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Chapter I 
 
 

Introduction to the State of Large Systems  

and Some Probability Concepts 
 
 

1.1  Purpose of Statistical Mechanics      

 

 In statistical mechanics we are concerned with the physical properties of large 

systems.  We assume the existence of the thermodynamic limit: 

   ˆ, , / 1/ .N V N V n v is finite !  ! " "  (1.1-1) 

Here N is the number of microscopic constituents, V is the volume of the system, n is 

the average density and v̂  is the molecular (or specific) volume. The peculiarity, 

which requires that the mechanics of such a system is “statistical”, stems from the 

fact that such a system is as a rule incompletely defined. By this we mean that the 

equations of motion for such a system cannot be uniquely solved.  Were this true in 

Gibbs' time already for the simple reason of mathematical complexity, the real 

problem is not computational, as is clear from interesting computer simulations 

nowadays available.  Basically, the need for statistical methods stems from the lack 

of detailed information on the system. 

 We will illustrate this for the simple system of one harmonic oscillator.  The 

Hamiltonian is 

   
2
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p q m q

m
#" $

�
 (1.1-2) 

and Hamilton's equations are 

   
2/ ,
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�� ��  (1.1-3) 

We will solve these equations by a somewhat unfamiliar procedure.  If we divide the 

first equation by the second one we obtain 
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2, 0 ,or
dp m q pdp

m qdq
dq p m
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#" % $ "  

which integrates to 
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where �  is a constant of motion.  If we now substitute for p from (1.1-4) into the 

equation for q� we easily obtain 
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or upon integrating 
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 (1.1-5) 

C learly there are two phase functions that are integrals of motion, ( , )F p q  and 

( , )p q
�

, the latter one being an integral of motion proper.  E quations (1.1-4) and 

(1.1-5) directly yield the standard results, 

   
1 2

sin( ), 2 cos( ).q t p m t
m

# ( # (
#
" $ " $

	 	
 (1.1-6) 

The constants � and ( , or 1c and 2c , can be linked to the initial values 0q and 0.p  

 The same procedure can be carried over to a system of N particles, each having r 

degrees of freedom, as was shown by the E hrenfests.1  We now have 2rN Hamilton's 

equations to be satisfied, 

   / , / , 1... .i i i iq p p q i rN" & & " %& & "

 
� �

 (1.1-7) 

The integrals of E qs. (1.1-7) give rise to 2rN constants of motion, all but the last one 

being proper, as is seen as follows.  If we divide the first 2rN – 1 equations by the last 

one, then all the resulting equations are independent of time.  These equations yield 

2rN – 1 phase functions 
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                                      2 1 2 1( , ) .rN rNp q c) % %"  (1.1-8) 

 

U pon substituting these results into the last equation we obtain by quadrature 

                                                   
1 P aul and Tatiana E hrenfest, “The C onceptual F oundations of the S tatistical A pproach in M echanics” , 

C ornell U niversity P ress, Ithaca, N .Y . 1959, pp. 17-19. 
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   2 2( , ) .rN rNp q c t) " $  (1.1-9) 

However, the problem is only solved if all constants 1 2... rNc c are known, or 

equivalently, if all initial coordinates and momenta 
0 0
,

i i
q p are known.  This is of 

course preposterous for a system of, say, 1023 particles! M oreover, only certain 

averages have physical significance. The pu rpose of statistical mechanics is to devise 

methods to handle incompletely know n systems. 

     S o what can be specified for a many-particle system?   F irst of all, for a closed 

system � , V and N are fixed.  F urther, we assume that a representative Hamiltonian, 

involving the basic inter-particle interactions, can be constructed; in addition, there 

may be what Gibbs calls ‘ex ternal parameters’, 1... pA A , such as an electrical or 

magnetic field. F or example, a system of particles with charges i
�  in an external 

magnetic field of vector potential A with C oulomb interactions has the Hamiltonian2 
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 (1.1-10) 

Here we have ignored surface energies which go as
2

3V and disappear in the 

thermodynamic limit; the above system has 3N degrees of freedom and V acts as a 

(non-holonomic) constraint on the position coordinates, while the components of the 

vector potential are external parameters.3 

 We now consider many systems for which the other constants of motion are non-

specified but which all have the same Hamiltonian ( , ;{ }).p q A i

�
 A  large collection 

of such systems is called a microcanonical ensemb le.  S uch systems have the same 

statistical properties, as we will establish later, although their actual coordinates and 

momenta ( )iq t and ( )ip t trace out widely different paths.  L ater we shall introduce 

other open ensembles, which better satisfy the actual thermodynamic specification by 

allowing for variable energy, variable volume, or variable particle number. A lthough 

we shall, at times, introduce a Hamiltonian for such situations –  like the “grand-

Hamiltonian” –  these concepts are artefacts of the formalism.  S trictly speaking, only 

the microcanonical ensemble has a mechanical basis vested in Hamilton's equations.  
 

 We must now extend the discussion to quantum systems, for which a 

simultaneous specification of coordinates and momenta is not possible in view of 

Heisenberg's uncertainty relations. The system is now characteriz ed by a dynamical 

state | ( )t, �  or by its projections on a complete set of many-body states.  While later 

we shall employ suitable occupation-number states (chapter V II), for the present we 

will use the (theoretical) eigenstates {| }- � of the many-body Hamiltonian as a basis. 

                                                   
2 We employ rationalized Gaussian (Heaviside– L orentz) units throughout this text.  
3 M ore completely the Hamiltonian is ( , ; , , ) ( , ;{ }).

i
p q V N p q A'A

� �
 S ometimes we include V and 

N with the external parameters 1... .{ }i pA A A"  
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We have the S chrö dinger equation  

   1 1| ( ... , ) | ( ... , ) .rN rN

d
q q t q q t

dt
i, ,

�
"

�� 
 (1.1-11) 

N ow write  

   | {| |} | | ( ),c t-- -
, - - , -
!
"

!#" $
"

$% %
 

where 1( ) | ( ... , )rNc t q q t- - ,' & ' is the projection on the ‘axis’ |-
!

of the Hilbert space 

and where we used the closu re property | | 1.
-
- -
!)(
"

*
 Then from (1.1-11), starting 

with the rhs, 

   1| | ( ... , ) | ( ) .rN

d
i q q t c t

dt
-- -

- - , -
�,+ -

"
-. .�  

 

Taking the scalar product with | '-
!

and using '' | --- - .
/ 0

" ,we find the transformed 

S chrö ding er equ ation, 

   ' ( ) ' | | ( ) .
d

i c t c t
dt

- -
-

- -" 1 23�  
 (1.1-12) 

The equations (1.1-12) form an infinite set of first order differential equations for the 

projections of the dynamical state | ( )t,
!

on the coordinates of the Hilbert space; 

these take the place of Hamilton's equations of motion.  S ince | (0),
!

is unknown, the 

(0)c-  are unknown. A gain, we need an ensemble to represent the system. While the 

c's for a particular system have no physical relevance, in the next section we will see 

that the average ( ) ( )c t c t- -
/ for all systems in the ensemble is of paramount statistical 

significance. 
 

 

1.2   G amma-Space and its Q uantum E q uiv alent 

 

 J.Willard Gibbs (1839-1903) can be considered to be the father of statistical 

mechanics of large systems.  He developed a statistical representation for such 

systems which, in principle, is applicable regardless of the complexity and the 

strength of the interactions.  His 1902 book “E lementary Principles in S tatistical 

Mechanics” (subtitle “D eveloped w ith S pecial R eference to the R ational Fou ndation 

of Thermodynamics”) still merits reading today.4  His gamma-space (0 -space) or 

phase-space is a multi-dimensional space whose axes are the rN coordinates and rN 

momenta of the constituents of the system.  The state of the motion in the system is at 

any moment represented by the set{ ( ), ( )}i iq t p t ; in the course of time a system traces 

                                                   
4 J. Willard Gibbs, Y ale U niversity P ress, N ew Haven 1902; reprinted by D over P ublications, N .Y ., 

1960. 
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out a complex trajectory in the phase-space.  Generally the Hamiltonian 

[ ( ), ( ), ]p t q t t
4

 will not be separable into a sum of one-particle Hamiltonians because 

of inter-particle energies. In a system of a microcanonical ensemble the energy is 

fixed; hence the trajectory lies on the energy surface ( , ) ,p q "
4 5

 where for 

conservative systems we exclude explicit time dependence in 6 .  The trajectory of 

the representative point can trace out a very complex path, but the curve never 

crosses itself; see F ig. 1-1. This follows from Hamilton's equations.  If the curve 

crossed itself, there would be two or more tangents ( ), ( )i ip t q t
7 7

; however, for well-

behaved Hamiltonians the derivatives / , /i iq p& & & &
8 8

 are single-valued.  It was 

felt by Gibbs, as well as by his near-contemporaries M axwell and Boltz mann, that the 

system trajectory would eventually fill out the entire energy surface; this is part of the 

erg odic prob lem to which we come back in S ection 2.2. 

