Chapter I

Introduction to the State of Large Systems
and Some Probability Concepts

1.1 Purpose of Statistical Mechanics

In statistical mechanics we are concerned with the physical properties of large
systems. We assume the existence of the thermodynamic limit:

N >, Voo, N/V=n=1/vis finite. (1.1-1)

Here N is the number of microscopic constituents, V is the volume of the system, n is
the average density and v is the molecular (or specific) volume. The peculiarity,
which requires that the mechanics of such a system is “statistical”, stems from the
fact that such a system is as a rule incompletely defined. By this we mean that the
equations of motion for such a system cannot be uniquely solved. Were this true in
Gibbs' time already for the simple reason of mathematical complexity, the real
problem is not computational, as is clear from interesting computer simulations
nowadays available. Basically, the need for statistical methods stems from the lack
of detailed information on the system.

We will illustrate this for the simple system of one harmonic oscillator. The

Hamiltonian is
p> 1
%(p,q):—+—ma)2q2 (1.1-2)
2m 2

and Hamilton's equations are

p =—0H 10g=-mwq,
g =0 /dp=plm.

(1.1-3)

We will solve these equations by a somewhat unfamiliar procedure. If we divide the
first equation by the second one we obtain

d ‘0’ d

f__T q’ or M+ma)2qdq=(),

dq p m

which integrates to
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6 Equilibrium Statistical Mechanics

2

1
.%(p,q)Ep—+—ma)2q2=é°=cl, (1.1-4)
2m 2

where & is a constant of motion. If we now substitute for p from (1.1-4) into the
equation for ¢ we easily obtain
mdq

dt =
\/ng —m*a’q*

b

or upon integrating

magq

p2 + m2w2q2

F(p,q) = arcsin =wt+60=uwt+c,. (1.1-5)

Clearly there are two phase functions that are integrals of motion, F(p,q) and
H(p,q), the latter one being an integral of motion proper. Equations (1.1-4) and
(1.1-5) directly yield the standard results,

q:l @ sin(wt +6),  p=~2mé cos(wr + 0). (1.1-6)
o\ m

The constants & and @, or ¢;andc,, can be linked to the initial values g, and p,,.

The same procedure can be carried over to a system of N particles, each having r
degrees of freedom, as was shown by the Ehrenfests." We now have 27N Hamilton's
equations to be satisfied,

g =0 19p,, p,=—0H19q,, i=1..rN. (1.1-7)

The integrals of Egs. (1.1-7) give rise to 2rN constants of motion, all but the last one
being proper, as is seen as follows. If we divide the first 2rN —1 equations by the last
one, then all the resulting equations are independent of time. These equations yield
2rN -1 phase functions

o (p.q)=H(p.q)=E=c¢,
¢2(p’CI):C2,

Dorn-1(Dq) = Copy_y- (1.1-8)

Upon substituting these results into the last equation we obtain by quadrature

! Paul and Tatiana Ehrenfest, “The Conceptual Foundations of the Statistical Approach in Mechanics” ,
Cornell University Press, Ithaca, N.Y. 1959, pp. 17-19.
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Introduction to the State of Large Systems 7

@ (D,q)=Cyy T (1.1-9)

However, the problem is only solved if all constants c,...c,,y are known, or
equivalently, if all initial coordinates and momenta g,,, p,,are known. This is of
course preposterous for a system of, say, 10 particles! Moreover, only certain
averages have physical significance. The purpose of statistical mechanics is to devise
methods to handle incompletely known systems.

So what can be specified for a many-particle system? First of all, for a closed
system &, V and N are fixed. Further, we assume that a representative Hamiltonian,
involving the basic inter-particle interactions, can be constructed; in addition, there
may be what Gibbs calls ‘external parameters’, Al...Ap, such as an electrical or
magnetic field. For example, a system of particles with charges g¢; in an external
magnetic field of vector potential A with Coulomb interactions has the Hamiltonian®

Sl g, ), 1S g
Hp.g;A)=> —|p,—LZA | +—» L8 (1.1-10)
§2m,- ¢ 4ﬂ;|q,~—q,-|

Here we have ignored surface energies which go as V7 and disappear in the
thermodynamic limit; the above system has 3N degrees of freedom and V acts as a
(non-holonomic) constraint on the position coordinates, while the components of the
vector potential are external parameters.”

