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We review a general mathematical link between utility and infor-
mation theory appearing in a simple financial market model with
two kinds of small investors: insiders, whose extra information
is stored in an enlargement of the less informed agents’ filtration.
The insider’s expected logarithmic utility increment is described
in terms of the information drift, i.e. the drift one has to eliminate
in order to perceive the price dynamics as a martingale from his
perspective. We describe the information drift in a very general
setting by natural quantities expressing the conditional laws of the
better informed view of the world. This on the other hand allows to
identify the additional utility by entropy related quantities known
from information theory.
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1. Introduction

A simple mathematical model of two small agents on a financial mar-
ket one of which is better informed than the other has attracted much
attention in recent years. Their information is modelled by two different
filtrations: the less informed agent has the o—field 7;, corresponding to
the natural evolution of the market up to time ¢ at his disposal, while
the better informed insider knows the bigger o—field G O ¥;. Here is a
short selection of some among many more papers dealing with this model.
Investigation techniques concentrate on martingale and stochastic control
theory, and methods of enlargement of filtrations (see Yor, Jeulin, Jacod in
[22]), starting with the conceptual paper by Duffie, Huang [12]. The model
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is successively studied on stochastic bases with increasing complexity:
e.g. Karatzas, Pikovsky [24] on Wiener space, Grorud, Pontier [15] allow
Poissonian noise, Biagini and Oksendal [7] employ anticipative calculus
techniques. In the same setting, Amendinger, Becherer and Schweizer [1]
calculate the value of insider information from the perspective of specific
utilities. Baudoin [6] introduces the concept of weak additional informa-
tion, while Campi [8] considers hedging techniques for insiders in the
incomplete market setting. Many of the quoted papers deal with the cal-
culation of the better informed agent’s additional utility.

In Amendinger et al. [2], in the setting of initial enlargements, the addi-
tional expected logarithmic utility is linked to information theoretic con-
cepts. It is computed in terms of an energy-type integral of the information
drift between the filtrations (see [18]), and subsequently identified with
the Shannon entropy of the additional information. Also for initial en-
largements, Gasbarra, Valkeila [14] extend this link to the Kullback-Leibler
information of the insider’s additional knowledge from the perspective
of Bayesian modelling. In the environment of this utility-information
paradigm the papers [16], [19], [17], [18], Corcueracet al. [9], and Ankirchner
et al. [5] describe additional utility, treat arbitrage questions and their inter-
pretation in information theoretic terms in increasingly complex models
of the same base structure. Ultility concepts different from the logarith-
mic one correspond on the information theoretic side to the generalized
entropy concepts of f—divergences.

In this paper we review the main results about the interpretation of the
better informed trader’s additional utility in information theoretic terms
mainly developed in [4], concentrating on the logarithmic case. This leads
to very basic problems of stochastic calculus in a very general setting of
enlargements of filtrations: to ensure the existence of regular conditional
probabilities of o—fields of the larger with respect to those of the smaller
filtration, we only eventually assume that the base space be standard Borel.
In Section 2, we calculate the logarithmic utility increment in terms of the
information drift process. Section 3 is devoted to the calculation of the in-
formation drift process by the Radon-Nikodym densities of the stochastic
kernel in an integral representation of the conditional probability process
and the conditional probability process itself. For convenience, before pro-
ceeding to the more abstract setting of a general enlargement, the results
are given in the initial enlargement framework first. In Section 4 we finally
provide the identification of the utility increment in the general enlarge-
ment setting with the information difference of the two filtrations in terms
of Shannon entropy concepts.
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2. Additional Logarithmic Utility and Information Drift

Let us first fix notations for our simple financial market model. First of
all, to simplify the exposition, we assume that the trading horizon is given
by T = 1. Let (Q, 7, P) be a probability space with a filtration (F;)o<<1.
We consider a financial market with one non-risky asset of interest rate
normalized to 0, and one risky asset with price X; at time t € [0,1]. We
assume that X is a continuous (#;)—semimartingale with values in R and
write A for the set of all X—integrable and (#;)—predictable processes 0
such that 6 = 0. If 6 € A, then we denote by (0 - S) the usual stochastic
integral process. For all x > 0 we interpret

x+(6-X), 0<t<1,

as the wealth process of a trader possessing an initial wealth x and choos-
ing the investment strategy 6 on the basis of his knowledge horizon corre-
sponding to the filtration (7).
Throughout this paper we will suppose the preferences of the agents to be
described by the logarithmic utility function.

Therefore it is natural to suppose that the traders’ total wealth has
always to be strictly positive, i.e. forall t € [0, 1]

(1) Vix) =x+(0-X); >0 as.

Strategies 0 satisfying Eq. (1) will be called x—superadmissible. The agents
want to maximize their expected logarithmic utility from terminal wealth.
So we are interested in the exact value of

u(x) = sup{Elog(V1(x)) : 6 € A, x — superadmissible}.