        

                  

prN q1

q2
energy surface

H(p,q) =  .

 
 

F ig. 1-1.  Gamma-space with the system trajectory on the energy surface. 

 

 The concept of ensemble was introduced to permit statistics without knowing the 

complex trajectory traced out in the course of the time.  Thus, consider at time t the 

representative points of a large number M of systems forming the ensemble. There is 

then a density of points in phase space ( , , ).D p q t  The normaliz ed density fu nction is 

introduced as 

   
1

( , , ) lim ( , , ) .
M

p q t D p q t
M

1
 !

"  (1.2-1) 

C learly then, 

   
1

( , , ) ( , , ) 1 .
rN

i i

i

p q t dp dq p q t d1 1
"

" 2 "3
9 9

 (1.2-2) 

A verages are now introduced according to the usual statistical rules.  L et ( , )F p q  be 

a phase function; then 

   ( ) ( , ) ( , , ) .F t F p q p q t d1" 2
:

 (1.2-3) 
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F or a conservative system 1 does not depend on t explicitly, / 0;t1& & "  we speak of 

statistical equ ilib riu m.  The stationary ensemble average is then 

   ( , ) ( , ) .F F p q p q d1" 2
;

 (1.2-4) 

It is clear that these averages have physical meaning only if they are the same as for 

the time average of a single system, 

   
/ 2

/ 2

1
lim [ ( ), ( )] .

T

T
T

F F p t q t dt
T !
%

" <=
 (1.2-5) 

In S ection 2.1, after the discussion of L iouville's equation, we will fix ( , )p q1  for a 

microcanonical ensemble. 
 

     In the quantum picture the very notion of a particle trajectory has to be 

abandoned.  R ather, we are interested in the probability that the many-body 

eigenstate |- >  is frequented.  A ssuming that a given system of the ensemble has a 

dynamical state | ( ) ,i
t, ?  this probability is given by ( ) ( )i i

c t c t- -
/  –  see any quantum 

text.  Hence, the probability to find a system in a state|- > in the ensemble is the 

ensemb le prob ab ility, 

   
1

( , ) lim ( ) ( ) ( ) ( ) .
M

i i i i

M
i

p t c t c t c t c t
M

- - - -- / /

 !
" "

@
 (1.2-6) 

F or any operator F we now have as average in the ensemble 

   ( ) ( , ) | | .F t p t F
-
- - -" A BC

 (1.2-7) 

This is a “double average”: first we need the quantum mechanical expectation value 

in the state |- > , next we need to average over the probability that the state 

|- > occurs. The question now presses whether the above can be simplified in using a 

single averaging process.  This is indeed the case, providing we introduce the density 

operator, 

   ( ) | ( , ) | .t p t
-

1 - - -" > DC
 (1.2-8) 

Then (1.2-7) can be replaced by 

   ( ) Tr[ ( )] .F t F t1"  (1.2-9) 

F or the proof consider the corollary 

   Tr | |= | | | { | |} | | .
- -

) , - ) , - , - - ) , )>FE E GFE G " E GHE G " E GC C
 (1.2-10) 

S etting | |) -> " > and †| | ,F, -? " ?  the proof follows.  We further note that the 

relationship between ( )t1  and ( , )p t- can be inverted: p is the diag onal part of 1 : 
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   '| ( ) | ' ( , ) .t p t --- 1 - - .
I J

"  (1.2-11) 

In the above the density operator depends on t, but we emphasiz e that ( )t1 is a 

S chrö dinger operator and not a Heisenberg operator. F or an ensemble in statistical 

equilibrium neither 1  nor p depends on t.  We then have for the stationary ensemble 

average, 

   Tr ( ) Tr ( ) .F F F1 1" "  (1.2-12) 

     We shall also consider these results in a representation in which 1 is not diagonal.  

L et{| }4 K be a basis that spans the Hilbert space associated with a many-body 

operator that possibly does not commute with L .  L et again | ( )i
t, M be the dynamical 

state of a given system in the ensemble.  In this state we have the expectation value 

   ( ) ( ) | | ( ) .i
i iF t t F t

,
, ,

N O
"
N O

 (1.2-13) 

Writing | ( ) ( ) |i it c t44
, 4K " KP

 we have, 

   '
'

( ) ( ) ( ) ' | | .i
i iF t c t c t F4 4,

44

4 4/Q R
"

Q RS
 (1.2-14) 

N ext we average over all systems of the ensemble; this requires the introduction of 

the density matrix  

   ' '( ) | ( ) | ' ( ) ( ) .
M

i it t c t c t44 4 41 4 1 4 /' T U "  (1.2-15) 

F rom (1.2-14) we find 

   ' '
'

( ) ( ) ( ) Tr[ ( ) ] ,i

M
F t F t t F t F44 4 4,

44

1 1
V W

"
V W

" "
X

 (1.2-16) 

in accordance with (1.2-9), noting that the trace is always independent of the chosen 

representation.  M any authors only speak of the density matrix as given here; on the 

contrary, we prefer to deal principally with the density operator, which befits better 

the operator algebra employed throughout this book. 
 
 

1.3   T he T hermodynamic State 

 

1.3 .1  Macroscopic Thermodynamics; Callen's Entropy 
  

     A  system is distinguished from its surroundings by walls, being either introduced 

purposely as for the container of a fluid, or being present naturally as for the surfaces 

of a solid.  The mechanics of the interaction with the walls will be ignored. The 

system proper can then be characteriz ed by phenomenolog ical or thermodynamic 

state variables. M ost important among these are the extensive variables, which are 

quantities that double if the volume within the walls is doubled. E xamples are the 



EQUILIBRIUM AND NON-EQUILIBRIUM STATISTICAL MECHANICS (New and Revised Printing)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/6354.html

E qu ilib riu m S tatistical Mechanics 

 
12 

volume V itself, the number of molecules N5 of a given species, the electrical charge 

Q, the magnetization M and the polarization P. A lso, in a homogeneous system, 

internal energy U is extensive, regardless of the coordination numbers and the details 

of the interactions in the system.5 The extensive thermodynamic variables will be 

denoted by 0... ,sX X where we make the convention that 0 1 2, ,X U X V X N" " "  

(or 2X N5 5" when there are various species). 

     Historically the concepts of internal energy, temperature and heat were developed 

without a microscopic basis through a combination of superb abstract analysis, 

laboratory and thought experiments by C lausius, M axwell, C arnot, Joule and others. 

P erhaps the most readable book on ‘standard’ macroscopic thermodynamics is the 

treatment by ter Haar and Wergeland.6  O n a more axiomatic basis these concepts are 

introduced in C allen’s exposé.7 F rom the outset it is assumed that internal energy is 

measurable by macroscopic means and is a potential or state fu nction, i.e., in a cyclic 

process   A B A  we have 0;dU "
YZ  it satisfies the first law of thermodynamics 

   ,dQ dU dW% %" $ [  (1.3-1) 

in which dQ%  is a small quantity of heat added to the system and dW% [ is a small 

amount of ‘external work’; it is counted positive when done b y the system, and 

negative when performed on the system [the tilde is used to distinguish from the W 

used for enthalpy]. It is noted that Q and W\ are not state functions, so that dQ%  and 

dW% [  are not mathematical total (or exact) differentials. 

     The walls of the system may prevent energy and particle flow to and from the 

environment. In that case they provide constraints for the internal energy U and for 

the particle numbers .N
5  In the usual case that the walls are rigid, there is also a 

constraint for the volume V.  Q uite generally any extensive variable is either 

constrained or freely varying  (open). The ‘gadgets’ for allowing volume variation 

and particle variation are moveable pistons and permeable membranes, respectively. 