We now consider many systems for which the other constants of motion are non-
specified but which all have the same Hamiltonian #(p, q:{A;}). A large collection
of such systems is called a microcanonical ensemble. Such systems have the same
statistical properties, as we will establish later, although their actual coordinates and
momenta ¢;(t) and p,(¢) trace out widely different paths. Later we shall introduce
other open ensembles, which better satisfy the actual thermodynamic specification by
allowing for variable energy, variable volume, or variable particle number. Although
we shall, at times, introduce a Hamiltonian for such situations — like the “grand-
Hamiltonian” — these concepts are artefacts of the formalism. Strictly speaking, only
the microcanonical ensemble has a mechanical basis vested in Hamilton's equations.

We must now extend the discussion to quantum systems, for which a
simultaneous specification of coordinates and momenta is not possible in view of
Heisenberg's uncertainty relations. The system is now characterized by a dynamical
state | (¢)) or by its projections on a complete set of many-body states. While later
we shall employ suitable occupation-number states (chapter VII), for the present we
will use the (theoretical) eigenstates {|7)} of the many-body Hamiltonian as a basis.

? We employ rationalized Gaussian (Heaviside—Lorentz) units throughout this text.
3 More completely the Hamiltonian is & (p,q;V,N,A) =H (p,q; {Al. . Sometimes we include V and
N with the external parameters {A;} = ALA,
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8 Equilibrium Statistical Mechanics

We have the Schrodinger equation

.d
H\w(q...q.y1))= hZE|W(‘J1---quJ)>- (1.1-11)

Now write

vy =2, Umnwy =2, 1me,®),

where ¢, (1) ={n |w(q,...q,y 1)) is the projection on the ‘axis’ |#7) of the Hilbert space
and where we used the closure property Zn' ny{n|=1. Then from (1.1-11), starting
with the rhs,

d
hlEZ,,I77><77Iu/(q1---qﬂv,t)> =Y, e, ®).

Taking the scalar product with |#7") and using {7'|7) = 6,,.,we find the transformed

Schrodinger equation,

n'’

hi%cn,(z)=Z<n'|%|n>c,7(t). (1.1-12)
n

The equations (1.1-12) form an infinite set of first order differential equations for the
projections of the dynamical state |/ (z))on the coordinates of the Hilbert space;
these take the place of Hamilton's equations of motion. Since |/(0)) is unknown, the
¢, (0) are unknown. Again, we need an ensemble to represent the system. While the
¢'s for a particular system have no physical relevance, in the next section we will see
that the average c, (1)c, (¢) for all systems in the ensemble is of paramount statistical
significance.

1.2 Gamma-Space and its Quantum Equivalent

J.Willard Gibbs (1839-1903) can be considered to be the father of statistical
mechanics of large systems. He developed a statistical representation for such
systems which, in principle, is applicable regardless of the complexity and the
strength of the interactions. His 1902 book “Elementary Principles in Statistical
Mechanics” (subtitle “Developed with Special Reference to the Rational Foundation
of Thermodynamics”) still merits reading today.® His gamma-space (I -space) or
phase-space is a multi-dimensional space whose axes are the rN coordinates and rN
momenta of the constituents of the system. The state of the motion in the system is at
any moment represented by the set{q,(¢), p;(¢)}; in the course of time a system traces

4 1. Willard Gibbs, Yale University Press, New Haven 1902; reprinted by Dover Publications, N.Y.,
1960.

EQUILIBRIUM AND NON-EQUILIBRIUM STATISTICAL MECHANICS (New and Revised Printing)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/6354.html



Introduction to the State of Large Systems 9

out a complex trajectory in the phase-space.  Generally the Hamiltonian
H[p(t),q(),t] will not be separable into a sum of one-particle Hamiltonians because
of inter-particle energies. In a system of a microcanonical ensemble the energy is
fixed; hence the trajectory lies on the energy surface #(p,q)=¢&, where for
conservative systems we exclude explicit time dependence in /. The trajectory of
the representative point can trace out a very complex path, but the curve never
crosses itself; see Fig. 1-1. This follows from Hamilton's equations. If the curve
crossed itself, there would be two or more tangents p; (), g, (¢) ; however, for well-
behaved Hamiltonians the derivatives 0/ /dq;, 0/ /dp, are single-valued. It was
felt by Gibbs, as well as by his near-contemporaries Maxwell and Boltzmann, that the
system trajectory would eventually fill out the entire energy surface; this is part of the
ergodic problem to which we come back in Section 2.2.