Sometimes we will write u#(x), in order to stress the underlying filtration.
The expected logarithmic utility of the agent can be calculated easily, if one
has a semimartingale decomposition of the form

t
@) Xi = M; + f n. d(M, M.,
0

where 7 is a predictable process. Such a decomposition has to be expected
in a market in which the agent trading on the knowledge flow (#%) has no
arbitrage opportunities. In fact, if X satisfies the property (NFLVR), then it
may be decomposed as in Eq. (2) (see [10]). It is shown in [3] that finiteness
of u(x) already implies the validity of such a decomposition. Hence a
decomposition as in (2) may be given even in cases where arbitrage exists.
We state Theorem 2.9 of [5], in which the basic relationship between optimal
logarithmic utility and information related quantities becomes visible.
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Proposition 2.1. Suppose X can be decomposed into X = M + 1 - (M, M). Then
for any x > 0 the following equation holds

1
3) u(x) = log(x) + %Ef ng d{M, M).
0

Letus give the core arguments proving this statement in a particular setting,
and for initial wealth x = 1. Suppose that X is given by the linear sde

dX;

— = adt +dW;,

Xt t t

with a one-dimensional Wiener process W, and assume that the small

trader’s filtration (#;) is the (augmented) natural filtration of W. Here a

is a progressively measurable mean rate of return process which satisfies
1 . . .

f lag|dt < oo, P—a.s. Let us denote investment strategies per unit by 7, so

that the wealth process V(x) is given by the simple linear sde

Vi) _ X,
Vi(x) X

It is obviously solved by the formula

t t t
Vilx) = exp[f 1, dW, — L f n? ds + f Tis s ds].
0 2 Jo 0

Due to the local martingale property of fot 1, dWs, t € [0,1], the expected
logarithmic utility of the regular trader is deduced from the maximization
problem

1 1
(4) ug(1) = max E[f Tls (g dS — % f nf ds].
n 0 0

The maximization of

1 1
Nansasds——fngds
2
0 0

for given processes « is just a more complex version of the one-dimensional
maximization problem for the function

1 2
T(I—)T[CY—ET(
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with a € R. Its solution is obtained by the critical value 7 = & and thus

1
5) up (1) = SE[ f o2ds].
2 Jo
This confirms the claim of Proposition 2.1.

This proposition motivates the following definition.

Definition 2.1. A filtration (G,) is called finite utility filtration for X, if X is
a (G1)—semimartingale with decomposition dX = dM + C - d(M, M), where

C is (Gr)—predictable and belongs to L2(M), i.e. E [} C d(M,M) < co. We
write

F={(H;) > (7—])|(‘Ht) is a finite utility filtration for X}.

We now compare two traders who take their portfolio decisions not on the
basis of the same filtration, but on the basis of different information flows
represented by the filtrations (G;) and (H;) respectively. Suppose that both
filtrations (G;) and (H;) are finite utility filtrations. We denote by

(6) X=M+C-(MM)
the semimartingale decomposition with respect to (G;) and by
(7) X=N+p-(N,N)
the decomposition with respect to (H;). Obviously,
(M, M) =(X,X)=(N,N)

and therefore the utility difference is equal to

1
un() = g(5) = 5E [ (62~ o, M,

Furthermore, Egs. (6) and (7) imply

(8) M=N-(C-p)-(MM) as.

If G+ ¢ H; for all t = 0, Eq. (8) can be interpreted as the semimartingale
decomposition of M with respect to (H;). In this case one can show that
the utility difference depends only on the process u = C — . In fact,

1
un() = 6(5) = 3E [ (5 =) v My
1 1
= JK( fo W d(M, M) — E( fo wC d(M, M)

1 1
= ~E( f p* d(M, My).
2 0
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The last equation is due to the fact that N—M = f u d{M, M) is a martingale
with respect to (H;), and Cis adapted to this filtration. Itis therefore natural
to relate u to a transfer of information.

Definition 2.2. Let (G;) be a finite utility filtration and X = M + C- (M, M)
the Doob-Meyer decomposition of X with respect to (G;). Suppose that
(H,) is a filtration such that G; ¢ H; for all ¢ € [0, 1]. The (H;)—predictable
process i satisfying

M- f pe d{M,M); isa (H,;)—local martingale
0

is called information drift (see [18]) of (H;) with respect to (G).

The following proposition summarizes the findings just explained, and
relates the information drift to the expected logarithmic utility increment.

Proposition 2.2. Let (G;) and (H,) be two finite utility filtrations such that
G C H, for all t € [0, 1]. If p is the information drift of (Hy) w.r.t. (G), then we
have

1
ug(x) — ug(x) = %Efo yz d{M, M).