If the walls have adiabatic shielding, energy can be constrained; we refer to more 

popular C ollege P hysics textbooks for details.  In F ig. 1-2 we have sketched some 

possible set-ups. 

 If the system is open with respect to an extensive variable, there must be 

interaction with a reservoir; common examples are a heat reservoir (also called ‘heat 

bath’ or ‘thermostat’) and a particle reservoir.  When an extensive variable is freely 

varying experience tells us that other thermodynamic variables of the system, called 

intensive variables or ‘thermodynamic forces’, balance the corresponding intensive 

variables of the reservoirs.  F or example, a gas in a cylinder with a moveable piston 

will assume a volume such that the pressures on both sides of the piston balance each 

                                                   
5 This will be borne out by later detailed computations of the energy for classical and quantum systems.  
6 D . ter Haar and H. Wergeland, “E lements of Thermodynamics”, A ddison-Wesley, L ondon 1966. 
7 H.B. C allen, “Thermodynamics”, John Wiley &  S ons, N ew Y ork 1960. 
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other; likewise, for a system in equilibrium with a heat bath the temperature adjusts 

itself to that of the reservoir.8 Below we define these intensive variables more 

appropriately.  Here we just note that the state of any system is fully defined by the 

extensive variables that are constrained and by the intensive variables of the 

reservoirs corresponding to the variables that are open.  Also, in this connection, we 

define thermal equilibrium.  A closed system is said to be in equilibrium if no 

variable iX  depends on time; for an open system thermal equilibrium entails that 

there is no net transport to or from the system.  The equivalence of both definitions is 

evident: combine two connected systems, open with respect to a variable iX , to a 

composite system that is closed.  For the latter we thus have, 

   , ,I ,II ,I ,II0, or ,i c i i i iX X X X X !   "
] ] ] ] ]

 (1.3-2) 

indicating that there is no net flow.    

 

`

S S ReservoirReservoir

(a) (b)

(c)

R

S

 
Fig. 1-2.  E xamples of open systems.  (a) M oveable piston: S  open with respect to V;  (b) P ermeable 

membrane: S  open with respect to N; (c) E nergy exchange with a heat bath: S  open with respect to ^ . 
 

     Finally, we come to the main point of this subsection. The principal problem of 

classical thermodynamics was to reformulate the law of energy-heat conservation 

(1.3-1) for a system undergoing a change in variables from{ }iX A to{ }iX B , by means 

of a state-function differential S# which is independent of the path. For the most 

efficient heat converting cycle, the C arnot cycle, consisting of two adiabats and two 

isotherms, a simple computation showed that  

   high high low low/ [ / / ] 0 .d Q T Q T Q T # " #  
_` "  (1.3-3)                                        

As to an arbitrary reversible (or quasi-static) cyclic process, it can always be resolved 

in a sum of C arnot cycles, so that the above contour integral should be lik ewise z ero. 

                                                   
8 L ater we shall see that the system temperature actually is subject to rms fluctuations proportional to 

1/ 2
V

"
, with reservoir .T T  
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Accordingly, entropy defined as the integral of the reduced heat / ,
T

S d Q T" a  has a 

perfect differential and is a state function.  For quasi-static processes we thus have in 

addition to (1.3-1) the ‘equality-form’ of the second law of thermodynamics: 

   (1/ ) ( / ) ( / ) ...
i ii

dS Q dX T dU P T dV T dN$  ! " "
b

 (1.3-4 ) 

where the iQ = / iS X% % are the intensive variables or thermodynamic forces; T, P and 

$ refer to the usual variables: temperature, pressure and chemical potential.  

 If irreversible (or spontaneous) processes are also involved, the result must be 

modified.  From K elvin’s principle it can now be deduced that the contour integral of 

the reduced heat will be negative, i.e., / 0 .d Q T &
cd "  Thus, let in a cyclic contour the 

process 'A B  be irreversible and the process 'B A  be reversible.  W e then find 

   irrev / ( ) ( ) 0,  or,d Q T S S! " &
e

"
B

A
A B  

    irrev( ) ( ) / .  S S d Q T( !
e

"
B

A
B A  (1.3-5 ) 

In particular, this result shows that for an adiabatic spo ntaneo us pro cess, lik e the free 

expansion of a gas, the final entro py  is larger than the initial o ne. W e note that this 

result was obtained without ever introducing a nonequilibrium entropy function; we 

only need to go from a constrained equilibrium state to a true equilibrium state via a 

spontaneous process, such as the release of a piston held in place with a spring (for 

details, see S ection 3.8, Fig 3-1).  

 W e will yet obtain another form, k nown as C lausius’ inequality, for a system in  

contact with a heat reservoir (or thermostat) of temperature rT , volume reservoir 

with pressure rP and possibly others.  From (1.3-5 ) it follows that / rS Q T# ) # where 

the equal sign applies if heat is added reversibly.  C ombining with (1.3-1), we have 

   
1

... , or ... .
r

r
i ir r

i

P
S U V S Q dX

T T
# ) # ! # ! # ) fghgB

A

 (1.3-6 ) 

 In statistical mechanics it is customary to refer to E q.(1.3-5 ) or (1.3-6 ) as “ the”  

Seco nd L aw  o f Thermo dynamics.  O n the contrary, E q.(1.3-4 ), after multiplication by 

T, is usually referred to as the G ibbs’ R elatio n.  W e have the explicit form9 

   ...TdS dU PdV dN dQ HdM EdP$ ! " " * " " "  (1.3-7 ) 

W e assumed here that besides chemical work , we performed potential work  to charge 

the system, magnetic work  to magnetiz e the system, electric work  to polariz e the 

system, etc. The reader has undoubtedly noted that all terms have the minus sign, 
                                                   
9 For simplicity we have omitted the scalar dot products ( d+H M , etc.) and we left out ...dV

i
in the 

magnetiz ing and polariz ing work .  The former is of no concern, since as a rule the magnetization is 

along the direction of the field; as to the latter, we will be mostly concerned with the entropy per unit 

volume, in order to effectuate the thermodynamic limit.  
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except the work  done for volume expansion; the reason is that all other work  as 

defined is performed o n the system, while the pressure has historically been chosen 

as the force per unit area exerted on its surroundings (no need to fix this now… ); 

thus, PdV represents work  done by  the system. Also, a note is in order with respect 

to the term .dQ"*  W e consider the case that the charge Q is attached to the particles 

under consideration, so that ,Q N j where k  includes the sign of the charge. Then, 

upon combining this term with dN$"  we have the work  ,dN," where , is the 

electrochemical potential: 
   ., $ ! *j  (1.3-8)      

     Finally we indicate some customary L egendre transforms of the entropy. 

G enerally, these generaliz ed M assieu functions are defined as 

   0 1
1

( ... , ... ) .
s

m m m s i i

i m

S X X Q Q S X Q!
 !

 " l  (1.3-9) 

This yields for the total differential 

  
0 1 1 0 1

.
s s s m s

m i i i i i i i i i i

i i m i m i i m

dS Q dX X dQ Q dX Q dX X dQ
  !  !   !

 " "  "l l l l l  (1.3-10) 

P articular cases are the original M assieu function
1 2

( , , ...) /MS T X X S U T "  and the 

P lanck  function 
2

( , , ...) / / .PlS T P X S U T PV T " "  

 

1 .3 .2   Statistical Mechanical State Functions; Gibbs’ Entropy 
 

     S o far we have followed as point of departure C allen’s view in which the entropy 

is a function of extensive variables only. Y et this view does often not befit the 

framework  of statistical mechanics.  For a given system we must find a Hamiltonian 

in accord with the thermodynamic specification. The question arises as to which 

energies are to be included, since some energies are externally turned on.  This point 

goes back  to G ibbs who notes10 
 

 “ It w ill be o bserved, that altho ugh w e call q

m
the po tential energy  o f the system 

w hich w e are co nsidering, it is really  so  defined as to  include that energy  w hich 

might be described as mutual to  that system and external bo dies (reserv o irs).”   
 