PrN g4

a2
energy surface

H(p,q) =&

Fig. 1-1. Gamma-space with the system trajectory on the energy surface.

The concept of ensemble was introduced to permit statistics without knowing the
complex trajectory traced out in the course of the time. Thus, consider at time 7 the
representative points of a large number M of systems forming the ensemble. There is
then a density of points in phase space D(p,q,t). The normalized density function is
introduced as

) 1
p(p7q7t)= hm _D(p’q’t) (12-1)
M— M
Clearly then,
rN
Ip(p,q,t)]_[dpidqi =_[p( p,q,t)dQ=1. (1.2-2)
i=1

Averages are now introduced according to the usual statistical rules. Let F(p,q) be
a phase function; then

(F())= [ F(p.9)p(p,q,0dQ. (12-3)
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10 Equilibrium Statistical Mechanics

For a conservative system p does not depend on ¢ explicitly, dp/dt =0; we speak of
statistical equilibrium. The stationary ensemble average is then

(F)=[F(p.9)p(p.9)dQ. (1.2:4)

It is clear that these averages have physical meaning only if they are the same as for
the time average of a single system,

F = lim j Flp@),q()]dt . (1.2-5)
To=T 1),

In Section 2.1, after the discussion of Liouville's equation, we will fix o(p,q) for a
microcanonical ensemble.

In the quantum picture the very notion of a particle trajectory has to be
abandoned. Rather, we are interested in the probability that the many-body
eigenstate |77) is frequented. Assuming that a given system of the ensemble has a
dynamical state |lﬂi (z)), this probability is given by cf7 (t)c,’f () — see any quantum
text. Hence, the probability to find a system in a state|7)in the ensemble is the
ensemble probability,

p(n.1) = Agiinmﬁzc; (t)ey (1) =y (H)ey (r)M. (1.2-6)

For any operator F' we now have as average in the ensemble
(Fm)=2, pn,0)m | F ). (1.2-7)

This is a “double average”: first we need the quantum mechanical expectation value
in the state |7), next we need to average over the probability that the state
| 7) occurs. The question now presses whether the above can be simplified in using a
single averaging process. This is indeed the case, providing we introduce the density
operator,

p0 =3, Imp@.nm|. (1.2-8)
Then (1.2-7) can be replaced by
(F(t))=Tr[Fp®)]. (1.2-9)
For the proof consider the corollary

TrloXy =) nloXw Imy =w |3, Imn o) =wig). (12-10)

Setting |@) =|n)and|w)=F T|77), the proof follows. We further note that the
relationship between o(¢) and p(77,t)can be inverted: p is the diagonal part of p:
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Introduction to the State of Large Systems 11

nlp®|ny=pm.ns,, . (1.2-11)

In the above the density operator depends on ¢, but we emphasize that p(¢)is a
Schrodinger operator and not a Heisenberg operator. For an ensemble in statistical
equilibrium neither o nor p depends on t. We then have for the stationary ensemble
average,

(F)=Tr(pF)=Tr(Fp). (1.2-12)

We shall also consider these results in a representation in which p is not diagonal.
Let{|y)} be a basis that spans the Hilbert space associated with a many-body
operator that possibly does not commute with 7. Let again | (¢)) be the dynamical
state of a given system in the ensemble. In this state we have the expectation value

(F@), =W O F ly' ©). (1.2-13)
Writing |y (1)) = Zyc; ()| ) we have,
AOWESNACLAOIAT oY (1.2-14)
<

Next we average over all systems of the ensemble; this requires the introduction of
the density matrix

- M
Py =y o0 ¥ =c,(t)c, (1) . (1.2-15)
From (1.2-14) we find

(FOy=CF@)," =Y. p,()F,, =Trlp(t)F], (12-16)
2.

in accordance with (1.2-9), noting that the trace is always independent of the chosen
representation. Many authors only speak of the density matrix as given here; on the
contrary, we prefer to deal principally with the density operator, which befits better
the operator algebra employed throughout this book.