3. The Information Drift and the Law of Additional Information

In this section we aim at giving a description of the information drift
between two filtrations in terms of the laws of the information increment
between two filtrations. This is done in two steps. First, we shall consider
the simplest possible enlargement of filtrations, the well known initial
enlargement. In a second step, we shall generalize the results available in
the initial enlargement framework. In fact, we consider general pairs of
filtrations, and only require the state space to be standard Borel in order to
have conditional probabilities available.
3.1 Initial enlargement, Jacod’s condition

In this setting, the additional information in the larger filtrations is at
all times during the trading interval given by the knowledge of a random
variable which, from the perspective of the smaller filtration, is known
only at the end of the trading interval. To establish the concepts in fair
simplicity, we again assume that the smaller underlying filtration (#7) is
the augmented filtration of a one-dimensional Wiener process W. Let G be
an $1—-measurable random variable, and let

Gi=F:Vvo(G), tel0,1]
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Suppose that (G;) is small enough so that W is still a semimartingale with
respect to this filtration. More precisely, suppose that there is an informa-

tion drift u© such that
f Iy |ds < oo P-as.,
and such that

9) W:V~V+f-yscds
0

with a (G:)— Brownian motion W. To clarify the relationship between the
additional information G and the information drift u®, we shall work
under a condition concerning the laws of the additional information G
which has been used as a standing assumption in many papers dealing
with grossissement de filtrations. See Yor [27], [26], [28], Jeulin [21]. The
condition was essentially used in the seminal paper by Jacod [20], and
in several equivalent forms in Follmer and Imkeller [13]. To state and
exploit it, let us first mention that all stochastic quantities appearing in the
sequel, often depending on several parameters, can always be shown to
possess measurable versions in all variables, and progressively measurable
versions in the time parameter (see Jacod [20]).

Denote by PC the law of G, and for t € [0,1],w € Q, by P%(w,dI) the
regular conditional law of G given 7; at w € Q. Then the COndlthl’l which
we will call Jacod’s condition, states that

(10) P¢(w,dg) is absolutely continuous with respect to P¢(dg) for P— a.e.w € Q.

Also its reinforcement
1) PtG(a), dg) isequivalent to PG(dg) for P—a.e.w € Q,

will be of relevance. Denote the Radon-Nikodym density process of the
conditional laws with respect to the law by

dP¢(w, -)
PG

By the very definition, ¢ — P(-,dg) is a local martingale with values in the

space of probability measures on the Borel sets of R. This is inherited

to t = p(-, g) for (almost) all ¢ € R. Let the representations of these
martingales with respect to the (#;)—Wiener process W be given by

piw, g) = (), geRwe.

t
pt(-,g)=po(-,g)+fk§dwu, te[0,1]
0
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with measurable kernels k. To calculate the information drift in terms of
these kernels, take s, t € [0,1],s < t, and let A € F; and a Borel set B on the
real line determine the typical set A N G™'[B] in a generator of G;. Then we
may write

E(IW; - We] 14 15(G)) = E( fB 14 Wi — W] PS(., dg)

- fB E(L [Wi = Wil [p: - pi](, ) PO(dg)

= f E(14 f tkﬁdu)PG(dg)
f E(14 f Sl 9)du) P)
f E(14 f S dupt ) PO

= I( f 1 —4— PG( dg))

ki
~ E(1415(G) f Sl

The bottom line of this chain of arguments shows that

W W - f |g Gdu

is a (Gy)—-martingale, hence a (G;)—Brownian motion provided that

fol IPMIE—Z)IFGI du < oo P—a.s.. This completes the deduction of an explicit
formula for the information drift of G in terms of quantities related to the
law of G in which we use the common oblique bracket notation to denote
the covariation of two martingales (for more details see Jacod [20]).

Theorem 3.1. Suppose that Jacod’s condition (10) is satisfied, and furthermore
that

K Lp(, g), Wi
12 G-t | =4 T ., tel0,1],
( ) ‘ut pt(,g)lg G pt(’g) |g G [ ]
satisfies
(13) f |uSldu < 00 P-as..
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Then _
W= W+fyscds
0

is a G—semimartingale with a G—Brownian motion W.

To see how restrictive condition (10) may be, let us illustrate it by
looking at two possible additional information variables G.

Example 1:

Let € > 0 and suppose that the stock price process is a regular diffusion
given by a stochastic differential equation with bounded volatility ¢ and
drift a, 0; = 0(X;),t € [0,1], where ¢ is a smooth function without ze-
roes. Let G = Xi4e. Then in particular X is a time homogeneous Markov
process with transition probabilities P;(x,dy), x € Ry, t € [0, 1], which are
equivalent with Lebesgue measure on R,. For t € [0, 1], the regular condi-
tional law of G given 7; is then given by P1.._(X;, dy), which is equivalent
with the law of G. Hence in this case, even the strong version of Jacod’s
hypothesis (11) is verified.