As a consequence, the entropy of a system derived from G ibbs’ statistical mechanics 

contains both extensive variables (V, N, etc.) and intensive variables such as external 

fields (H, E, g, etc). C learly, it is not useful to speak  of ‘internal energy’ –  being a 

non-realizable fictitio us concept of macroscopic thermodynamics; thus, U will be 

replaced by 
m

, the energy of the envisioned Hamiltonian.  The ensuing G ibbs entropy 

                                                   
10 J. W illard G ibbs, O p. C it., p. 4 . 
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has the form, 
   [ ( , , ), , , ] [ ( ),{ }] .G ibbs i i i iS S A V N V N A S A A '

n n
 (1.3-11) 

In the latter form we have included V and N (or N-) in the external parameters {A
i}. 

Thus, G ibbs’ entropy appears as a L egendre transform of C allen’s entropy with 

respect to those variables, which are specified by their conjugate intensive reservoir 

variables.  As an example, we consider a spin lattice placed in an external magnetic 

field H = Hz. The Heisenberg Hamiltonian reads:      

   ,
,

( / ) ,
N

z
i j i j B i

i j i

J g H S. " + "
o o

S S pq
 (1.3-12) 

where ,i jJ is the exchange integral, Si are the spin angular momenta, g is the L andé  

factor and B.  is the Bohrmagneton. This yields an entropy [ ( , ), , ] ,G ibbsS S N H N H r  

which for quasi-static changes satisfies the G ibbs’ relation, 

   ,G ibbsTdS d dN MdH$ " !r  (1.3-13) 

where M is an ensemble average.  The appearance of ‘MdH’ rather than ‘HdM ‘ has 

led some investigators11 to consider the enthalpy, being the L egendre transform 

,magnW MH "r as the appropriate state function, interpreting (1.3-13) as 

   
( ) , or

.

C allen

C allen

TdS d MH dN MdH

TdS d dN HdM

$

$

 " " !

 " "

rr  (1.3-13')  

However, It should be borne in mind that the magnetic energy, mutual with the 

reservoir, canno t alw ays be separated o ff.  For the treatment of diamagnetism or of 

magneto-phonon effects the magnetic interactions appear in the k inetic energy 
2[ ( / ) ] / 2c m"p s t , cf. (1.1-10) and the magnetic enthalpy is of no avail.  Therefore, 

our point of view is that the G ibbs entropy is not to be seen as a L egendre transform, 

but as the pro per entro py  emerging fro m a micro sco pic statistical treatment.  The 

subscript ‘G ibbs’ will subsequently be dropped. The general G ibbs’ relation is now   

   ,i ii
TdS d F dA !

or  (1.3-14 ) 

where the iF are generalized co njugate variables; volume and number effects are 

included in this sum, the terms being PdV and dN$" 12.  Although from now on we 

have no strict need for the previously introduced Xi and Qi, we just mention that the 

connections are: i iF TQ  for those A’s that are extensive variables and i iF X "  for 

those A’s which are intensive (external) variables. 

                                                   
11 S ee e.g., M . P lischk e and B. Bergersen “ E quilibrium S tatistical P hysics,”  3rd E d., W orld S cientific, 

2006 , for their mean-field treatment of the Ising model, p. 6 5 . 
12 S trictly speak ing, in a statistical mechanics treatment, P and $ will appear as averages in a 

microcanonical ensemble; however, the bars will usually be omitted to ease the notation.  
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1 .4   V ar io u s E n se m b le s an d  th e ir  Main  State  F u n c tio n s 

 

      Although we started this introduction with thermodynamic considerations 

involving the entropy, clearly the energy uwv  associated with the Hamiltonian of the 

systems in the ensemble, is a more appropriate state function for statistical physics 

purposes.  W e write  [ ( ),{ }],i iS A A 
x x

 where again  V  and  N  are  included in the 

{Ai}; specifically we set 1 2, .A V A N   

     For a closed system, with u  fixed, the description involves a microcanonical 

ensemble, as stated previously.  For a quasi-static change in the parameters of the 

ensemble we only need to slightly rewrite the G ibbs’ relation (1.3-14 ): 

   
3

.
p

i i i i

i i

d TdS F dA TdS PdV dN F dA$
 

 "  " ! "
y yx

 (1.4 -1) 

The microcanonical ensemble is the only basic ensemble, which directly relates to 

classical or quantum mechanics, without necessarily invok ing the thermodynamic 

limit.  However, the main constraints, u , V and N fixed, mak e computations usually 

quite cumbersome. The constraints can be circumvented with the D arwin-Fowler 

procedure (or saddle-point method) to be discussed later, but the procedure basically 

implies an asymptotic series in (1/N) which in practice is near-equivalent to tak ing 

the thermodynamic limit. Therefore, in most cases the computations are done in other 

ensembles, which are less rigorously founded, but for which one or more constraints 

have been removed from the onset.  These are denoted as ‘general canonical’ 

ensembles. 

     If energy can be freely exchanged with the surroundings (or an infinite reservoir) 

the system is part of a cano nical ensemble. The basic state function is the Helmholtz  

free energy 

   ( , , ,{ }) .iF T V N A TS "
x

 (1.4 -2) 

The differential for quasi-static changes of its parameters satisfies 

   
3

.
p

i i

i

dF SdT PdV dN F dA$
 

 " " ! "
y

 (1.4 -3) 

   If energy and volume can be freely exchanged we need the pressure ensemble. 

The basic state function is the G ibbs free energy 

   ( , , ,{ }) ,iG T P N A TS PV " !
x

 (1.4 -4 ) 

with differential 

   
3

.
p

i i

i

dG SdT VdP dN F dA$
 

 " ! ! "
y

 (1.4 -5 ) 
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     Finally, if energy and particle number are variable, the description requires the 

grand-cano nical ensemble.  The appropriate state function is the G ibbs’ function, 

also called the ‘grand potential’ 

   ( , , ,{ }) ,iT V A TS N$ $/  " "
z

 (1.4 -6 ) 

with differential 

   
3

.
p

i i

i

d SdT PdV Nd F dA$
 

/  " " " " {  (1.4 -7 ) 

     O f course, this does not exhaust all possibilities.  In the o pen ensemble | , V and N 

are variable. Further, we can have reservoirs for other extensive variables Ai , lik e the 

magnetization or the charge (large capacitor acting as charge reservoir).  These can, 

in principle, be described by generalized cano nical ensembles; they are found in 

G uggenheim’s book 13 and in C hapter V  of this text.  Their main importance lies in 

the computation of fluctuations; also, ‘transformation theory’ will shed a new light on 

connecting the various ensembles of statistical physics. 
 
 

1 .5   F lu c tu atin g  State  V ar iab le s; th e  a-Space   

 

     O ne of the goals of statistical mechanics is to obtain thermodynamic relationships.  

In S ection 1.2 we considered ensemble averages for a phase function ( , ).F p q  N ot 

every phase function, however, is an observable.  For instance, the average } 2
iq ~  for 

one particle coordinate does not relate to macroscopic measurement.  In fact, any 

precise function of the p’s and q’s is as microscopic (i.e. ‘fine-grained’) as the 

coordinates and momenta which enter into the Hamiltonian.  S o we will introduce 

‘coarse-grained’ variables, which are averaged in the phase space over a small 

volume #/ , or for the quantum case cover a range of states |
J0 � 1 #
z

in an energy 

cell.  W e shall refer to these as “ fluctuating state variables.” 14   S ince they are not the 

specified, fixed thermodynamic variables of the system, they are subject to random 

fluctuations that can be measured with sensitive instruments, e.g., a fast-Fourier 

transform noise analyser (FFT).  These variables, in our view, have the following 

properties: 
 

     i.  They are coarse-grained in phase space or cover a range of quantum states; 

 ii. They are generally observables of subsystems of the given system, either in  

       phase space or in the Hilbert space;           

    iii. The observables are symmetric in the particle attributes comprising the sub-              

           system; 
                                                   
13 E .A. G uggenheim, “S tatistical Thermodynamics” , C ambridge U niversity P ress, 195 3, p. 25 3ff.  
14  In former times, before nano-science appropriated the term, these variables were called ‘meso sco pic’ 

from the G reek  ,23435 5in between; we shall employ this denotation esp. in the N on-E quilibrium part. 
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 iv. These observables can be either of an extensive or an intensive nature.15 ,16 ,17  

 

E xtensive variables are easily written as phase functions ( , )ia p q or as quantum 

operators. For intensive variables, see below. Besides the examples for fluctuating 

state variables in footnote15  we mention the energy of a subsystem with ',sub  
� �

 

the k inetic energy of the (full) system, being in the momentum subspace of the phase 

space, 1
2 ,/2N

i ip m 6 
�

 the orientational polarization of a subsystem, ' ({ })z iP 7  
''

1 cos 'cos .
NN

i i N7 7  6 p = p  For a quantum example, consider the number of 

electrons in the conduction band of a multi-band solid. 