1.3 The Thermodynamic State

1.3.1 Macroscopic Thermodynamics; Callen's Entropy

A system is distinguished from its surroundings by walls, being either introduced
purposely as for the container of a fluid, or being present naturally as for the surfaces
of a solid. The mechanics of the interaction with the walls will be ignored. The
system proper can then be characterized by phenomenological or thermodynamic
state variables. Most important among these are the extensive variables, which are
quantities that double if the volume within the walls is doubled. Examples are the
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12 Equilibrium Statistical Mechanics

volume V itself, the number of molecules N of a given species, the electrical charge
O, the magnetization M and the polarization P. Also, in a homogeneous system,
internal energy U is extensive, regardless of the coordination numbers and the details
of the interactions in the system.” The extensive thermodynamic variables will be
denoted by X,...X,, where we make the convention that X,=U, X, =V, X, =N
(or X = N“ when there are various species).

Historically the concepts of internal energy, temperature and heat were developed
without a microscopic basis through a combination of superb abstract analysis,
laboratory and thought experiments by Clausius, Maxwell, Carnot, Joule and others.
Perhaps the most readable book on ‘standard’ macroscopic thermodynamics is the
treatment by ter Haar and Wergeland.® On a more axiomatic basis these concepts are
introduced in Callen’s exposé.” From the outset it is assumed that internal energy is
measurable by macroscopic means and is a potential or state function, i.e., in a cyclic
process A— B — A we have cﬁd U =0; it satisfies the first law of thermodynamics

dQ=dU +dw (1.3-1)

in which dQ is a small quantity of heat added to the system and dW is a small
amount of ‘external work’; it is counted positive when done by the system, and
negative when performed on the system [the tilde is used to distinguish from the W
used for enthalpy]. It is noted that Q and W are not state functions, so that 4Q and
dW are not mathematical total (or exact) differentials.

The walls of the system may prevent energy and particle flow to and from the
environment. In that case they provide constraints for the internal energy U and for
the particle numbers N“. In the usual case that the walls are rigid, there is also a
constraint for the volume V. Quite generally any extensive variable is either
constrained or freely varying (open). The ‘gadgets’ for allowing volume variation
and particle variation are moveable pistons and permeable membranes, respectively.
If the walls have adiabatic shielding, energy can be constrained; we refer to more
popular College Physics textbooks for details. In Fig. 1-2 we have sketched some
possible set-ups.

If the system is open with respect to an extensive variable, there must be
interaction with a reservoir; common examples are a heat reservoir (also called ‘heat
bath’ or ‘thermostat’) and a particle reservoir. When an extensive variable is freely
varying experience tells us that other thermodynamic variables of the system, called
intensive variables or ‘thermodynamic forces’, balance the corresponding intensive
variables of the reservoirs. For example, a gas in a cylinder with a moveable piston
will assume a volume such that the pressures on both sides of the piston balance each

> This will be borne out by later detailed computations of the energy for classical and quantum systems.
®D. ter Haar and H. Wergeland, “Elements of Thermodynamics”, Addison-Wesley, London 1966.
" H.B. Callen, “Thermodynamics”, John Wiley & Sons, New York 1960.
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Introduction to the State of Large Systems 13

other; likewise, for a system in equilibrium with a heat bath the temperature adjusts
itself to that of the reservoir.® Below we define these intensive variables more
appropriately. Here we just note that the state of any system is fully defined by the
extensive variables that are constrained and by the intensive variables of the
reservoirs corresponding to the variables that are open. Also, in this connection, we
define thermal equilibrium. A closed system is said to be in equilibrium if no
variable X; depends on time; for an open system thermal equilibrium entails that
there is no net transport to or from the system. The equivalence of both definitions is
evident: combine two connected systems, open with respect to a variable X, to a
composite system that is closed. For the latter we thus have,

Xi,c = Xi,I + Xi,II =0, or Xi,I = _Xi,]I , (1.3-2)

indicating that there is no net flow.

