Chapter 1

Cauchy Problem

1.1 Fundamental Theorems

1.1.1 Statement of Cauchy Problem

We study the system of ordinary differential equation

dr = f(t,x), (t,z) € D (1.1)
dt
where D is a region in the space R x R", and f(¢, ) is an n-vector! valued
function defined on D. The variable z stands for an unknown function
x = z(t) valued in R™, and the integer n (> 1) is called the order of the
system (1.1). The region D is, in general, assumed to be open in the space
R x R™.
If x = ¢(t) is a differentiable function in the interval J C R, satisfying

WO _ fet)  (re ),

then = = ¢(t) is called a solution of (1.1) on J. In geometry, a solution
x = @(t) of (1.1) represents a curve I' in D, called an integral curve of (1.1).

Initial- Value Problem Given a condition
z(to) = 2o, (to, o) € D, (1.2)

find a solution x = x(t) of (1.1) on some interval J, such that it satisfies
the initial condition (1.2) (see [21]).

n this book, a vector will be always understood as a column-vector even if it is
sometimes written in a row-form for simplicity.
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The above initial-value problem is sometimes denoted by (1.1)+(1.2),

or briefly by
(B): =), ) =0,

where (to, zo) is called an initial point in D. In literature, an initial-value
problem is also called a Cauchy problem, for a memory of the contribution
of Cauchy to the theory of differential equations.

In geometry, a solution x = ¢(t) of (F) stands for an integral curve of
(1.1) passing through the initial point (tg,xo) in D.

On the other hand, it is easy to show that z = z(t) is a solution of (E)
on J if and only if © = x(t) satisfies the integral equation

t
m:a:0+/ f(s,x)ds, Vite (1.3)
to

The initial-value problem (F) is mainly concerned with the existence
and uniqueness of solution, and as well as the dependence of solution on
initial condition (or parameter). We will consider these problems in the
fundamental theorems mentioned below (see [78], [21], [56] and etc.).

1.1.2 Awuziliary Lemmas
Now, we introduce the following lemmas, which are the basic techniques in
the analysis of differential equations.
Arzela-Ascoli Lemma Let X be a compact region in the space RP (p >
1. If

fn: X — R? (neZb)
3

is a sequence of uniformly bounded? and equi-continuous® mappings, then
there is at least a uniformly convergent subsequence of {fn}.

2 That is, there is a constant Bg > 0, such that
|fn(2)] < Bo vV z € X), for all n € Z+.
3 That is, given any € > 0, there is a § = §(¢) > 0, such that whenever |u — v| <
0 (u, v € X), we have

[fn(u) — fn(v)] < e, for all n € ZT.
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Proof. The proof is well-known in literature (see [21]). O

Gronwall Lemma Ifu(t) is a continuous function, satisfying the integral
inequality

0 <ult) < C+ K/t w(t)dt  (ty <t <t), (1.4)

where C > 0 and K > 0 are constants, then

u(t) < C e t=to), to <t <t (1.5)

Proof. We apply a useful technique in the analysis of inequality. Letting

w(t) = /t u(t) dt (to <t <t1),

to

and using (1.4), we obtain

dl;—z(f)—Kw(t) < C, w(ty) =

It follows that

4 w(t)e K < Ce KL
dt

Then, integrating from ¢y to t(> to), we have

w(t) < % [eK(t_tO) — 1],

which together with (1.4) yields the desired inequality (1.5). O

1.1.3 Peano Theorem

Cauchy was the first person in history to prove the existence and uniqueness
of solution of the initial-value problem (FE), during the period of 1830’s,
under the assumption that f(¢,z) and f.(¢,x) are continuous in (¢, z) € Q,
where ) is a local neighborhood at the initial point (to,z¢). In 1886,
Lipschitz improved the Cauchy theorem by using a simplified condition
(i.e., the Lipschitz condition defined below) to replace the continuity of
fi(t,x). In 1890’s, Peano proved the local existence of solution of (E)
merely under the continuity condition of f(t,z) on Q.
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Now, we begin to consider the most elementary theorem; namely, the
Peano Theorem. Without loss of generality, assume f(¢,z) is a continuous
function defined in the rectangular region

Q ={t,x)eD: Jt—to|<a, |z—z0|<b},
centered at the point (tg,xo), with some constants a > 0 and b > 0. Then
fix the constants
b
M > sup |f(t, )] and h:min{a, —}
(t.2)€Q M
Now, we are ready to prove the Peano Theorem.

Theorem 1.1 If the function f(t,x) is continuous in (t,x) € Q, then
the Cauchy problem (E) has at least a solution x = ¢(t) on the interval
I = [to—h,to—Fh].

Proof. We apply the method of Tonelli approximation (1910’s) to the
initial-value problem (E) as follows.
For a given integer m > 1, define

xo, astéeElto—h/m,to+h/m],

t—
b (t) = Zo +/t f(t,om(t))dt, as t € [to+ h/m,to+ hl, (1.6)

0

t+L
20 +/ "t dm(®) dt,  as t € [to — hyto — h/m).
to

It can be seen from (1.6) that for ¢t > to, the function ¢y, (t) is first defined
in the sub-interval [to, to + h/m]; and next it is extended to the sub-interval
[to+h/m,to+ 2h/m] via the integral; and in a similar manner, to the third
sub-interval [to + 2h/m,to + 3h/m]; and finally to the last sub-interval
[to + (m — 1)h/m,tg + h]. Therefore, ¢,,(t) is defined on the right sub-
interval [to,to + h|. Similarly, the function ¢, (¢) is defined on the left
sub-interval [tg — h, to].

The above-defined sequence {¢,,(t)} is called the Tonelli sequence on I.
It can be verified by using (1.6) that the Tonelli sequence satisfies

| (t) — 0| < Mh (tel), (1.7)
and

|pm (t2) = dm(t1)] < Mlta —t1| (1, t2 € 1), (1.8)
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for m > 1. The property (1.7) states that the Tonelli sequence {¢,,(t)}
is uniformly bounded on I, while the property (1.8) says that the Tonelli
sequence {¢n,(t)} is equi-continuous on I.

Then, using the Arzela-Ascoli lemma, we conclude that the sequence
{édm(t)} has at least a uniformly convergent sub-sequence {¢,,(t)}. Then,

o(t) = lim oém(t)  (tel)

m;—00

is a continuous function. Let m = m; in (1.6). It follows from the uniform
convergence of {¢.,,(t)} that

o(t) = 20 + / flto@)dt  (tel).

This proves that x = ¢(t) is a solution of (F) on I.
The proof of the Peano theorem is thus completed. O

As an application of Peano theorem, we prove the following famous
result in analysis.

Implicit-Function Theorem Given the equation
g(t,x) =0, (1.9)

where g(t,x) is a C! - differentiable (n-vector valued) function in (t,z) € Q,
if it satisfies the condition

g(to, o) =0 and det [g.. (to, z0)] # 0, (1.10)

then the equation (1.9) defines a unique differentiable implicit-function x =
o(t) onto — a <t < to+ «, satisfying the initial condition x(tg) = xo,
where a > 0 is some small constant.

Proof. Let us consider the auxiliary Cauchy problem

dx

(B): o =—{ato} lgt),  a(t) =

The assumption on g(¢,x) implies that the function

ft, @) = —{g,(t,2)} " gi(t, x)

is continuous in the neighborhood of (tg,zo). Hence, the Peano theorem
asserts that the Cauchy problem (E*) has at least a (differentiable) solution
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2 = ¢(t) on some local interval |t — to| < a. Then we have
dg(tv (P(t)) o / d(p(t)
= g1(t, (1)) + g (t, (1)) (~{gz(t, 2)} " gi(t, 2)) = 0,

which yields

g(t, () =C (|t —to| < a),

where C' is an arbitrary constant. Then, using the initial condition given
in (1.10), we obtain

C = g(to, p(to)) = g(to, v0) = 0.

Therefore, © = ¢(t) is a solution of the equation (1.28), satisfying the initial
condition x(tg) = xo. This proves the existence of implicit-function.

For the uniqueness part, assume x = ¢1(t) and x = po(t) are any
implicit-functions of (1.9) in the interval |t — to| < «, satisfying the initial
condition ©®1 (to) =Ty = Y2 (t()).