     At the end of this section we shall indicate a procedure, due to van K ampen, to 

ensure that all ai commute. It is therefore possible to introduce a many-variate 

probability density function (pdf) ({ }) ( ).
i

W a W8 a  For the equilibrium state this pdf 

can be obtained from the density function ( , )p q.  or from the density operator ., as 

will be outlined in S ection 2.4 . For a nonequilibrium steady-state stochastic methods 

can be employed.  Averages in a-space are obtained by the usual rule: 

   ( ) ... ( ) ( ) .i
i

F F Wda
� �

 9
���

a a a  (1.5 -1) 

Although the averages so obtained must be the same as via an ensemble average in a 

microscopic treatment, we emphasiz e that the motion in a-space is not governed by 

precise differential equations as considered in section 1.2.  R ather, the motion in a-

space is of a diffusive nature, as is borne out by such stochastic equations as the 

master equation and the L angevin equation, discussed in C hapter X V III.  

     W ith the a-variables we can associate an entro py  functio n. This function is the 

entropy that would be obtained if at an instant t all variables were ‘froz en’ to their 

instantaneous values. The entropy function will be denoted as ( ).S a  W e can now 

define conjugate intensive a-variables by the rule : ; / ,i iint
a S dx %  where ( , )ix p q  

are extensive variables.  E .g., for the temperature of a subsystem we have 
1 / ' .subT S d
"  % �   In S ection 3.7  we shall prove Boltz mann’s famous result, 

engraved on his epitaph: 

   ( ) log ( ) .
B

S k W co nst !a a  (1.5 -2)  

                                                   
15  There is no unanimity of opinion with respect to property (iv).  V an K ampen (see R ef. 16  below, 

p.183) tak es the attitude that the ai can represent any observable whose relaxations are noticeable on a 

macroscopic scale, such as temperature fluctuations in a bolometer, pressure fluctuations of a 

membrane, etc.  D e G root and M azur (see R ef. 17  below, p. 85 ), on the contrary, assume that only 

extensive variables, expressive as functions ( , )a p q  or corresponding operators, should be considered.  

As an example they mention charge fluctuations. 
16  N .G . van K ampen in “Fundamental P rocesses in S tatistical M echanics,”  V ol. I (E .G .D . C ohen, 

E ditor), N orth Holland, Amsterdam 196 2, p. 17 3. 
17  S .R . de G root and P . M azur, “ N on-E quilibrium Thermodynamics” , N orth Holland, Amsterdam 196 2. 
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     Finally, we describe the coarse-graining for quantum operators after van 

K ampen.16  By a decomposition of unity (closure property) we can write for any of 

the operators ai, 

   
'

| | | ' ' | ,i ia a
00

0 0 0 0 �#� ����
 (1.5 -3) 

where the |0 �  are energy eigenstates. W e now lump these states into energy cells, 

| J0 � 1 # � .  N ext we erase matrix elements belonging to different cells; the result is, 

   
, '

| | | ' ' | .
J

i i

J

a a

0 0

0 0 0 0
1 #

 ��� �,�� ���
 (1.5 -4 ) 

N ow we mak e a unitary transformation in each cell, ( )| | ,Ji c000
0 0

1 #
�  �� �

 such 

that '| | ' | |i ia a 0 00 0 0 0 <
� �

 
� �

 (is diagonal). Then, 

   ( ){| |} | | .
J

i i i

J

a a

0

0 0 0 0
1#

 �,� � �� � �  (1.5 -5 ) 

These are the sought for coarse-grained operators.  They commute with each other 

and with the Hamiltonian, which has the coarse-grained form, 

   | | .
J

J

J 0

0 0
1 #

 ���� ���� �
 (1.5 -6 ) 

In the last two equations we can omit the bar over the states, providing the 

eigenstates have been chosen and arranged as indicated.  
 
 

1 .6    So m e  Math e m atic al D istr ib u tio n  F u n c tio n s 

 

     In this section we shall review some standard probability distributions and relate 

them to some elementary problems of statistical mechanics.18 

 

1 .6 .1   T he B inom ial D istribution and  R and om  W alk  

 

     S uppose that in an experiment  p will be the a prio ri chance that the event A will 

occur and 1 " p be the chance that the only mutually exclusive event B will occur and 

that N trials will be performed.  The probability that in these trials n trials yield event 

A, while N n" trials yield B, depends on the number of ways we can divide N into 

groups n and N n" , viz ., 

   
!

.
!( )!

N N

n n N n
 

"

�¡ ¢ £¤¡¥  (1.6 -1) 

                                                   
18 S ections 1.6  and 1.7  are an interlude dealing with probability concepts and generating functions.  The 

text proper on statistical mechanics of closed systems continues in C hapter II. 
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S ince the trials are independent, the probability sought for is also proportional to 
n

p and to (1 ) .N n
p

""  Hence, 

   
!

( ) (1 ) .
!( )!

n N nN
W n p p

n N n

" "
"

 (1-6 -2) 

N ote that this probability distribution is normaliz ed, for by the binomial theorem  

   
0

(1 ) ( 1 ) 1.
N

n N n N

n

N
p p p p

n

"

 

¦¨§
 ! "  !

© ª«¨¬­
 (1.6-3) 

The mean and the variance can be found by the same elementary algebra: 

   

1 1 ( 1)

1 1

1

1
( ) ( ) (1 )

1

( 1 ) ,

N N
n N n

n n

N

N
n nW n pN p p

n

pN p p pN

    

! !

 

 
® ¯°²±

! !  
³ ´

 
µ ¶

! "  !

· ·
 (1.6-4) 

   
2

2

( 1) ( ) ( 1) .( 1)
N

n

n n W n p N Nn n
!

¸ ¹
!  !   º  (1.6-5) 

This yields, 

   2 2 2(1 )( 1) .n p p N p Nn n n
»¡¼

!
»

 
¼
"
»½¼

!  "  (1-6-6) 

We now define the variance: 

   2 2 2 2var [ ] .n n n n nn# ¾ ¿ ! ¾  ¾²¿À¿ ! ¾Á¿  ¾²¿$   

For the binomial distribution this gives 

   2 .(1 )n p p N
Â
$ Ã !   (1.6-7) 

     As an example, consider the case of N spins of magnetic moment %, oriented at 

random, with up or down probability ½ .  Then, 

   
! 1

( , ) .
! ! 2

NN
W n n

n n
"  

"  

ÄÆÅ
! Ç ÈÉÆÊ  (1.6-8 ) 

C learly, 1

2
n n N"  ! ! and the mean magnetization & ' 0,M N n n

 "

Ë¡Ì
(

Ë¨Ì
 
ËÍÌ

!  

which is a meaningless result; it is only correct in the absence of a magnetic field. 
      
     In the presence of a magnetic field we must consider the energy constraint, or put the system in 

contact with a heat bath, which we tak e to consist of a large expanse containing an ideal mono-atomic 

gas. L et the total energy of the spin system and the gas be given by 

   ,.
r

n n co nst) )
" "   

! " " !
Î Ï

 (1-6-9 ) 

where 
rÐ

is the k inetic energy of the mono-atomic gas, which randomizes the orientation of the spins. 

N ote that the temperature of the heat bath ;  r r
T ( Ñ  further

B
H) *

+
! Ò ,  in which B*  is the 
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B ohrmagneton, the spin was tak en to be + ½  and g was tak en to be 2.  The distribution can now be 

written down as 

   , -
! 1

( , ; ) ,
! ! 2

N
r r
p

N
W n n C d n n

n n
). )"  " "   

"  

! /    
Ó ÔÀÕÖ ×ØÀÙÚ ÚÜÛ

 (1.6-10) 

where C is a normalization constant and where we integrate over the momentum space of the reservoir 

with 2 / 2 , 1...3 .
i i

r
p m i M! 0 !