S —> Reservoir S Reservoir

(a) (b)

N (c)
Fig. 1-2. Examples of open systems. (a) Moveable piston: S open with respect to V; (b) Permeable
membrane: S open with respect to N; (c) Energy exchange with a heat bath: S open with respect to &.

Finally, we come to the main point of this subsection. The principal problem of
classical thermodynamics was to reformulate the law of energy-heat conservation
(1.3-1) for a system undergoing a change in variables from{X,},to{X,}5, by means
of a state-function differential AS which is independent of the path. For the most
efficient heat converting cycle, the Carnot cycle, consisting of two adiabats and two
isotherms, a simple computation showed that

As to an arbitrary reversible (or quasi-static) cyclic process, it can always be resolved
in a sum of Carnot cycles, so that the above contour integral should be likewise zero.

¥ Later we shall see that the system temperature actually is subject to rms fluctuations proportional to
-2 .. o=
% ,with T =T

reservoir
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14 Equilibrium Statistical Mechanics

Accordingly, entropy defined as the integral of the reduced heat S = _‘.Td‘ Q/T, has a
perfect differential and is a state function. For quasi-static processes we thus have in
addition to (1.3-1) the ‘equality-form’ of the second law of thermodynamics:

ds = ZiQidXi =1/T)dU +(P/T)dV —(¢/T)dN —... (1.3-4)

where the Q,=0S /00X, are the intensive variables or thermodynamic forces; 7, P and
grefer to the usual variables: temperature, pressure and chemical potential.

If irreversible (or spontaneous) processes are also involved, the result must be
modified. From Kelvin’s principle it can now be deduced that the contour integral of
the reduced heat will be negative, i.e., cj> dQ/T < 0. Thus, let in a cyclic contour the
process A— B be irreversible and the process B — A be reversible. We then find

IABinrrev IT + S(A) - S(B) < O, or,
S(B)>S(A) + [ A0, 1T | (13:5)

In particular, this result shows that for an adiabatic spontaneous process, like the free
expansion of a gas, the final entropy is larger than the initial one. We note that this
result was obtained without ever introducing a nonequilibrium entropy function; we
only need to go from a constrained equilibrium state to a true equilibrium state via a
spontaneous process, such as the release of a piston held in place with a spring (for
details, see Section 3.8, Fig 3-1).

We will yet obtain another form, known as Clausius’ inequality, for a system in
contact with a heat reservoir (or thermostat) of temperature 7", volume reservoir
with pressure P" and possibly others. From (1.3-5) it follows that AS > AQ/T" where
the equal sign applies if heat is added reversibly. Combining with (1.3-1), we have

1 P’ B
ASZFAU +FAV+..., or AS>[..[>0fdx;. (1.3-6)
A i

In statistical mechanics it is customary to refer to Eq.(1.3-5) or (1.3-6) as “the”
Second Law of Thermodynamics. On the contrary, Eq.(1.3-4), after multiplication by
T, is usually referred to as the Gibbs’ Relation. We have the explicit form’

17dS = dU + PdV —¢dN — ®dQ — HdM — EdP — ... (1.3-7)
We assumed here that besides chemical work, we performed potential work to charge

the system, magnetic work to magnetize the system, electric work to polarize the
system, etc. The reader has undoubtedly noted that all terms have the minus sign,

? For simplicity we have omitted the scalar dot products (H - dM , etc.) and we left out |[...dV in the
magnetizing and polarizing work. The former is of no concern, since as a rule the magnetization is
along the direction of the field; as to the latter, we will be mostly concerned with the entropy per unit
volume, in order to effectuate the thermodynamic limit.
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Introduction to the State of Large Systems 15

except the work done for volume expansion; the reason is that all other work as
defined is performed on the system, while the pressure has historically been chosen
as the force per unit area exerted on its surroundings (no need to fix this now...);
thus, PdV represents work done by the system. Also, a note is in order with respect
to the term —® dQ. We consider the case that the charge Q is attached to the particles
under consideration, so that Q =¢N, where ¢ includes the sign of the charge. Then,
upon combining this term with —¢dN we have the work —udN,where u is the
electrochemical potential:

p=g+gd. (1.3-8)

Finally we indicate some customary Legendre transforms of the entropy.
Generally, these generalized Massieu functions are defined as

S (XoeX s O Q) =S = D X,0,. (1.3-9)

i=m+l1

This yields for the total differential

ds, = QdX;— D, X0, Y QdX;=) QdX,~ D, X,d0,. (1.3-10)
i=0 i=m+1 i=m+1 i=0 i=m+1
Particular cases are the original Massieu functionS,, (T, X, X,...)=S—-U /T and the
Planck function S,,(T,P,X,..)=S-U/T-PV/T.