Example 2:
Let
G = sup W,.
te[0,1]

To abbreviate, denote for t € [0, 1]

G = sup W, Gt = sup (W; — Wy).

0<s<t t<s<1

Finally, let p1_; denote the density function of Gi—;. Then we may write for
every t € [0,1]

(14) G=G:VI[W+ G

Now G; is F;—measurable, independent of G-, and therefore for Borel
sets A on the real line we have

Gi—W;

(15)  PS(,A)= f Py - 56,(A) + f Py

AN[Gt=W;,00]

(o)

Note now that the family of Dirac measures in the first term of (15) is
supported on the random points G;, and that the law of G; is absolutely
continuous with respect to Lebesgue measure on R.. Hence there cannot
be any common reference measure equivalent with dg, P—a.s. Therefore in
this example Jacod’s condition is violated.
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It can be seen that there is an extension of Jacod’s framework into
which example 2 still fits. This is explained in [18], [19], and resides on
a version of Malliavin’s calculus for measure valued random elements. It
yields a description of the information drift in terms of traces of logarithmic
Malliavin gradients of conditional laws of G. We shall not give details here,
since we will go a considerable step ahead of this setting. In fact, in the
following subsection we shall further generalize the framework beyond
the Wiener space setting.

3.2 General enlargement
Assume again that the price process X is a semimartingale of the form

X=M+n-{MM)

with respect to a finite utility filtration (¥;). Moreover, let (G;) be a filtration
such that 7; c G;, and let a be the information drift of (G;) relative to (7).
We shall explain how the description of a by basic quantities related to
the conditional probabilities of the larger o—algebras G; with respect to
the smaller ones 7, > 0 generalizes from the setting of the previous
subsection. Roughly, the relationship is as follows. Suppose for all t > 0
there is a regular conditional probability Pi(-,-) of ¥ given ¥, which can
be decomposed into a martingale component orthogonal to M, plus a
component possessing a stochastic integral representation with respect to
M with a kernel function k(-, ). Then, provided a is square integrable with
respect to d(M, M) ® P, the kernel function at f will be a signed measure in
its set variable. This measure is absolutely continuous with respect to the
conditional probability itself, if restricted to G;, and a coincides with their
Radon-Nikodym density.

As a remarkable fact, this relationship also makes sense in the reverse
direction. Roughly, if absolute continuity of the stochastic integral ker-
nel with respect to the conditional probabilities holds, and the Radon-
Nikodym density is square integrable, the latter turns out to provide an
information drift @ in a Doob-Meyer decomposition of X in the larger
filtration.

To provide some details of this fundamental relationship, we need to
work with conditional probabilities. We therefore assume that (Q, 7, P) is
standard Borel (see [23]). Unfortunately, since we have to apply standard
techniques of stochastic analysis, the underlying filtrations have to be as-
sumed completed as a rule. On the other hand, for handling conditional
probabilities it is important to have countably generated conditioning o—
fields. For this reason we shall use small versions (7)), (G) which are
countably generated, and big versions (7;), (G:) that are obtained as the
smallest right-continuous and completed filtrations containing the small
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11

ones, and thus satisfy the usual conditions of stochastic calculus. We fur-
ther suppose that 7y is trivial and that every (#;)—local martingale has a
continuous modification, and of course 7_;0 - g? for all t > 0. We assume
that M a (¥%)—local martingale. The regular conditional probabilities rel-
ative to the o—algebras ¥, are denoted by P;. For any set A € ¥ the
process

(t, w) = Plw, A)

is an (‘Fto)—martingale with a continuous modification adapted to (F) (see
e.g. Theorem 4, Chapter VI in [11]). We may assume that the processes
Pi(-,A) are modified in such a way that Py(w,-) is a measure on # for
Py—almost all (w, t), where Py is given on Q X [0, 1] defined by Pu(I') =
E fooo 1r(w, Hd(M, M);, T € F®8B.. Itis known that each of these martingales
may be described in the unique representation (see e.g. [25], Chapter V)

(16) Pi(-, A) = P(A) + f ks(-, A)dM; + L2,
0

where k(-, A) is (F;)—predictable and L# satisfies (L, M) = 0.

Note that trivially each o—field in the left-continuous filtration (Q?_) is
also generated by a countable number of sets.

We claim that the existence of an information drift of (G;) relative to
(73) for the process M depends on the validity of the following condition,
which is the generalization of Jacod’s condition (10) to arbitrary stochastic
bases on standard Borel spaces.

Condition 3.1. ki(w, -)| & is a signed measure and satisfies
0

ki(w,-) o< Piw,")

G- Gy

for Pyy—a.a (w, t).

If (3.1) is satisfied, one can show (see [4]) that there exists an (F; ®
Gy)—predictable process y such that for Py—a.a. (w, t)

dkf(a), )

(17) yiw, @) = i@, g (@’).
It is also immediate from the definition that
(18) yi(w, ") Plw,dw’) d(M, M); = y(w, w) d{M, M);.