Let g;(t, z) be the i-th component of ¢(¢,z), and let

hi(A) = gi(t, p1(t) + Apa(t) — @1(1))-
It follows from the mean value theorem that

hi(1) — h;(0) = hj(N\), 0< N\ <1,
which yields

Gt 02(8)) — it 01 (1)) = P2 (1. E) (p(0) — 1 (1),

where fNi is a vector given by

§i = p1(t) + Xi(w2(t) — ¢1(1)))-

Hence, we have

0=g(t ¢1(t) — g(t, p2(t)) = Glp1(t) — w2(t)), (1.11)
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where G is an n X n-matrix given by

B, (t,&1) oz, (t.&)

, for |t —to| < a.
3gn nd 8971 &
8331 (ta gn) 83311 (t7 Sn)

It is noticed that (¢, él) tends to (tg, o) whenever a approaches to 0. Hence,
the matrix G is thus sufficiently near to the non-singular matrix g_(to, o).
It follows that G is invertible if « is small enough. Using (1.11) leads to

p1(t) = p2(t) (|t —to] < ).

We have thus proved the uniqueness of the implicit function.
The proof of the implicit-function theorem is thus completed. |

1.1.4 Cauchy-Lipschitz Theorem

Let us introduce the Lipschitz condition. Assume the function f(¢,z) is
defined on Q. If there is a constant L > 0, such that for any points (¢, u)
and (¢,v) in @ we have

[f(t,u) = f(t,0)] < Llu—vf, (1.12)

then we say that f(t, z) satisfies the Lipschitz Condition on Q) (with respect
to x), and L is called the Lipschitz constant. It is obvious that the Lipschitz
condition is merely the simple property of differentiability condition, but a
Lipschitzian function may be not differentiable.

In literature, the following existence and uniqueness theorem of solution
is called Cauchy-Lipschitz theorem.

Theorem 1.2 If f(t,z) is continuous in (t,z) € Q and satisfies the
Lipschitz condition (1.12), then the initial-value problem (E) has one and
only one solution x = p(t) on I.

Proof. Since f(t,z) is continuous in (¢,x) € @, then Peano theorem
guarantees the existence of solution of (F) on I. Hence, it suffices to prove
the uniqueness of solution of (F).
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Assume x = ¢(t) and = = ¥(t) are solutions of (E) on the interval
[t — to] < « for some constant « > 0. Then we have

o(t) = zo + t ft,ot)dt  (jt—to| < o),
and
P(t) = zo + t fty@)dt (|t —to] < a).

It follows from the Lipschitz condition that

[9(t) — o(t)] <

/t F(E0(0) — F(E 6(0)) dt‘

<

et —¢<t>dt\, t—to] <

to

If t > tg, we have
t
o(t) — b(t)] < / LIp(t) — o)t (to <t <to+a).

It follows from the Gronwall lemma (with u(t) = |1(t) — ¢(¢)|, C = 0 and
K = L) that

[Y(t) —o(t) <0 (to <t <tp+ ).

Hence

Y(t) = o(t) (to —a <t < tg).

The uniqueness of solution of (E) is thus proved. So, the proof of
Theorem 1.2 is complete. U

It follows from the Cauchy-Lipschitz theorem that if the initial condition
is given and the differential equation is sufficiently regular, the solution of
the corresponding Cauchy problem is predicable. In this sense, the Cauchy
problem is well-posed or deterministic.
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1.1.5 Dependence of Solution on Parameter

1) Now, we consider the dependence of solution on initial condition.

As Poincaré pointed out, even if it were the case that the natural law
of differential equations had no longer any secret for us, we would still only
know the initial data approximately by measuring. Suppose the initial
condition is measured approximately by

z(r) =€, (1.2%)

Naturally, there is an error between the approximate condition (1.2*) and
the given condition (1.2). Hence, we have to consider the error between the
solutions of the corresponding Cauchy problems

B T fw), «r)=¢,
and
dx
(Eo) : E = f(t71')7 x(to) = X,

where (F) is the perturbation of the Cauchy problem (Ey). For convenience,

let p = (7,€) and py = (to,x0) be the corresponding conditions. Hence, the

problem concerns the dependence of solution of (F) on the initial data p.
Let

G={(r8e@: |r—tol<h/4, |§—mz| <b/2}.

It follows from Peano theorem that for each initial condition p € G, the
Cauchy problem (F) has at least a solution, existing on the interval Iy =
[to — h/4,to+ h/4]. Tt is noticed thar the solution of (E) may be unique or
not. Anyway, let = ¢(t,p) be a solution of (E).

Lemma 1.1  If the solution of (Ey) is unique on the interval Iy, then for
any given constant € > 0, there is a constant 6 > 0, such that

|¢(tap) - ¢(tap0)| <kg, fO’f’ te IO?
whenever |p — po| < 4.

Proof. Assume the contrary. Then there exists g > 0, such that for any
small constant §; > 0, there is a point (¢;,p;) € Iy X Bs,(po), satisfying

|¢(ti, pi) — d(ti, po)| > 0. (1.13)
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Let ; — 0 when ¢ — oo. It follows that p; — pg as ¢ — o0, and
{t;} has at least a cluster point ¢ € Iy. Without loss of generality, assume
ti — tasi — oo.

On the other hand, it can be easily proved that {¢(¢,p;)} is a uniformly
bounded and equi-continuous sequence on the interval Ij.

Using the Arzela-Ascoli lemma, we conclude that there is a uniformly
convergent subsequence ¢(t, p;, ). Moreover, we can easily prove that

¢(t) = hm (b(t?pik) (t € IO)

Qg —00

is a solution of (Fy). Then, the uniqueness of solution of (Ey) implies the
identity: ¥(t) = ¢(t,po), for all t € Ij.
On the other hand, using (1.13) for its limit as ¢ — oo, we obtain

[¥(8) = 6(t, po)| > <o,

which is in conflict with the identity: ¥(t) = ¢(t, po).
We have thus proved Lemma 1.1 by contradiction. O

The following theorem is a consequence of Lemma 1.1. It states the
continuous dependence of the solution z = ¢(t,p) of (E) on the initial
condition p € G.

Theorem 1.3  Assume f(t,x) is continuous in (t,z) € D. If the solution
x = o(t,p) of (E) is unique for each initial point p € G, then x = ¢(t,p)
is continuous in (t,p) € Iy X G.

2) Next we consider the dependence of solution on parameter.

It follows from the substitutions ¢t = s+ 7 and z = z + £ that the
initial-value problem (FE) is transformed into the following one

B): Ty, 20)=0,

where u = (7, ) is a parameter and g(s, z; 1) = f(s+7, z+€) is a continuous
function of (s, z; ).

Sometimes, the natural law of differential equation may indeed depend
on certain parameter.

It leads us to consider a general form of Cauchy problem as follows

dx
(E)\) : % = f(ta x; )‘)7 I(to) = Zo,
where A is a parameter-vector in a compact region A C R® and f(¢, z; A) is
a continuous function of (¢, z;A) € @ x A, which is valued in R™.
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Similar to Cauchy problem (E), fix the constants

b
h* = min{ a, — d M > £z 0,
mm{a M*} an (t@;)\In)%)éng | £t x5 \)]
with the interval I* = [to — h*,to + h*].
Proposition 1.1 If (E)) has a unique solution on I* for any A € A, then
its solution x = p(t, \) is continuous in (t,\) € I* X A (i.e., the solution of
(E\) 1is continuous for the parameter \ € A).

Proof. Given (1,0) € I* x A, assume (tg, \p) € I* x A is any sequence
tending to (7,0) as k — oo.
It suffices to prove that for any given € > 0, we have

lp(te, Ak) — @(1,0)] < g, as k — oo.

Assume the contrary. Then there are a constant g > 0 and a sequence
(tk, k) tending to (7, 0), such that

lo(te, Ai) — (7, 0)| > eo, as k — oo. (1.14)

Since x = ¢(t, A\;) is the solution of (E}, ), we have

t
sa(tw\k)=a:o+/ St o(t, Ak); Ax)) dt, tel”, (1.15)

which leads to the following conclusions:
1) |o(t, Ai)| < |xol + M*h*, fort € I*
(it means that p(t, \) is uniformly bounded in I*);
2) lp(t, Ag) — (s, A\p)| < M*|t —s]|, fort, s e I*
(it implies that p(t, \) is equi-continuous in I*).
It follows from the Arzela-Ascoli lemma that there is a uniformly conver-

gent subsequence of (¢, Ax) on the interval I*. Without loss of generality,
assume ©(t, Ag) is uniformly convergent on I*, and let

lm oot Ax) =9(),  tel

which together with (1.15) yields

w(t):x0+/ FLp():o)dt,  tel
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Then the uniqueness of solution implies

P(t) = p(t,0), tel”. (1.16)

On the other hand, it follows from (1.14) that

(1) = @(7,0)| = g0 > 0,

which is in conflict with (1.16).
Proposition 1.1 is thus proved by contradiction. O

As remarked above, since (E) can be reduced to (E,,), Theorem 1.3 is a
consequence of Proposition 1.1. Hence, (F) is well-posed whenever f(t,x)
is continuous in (¢,2) € @ and the solution of (F) is unique.