Ý
 To facilitate this we tak e the L aplace transform (generating function) 

with respect to Þ : 

   
( ) ( )

0

!
( ) ( , ; ) 2 .

! !

rs n ns r N s p
p

N
s e W n n d C d e e

n n

) )
" "   

1  "  

"  

"  

 
2 ! ! /

ß ßà áâ¨â
 (1.6-11) 

The integral over the p’s is trivial: 

   
2

3 / 2
3 / 2

1 3 1

2
... ... .i

M
M sp m

M i

m
d p d p e

s

31
 

! 1
4 !

ßÆß ã äå æç è  (1.6-12) 

The inverse transform is easily found19  

   

(3 /2) 1
3 /2

(3 / 2)

! ( )
( , ; ) 2 (2 ) .

! !

M

N M

M

N n n
W n n C m

n n

) )
3

 
 " "   

"  

"  5

  
!

ââ
 (1.6-13) 

In the thermodynamic limit, M 6 1 , é r
6 1.  H ence we write, noting also ê  ~ é r 

   (3 /2) 1 3 /2 3
( ) exp ln 1

2

M M n nM
n n

) )
) )

 " "   
" "   

"
  7  

ë ì íïîð ñò óô õ öï÷ø ø ø   

                                       
3 / 2

~ .
3

exp
2

M

r

n nM ) )
" "   

"
 ùÁúû üý þÿ �ø �

 (1.6-14) 

N ow from eq uipartition theory (3 / 2) .
r r

B
M k T!

����
 We drop further the super ‘r’ on the reservoir 

temperature and we define a new constant 

   
3 /2 3 / 2

(2 ) 2 / (3 / 2) .'
M N M

C C m M3 5
 

!
â

  

The distribution (1.6-13) becomes, 

   , - , -/ /!
( , ; ) ' .

! !

B Bn nk T k T
T

N
W n n C e e

n n

) )""     

"  

"  

!  (1.6-15) 

N ormalization for this result yields 

   , -( )/ /
1/ ' B B

n nk T k T
C e e

) ) "  "  
"  

! "  (1.6-16) 

(where Nnn"  " ! ), which is the canonical partition function for this problem.  E q uation (1.6-15) 

together with (1.6-16) is again a binomial distribution.  For the average spin numbers one finds, 

   

/

/ /
,

B

B B

k T

k T k T

e
n N

e e

)

) )

+

"  

 

+   

���
!

"

 (1.6-17) 

                                                   
19   If 

1 1
[ ( )] ( ), [ ( )] ( ) ;

b s
f s F e f s F b

   
! !  

	 	
 

 further, 

1 1
(1 / ) / ( ) .

k k
s k

  
! 5

� 
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while the mean magnetization is given by 

   , - , -tanh / .
B B B B

M n n N H k T* * *
"  

� �
��
!



 



!  (1.6-18 ) 

This is the complete result, which is, of course, more directly obtained from molecular statistics, to be 

treated in C hapter V I.  

  

     Th is exa mple sh o w s th a t th e a pplic a tio n o f elementa ry pro b a b ility th eo ry u su a lly 

d o es no t w o rk in sta tistic a l mech a nics, b ec a u se o f co nstra ints!  Th erefo re, w h ile 

so me kno w led ge o f pro b a b ility th eo ry is necessa ry, sta tistic a l mech a nics u ses its o w n 

meth o d s, w h ic h  w e w ill d evelo p fro m Ch a pter II o nw a rd s. 

 

     Another, less involved example is that of random walk . L et 

   
1

N

i

i

x s
!

! �  (1.6-19 ) 

be the path covered by a disoriented person after N steps.  The probability for each 

step is 

   
1

2

1

2

if ,
( )

if .

i

i

i

s
w s

s

! $
!

!  $

�� �
 (1.6-20) 

S ince the steps are independent, the probability distribution for x is 

   ,( ) ( ) .
i

N

i x s

i

W x w s . 0!4  (1.6-21) 

We get rid of the constraint by using the Fourier transform (characteristic function), 

   

1

( ) ( )

.i i

iu x iu x

N
Niu s iu s iu s

i

u e W x d x e

e e e

1

 1

0

!

8 ! !

! ! !

�

4

 (1.6-22) 

N ow, 

   1 1
2 2

cos .iu s iu iu
e e e u

$  $! " ! $  (1-6-23) 

H ence, 

   ( ) (cos ) 2 ,N N iu n iu m

n

N
u u e e

n

 $  $

���
8 ! $ ! � �����  (1.6-24) 

where .m N n!    The inverse transform is found by using the well-k nown integral, 

   ( ')1
( ') .

2
iu x x

e d u x x.
3

1
 

 1

!  
�

 (1.6.25) 
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We thus obtain, 

   ( ) 2 [ ( ) ] .
N

n

N
W x x n m

n
. 

!   $

����  !�"#
 (1.6-26) 

This indicates that x has discrete values ( ) ,n m $ resulting from m steps to the left 

and n steps to the right. The discrete distribution is clearly 

   
!

( , ) 2 ,
! !

NN
W n m

n m

 
!  (1.6-27) 

in accord with the binomial distribution law.  We can also write down the probability 

for K n m!   steps to the right, 

   
2 !

( ) .
[( ) / 2]! [( ) / 2]!

N
N

W K
N K N K

 

!
"  

 (1.6-28 ) 

It is left to the reader to verify that the factorials in this expression always involve 

integers. 
 
1.6.2   The Multinomial Distribution Function 

 

     We consider K mutually exclusive events, with a  prio ri probabilities 1... ,Kp p with 

1.ip0 !  O ut of N trials, the joint probability for finding N1 events 1, N2 events 2, …  

NK events K is then by a similar reasoning as before 

   1 2

!
( , ,..., ) .

!
iN

K i

j i

N
W N N N p

N
! 4
4

 (1.6-29 ) 

The multinomial coefficient !/ !j jN N9  is easily derived from the binomial 

coefficient.  For we can choose N1 events out of N, then N2 events out of N –  N1, etc. 

Thus the number of ways is 

 1 1 2

1 2 1 1 2 1 2 1 1

( )! ( ... )!! !
.... .

.. !( )! !( )! !( )! !.. !
K

K j K

N N N N N NN N

N N N N N N N N N N N N N N

 

 

$ %
   

! !
& '

    0
( )  

                                                                                                                            (1-6-30) 

E mploying the multinomial expansion theorem, 

   1 2
1 2 1 2

1{ }

!
( ... ) ...

!... !
K

i

N N NN
K K

Ka ll sets N

N
a a a a a a

N N
" " ! *  (1.6-31) 

one easily finds, 

   2, (1 ) , .i i i i i i j i jN p N N p p N N N p p N
+ ,

!
+
$
,
!  

+
$ $

,
!   (1.6-32) 

The covariance for the cross-correlation is negative, as expected, since .i iN N0 !  
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     We may apply this distribution for finding the density correlations of particles, 

which have an eq ual a  prio ri probability to reside anywhere in a given domain V.  

D ividing this domain in K eq ual cells iv$  we have / .i ip v V! $  This gives for the 

variances and covariances, 

   

2

2

( / )[1 ( / )],

/ .

i i i

i j i j

N N v V v V

N N N v v V

-
$ . ! $  $-

$ $ . ! $ $
 (1.6-33) 

We define the density by ( ) .i i iN n v! $r  Then for the density fluctuations we have, 

   

2 2

2

( ) ( ) ( / )[1 ( / )],

( ) ( ) / .

i i i i

i j i j i j

n v N v V v V

n n v v N v v V

/
$ 0 $ ! $  $/
$ $ 0 $ $ !  $ $

r

r r

 (1.6-34) 

We let K 61 and 0;iv$ 6 both eq uations are then summarised by the form for the 

density-density covariance, 

   
1

( ) ( ) ( ) [ ( ') ] .n n n
V

.
1
$ $ 2 ! 1 2   r r' r r r  (1.6-35) 

The last term stems from the constraint that ( )N Vn! 3 4r is fixed. In case all 

particles have the same energy ) the constraint i iN )! 0
5

 reduces to ;
i

N N! 0  E q . 