On the basis of these simple facts it is possible to identify the information
drift, provided (3.1) is guaranteed.
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Theorem 3.1. Suppose Condition 3.1 is satisfied and y is as in (17). Then
ar(w) = Yo, w)

is the information drift of (G) relative to (7).

Proof. We give the arguments in case M is a martingale. For 0 < s < t and
A € G° we have to show

E[1A<Mt—Ms)1=E[1A f Valw, @) d<M,M>u].

Observe
E[14(M; = My)] = E[Py(-, A)(M; — M;)]

r t

= E|(My - M) f K A) dMu] + E[(M; = MLA]
L 0
r t

_E f ku(-,A>d<M,M>u]

- t
=E f f Vu(w, ") dP,(w, dw’) d{M, M>u]
| Js A

r t
=E lA(w)f Yulw, ) d(M,M>u],

where we used (18) in the last equation. O

We now look at the problem from the reverse direction. As an immedi-
ate consequence of (18) and Proposition 2.2 note that (G) is a finite utility
filtration if and only if

fff)f%(w/w’) Piw,dw") d{M,M); dP(w) < oo.

Starting with the assumption that (G) is a finite utility filtration, which

thus amounts to E fol a? d{M, M) < oo, we derive the validity of Condition
3.1.

In the sequel, (G:) denotes a finite utility filtration and « its predictable
information drift, i.e.

(19) M=M- f | oy d(M, M),
0
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is a (G1)—local martingale. To prove absolute continuity, we first define ap-
proximate Radon-Nikodym densities. This will be done along a sequence
of partitions of the state space which generate the respective o—fields of the
bigger filtration. So let t! = 5; foralln > 0 and 0 < i < 2". We denote by
T the set of all /. It is possible to choose a family of finite partitions (")
such that

e forallte Twehave G) =o(P":i,n>0s.t t! =1),
° 7)1’,11 c 7)i+1,n

o ifi<jn<mandi2™ = j2°", then Pi" C Pim,

We define for all n > 0 the following approximate Radon-Nikodym densi-
ties

- ki(w, A)
n A 2 2 t
yt (CL)/O) ) - o 1 f” t" l](t)lA( ) (a), A)

Note that Ik,*((‘:) i)) is (¥;)—predictable and l]t;:,tlyzﬂ](t)l Al’) is (G1)—predictable.

Hence the product of both functions, defined as a function on Q% x [0, 1], is
predictable with respect to (F; ® G;). By the very definition, for Py—almost
all (w, t) € Qx[0, 1] the discrete process (y"(w, ))m=1 is amartingale. Tohave
a chance to see this martingale converge as m — oo, we will prove uniform
integrability which will follow from the boundedness of the sequence in
L*(Py(w, -)). This again is a consequence of the following key inequality (for
more details see [4]).

Lemma 3.1. Let 0 <s <t <1and P = {Ay,...,A,} be a finite partition of )
into GY—measurable sets. Then

¢ n t
f ( ) (AR 1o, M, M>u<4E( f 2 d<M,M>u)<oo.

Proof. An application of Ito’s formula, in conjunction with (16) and (19),
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14

yields

=

[14, log Ps(-, Ax) — 14, log Pi(-, Ap)]
1

- [ftp(lAk) ae AP, AY)

f Oy L 5l AP, A, P, AW

[ f K A0 14, dit, - f K, A L, dM, M),

1 (MY
f AL+ f (P—) (-, A 1, dM, M),

t
1 A 1A ]

o~
=

M i
»—‘ I\)H

Note that Py(-, Ax) log Py(-, Ax) is a submartingale bounded from below for
all k. Hence the expectation of the left hand side in the previous equation is
at most 0. One readily sees that the stochastic integral process with respect
to M in this expression is a martingale and hence has vanishing expectation,
while a similar statement holds for the stochastic integral with respect to
the singular parts L. Consequently we may deduce from Eq. (20) and the
Kunita-Watanabe inequality

EZ f( )(Ak>1AAd<MM>u
< EZ[f P_M('/Ak)lAkau d<M/M>u]
k=1 Lvs ~#

t n 2 % t %
SE{ f Z(ij—) (-, A0 s, d<M,M>uJ E( f a d<M,M>M) :

k=1

which implies

t
fz( ) (-, AQ) 14, d(M, M>u<4E(f a2 d(M,M)u).

This completes the proof. O
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Lemma 3.1 will now allow us to obtain a Radon-Nikodym density

1
process provided the given information drift a satisfies E fo a? d(M, M) <
co. Note that our main result implicitly contains the statement that the
kernel k; is a signed measure on the o—field Q?, Py—a.e.