Note that the following result is an important consequence of Lipschitz
condition.

Corollary 1.1 If f(t,z; A) is continuous in (t,x;\) € Q X A and satisfies
the Lipschitz condition with respect to x, then the solution x = ¢(t,\) of
(E\) is continuous for the parameter A € A.

3) Finally, we consider the differentiability of solution for parameter.

Theorem 1.4 If f(t,z;)\) is continuous in (t,z;\) € Q x A and C'-
differentiable with respect to (x,\), then the solution x = @(t,\) of (E\) is
existent on I* and C'- differentiable for the parameter \ € A.

Proof. Let {¢m,(t,\)} be the Tonelli sequence of (E)), defined by
Om (t,\) = xo, as t € [to — h*/m,to + h*/m];
t—h*/m
ot N =zat [ s, 05,50 ds,
to
as t € [to + h*/m,to + h*];
t+h™/m
ot N =zat [ 5. 0m(s, )50 ds,
to

as t € [to — h*,to —h*/m],
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Since f(t,x;\) is C! differentiable with respect to (x, \), we have

Opm (t, )

o =0, as t € [to — h*/m,to + h*/m];

Obm(t,\) [T TOf ¢m(s,N) | Of
oA _/to [% o\ +5] as,

as t € [to + h*/m,to + h*];

Aom(t,N) [T TOf Odm(s,\) | OFf
o / [%7& +a} ds,

as t € [to— h*,to — h"/m],

where
of _ . of _ ,
% —f$(57¢'m(57>\)3A) a‘nd 5 _fA(Sa¢M(S7>\)7A)7
(m=1,2,---).
It follows from the Gronwall lemma that
Opm(t,A) :
(1) The sequence —Qan uniformly bounded in I*;

0dm (t, N)
oA

Using Arzela-Ascoli lemma, assume without loss of generality that
O¢m (t, A)/OX is uniformly convergent on I*. Let

(2) The sequence is equi-continuous in I*.

= ((t, A).

It follows that
(8 A) = /tt [ (E,0(t, A); C(E, A) + fA(E, @(t, A); A)] dt.
0
Therefore, z = ((t, A) is the solution of the Cauchy problem
 — FUtplt VNG N + PN, a(t) =0,
which together with Proposition 1.1 implies that z = {(¢, \) is continuous in
(t,A). On the other hand, as shown above, ¢, (¢, A) uniformly converges to
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o(t, A) and 8%57&“) uniformly converges to ((¢,\) when m — oo. Hence,
we have the partial derivative

‘pl)\(tv )‘) = C(ta /\)7

which is continuous in (¢, A) € I* x A.

On the other hand, it follows from ¢} (¢, \) = f(¢, o(t, A); A) that p(¢, A)
is C* differentiable in (¢, \) € I* x A.

The proof of Theorem 1.4 is thus complete. O

Theorem 1.5 If f(t,) is continuous in (t,z) € Q and C' differentiable
with respect to x, then the solution © = p(t,T,&) of the Cauchy problem (E)
is C differentiable with respect to the initial condition (7,€) € G.

Proof. As mentioned in the Cauchy problem (E,), this theorem seems
to be a special case of Theorem 1.4. However, we have to make a remark
as follows.

Indeed, the differentiability of = = ¢(t, 7,&) with respect to £ can be
proved through Theorem 1.4 by using a substition x = z + £, where the
corresponding partial derivative 9¢,, /9 is continuous.

However, it can be seen that the differentiability of z = (¢, 7,£) with
respect to 7 cannot be proved in this way, since the continuity of the partial
derivative O¢,, /0T depends on the continuity of f/(¢, ), which is in question
since we do not assume even the existence of f/(t,z). Therefore, we have
to change the method of proof.

For this aim, let us modify the Tonelli sequence {¢,,} of (E) as follows:

t
qu(t,ﬂf):é“—i—/ f(,&)dt, as t € [t —h/4dm, T+ h/4m];

[

m h
f (t + R,(bm(t,r, 5)) dt,

7'+4}7Ln

¢m(tm§):§+/ f(t,g)dt+/

T T

as t € [T+ h/4dm,T + h/4];

r—-h

T o
onttr =+ [ sgas [ f (1= fontn) .

as t € [t —h/4, 7 — h/4m],

(m=1,2,--).
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We see that {O¢.,/07} is continuous. Therefore, this sequence {¢n,} is
available to prove Theorem 1.5 in a similar manner as before. O

1.1.6 Carathéodory Theorem

In 1920’s, Carathéodory generalized the initial-value problem

dz
(Eo) . d_ = f(tﬁl‘) y m(to) = X0
t
to the following sense (see [21]).
If © = p(¢) is a function absolutely continuous in the interval J, such
that it satisfies the differential equation

O (t) = f(t,o(t)) (for almost all t € J),

and the initial condition ¢(tg) = zo, then x = ¢(t) is called a generalized
solution of (Ey) on J.

The following theorem is called the existence theorem of Carathéodory,
which is widely applied in the modern theory of differential equations.

Theorem 1.6 Let the function f(t,x) be defined on Q. Assume f(t,x)
is measurable in t for each fixed x, and continuous in x for each fixed t. If
there exists a Lebesque-integrable function m(t) on the interval [t —to| < a,
such that

lftx) <m(t)  ((t) €@), (1.17)

then there exists a generalized solution x = p(t) of (Eo) on a local interval
[t —to] < a (for some constant a > 0).

Proof. The proof of this Theorem is similar to that of Theorem 1.1 if we
use the Lebesgue’s integral instead of the Riemann integral therein. g

1.2 Method of Euler Polygons

Roughly speaking, there are three elementary methods in the theory of
differential equations for approximating the solution of the initial-value
problem (Ep). When the function f(¢,z) is lipschitzian for the variable
x, the Picard’s successive approximation is the most concise method of
approximation. But if f(¢,z) does not satisfy the Lipschitz condition for
x, the Miiller’s example expresses that the Picard method is not useful
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(see [21]). However, both the methods of Euler’s polygonal approximation
and Tonelli’s approximation can still work in that case. By the way, we
point out that the Tonelli method is a unified method for proving all the
fundamental theorems as we did above.

In the next subsection, we will simplify the proof due to Gardner [68]
for the existence of primitive function in calculus through the method of
Euler’s polygonal approximation without use of integration.*

1.2.1 Existence of Solution off Integration

In particular, the Euler polygonal approximation in the planar case can be
used to prove the Peano theorem without the helps of the Arzela-Ascoli
lemma and even the idea of integration (see [68]).

Now, we introduce the proof of Gardner with modifications.

1) Consider the Cauchy problem

(Eo) . Cfl—x = f(t71')7 x(to) = X,
t
of first order differential equation, where f(t, ) is a continuous function on
the planar rectangular region @, centered at (to,zp). Let M and h be the
positive constants and I = [tg — h, to + h] be the interval defined as above.
For simplicity, we are confined in the case of right-hand interval [to, tg + h].
The case of left-hand interval [tg — h, to] can be considered in a similar way.
Given an integer m > 1, divide the interval [tg, to + k] by the points

to <ty < -+ <tmo1 <tm(=to+h), (1.18)
with
Om = 1Sizg5n{(ti —ti—1)} — 0, as m — 00.
Let L,, be the Euler polygon of (Fy) with the cusps:
P, = (t;,x;) (i=0,1,---,m),
where
Tiv1 = x; + f(ti, zi)(tig1 — i), 1=0,1,---,m—1.

41t is already known in analysis that the existence of the primitive function without
use of integration can be proved by the Weierstrass’s polynomial approximation theorem.
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Hence, the Euler polygon L,, is given by the formula
x:Lm(t) :$¢+f(t¢,$i)(t—ti) (te [ti,tH_l]), 0<i<m-—1.

It follows from |f(¢,z)| < M that when ty <t < tg+ h, we have

i—1

Lo () = wol <Y |f (ths @p) [(besn — L) < M.
k=0

It follows that the sequence of Euler’s polygons {L,,(t)} is uniformly
bounded on ty <t < tg+ h.