(1.6-35) is not only good statistics, but also good statistical mechanics since the 

temperature clearly does not enter in.  In a similar fashion one may establish for the 

triple correlations, 

                      1 2 3( ) ( ) ( ) ( )n n n n
6
$ $ $ 7 ! 6 7r r r r   

        
3

1 2 1 3 2
,

1 2
( ) ( ) ( ) .i j

i j i jV V
. . .

:

8 9
;     "
: ;: ;< =>

r r r r r r  (1.6-36) 

1.6.3   The P oisson Distribution, the G auss Distribution and  N ormal Distribution 
 

     If in the binomial distribution , 0 andN p pN n61 6 ! 3@?  remains finite, we 

arrive at the P oisson distribution, 

   ( ) / !n nW n e n n ACB! DFE  (1.6-37) 

The road is easy; we have 

   (1 ) 1 1 ~ .
N N

N npN n
p e

N N

 GIHJFKL M L M
 !  !  

N O N OP Q P Q  (1.6-38 ) 

Further, 

  
! (1 ) !

( 1)...( 1) ~ .
( )! ( )!

n n n
n n n nN p p N p

p N N N n p N n
N n N n

  
6 !   " ! RTS

  
 (1-6-39 ) 
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These two steps establish the result (1.6-37).  C learly ( ) 1,W n0 ! so the distribution 

is normaliz ed.  The second factorial moment is 

                
0

( 1)
( 1)

!

n
n

n

n n n
n n e

n

1
 UIV

!

WTX
 W

 
X
! Y   

                  2 2

2 0

.
( 2)! !

n m
n n

n m

n n
e e n n

n m

1 1
 ZI[  Z\[

! !

]F^ ]F^
! !

]@^
!
]F^

 
Y Y  (1.6-40) 

For the variance we obtain, 

   2 ( 1) [ 1] .n n n n n n
_
$ ` ! _  `  _ ` _ `  !

_ `  (1.6-41) 

     In many problems n is also large and the distribution can be further approximated 

by using S tirling’s formula, 

   

1
2

( )

2

1 1
2 2

1 1
! ~ 2 1 ... ,

12 28 8

ln ! ~ ( ) ln ln 2 ... ~ ln .

nn
n e n

n n

n n n n n n n

3

3

" a b" " "
c de f

"  " "  

 (1.6-42) 

The approximations are most easily carried out in ln W(n); setting D n n#  g@h , 
   

1 1
2 2

1 1
2 2

2 21 1
2 2

ln ( ) ~ ln ( )ln ln 2

[ ]ln[1 ( / )] ln(2 )

[ ][( / ) ( / 2 ) ..] ln(2 )

W n n n n n n n

n D D n D n

n D D n D n D n

3

3

3

 i@j " i@j  " "  

!  i@j " " " "  i@j
!  i@j " " i@j  iFj " "  i@j

  

            
2 3 2

1
22 2

... ln(2 ) .
2 22 4

D D D D
n

n nn n
3!  "  " "  kFlkFl k@lk@l kFl  (1.6-43)  

We assume that |D| > >  1, in addition to |D/ g n m | < <  1; so we retain only the first and 

the last terms, the result being, 

   
2( ) / 21

( ) .
2

n n nW n e
n3

  nIo n\o! g@p  (1.6-44) 

S ince n –  g n q  is a large number, we may replace it by the continuous variable x 

[interval (–1, 1)]; we then arrive at the G auss distribution (G aussian probability 

density function): 

   
2( ) / 21

( ) .
2

x x xW x e
x3

  nCo n\o! r p  (1.6-45) 

For the variance we have clearly, 

   2 .x x
s
$ t ! s t  (1.6-46) 
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     For various problems the distribution is bell-shaped, but its width is varying, i.e., 

the shape is as in (1.6-45), but the variance 2 2
xx <

u
$ v #  is not given by (1.6-46).  

These distributions are called “ normal”  and have the general form20 

   
2 2( ) / 2

2

1
( ) .

2

xx x

x

W x e
<

3<

  wyx!  (1.6-47) 

O ne easily sees that W(x) is normaliz ed, while the results for 2andx x
z@{ z

$
{

are 

consistent. 

 
 
     To find higher order moments, we use the following trick s.  First consider 

   
2

.
y

e d y 3
1

 

 1

!
|

 (1-6.48 ) 

S ubstituting 2 2 ,y x=! we have 

   
2

x
e d x

= 3
=

1
 

!

 1

|
 (1.6-49 ) 

D ifferentiating repeatedly to = one obtains 

   
22

,
3

1
2

x
x e d x

= 3

=

1
 

 1

!
}

 (1.6-50) 

   
2 1 1

2 22

2 1

1.3.5...(2 1)
(2 1)!! 2 .

2

kk x k

k k

k
x e d x k

= 3
3 =

=

1     

"
 1

 
! !  

~
 (1.6-51) 

The integrals can also be expressed in the gamma-function.  If the interval is changed to (0,1) the results 

are to be multiplied by (1/2). 

 

     For odd integrals we start from  

   
0

1.
y

e d y
1

 
!

|
 (1.6-52) 

S ubstituting 2y x=! , we have 

   
2

0

1/ 2 .
x

xe d x
=

=
1

 
!

|
 (1.6-53) 

R epeated differentiation to = yields, 

   
22 1 1

0

! / 2 .
k x k

x e d x k
=

=
1

"  "
!

|
 (1.6-54) 

N eedless to say that these integrals will be encountered over and over. 

 

                                                   
20 The names G aussian distribution and normal distribution are often interchanged in the physical 

literature. 
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1.6.4   Multivariate Distributions, the Max w ell– B oltzmann Distribution and  the    

          Virial Theorem 

 

 When we have a set of variables 1... Kx x , that are ind ep end ent, their joint 

d istribu tion is sim p ly  the p rod u c t d istribu tion  W(xi). F or the case that the variables 

are not ind ep end ent, the g eneral m u ltivariate norm al d istribu tion has in the ex p onent 

a p oly nom ial of the second  d eg ree: 

   
/ 2

/ 2
1( ,... ) ,

ij i j
ij

x x

KW x x Ae Ae
!"

"

�
# # x x

�
!  (1.6 -5 5 ) 

where A is a norm alization c onstant and  ! is a sy m m etrical m atrix ; in the sec ond  

form  the x’s have been arrang ed  in a c olu m n m atrix , with the tild e d enoting  the 

transp ose (row m atrix ).  T he m om ents can be fou nd  by  d iag onaliz ing  the m atrix  !, or 

faster, by  a m ethod  g oing  bac k  to O nsag er.21 T o that p u rp ose we c onsid er ‘c onju g ate 

variables’, d efined  as: 

   ln / .i i ij j
j

z W x x!# "$ $ # �  (1.6 -5 6 ) 

T he inversion is, 

   1( ) .j jk k
k

x z! "# �  (1.6 -5 7 ) 

H enc e we have, 

   
ln

.i k i i

k k

W W
x z x Wd x d

x x

$ $� �
# " # "

$ $

� �
x x  (1.6 -5 8) 

T he integ ration over d xk is sing led  ou t and  we integ rate by  p arts to obtain, 

   1 1 1... ... ... .i k k k K i k ik ik

k

W
x z d x d x d x d x x d x Wd

x
% %" &

$� �
# " # #

$

��� � �
x  (1.6 -5 9 ) 

U sing  now (1.6 -5 7 ), we arrive at the sim p le resu lt, 

   1 1 1( ) ( ) ( ) .i j jk i k ji ij
k

x x x z! ! !" " "� �
# � �

# #�  (1.6 -6 0) 

Th us, to  find  th e  c o va ria nc e s it suffic e s to  inve rt th e  m a trix !.  

     T wo m ore resu lts abou t the conju g ate variables zi are in ord er.  F irst, we c onsid er 

.i jz z
� �

U sing  (1.6 -5 6 ) and  (1.6 -5 9 ) we have 

   .i j jk i k ij
k

z z z x! !
� �

#
� �

#
�

 (1.6 -6 1) 

F or the d istribu tion 1( ... )
K

W z z we now find , 

                                                   
21 L .S . O nsag er, P hy s. R ev. 3 7 , 405  (19 37 ); ibid . 3 8 , 26 5  (19 38). 
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   1
1 1

1

( ... )
( ... ) ( ... ) .