Theorem 3.2. Suppose that the information drift « satisfies E fol a? d(M, M) <
co. Then the kernel k is absolutely continuous with respect to Py(w, -)|g9_, for
Py—a.a. (w,t) € Qx|[0,1]. This means that Condition 3.1 is satisfied. Moreover,
the density process y provides a description of the information drift of (Gy) relative
to (F1) by the formula

ai(w) = yw, w).

Proof. By definition and Lemma 3.1 (y"(w, -))m=11is an 12(Py(w, -))-bounded
martingale and hence, for a.a. fixed (w, t), (y"(w, -))m=1 possesses a limit y.
It can be chosen to be (7; ® Gi)—predictable. Take for example

yr = iminf(y} v 0) + lim sup(y} A 0).
Now define a signed measure by
bl ) = [ 14@)2(0,0)dP @, de),

Observe that k;(w, ) is absolutely continuous with respect to Py(w, -) and
that we have for all A € P with 27 <t

l;t((t), A) = kf((t), A)

for Py—a.a. (w,t) € QX [0,1]. By integrating, we obtain the equation
t
(21) Piw, A) = P(A) + f ks(w, A) dM + LA (w)
0

forall A € Upny Pim. Since the LHS and both expressions on the RHS are
measures coinciding on a system which is stable for intersections, Eq. (21)
holds for all A € G? . Hence, by choosing ki(-, A) = k(-, A) forall A € ¥,
the proof is complete. O

We close this section by illustrating the method developed by means of an
example.

Example 3.1. Let W be the Wiener process, P the Wiener measure, 7—'t° the
filtration generated by W, a > 0, ©(a) = 1 Ainf{t > 0 : W; = a}, 6 > 0,
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H? =o(tAt+06)and G¥ = F vV HY. Again let (;) and (G)) be the smallest
respective extensions of (¥") and (G?) satisfying the usual conditions. An
investor having access to the information represented by (G:) knows at
any time whether within the next 6 time units the Wiener process will hit
the level a, provided the level has not yet been hit. In this example, the
information drift of (G;) is already completely determined as the density
process of k;(w, -) relative to P(w, -) along the o—algebras H to (this follows
from a slight modification of the proof of Theorem 3.1).

LetS; = sup,_,., W;, F(a,x, u) = P(t(a—x) < u) and recall that F(a, x, u) =
fou \/;7 exp(— (“;;)2 )dy, for all x < a (see Ch.III, p.107 in [25]). Note that

for all ¥ < u <1 we have Py(w, {t(a) < u}) = (5,50 + Lis,<aF(a, W, u — 7). It
is straightforward to show that

d
k(w, (1@ A E+06 < u)) = 1[o,u]<r)(1[o,f+b>(u>;F(a, W, u—1)
Flppeg (1) | =L Wt+6—))
[#+8,00)\U ox a, ¥y, r

and consequently the density process of k,(w, -) relative to P,(w, ) along H?
is given by

2,0 = Tastran Ol - = S
~ 5:Fa, Wi(w), )
’ ox

So the process ai(w) = yi(w, w) is the information drift of (Gy).

4. Additional Utility and Entropy of Filtrations

As in Subsection 3.2 let X = (X;)o<i<1 be a semimartingale, () and (G/)
two finite utility filtrations such that 7 c Gy, t € [0,1], and let u be the
information drift of (G;) relative to (F;). As before we assume that there
exist countably generated filtrations (‘Fto) and (g?) such that (¥;) and (Gy)
are obtained as the the smallest respective extensions satisfying the usual
conditions.

Let the decomposition of X with respect to (¥;) be givenby X = M +1 -
(M, M), where M = (M;)o<t<1 is an (F;)—local martingale. To simplify the
analyis we will assume throughout this section that M has the predictable
representation property (PRP) with respect to (7;). We aim at showing
that the utility difference ug(x) — us(x) can be interpreted as a conditional
entropy of the enlarged filtration (G;) with respect to (7;). If we did not
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assume (PRP), then we would obtain that the additional utility is only
bounded by this entropy (see [4]).

Recall that the entropy of a measure u relative to a measure v on a
o-algebra § is defined by

[log ( o | S) dP, if 1 < v on S and the integral exists,
00, else.

Hs(ullv) = {

We first fix a time s € [0,1] and try to measure the entropy of the
information contained in G° relative to the filtration (%), conditional to
the o—algebra 7. To this end we introduce an auxiliary filtration obtained
by enlarging (¥,) with G at time s,

i = Fu if0<u<s
T Neu B VG, ifuels, 1]

and we denote by p° the information drift of (%) relative to M. The

conditional entropy of the c—algebra G? relative to the filration () on the
time interval [s, t], t € (s, 1], will be defined by

H(s, 1) = f Hao(Py(w, MPu(, NdP(w).