Denote by s, and 5, the lower-limit and the upper-limit of a sequence
Sm, respectively. It is well-known in textbook that

Lin(7) = Lin(y) < Lin(z) = Lin(y) < Lin(z) — Lin(y). (1.19)

Let 7, s € [to, to-+h] with s # 7. It follows from (1.18) that 7 € [t,, tpt1)
and s € [ty,t4+1) for some integers p, g satisfying 0 < p, ¢ < m—1. Without
loss of generality, assume p < q.

2) Then we will prove the inequality:

min f(t;,z;) < Ln(s) = Ln(7) < min f(t;,x;). (1.20)

p<i<q S—T — p<i<q

In fact, let A = (¢, Lin(t)) and B = (s, Ly (s)). Consider the auxiliary
points

F,=(t,M,(s—1)) and Fy, = (t, Mp(s — t)),
where

M, = pngl%xqf(ti,xi) and M, = Join. (i, x;).
Then we have a triangle A having the vertices A, F, and Fj,.
It is noticed that the slopes of the sides AF, and AF, are equal to M,
and My, respectively, (M, < M,).
Now, let us consider the sub-polygon L,,[A, B] on L,, with the cusps

Aa Ep-i-la ) Eqa B.

Since the line-segments

AE,r1, FByiBpra, -, E B, (1.21)
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have the slopes

f(tpvxp)a f(tp-l-la mp-i-l)v IR f(tqvxq)a

respectively, we can prove by induction that each line-segment in (1.21) lies
in the triangle A. Hence, we have

Lm[A, B] = AEP+1 @] Ep+1Ep+2 J---u EqB C A7

which implies that the line-segment AB is contained in A. It follows that
the slope of AB is bounded between the slope M, of the side AF, and the
slope My, of the side AFy,. We have thus proved the inequality (1.20).

3) Finally, define the function

Y (t) := limsup L,,(t), to <t <to+h.

m— 00

Let 7, 7+ o € [to,to + h] (0 # 0), and let £ = Y (7). Then we have

Y -Y 1
(r+o)=¥() _ 1], Sup Ly, (7 +0) — limsup Ly, (7)] .
g

g m—o0 m— o0

It follows from (1.19) that

lim inf Lin(7 +0) = Lin(7) < Y(r+o0)-Y(7)

m— 00 g g

< limsup

m— 00

)

Ly(m4+0) — Ly (1)

which together with (1.20) yields

. Y(r+o0)=Y(7)
(t,%lenQu{f(t’x)} < - < (mm)%)éga{f(t’ )},

where
Qo={(t,z) | [t—7[<]o|, [z—¢ <Mlo|}.
Then, letting 0 — 0, we get
Yi(r)=f(r¢) (o<T<T7+h)

It follows from £ = Y (7) and Y (to) = z¢ that z = Y(¢) is a solution of the
Cauchy problem (Ey) on the interval [to, o + h.
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Therefore, we have proved the existence of solution of the planar Cauchy
problem (Ej) without using the Arzela-Ascoli lemma and even the idea of
integration.

We can prove in a similar manner that

x = Z(t) = liminf L,,(t) (to<t<to+h)

m — o0

is a solution of the planar Cauchy problem (Eg), with the property that
Z(t) <Y(t), to<t<to+h.

Remark Since the solution y = F(z) of the Cauchy problem

dy

— = f(x), 0)=0

L= ), y0)
is a primitive function of f(z) (i.e., F'(x) = f(x)), we have proved, as a
corollary of the above result, the existence of primitive functions for the
continuous functions without using the idea of integration.

1.2.2 Maximal Solution and Minimal Solution
Consider a planar Cauchy problem

dx

(Eo) : E = f(t71')7 x(to) = X,

where f(t, ) is a continuous function in the region
Q: [t —to] <a, |x—axo|<h.
Now, let k be a positive integer. Assume x = ¢ (t) is a solution of the

Cauchy problem

d 1
(Ey) : d—f:f(t,a;)—&-g, 2(to) = 2o,

and z = ¥y (t) is a solution of the Cauchy problem

dx

(E_1)1) E:f(t,x)—%, 2(to) = 0.

Lemma 1.2 If x = x(¢) is a solution of the Cauchy problem (Ey), then

Ye(t) < x(t) < on(t), to<t<to+h (1.22)
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The proof of (1.22) is trivial, and is thus omitted.

Moreover, it can be shown that the sequences {¢x(t)} and {¢y(¢)} are
uniformly bounded and equi-continuous in the interval [to, to+h]. It follows
from the Arzela-Ascoli lemma that they have uniformly convergent sub-
sequences, respectively. Without loss of generality, assume

)= lim ¢(t) and  U(t)= lim o),

for t € [to,to + h]. It follows from (E),;) and (E_;;) that 2 = &(t) and
x = W(t) are solutions of the Cauchy problem (Fp), and (1.22) implies

U(t) < x(t) < B(t), to<t<to+h, (1.23)

where z = x(t) is any solution of (Ejy).

In this sense, © = @(¢) is called the mazimal solution and z = ¥(t) is
called the minimal solution for the planar Cauchy problem (Ejp).

Hence, when f(t,z) is continuous in Q C R2, there exist a maximal
solution and a minimal solution of (Fy) on [to, to+h]. The maximal solution
equals to the minimal solution if and only if the solution of (Fp) is unique
on [to, to + h]

A similar conclusion can be derived on the left-hand interval [to — h, to].

1.3 Local Behavior of Integral Curves

1.3.1 Integral Bozx

Let f(t,z) be a continuous n-vector field in the region D C R x R™. It
follows from the Peano theorem that there is at least a solution x = ¢(t, 7, §)
of (1.1) passing through each initial point (7,¢) € D.

Assume the solution z = ¢(t, 7, £) passing through each point (7,&) € D
is unique. Then it can be shown that the local behavior of the solutions
{o(t,7,€)} is quite simple in geometry.

In fact, it follows from Theorem 1.3 that the solution = = ¢(t, 7,&) of
(E) is continuous in (¢,7,€) € Iy X G. In particular, for the fixed 7 = tq,
the solution x = ¥(t,€) = ¢(t,to,&) represents the integral curve I'c of
(1.1) passing through the initial point (¢o,&). It follows that the solution
x = 1(t, €) is continuous in the box

BO:{(tag)GRXRn : |t_t0|§h/47 |£_$0|§b/2}7
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with the property that

¢(tv§1) 7é w(tv§2) (O’f’ F§1 n F§2 = Q) — 51 7é 52-

To={(tr)eQ: z=y(tE), [t—to| <h/4 (|&—wo| <b/2)}.

T (K8 = (GLy(tE) (1.24)

is a topological transformation from By onto T, with the property that
the straight line-segment

Le ={(t,§) € Bo: [t —to| <h/4}
is transformed onto the integral curve

e ={z=9(t,&) : [t —to| <h/4}

(i.e., T (Le) = I¢). It follows that the family of integral curves {I¢} in ¥y
is topologically equivalent to that of parallel lines {L¢} in By, such that
Le = T Y(Iy) for any It € 7.

The set 19 of integral curves is called an integral box of the differential
equation (1.1) across the initial point (tg, o) (see the following Fig.1).?

yA X\
| -
% ’ T ————
% —D_/‘;:' ~— %Nt—r—
:_/:/—-I |+|
o xlo 3 o xlo t=
(Fig. 1)

We have thus proved the following result:

5Where the (¢, z)—space is replaced by (z,y)—space.
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Theorem 1.7  If the solution © = p(t,7,€) of differential equation (1.1)
satisfying the initial condition x(7) = £ is unique for each (1,€) € G, then
there is an integral box Yo of (1.1) across the initial point (tg, o).

1.3.2 Peano Broom

If the solution of the Cauchy problem (FE) is not unique, there are at least
two integral curves of (E). Then

Q2(E)={T: T isan integral curve of (E) in Q }

is called the Peano broom of (E). Sometimes, for convenience, a Peano
broom is also considered as the point-set occupied by the integral curves
therein.

Example 1.1 Consider the planar Cauchy problem

dy
(En) : 7y = VIl b, y(zo) =0, (1.25)
where b is a constant. It can be shown that

(1) If b # 0, then the solution of (E7) is unique. Hence, (E7) has no Peano
broom;

(2) If b =0, then the solution of (E) is not unique. It is not hard to find
the Peano broom

1 2
Oéyéz(x—:vo), 0<z—29 < 00;
2(Eq) = )
—Z(x—aro)QSySO, —oco < x—x9 <0.