( ... )
K

K K

K

x x
W z z W x x

z z

$
#

$
 (1.6 -6 2) 

T he Jac obian is ju st the d eterm inant of 1( ) ."!  E m p loy ing  (1.6 -5 7 ) to rewrite the 

p oly nom ial in the ex p onent, we d irec tly  obtain, 

   

1( ) / 2
1

1( ... ) | | .
ij i j

ij
z z

KW z z A e
!

!

""
" �#  (1.6 -6 3) 

     T he reason that a norm al d istribu tion so often oc c u rs lies in the c entra l lim it 

th e o re m , whic h states: 
 

     Fo r a  ra nd o m  va ria b le  x(t) c o m po se d  o f N ra nd o m  co ntrib utio ns, th e  d istrib utio n   

     func tio n W(x) a ppro a c h e s th e  no rm a l d istrib utio n if N' (, pro vid ing  no ne  o f th e    

 ra nd o m  c o ntrib utio ns sh a ll b e  c o m pa tib le  w ith  th e  re sulta nt o f a ll o th e rs. 

 

    We will g ive an ex am p le of the c entral lim it theorem .  C onsid er a c u rrent throu g h 

a cond u c tor, connec ted  to a cap ac itor, see F ig . 1-3.  T he c u rrent d ensity  is (V0 being  

the volu m e of the c ond u c tor), 

   0 1
( ) ( / ) ( );

N

ii
J t V v t

#
# ��  (1.6 -6 4) 

the carrier veloc ities are rand om  variables, flu c tu ating  d u e to elec tron-p honon or 

other collisions. 

 

R

C

∆Φ

SΦ ∆f

 
 

F ig . 1-3.  P assive RC c ircu it with T hévénin g enerator rep resenting  voltag e flu c tu ations across R. 

 

S inc e J is m ad e u p  of m any  events, the p d f for J will be a norm al d istribu tion, as is 

the d istribu tion for the cap ac itor c harg e, W(Q).  In C hap ter III we shall p rove the 

B oltz m ann– E instein resu lt 

   
21

0 2
"( ) /( ) /( ) ,BB

S Q Q kS S k
W Q c e c e

"# #  (1.6 -6 5 ) 

where S(Q) is the entrop y  fu nc tion and  S0 is the eq u ilibriu m  entrop y ; ''( ) 0S Q )  is 

the sec ond  d erivative abou t the eq u ilibriu m  state.  T he central lim it theorem  assu res 
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u s that no hig her d erivatives need  to be retained  in the lim it N' (, sinc e (1.6 -6 5 ) is a 

norm al d istribu tion. With Td S d Q# "* we have 

   2 2/ ( / ) / 1/ .d S d Q d T d Q CT# " * # "  (1.6 -6 6 ) 

C om p aring  with (1.6 -47 ), we find  

   2 2 2 2and / .Q B BQ k TC k T C+ +*# � , � # # � ,* � #  (1.6 -6 7 ) 

T he voltag e noise can be rep resented  by  a voltag e g enerator p er u nit band wid th, S*, 

in series with the resistor R.  F or freq u enc ies well below the inverse c ollision tim e S* 

is ind ep end ent of freq u enc y .  T herefore, 

   
2

2

2 2 2 2
0

.
2 41

S Sd R

CRR C R

-

. -

(
* *

� ��
,* � # #

� �
&

� ��
 (1.6 -6 8) 

C om p aring  (1.6 -6 7 ) and  (1.6 -6 8) we established 22 

   4 ,
B

S k TR* #  (1.6 -6 9 )                       

whic h is N y q u ist’s fam ou s form u la for therm al noise (withou t q u antu m -c orrec tion 

fac tor). 
 

     A s an ex am p le of a m u ltivariate norm al d istribu tion we m ention the M ax well–

B oltz m ann d istribu tion.  U sing  C artesian veloc ity  com p onents, and  u sing  the 

stand ard  p rac tic e whereby  m olec u lar d istribu tions are norm aliz ed  to N, we can write 

   
22 2

2 2 23 2 2 2
( , , ) ex p .

2 2 28

yx z
x y z

x y zx y z

vv vN
n v v v

+ + +. + + +

�  
# " " "

¡ ¢¡ ¢£ ¤  (1.6 -7 0) 

C learly , 

   
2 2 2 21

3

0 ,

.

x y z

x y z

v v v

v v v v

¥§¦
#
¥¨¦

#
¥�¦

#¥©¦
#
¥¨¦

#
¥©¦

#
¥ª¦  (1.6 -7 1) 

F rom  the eq u ip artition theorem  we have 23 3
2 2

,Bm v k T
«ª¬

#  so that 2 ,/x Bk T m+ #  etc . 

We thu s obtain the u su al form  of the M – B  d istribu tion, 

   
2 / 23 / 2( , , ) [ / 2 ] .Bm v k T

x y z Bn v v v N m k T e. "#  (1.6 -7 2) 

G oing  to p olar coord inates in veloc ity  sp ace, we have 

   2
( , , )

( , , ) ( , , ) ( , , ) sin .
( , , )

x y z

x y z x y z

v v v
n v n v v v n v v v v

v
/ 0 /

/ 0

$
# #

$
 (1.6 -7 3) 

                                                   
22 H . N y q u ist, P hy s. R ev. 3 2 , 110 (19 28). 
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Integ ration over the p olar ang les y ield s the M ax well d istribu tion for the veloc ities: 

   
2 / 23 / 2 2( ) 4 [ / 2 ] .Bm v k T

Bn v N m k T v e. . "#  (1.6 -7 4) 

T he m ean veloc ity  is 8 / ;
B

v k T m.
­¯®
#  the rm s veloc ity  is 3 / .Brm sv k T m#  F or the 

fou rth m om ent we find  –  u sing  the p reviou sly  stated  G au ssian integ rals –  
4 215 ( / ) .Bv k T m
°©±

#  T o find  the energ y  flu c tu ations we note that the m olec u les 

flu c tu ate ind ep end ently , so that their varianc es ad d .  T herefore, 

   2 2 2 4 2 21
4

[ ] .N Nm v v1
²
, ³ # ²

, ³ # ² ³ " ² ³´
 (1.6 -7 5 ) 

F rom  the above valu es for the sec ond  and  fou rth m om ents one easily  arrives at 

   2 2 23
2

,B B V Bk N k T C k T
µ
, ¶ # #
´

 (1.6 -7 6 ) 

where CV is the m olar sp ec ific  heat when N ( =  NA) and  V are fix ed .  T hese are all 

very  elem entary  resu lts, whic h req u ire only  the ap p lication of the c entral lim it 

theorem  and  the energ y  eq u ip artition ru le. 
 

Viria l th e o re m  

     

 We consid er the q u antu m  m ec hanical H erm itean op erator,23 

   
3

1
2

1

( ) ,
N

i i i i

i

F p q q p
#

# &
·

 (1.6 -7 7 ) 

where the su m  is over all translational c oord inates.  T he c om m u tator with the 

H am iltonian (if  r >  3 there are internal d eg rees of freed om ), 

   
3

2
1

1

( / 2 ) ( ... ),
N

i i rN

i

p m q q
#

# &
·¸ ¹

 (1.6 -7 8) 

is easily  work ed  ou t; one obtains 

   
3

2
1

1

[ , ] ( / ) ( ... )/ .
N

i i i rN i

i

F i p m q q q q
#

º »
# " $ $¼ ½·¾¸ ¿

 (1.6 -7 9 ) 

With the H eisenberg  eq u ation of m otion this g ives, 

   
3

2

1

( / ) / ) .
N

i i i i

i

d F
p m q q

d t #

À Á
# " $ $
Â Ã· Ä

 (1.6 -80) 

We now tak e a tim e averag e over a su ffic iently  long  tim e. T hen, if F is bou nd ed       

/ 0.d F d t #
Å

 T ak ing  in ad d ition a q u antu m  m ec hanical averag e, we have 

                                                   
23 G .H . Wannier, “ S tatistical M echanics” , Wiley , N ew Y ork  19 6 6 , p . 43ff. 
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