of the equations of compatibility; (2) their sufficiency in the
case of simply connected bodies and (3) the requirement of six additional
conditions for each degree of multiple connectivity. Alternatively, the
possibility Au; #0 leads to the necessity of specifying (1) the
incompatibility tensor throughout the body; (2) at each point of each
surface of discontinuity, one of the eight combinations formed by
choosing one member of each of the three products 7,,Au,, T,Au,, T Au,,
or, (3) both (1) and (2).

Another example of an extension of the scope of the uniqueness
theorem is given by Sternberg and Eubanks (1955) who included the
singularity corresponding to a concentrated force.]

It should be noted that (subject to the limitations mentioned) the
uniqueness conditions are sufficient, rather than necessary, so that there
may be other conditions sufficient for a unique solution. For example,
one or more of the three components of surface-traction may be a
function of the corresponding component of displacement, as in the case
of an elastic support.
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It should also be noted that the uniqueness theorem applies to an
isolated body. In the case of a pair of bodies in juxtaposition, conditions
relating to the continuity of all six components (T, Tns, Tot Un, Us, ty)
must be specified at each point of the interface.

1.06 Variational Equation of Motion

When the form of the strain-energy-function U is known, the
displacement-equations of motion may be deduced from Hamilton’s
principle (Love, 1927, p. 166).

Let

K= IVKdV

U= J;/UdV

be, respectively, the total kinetic and potential energies of the body and
let

SW = | t,6u,ds (1.061)

be the work done by the surface-tractions when the displacement
undergoes a variation du; between fixed values at an initial time # and a
final time #,. Then, by Hamilton’s principle

5]’ K-U)dr + 5Wdt— (1.062)
Now,
5 ;‘Kdt= f dt [ 40 8l i, )av = ' di[ pii, Z(6u,)av
= [ pu, 6u, ]t av - _[' at | pii,Su,dv

Since du; vanishes at f, and ¢#;, the first term on the right vanishes.
Equation (1.062) then becomes the variational equation of motion
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L(piij5uj+5U)dV: Ltjauj ds (1.063)

(Note that, if the variations in (1.063) are replaced by time derivatives,
the variational equation of motion is converted to (1.021), i.., the
principle of conservation of energy.)

Again, with due regard to (1.0315),

_9oU _1 U U
35, T aSi.J(ui’j+uj’i )_BS (5uj )’i

U oU
= Ou, o
[aSU ul]i (aS J K

3
Iy(anguj]’ldV IRF 5u ds =0

Hence, the variational equation of motion becomes

oU . U
.[, {Ej—puj 5ujdV+J'S(tj-viFJ5ude—0

and

’]

Then coefficients of the variations Ju; must vanish separately.

Accordingly
oU ..
— | =pi, (1.064)
(a Si Y J,i '
throughout the body and, on the surface,
v,.aaTUztj (1.065)

1

1.07 Displacement-Equations of Motion

If the stress-strain relations (1.0312) are substituted in the
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stress-equations of motion (1.015), we obtain
Cijk1 Su,i = P (1.071)

The strain-displacement relations (1.012) convert these to the
displacement equations of motion

cijkl(uk,li+u1,ki):2piij (1.072)

In the case of an isotropic material, (1.072) reduces to

:uuj.ii+(ﬂ'+,u)ui,ij =,0iij (1.073)
or
JA ..
ﬂvzuj+(ﬂ+/l)ax‘ = pii, (1.074)

J

where V? is Laplace’s operator and A is the dilatation:

0°  9*  9°
Vies—+—+ 1.075
dx; dx; 0xi ( )
_ dy, N du, du,

A= +
dx;, dx, Jx;

(1.076)

The displacement may be expressed in termns of
displacement-potentials ¢ and H; according to

1=8¢+8H3_8H2
dx, dx, O0x;
2:8¢+8H1_8H3
dx, dx; 0Jx
=8¢7+8H2_8H1
dx; dx, dx,

(1.077)

Uy

provided
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OH, H, JH,

=0 1.078
dx; 0dx, O0x ( )
Then
Vip=A
Vij =20, (1.079)

Thus, ¢ is the potential which gives rise to the dilatation and the H; are
the potentials which give rise to the components of rotation. In an
isotropic material, the displacement-equations of motion are satisfied if
the four potentials satisfy the equations (Love, 1927, p. 304; Poisson,
1829, p. 623)

vivz¢=¢ . (1.0710)
v,V Hj=Hj
where
v =(A+2u)/p (1.0711)
v, =JH[P

are the velocities of the dilatation and rotation, respectively.

Equations of the simple forms (1.0710) do not appear to be
available for anisotropic materials except in special cases of high elastic
symmetry (Carrier, 1946).