Hence, there is a Peano broom at each point xy on the line y = 0, which
is a singular solution of the differential equation dy/dx = +/|y|.

In fact, Peano broom exists at each point of a singular solution. We
have trivial examples of differential equations, which have Peano brooms
across all points of the singular solutions. But it is not trivial to find a
differential equation having Peano brooms across all points in a region.

Example 1.2 In the paper [84], Lavrentief gave such an example

dy

I =9 (z,9), (1.26)
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where g*(z,y) is a continuous function defined on a closed square
Q={(zy) eR*: [z <1, [yl <1},

such that the differential equation (1.26) has a Peano broom across each
point in the square Q. It is said in literature (see [109] and [102]) that the
differential equation (1.26) admits Lavrentief Phenomenon on Q.

Example 1.3 Let
t=t, x=rcosh, y=rsind

be the cylindrical coordinates in the space (¢,x,y). Consider a spatial
Cauchy problem

dr do :
E_(L ﬁ—\/|sm9|,

r0) =1,  6(0) =

(E2) :

Since the integral

¢ de
/0 gl (for ¢ #£0)
is convergent, it follows from the Osgood’s criterion (see [21]) that the
solution of (E2) is not unique. Hence, the Cauchy problem (E3) has a
Peano broom {2(E5) on the cylindrical surface Z7 (r = 1). The intersection
of 2(E>) and the plane T, (t = ¢ > 0) is an arc A, on the circle S. = Z1N7T..
If the condition

2m do
0o +/|sind|

is satisfied, then the arc A, is a proper sub-arc of S,; if

c <

. 2T do
“Jo /|sin6]’
then the arc A. covers the circle S.. In any case, the Peano broom 2(F5)
is a two-dimensional region on the cylindrical surface Z;.

This example shows that the Peano broom of differential equations
in three-dimensional space R® may contain no three-dimensional interior

point. However, it can be seen from the Lemma 1.3 below that the Peano
broom of differential equations in two-dimensional plane R? contains at
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least a two-dimensional interior point. Generally speaking, the structure of
Peano brooms in higher dimensional space is rather complicated.

1.4 Peano Phenomenon

Consider the differential equation

dx

— = f(t, ), 1.27

= f(t) (1.2
where the vector field f(t,z) is continuous in the region D C R x R™. Since
we consider the local behavior of the solutions of (1.27), there is no loss of

generality to assume that the region D is a strip
S={(tz): [t <1, zeR"},
centered at the origin o, and the vector field f(¢,z) has the property that
f(t,z) =0, (t,z) e S (for |z|>1). (1.28)

It can be seen that the solution z = ¢(t) of (1.27) passing through each
point p = (7,8) € S (i.e., p(7) = &) exists on the interval I = [—1,1].

It follows from Theorem 1.7 that the differential equation (1.27) has an
integral box 1}, across the point p € S if the solution =z = ¢(t) of (1.27),
which passes through each initial point z € S near the point p, is unique.

If the solution & = ¢(t) of (1.27) passing through the point p € S is not
unique, then there is a Peano broom

2, ={(t,x) € D: x=p(t)is asolution of (1.27) passing through p }

across the point p € S. In this case, the solution of (1.27) passing through
the initial point p is not predicable. Really, Peano phenomenon happens to
the Cauchy problem at p.

1.4.1 Density Theorem on Peano Phenomena

Now, consider the Cauchy problem

dz

E): —

(E) 7

where the continuous vector field f(¢, ) satisfies the property (1.28). It is
obvious that the solution of (F) exists on the interval I = [—1,1].

:f(tvx)v x(O):O,
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The Cauchy problem (E) is called regular if it has just one solution on
I, and singular if it has at least two distinct solutions on 1.

Denote by F the family of continuous functions {f(¢,z)} having the
property (1.28). Define the norm

[fIl = sup [f(t )]

(t,x)eS

It is clear that F is a linear functional space with the norm || - ||.

Consider the partition
F =Fu U Fp,

where Fy and Fp are defined, respectively, by
1) f € Fy if and only if (E) is regular;
2) f € Fp if and only if (E) is singular.
If (E) is singular, then the Peano phenomenon happens to the Cauchy

problem (E). In this case, the solution of (F) is not predicable, and there
is the Peano broom

E)={(t,x) e S: x=¢(t) (t€l) is a solution of (E)}

at the initial point o which describes the chaotic behavior of the Peano
phenomenon.
There arises a natural problem:

How often does Peano phenomenon happen to (E)? or What is the
probability of Peano phenomena happening to (E)?

In what follows, we will prove the following result, which estimates, in
certain sense, the “lower bound” of the probability of Peano phenomena
happening to differential equations.

Theorem 1.8 Fp is dense in F.

Proof. Let fo € F. Given € > 0, using the approximation theorem, we
have a C'*°-differential function f in F, such that

If = foll < % (1.29)

It is clear that the Cauchy problem

(B): = fe), a0)=¢
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has a unique solution =z = @(¢,£). It is obvious that @(¢,£) is C°-
differentiable in (¢,&) € S and satisfies

d(t,€) =&, when || > 1. (1.30)
Denote by It the integral curve of (E); that is,
Ie={(t,x)eS: x=&(t¢E), tel}.
Consider the integral box
r={I:: {€R"}

which agrees with the strip S as a point set.
Then we have a topological mapping

T (K = (8 ()
from S onto T, such that
To(Le) = I,
where
Le={(t,x) e B: x=¢ tel}

is a horizontal straight line-segment in S.

It follows from the property of the mapping .7, that the family of integral
curves {I¢} in T is topologically equivalent to the family of parallel line-
segments L¢ in S.

Furthermore, 7, has a continuous tangent map

Ty Sx (RxR") — Tx(RxR").

If the roles of the regions S and 7" are ignored for brevity, .7 is a linear
map

Ty - RxR* — RxR"
defined by
1 0,
fit 2(t,€)  2{(t.€)
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where 0,, denotes the n-row null vector, and &;(t,£) is the Jacobian matrix.
It follows from (1.30) that &/(Z,&) is the unit matrix for (¢,€) € S when
|€] > 1, and is thus bounded in S. Let

|62l < Bo, (1.31)

where By is a positive constant. It follows that Jj is a linear continuous,
invertible and bounded map, such that

Py 1 - 1 -1 1 - 1
GWty) e ()-6)

where 0 is the n-column null vector.
Finally, let A(u) be a continuous function in u € R, satisfying

a/|ul, lu| < 1;
(u) =
0, lul > 2,

with some small parameter o > 0. It is clear that the Cauchy problem

d
o A@), u(0)=0 (ueR)
dt
is singular.
Then consider correspondingly the Cauchy problem

(B): Z=g), 0)=0  ((12)es),
where
A(Zl) z1
g(z) = ; z=1| : | eR™
A(zn) Zn

Take a sufficiently small constant o > 0, such that
£
2By’

It can be seen that (E*) has a Peano broom 2(E*) in S. Let

(-

lgll < (1.32)
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Then the Cauchy problem
(E) : —:f(t7$)7 I(O)ZO,

has the Peano broom 2(E) = Zo(2(E*)). It implies
f e Fp. (1.33)

On the other hand, we have

(0-6)-=()-=()-<C)

which yields

It follows from (1.31) and (1.32) that

. 1
1f = fll = I 2¢gll < Bollgll < 5e-

Finally, using (1.29), we have

If = foll <&,
which together with (1.33) implies that Fp is dense in F.
The proof of Theorem 1.8 is thus completed. O

Theorem 1.8 shows that the Peano phenomena are dense among the
differential equations of order n for any integer n > 1.

1.4.2 Scarcity Theorem on Planar Peano Phenomena
1) Now, consider a planar Cauchy problem

dx
(EO) : d_ = f(t7x)7 fE(tO) = Zo,
t
where f(t,z) is a continuous and bounded function defined on the planar
strip

So={(t,z) eR?: [t <1, zeR'}.
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Denote by § the family of continuous and bounded functions on Se, and
let

IfIl = sup [f(t )],

(t,x)€S2

be the norm of a function f € §. It can be verified that § is a (complete)
Banach space.

It is noted that for f € §, each solution of the differential equation
dxz/dt = f(t,z) exists on the interval I = [—1,1].

Assume the solution of (Ep) is not unique. Then (FEy) has a Peano
broom (2(Ey) across the initial point (o, zo).