We will now show that 2 H(s, t) is equal to the square-integral of u® on Q x
[s, t]. To this end let (£™),,>0 be an increasing sequence of finite partitions
such that o(P" : m > 0) = G°. Then

(s, 1) = f Hao(Pu(w, MPu(w, )dP(w)

=E )" [lalogPy(, A) - 14log Pi(-, A)]

Aepm
_EZ[ f—( A) 1,4 dN, — f—( A) a5, d{M, M),
Aepm
1 (k. \
+5 f (P—) (, A) 14 d(M, M), ,

where the last equation follows from (20). Since M is a local martingale,
we obtain by stopping and taking limits if necessary

t 2
H(s,H=E Y U A) gty d(M, M), — 1f (;‘)_) (,A)1, d(M,M)M].

Aepm
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Lemma 3.1 implies that ), ycpn (1];—“)2 (w, A)14(w’) is an LA(P,(w, -))-bounded

u

martingale for Py—a.a. (w, u), and therefore, by Theorem 3.1

t 2 t
lim E f Y (1';—) (-, A) 14 d(M,M), = E f (L5 d(M, M),
5 Aepm 5

m u

Similarly we have

t t
lim E f Y 1’§—”<-,A) 14t d(M, M), = E f () dM, M.
mn S pepm ¥ s

and hence
f
(22) His )= 5E f ()2 d(M, M.

We are now in a position to introduce a notion of conditional entropy
between our filtrations (G?) and (#°). For any partition A : 0 = fg < #; <
... < t = 1 we will use the abbreviations Y, = Y, and [T, = [Tt,
Definition 4.1. Let (A") be a sequence of partitions of [0, 1] with mesh |A”|
converging to 0 as n — co. The limit of the sums Y. H(ti—1, ;) asn — oo
is called conditional entropy of (g?) relative to (‘Fto) and will be denoted by
Hgolfﬂ.

Theorem 4.1. The conditional entropy Hgogo is well defined and it satisfies
1 1
Hgov:ﬂ = EEf yid(M,M)u
0

Proof. Let(A")beasequence of partitions of [0, 1] with mesh |A| converging
to 0 as n — oo. For all A" we define auxiliary filtrations

D= ﬂ(ﬁo VG iftelt, til.

s>t

Since all (D)) are subfitrations of (g?), the respective information drifts "
of M exist. It follows immediately from Eq. (22) that

t
3 a1 = 5E [ dcot, M.

An

As it is shown in Theorem 4.4 in [4], the information drifts y” converge in
L*(M) to the information drift u. Consequently, the conditional entropy of

(@?) relative to (7)) is well defined and equals 1E fol p2(M, M),,. O
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The conditional entropy Hgoiro can be interpreted as a multiplicative inte-

gral along the filtration (GY). More precisely, if for any s < t < 1 we define
s, t,w,’) = Pf(a”:) go(a)’), and if A is a partition of [0, 1], then

Pi(w,-) , ,
ZA“?{(ti_l, Z f ( f Pttlw )|g ()P (@, de’) | dP(w)
= log d(ti1, ti, w, w)dP(w)
ZA:f ogd(ti—1,ti,w,w w
= flong(ti_l,ti,w,w)dP(a))
A

In the special case where (G?) is obtained by an initial enlargment with a
Plwr) | _ Pw,)
Plw g P@) |y

Hgoro = f(flog % G(G)(a)’)Pl(a}, da)’)) dP(w)
= Hre0(6)(P1(w, dw’)P(dw)||P @ P).

and hence

random variable G, we have

The image of the measure P1(w, dw’)P(dw) under the mapping (v, w’) —
(M(w), G(w")) is the joint distribution of M = (M)o<t<1 and G. Conse-
quently, in the initial enlargement case, Hgogo is equal to the entropy of
the joint distribution of M and G relative to the product of the respective
distributions, which is also known as the mutual information between M
and G. To sum up, we obtain a very simple formula for the additional
logarithmic utility under initial enlargements.

Theorem 4.2. Let G be a random variable and Gt = (g Fs V 0(G). Then
ug(x) — ug(x) coincides with the mutual information between M and G.

References

1. J. Amendinger, D. Becherer, and M. Schweizer. A monetary value for initial
information in portfolio optimization. Finance Stoch., 7(1):29-46, 2003.

2. J. Amendinger, P. Imkeller, and M. Schweizer. Additional logarithmic utility of
an insider. Stochastic Process. Appl., 75(2):263-286, 1998.

3. S. Ankirchner. Information and Semimartingales. Ph.D. thesis, Humboldt Uni-
versitét Berlin, 2005.

4. S. Ankirchner, S. Dereich, and P. Imkeller. The shannon information of filtra-
tions and the additional logarithmic utility of insiders. Annals of Probability,
34:743-778, 2006.

5. S. Ankirchner and P. Imkeller. Finite utility on financial markets with asym-
metric information and structure properties of the price dynamics. Ann. Inst.
H. Poincaré Probab. Statist., 41(3):479-503, 2005.