On the other hand, when the solution of (Fp) is not unique, there exist
a unique maximal solution @(t) of (Ep) and a unique minimal solution ¥ (t)
of (Ep) on the interval I. Let

={(t,x)eS: Ut)<xz<P(t), tel}.
Lemma 1.3  If the solution of (Ey) is not unique, then the Peano broom
2(Ey) = 2*.
Proof. Let
reooa=o (e,
be an integral curve of (Ep). It is follows from
U(t) < o(t) < o(t) (tel)

that I' C 2*.
On the other hand, given a point

(1,6) € 27,

the differential equation dz/dt = f(¢,x) has at least a solution x = w(t)
passing through the initial point (7,&) (i.e., u(r) = ). Since f(¢,x) is
bounded on S, x = u(t) exists on the interval I.

If © = wu(t) is bounded by the minimal solution ¥(¢) and the maximal
solution @(t) on the interval I, then we have

P(t) <u(t) < B(t),  tel,

which implies ¥(tg) = u(to) = P(to) = zo. It follows that = = wu(t) is a
solution of (Ejy), which passes through the point (7,§).
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If = w(¢) is not bounded by ¥ (¢) and ¢(¢), then there exist a constant
a € [—1,7) and a constant § € (7, 1], such that
U(t) <u(t) < o(t),  te(ap),
satisfying
u(a) = ¢(a) or ¥(a) and  u(B) = ®(B) or ¥(B).

For definiteness, assume

Then, let
(1), as t € [-1,al,

w(t) =4 ul), as t € (o, 3),

(i), as t € [8,1].

It can be easily seen that = w(t) is a solution of (Ep), which passes
through the point (7, &).

Therefore, we have proved that the set 2* is covered by the integral
curves of (Ep).

Lemma 1.3 is thus proved. O

Corollary 1.2 Since ¢(t) # ¥(t) on I, the planar Peano broom (2(Ey)
contains at least an interior point (and thus at least a rational interior point
p* = (t*,x*), where t* and x* are rational numbers).

Remark 1.1 [t can be seen from the Example 1.3 that a spatial Peano
broom may contains no spatial interior rational point.

2) Now, let

§=3JvUsp

be the partition defined by the planar Cauchy problem (Fy) in a similar
manner as the partition of the space F mentioned above.

It is known that the measure theory holds in a complete Banach space.
Therefore, there is a normal measure p in §, such that u[§] = 1 and u[O] >
0 for any open set O C §.

The following theorem asserts the scarcity of Peano phenomena among
the planar differential equations (see [102]).
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Theorem 1.9  There is a normal measure v in §, such that v(Fp) = 0.

Proof. For brevity, we will give a sketch of the proof. Let
So={g9€¥: 9(0,0)=0}.
Then §g is a linear subspace of §. It follows that, for given f € §, we have
flt,z) = fo(t,z) + A,
where fo € §o and A = £(0,0) € R'. Hence,
§=3Jo xR (1.34)

Since g is a closed subset in §, it is measurable.
On one hand, for any g € §o, we have

{9} xR =({g} x Au(9))U ({g} x Ap(g)) (1.35)

where the sets Ay (g) and Ap(g) are defined as follows:

Ay(g) ={ eR: g(t,2)+AeFul;

Ap(g) ={ eR: g(t,z)+ A€ Fp}.

On other hand, for any positive integer n, let
(n) _ . _ S 1
s ={resr: maxiow - ol 1.

It is clear that ng) is a closed set and is thus measurable. Since
sp=J 3%,
n>1

§p is also a measurable set.

Let pp be the restricted measure of p in the subspace §g, and let o be
the Lebesgue measure in R, Then, v(-) = uo(-) x o(-) is a well-defined
measure in the product space §o x R(= ).

Besides, the initial-value problem (Fy) can be put in the form:

dx N
(E)x : pri frtx)+ A, z(to) = zo,
where f* € §o.
Lemma 1.4 If \; # Ay, the Peano broom 2((E)y,) does not intersect
the Peano broom Q2((E)\,) except at the initial point (to, o).
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Proof. We claim that the solution of (F)j, does not intersect the solution
of (E)», except at the initial point (¢g, zg).
For definiteness, let

A < /\27 (136)

and let x = x1(t) and x = x5(t) be the solutions of (E)y, and (E)y,,
respectively. It is noticed that

xl(to) = $2(t0) = X0.
It follows that there is a constant o > 0, such that
$2(t)>$1(t), to <t<tg+ .

It suffices to prove that tg + o > 1.
Otherwise, we have t; =9+ a <1 (t; > t9 > —1), such that

x2(t) > x1(t) (to <t <t1) and  x2(t1) = z1(t1),
which implies @ (t1) > x4 (¢1). That is,
frt,xa(t)) + M > f7(t, 22(th)) + Ae.
It follows from f*(t1,21(¢t1)) = f*(t1, z2(t1)) that
A1 2> Az,

which contradicts the assumption (1.36).
Therefore, we have

xa(t) > x1(¢) (to <t <1).
Similarly, we can prove
za(t) <ai(t) (=1 <t <to).
The proof of Lemma 1.4 is thus completed. O

Now, for given f € Fp, we have f = g+ X with A € Ap(g). Using
Corollary 1.2, we choose a fixed rational point p} in the interior of 2((E)x).
It follows from Lemma 1.4 that the Peano brooms {2((E),)} corresponds,
one by one, to the rational points {p}}. Hence, Ap(g) is a countable set.
It follows that o(Ap(g)) = 0.
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Finally, using Fubini theorem with (1.34) and (1.35) in mind, we get

vz = [ [ andpo= [ otar(e)duo = [ 0duo=o.
Fo JAp(g) So So

which proves Theorem 1.9. U

Theorem 1.9 states that Peano phenomena are scarce among planar
differential equations (i.e., differential equations of first order). Indeed,
in this sense, it estimates the “upper bound” of the probability of planar
Peano phenomena happening to the Cauchy problem (Es) for f € F.

However, we do not know whether or not the Peano phenomena are
scarce among differential equations of higher-order too. Anyway, it can be
seen from the proof of Theorem 1.9 and the Remark 1.1 that it is not trivial
to prove the scarcity of Peano phenomena in higher dimensional space.

1.5 Convergence Theorem on Difference Methods

1.5.1 Classical Difference Methods

Consider the Cauchy problem

E): Y iy, ) =

dx
where f(z,y) is a continuous n-vector valued function of (z,y) in a closed
rectangular region @ C R' x R™. On the one hand, it is well-known in
the theory that the Cauchy problem (FE) has at least a solution y = ¢(x)
on the interval I = [zg — h, 2o + h]. On the other hand, it is a problem
in the application to compute the solution. In literature, there is a large
number of approximation methods in numerically solutions of differential
equations (see [70] for example). The difference methods are widely used in
numerical analysis. Since our treatment is admittedly elementary, we are
only concerned with the convergence problem of difference methods.
Suppose that the integral curve

I y = p(2), zo—h <z <>+ h,
is interpolated by a finite number of points

S - (x4, Yi), 1=0,+£1,---, £m,
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such that y; = y(x;), where
To—h=2_, < - <x_1<z0<21< " <Xy, = X9 + h.
Let

Om = 031%%—1 (33¢+1 - xz)
Assume S, converges % to Iy as d,, — 0.
The main idea of difference methods is to find out such a series S,,
through an approximation

Ay;
Az = F(xlv Yis Yi+1, 5)3 0 <i<m-— 17 (137)

of the Cauchy problem (E), where

Ayi _ Y1~y dy
AQZ‘¢ Ti4+1 — Ty dx

and

The difference scheme is given by the approximation (1.38), which is usually
determined by the first few terms of the Taylor expansion

F(xi, yi, Axi) = f(w; + Awg, y; + Ay;)

= f(xi,yi) + [folzis i) Awy + fi (i, yi) Ayil

1

o1l
Based on the knowledge of the convergent series from calculus, we know
that the accuracy of our approximation improves with the number of terms
retained. On the other hand, the description of the higher-order terms gets
more and more complicated and the associated calculations more profuse.
The basic idea of the Runge-Kutta methods is to preserve the order of a
Taylor approximation (in the sense of the error involved) while eliminating
the necessity of calculating the various partial derivatives of f(z,y) that are
involved. The alternative proposed by these methods involves evaluating

o [y (o, ) N2 + 210 A Dy + [, (@i, y) A%y + - -

YiYi

61n fact, the point sequence Sy, is understood here as a polygonal approximation with
vertices (z;,y;) (1 =0, £1, ---, £m).
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the function f(x,y) at certain judicious points rather than evaluating the
specific partial derivatives.

Example 1.4 The Euler polygonal approximation is in fact a simple
difference method given by

Yir1 = Yi + F (x4, yi, Ax;)Awy, (1.39)
where
F(l‘uyi, AJJi) = f(xiayi)'

Example 1.5 The Runge-Kutta approximation of order 3 is given by the
following collection of formulas:

Yir1 = Yi + F(xq, v, Axy) Axy, (1.40)
where
i +4v; i
F(x,yi, Az;) = M7
6
and

U; = f(xlayl)a
v = f(@i + $Azi, yi + $ui),
wi = f(x; + Az, yi + 205 — uy).

Example 1.6 The Runge-Kutta approximation of order 4 is given by the
following collection of formulas:

Yir1 = Yi + F(xq, v, Ax;) Az, (1.41)
where
i+ 2b; +2¢; + d;
F(xi,yi,Aari) _ a; + + 2¢; + ,
6
and

a; = f(irzayl)a
bi = f(zi + 30z, y; + 3a;),

d; = fx; + Az, ys + ).
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1.5.2 Generalized Difference Schemes

In 1971, W. Gear generalized the classical difference methods into a unified
form as follows.

Let us approximate the solution of (E) by the difference equation:

Yir1 — Yi = (@ig1 — i) F (24, ¥iy Yit1, Azy) (Az; #0),
Tig1 = x4+ Az, i=0, £1, £2, -, £(m — 1), (1.42)

with x4,, = x9 £ h,
where the function F'(z, y, z, A) is continuous on the region
D*: Jrx—mo|<a, ly—yo| <b, |z—20| <b, |\ <c
and satisfies the consistency condition:

F(z,y,y,0) = f(z, y). (1.43)

The scheme (1.42) satisfying the consistency condition 1.43 is called
the Gear’s difference equation of (F), which unifies the classical difference
schemes.”

In what follows, the consistency condition (1.43) will be tacitly assumed
when we consider the scheme (1.42).

If the finite sequence

{(xlayl)eQa ZZO) ilvvi(m_l)v
Sm -

with Az; =201 —2; #0, Tip = x0 £ A,
satisfies (1.42), then S, is called a solution of the difference equation (1.42).

The following result (due to Gear) is a general convergence theorem of
difference methods.

Theorem 1.10 If F(z, y, z, A) is a continuous function in the region D*
and satisfies the Lipschitz condition (with respect to y and z):

|F(x7 Y1, 21, )‘) - F((E, Y2, 22, )\)| S L(lyl - y2| + |Zl - Z?')? (144)

"Compared with the Runge-Kutta methods, the Gear’s scheme is concerned with
a more accurate approximation of f(z,y) (for example, the difference computations of

VACHDE
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then the solution of (1.42) converges to the solution of the initial-value
problem (E) as the mazimal steps
m = max |Az; — 0 (if m — o0).
0<[i|<|m~1]

This theorem proves the convergence of the approximate solutions of
Gear’s difference equations. It can be seen that if F(x, y, z, A) satisfies
the Lipschitz condition (1.44), then f(z, y) satisfies the Lipschitz condition
with respect to y. But, the converse is uncertain. Therefore, a natural
question arises:

Does the solution of the Gear’s differential equation (1.42) converge to
the solution of (E) only if f(x,y) is lipschitzian with respect to y?

The application of difference methods is really dependent on the answer
of this question. The following theorem gives an affirmative answer to the
question (see [28]).

Theorem 1.11 If the solution y = @o(z) of Cauchy problem (E) is
unique, then the approzimate solution of the difference equation (1.42) is
convergent to y = Po(x) as 0y — 0.

We will give the proof in the following several steps.

1.5.3 Preparatory Works

Take a constant

M > max F(x,y,z, A
> (z,y,m)eD*l (2,9, 2, )|

Let

a=min (a b 5—g
- 7M+1 ) _m7

where m is a positive integer, satisfying m > a/c.

Without destroying the generalization, we only consider the right-hand
solution [yo, y1, - - , Ym] for the points z;11 = x;+4d, i =0,1,---, m—1.
The general case can be discussed in a similar manner.

Lemma 1.5 The difference equation (1.42) has a right-hand solution
[Yo, Y1, -+, YUm)], satisfying

(zk,yk) € Q (k=0,1,---,m). (1.45)
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Proof. 1t is clear that (zo,y0) € Q. Now, assume (z;,y;) € Q for j =
0517"' 7ka (k<m)7 and

Then, we want to find the point yxy1 of (1.42) when ¢ = k. It needs to
prove the existence of the implicit solution z = yx11 of the equation

z =1y + F(zk, yx, 2, 0)0.
For this aim, let
G(z) = yr + F(xk, yr, 2, 6)0.

It is clear that y = G(z) is continuous on the closed ball By(yo) (i-e.,
|z — yo| < 1), and satisfies the condition

1G(2) = yol < |yr — yol + 0| F (k, Y, 2, 0)]

(1.47)
ke
m m

Therefore, y = G(z) is a continuous mapping from the closed ball By(yo)
into itself. Using the Brouwer fixed-point theorem (see the subsequent
chapter of fixed point theorems), we assert that the mapping y = G(z) has
at least a fixed-point, denoted by yx+1, in By(yo). It follows that

Yrt1 = Yk + F(@k; Yy Yrt1, )6, |yrtr — yol <.
Then, it follows from the method of induction that (1.42) has a right-

hand solution [yo, y1, - - , Ym], satisfying (1.45).

In a similar way, we can prove that (1.42) has a left-hand solution.

Lemma 1.5 is thus proved. O

Now, for a right-hand solution [yo, Y1, *** , Yk, Yk+1," " »Ym] Of (1.42),
construct an interpolation as follows. Let

1
AYr = Yk — Yr—1, wg = gAyk,
then
wk:F(l'kflaykfl7yk7 5)7 (k:]-a 277m)a

in particular, let

wo = F(xo, Yo, Yo, 0).
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Assume
AWk 1 = Wri1 — Wk (k=0,1,--- ,m—1).
Then, on the interval
Jr = [xo + k6, x0+ (kK +1)d],
construct the following function
gi(2) =y + (x = 2p)[wir1 — (2 — 211) 202 Awga ]
(k=0,1,---,m—1).

Lemma 1.6 For each k ((0 < k < m — 1)), the function gi(x) has the
following properties :

1L ge(wk) = Yk, Gr(The1) = Yky1s
2. gk(ffk) = Wk, gk(fkﬂ) = Wk41;
3. g (@) — wep1| < [Awpya].

Proof. Property 1 is obvious. It follows from the definition of g (x) that
9e(2) = w1 — (2 — 2531) (37 — Tpg1 — 228)0 2 Awpegr,
which implies
9r(Tr) = W1 — Awpgr = wy, Gk (Thi1) = Wiyt
Property 2 is thus proved.
Finally, denoting by (y); the i-th component of the vector y, we have
(9(2))i = ()i + (& = @) [(Wer1)i — (& = Tp41) 20> (Awperr)a].

Because the function

"

(g(2)); = — (62 — dwppr — 224)0 " (Awggr )i,

changes its sign once only in the interval Jj, the parabola
u = (gx(@)); = (Wht1)i — (Dwgsr)i (@ — 1) (32 — Tppr — 225)07°

assumes its maximal and minimal value only possibly at the end-points of
the interval Jj or at the point of vertex
2Tp41 + Tk

3 3

corresponding respectively to the values:

r=I=
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(1) (gr(z))i = (wi)i = (Wrt1)i — (Awg41),
(2) (92($k+1)i = (Wr41)s,
(3) (91(2))i = (wiy1)i + 5(Awpp)s

It follows that |(g},(z)); — (wk+1):| has the maximal |(Awg41)i|. We have
thus

9% (2) — wig1] < [Awpga],

which proves Property 3.
The proof of Lemma 1.6 is thus completed. O

Then, on the interval J = [zg, zo + o], define the Spline function Z,,(z),
such that Z,,(v) = gx(z) for z € Ji, (0 <k <m—1).

Lemma 1.7 The Spline function Z,,(x) has the following properties:

(1) Zy(x) € C*(J) ;
(2) Zp(xk) = yi, Z,,(xr) = wi, , and

| Z3 () — wry1| < Awppa]  (z € Jp);
(8) (x,Zm(x)) € Q, if |Awgs1| < 1.