STOCHASTIC PROCESSES AND APPLICATIONS TO MATHEMATICAL FINANCE
- Proceedings of the 6th Ritsumeikan International Symposium

© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/economics/6330.html



20

7.

8.

9

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24

F. Baudoin. Conditioning of brownian functionals and applications to the mod-
elling of anticipations on a financial market. PhD thesis, Université Pierre et
Marie Curie, 2001.

F. Biagini and B. Oksendal. A general stochastic calculus approach to insider
trading. Preprint, 2003.

L. Campi. Some results on quadratic hedging with insider trading. Stochastics
and Stochastics Reorts, 77:327-248, 2003.

. J. Corcuera, P Imkeller, A. Kohatsu-Higa, and D. Nualart. Additional utility of
insiders with imperfect dynamical information. Preprint, September 2003.

F. Delbaen and W. Schachermayer. The existence of absolutely continuous local
martingale measures. Ann. Appl. Probab., 5(4):926-945, 1995.

C. Dellacherie and P.-A. Meyer. Probabilities and potential, volume 29 of North-
Holland Mathematics Studies. North-Holland Publishing Co., Amsterdam, 1978.
D. Duffie and C. Huang. Multiperiod security markets with differential in-
formation: martingales and resolution times. J. Math. Econom., 15(3):283-303,
1986.

H. Follmer and P. Imkeller. Anticipation cancelled by a Girsanov transfor-
mation: a paradox on Wiener space. Ann. Inst. H. Poincaré Probab. Statist.,
29(4):569-586, 1993.

D. Gasbarra and E. Valkeila. Initial enlargement: a bayesian approach. Theory
of Stochastic Processes, 9:26-37, 2004.

A. Grorud and M. Pontier. Insider trading in a continuous time market model.
International Journal of Theoretical and Applied Finance, 1:331-347, 1998.

P. Imkeller. Enlargement of the Wiener filtration by an absolutely continu-
ous random variable via Malliavin’s calculus. Probab. Theory Related Fields,
106(1):105-135, 1996.

P. Imkeller. Random times at which insiders can have free lunches. Stochastics
and Stochastics Reports, 74:465-487, 2002.

P. Imkeller. Malliavin’s calculus in insider models: additional utility and free
lunches. Math. Finance, 13(1):153-169, 2003. Conference on Applications of
Malliavin Calculus in Finance (Rocquencourt, 2001).

P. Imkeller, M. Pontier, and F. Weisz. Free lunch and arbitrage possibilities in a
financial market model with an insider. Stochastic Process. Appl., 92(1):103-130,
2001.

J. Jacod. Grossissement initial, hypothese (H’), et théoréme de Girsanov. In Th.
Jeulin and M. Yor, editors, Grossissements de filtrations: exemples et applications,
pages 15-35. Springer-Verlag, 1985.

Th. Jeulin. Semi-martingales et grossissement d une filtration, volume 833 of Lecture
Notes in Mathematics. Springer, Berlin, 1980.

Th. Jeulin and M. Yor, editors. Grossissements de filtrations: exemples et appli-
cations, volume 1118 of Lecture Notes in Mathematics. Springer-Verlag, Berlin,
1985. Papers from the seminar on stochastic calculus held at the Université de
Paris VI, Paris, 1982/1983.

K.R. Parthasarathy. Introduction to probability and measure. Delhi etc.: MacMillan
Co. of India Ltd. XII, 1977.

. L. Pikovsky and I. Karatzas. Anticipative portfolio optimization. Adv. in Appl.

STOCHASTIC PROCESSES AND APPLICATIONS TO MATHEMATICAL FINANCE
- Proceedings of the 6th Ritsumeikan International Symposium

© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/economics/6330.html



25.

26.

27.

28.

21

Probab., 28(4):1095-1122, 1996.

D. Revuz and M. Yor. Continuous martingales and Brownian motion, volume
293 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences]. Springer-Verlag, Berlin, third edition, 1999.

M. Yor. Entropie d’une partition, et grossissement initial d’une filtration. In
Grossissements de filtrations: exemples et applications. T. Jeulin, M.Yor (eds.), vol-
ume 1118 of Lecture Notes in Math. Springer, Berlin, 1985.

M. Yor. Grossissement de filtrations et absolue continuité de noyaux. In
Grossissements de filtrations: exemples et applications. T. Jeulin, M.Yor (eds.), vol-
ume 1118 of Lecture Notes in Math. Springer, Berlin, 1985.

M. Yor. Some aspects of Brownian motion. Part II. Lectures in Mathematics ETH
Ziirich. Birkhduser Verlag, Basel, 1997. Some recent martingale problems.

STOCHASTIC PROCESSES AND APPLICATIONS TO MATHEMATICAL FINANCE
- Proceedings of the 6th Ritsumeikan International Symposium
© World Scientific Publishing Co. Pte. Ltd.

http://www.worldscibooks.com/economics/6330.html