Proof. Properties 1 and 2 are immediately derived from the definition of
Zm(z) and Lemma 1.6.
Then, it follows from

120, (@) = wist] < [Awera| 1
that
| Zp (@)] < |wpga| +1 < M +1.
Using the Lagrange mean-value inequality for vector-function, we get

|Zm (x) = yol = [Zm(x) = Zm(x0)|
<sup|Z;,(§)| - & — 2ol < (M + 1a <D,
fed

which implies the Property 3.
The proof of Lemma 1.7 is thus completed. (]
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Now, consider the remainder
Rp(x) :=Z! (2) — F(x, Zin(2), Zim (z + 5),6),
for z € [xg, xo + (m — 1)d] ; and
Ry (x) := Ry (o + (m — 1)0),
for z € (o + (m —1)6, 0 + a].

Lemma 1.8 The remainder R,,(x) is continuous on the interval J, and
converges uniformly to 0 as m — oo.

Proof. Lete > 0. Since the function F' is continuous on a closed bounded
region D, there is a constant o > 0, such that if

e —2| <o, |ly—y*|<o, |z—2"<o,
the inequality
5
|F(z,y,2,0) — F(z*,y", 2%, 0)| < 5

is valid on D.
On the other hand, using (1.42), we conclude that if

m > N = min {nEZ: n>@},
then
|AYkt1| = |0F @k, Yrs Yrt1,6)| < %(M‘Fl) <o,
fork=1,---,m—1, and thus
s=2 <M+ <o
m = m

It follows that if m > N, we have
g
|Aw1| = |F($an07y155) _F(x05y07y055)| < 5)
and

€
|Awg 1] = [F(@r, Yr, Yrt1,0) — F(Tr—1, Y1, Yx,0)| < 3

where k=1,--- ,m— 1.
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Now, for any given x € J, choose the maximal zj, such that z, < z.
We get |z — zx| < 0 < 0, and then

1 Zm(x) =yl = | Zm(2) = Zm(zp)| < (M +1)5 <o
and
| Zm(x 4+ 0) — Ypt1]| = |Zm(x + ) — Zp(zp +0)| < (M +1)0 < 0.
It follows that if m > N and 9 < z < x9 + (m — 1)d, we have

|Rin (%) = 12, (%) — Fx, Zn (@), Zin(z + 6),6)]
S |Z7/—n($) _F(xkayk7yk+175)|
+|F(‘rk7ykayk+175) —F(:C7Zm($),Zm(x+5),5)|

<1Z!(z) — wks1| + % < |Awg41] + % <e.
On the other hand, when = € (zg + (m — 1), xo + o, we have
|Ry(2)] = |Rm (0 + (m —1)0)| < e.

It follows that when m > N, the inequality |R,,(z)] < € holds on the
interval J.
Lemma 1.8 is thus proved. O

It is noticed that although {R,,(x)} converges uniformly to 0, we can
not conclude that {Z,,(z)} converges uniformly.

1.5.4 Proof of Convergence

Now, we need to prove the uniform convergence of the sequence {Z,,(z)}.
From Lemma 1.7, we conclude that

| Zm(2)] < [yol +b, € J.
It means that {Z,,(z)} is uniformly bounded. Moreover, it follows from

|Z],(x)] < M +1
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that Z,,(z) is equicontinuous. It follows from the Ascoli Lemma that there
is a uniformly convergent subsequence {Z,,,(x)}. Letting

C(x) = lim Zp,(z),

j—o0
we have
Fle,¢(2),C(),0) = lim F (x Lo, (), Zmy (2 + 1), ﬁ) |

J=00 m;’m;

It follows from the consistency condition that

F(x,((x),((x),0) = f(x,((x)).
Then, using the definition of the remainder R,,(z), we get

(07

Zn, (z) = Yo + /r [F (x,zmj (@), Zom, (2 + —), —) + Ry, (x)} dz,

o m] m]

and letting m; — oo yields

¢(z) =yo +/I f(z,¢(2)) da.

Therefore, y = ((z) is a solution of (E).

It is noticed that the Peano Existence Theorem (i.e., Theorem 1.1) can
be proved by all the difference methods.

Now we are in a position to complete the proof of Theorem 1.11.

Because the solution of (E) is unique, we conclude that y = ((z) is
equal to the unique solution y = $o(z) of (E).

Claim: y = Z,,(x) uniformly converges to y = ®o(x) of (E).

Assume the contrary. Then {Z,,(z)} does not uniformly converge to

&o(x). It follows that there is a constant €9 > 0, such that for any positive
integer s, there exists x5 € J satisfying

| Z(2s) — Bolws)| > €0 > 0. (1.48)

Without destroying the truth, assume {z,} is a convergent sequence. Let
xs — . Then, similar to the above discussion, we can choose a uniformly
convergent subsequence {Z,, ()} of the sequence {Z;(x)}, which uniformly
converges to a solution of (E). Since (F) has a unique solution y = $¢(z),
we get

lim Z,(z) = Po(x),

J—00
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which is in conflict with (1.48).
We have thus proved Theorem 1.11. a

1.5.5 Necessary Condition of Convergence

Theorem 1.11 shows that the uniqueness of solutions of (E) is a sufficient
condition for the convergence of Gear’s difference approximation.

Now, we claim: The uniqueness of solutions of (E) is also a necessary
condition for the convergence of Gear’s difference approximation.

Proof. In fact, assume the contrary. Let y = &(x) and y = ¢(x) be two
different solutions of (E). Then, we claim that there are Gear’s difference
equations admitting of divergent solutions.

Without loss of generality, we assume

D(x) #Y(x), =€ J=]xo, o+ q].

Now, construct a polygon y = @,,(x) passing through vertex-points
(z;, (x;)) (4 = 0,1,--- ,m). Similarly, construct a polygon y = ¥, (x)
passing the vertex-points (z;,v¥(z;)) (i =0,1,--- ,m).

It is clear that the polygonal approximations y = ¢, (z) and y = o, ()
tend to the solutions y = ¢(x) and y = ¥ (z) of (E), respectively. Consider
the positive constants

1
om = max|p(z) — ém ()| + —
and

1
Tin = max [0(z) — Yo (2)] + —

It follows that ,,, — 0 and 7,,, — 0 as m — oo.
Consider the tube-regions

T, (9) : ly—9o@@)| <om, x€J
and
Tr,, ()« ly—(@)| <1y xE€J,

centered at the integral curves y = ¢(x) and y = ¥ (z) (x € J), respectively.
It can be seen that

om(z) € Ty, (¢) and P, (z) € Tr, (¥), (z e J).
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For the positive integer m, construct a continuous vector-function
F,.(x,y) on Q, such that:
1) When m is odd, let

f(z,y), as (z,y) € Q\ 15, (9);
Fm y = . — ;
BT Enler) =nE) )~ (o i),
1+1 Xy
fori=0,1,---,m—1;
2) When m is even, let
f(z,y), as (z,y) € Q\ Tr,, (¢);
Fm 5 = . _ .
(m y) wm(x;;H-) — djm(xl)a as (%y) = (mhw(xi))a
1+1 Ty
fori=0,1,---,m—1.

Now, construct a continuous vector-function F(x,y, ) on @) with a pa-
rameter A (|A| < «) as follows:
For A <0, let F(z,y,\) = f(z,y). In particular, we have

F(z,y,0) = f(z,y).
For A > 0, there is a unique positive integer m, such that

- < —,

m—+1 m
then define

F(x,y,/\)zw{(g—/\)FmH(x,y)—F(/\— « )Fm(x,y)].

o m m+1

It is easy to verify that F'(x,y, \) is continuous and satisfies
F (xaya g) = Fm(f,y)
m
Then, the initial-value problem (F) admits of a difference equation
Yirr =y = F (g ) (=0, 1, m 1), (1.49)
m m

which belongs to the type (1.42), and has a solution [yo, 41, " ,Ym] satis-
fying:
Om(zK), as m is odd;
Y =

Ym(zE), as m is even,
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where £k =0, 1, --- , m — 1. It can be seen that
(@, ¢(xk)) € T0,,(9), (ks Y(2)) € Tr,,, (1)
(k=0,1,---, m—1). Then, we have

1) If m is odd and tends to 400, then (Tm,ym) — (z,0(x));
2) If m is even and tends to +o00, then (Tm,ym) — (z,¥(z)).

The condition ¢(x) # (x) implies that the approximate solutions
[Yo, Y1, Ym] do not converge.

We have thus proved that when the solution of (E) is not unique, there
exists a Gear’s difference equation, such that the approximate solutions do
not converge.

In this sense, the uniqueness of solutions of (FE) is also a necessary
condition for the convergence of the Gear’s approximate solutions. 0