1.3.2 Statistical Mechanical State Functions; Gibbs’ Entropy

So far we have followed as point of departure Callen’s view in which the entropy
is a function of extensive variables only. Yet this view does often not befit the
framework of statistical mechanics. For a given system we must find a Hamiltonian
in accord with the thermodynamic specification. The question arises as to which
energies are to be included, since some energies are externally turned on. This point
goes back to Gibbs who notes'

“It will be observed, that although we call &qthe potential energy of the system
which we are considering, it is really so defined as to include that energy which
might be described as mutual to that system and external bodies (reservoirs).”

As a consequence, the entropy of a system derived from Gibbs’ statistical mechanics
contains both extensive variables (V, N, etc.) and intensive variables such as external
fields (H, E, g, etc). Clearly, it is not useful to speak of ‘internal energy’ — being a
non-realizable fictitious concept of macroscopic thermodynamics; thus, U will be
replaced by &, the energy of the envisioned Hamiltonian. The ensuing Gibbs entropy

7. Willard Gibbs, Op. Cit., p. 4.
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16 Equilibrium Statistical Mechanics

has the form,

Scivps =SIE(ALV,N),V,N,A]1— S[E(A){A}]. (1.3-11)

In the latter form we have included V and N (or N%) in the external parameters {A'}.
Thus, Gibbs’ entropy appears as a Legendre transform of Callen’s entropy with
respect to those variables, which are specified by their conjugate intensive reservoir
variables. As an example, we consider a spin lattice placed in an external magnetic
field H = H,. The Heisenberg Hamiltonian reads:

N
H==>1.8;-S;—g(pg/ MHY S}, (1.3-12)
i,j i

where Ji, jis the exchange integral, S; are the spin angular momenta, g is the Landé
factor and pj is the Bohrmagneton. This yields an entropy S, . =S[6(N,H),N,H],
which for quasi-static changes satisfies the Gibbs’ relation,

TdS ;s = A6 —gdN + MdH, (1.3-13)

where M is an ensemble average. The appearance of ‘MdH’ rather than ‘HdM * has
led some investigators'' to consider the enthalpy, being the Legendre transform
W =& — MH, as the appropriate state function, interpreting (1.3-13) as

magn

TdS,,, =d(6—MH)—¢dN + MdH, or

(1.3-13")
TdS,,,, =d&—cdN — HdM.

However, It should be borne in mind that the magnetic energy, mutual with the
reservoir, cannot always be separated off. For the treatment of diamagnetism or of
magneto-phonon effects the magnetic interactions appear in the kinetic energy
[p- (%/ C)A]2 /2m, cf. (1.1-10) and the magnetic enthalpy is of no avail. Therefore,
our point of view is that the Gibbs entropy is not to be seen as a Legendre transform,
but as the proper entropy emerging from a microscopic statistical treatment. The
subscript ‘Gibbs’ will subsequently be dropped. The general Gibbs’ relation is now

TdS=d&+ 7, FdA, (1.3-14)

where the F are generalized conjugate variables; volume and number effects are
included in this sum, the terms being PdV and —CdN . Although from now on we
have no strict need for the previously introduced X; and Q;, we just mention that the
connections are: F, =TQ, for those A’s that are extensive variables and F, = —X, for
those A’s which are intensive (external) variables.

! See e.g., M. Plischke and B. Bergersen “Equilibrium Statistical Physics,” 3" Ed., World Scientific,
2006, for their mean-field treatment of the Ising model, p. 65.

12 Strictly speaking, in a statistical mechanics treatment, P and ¢ will appear as averages in a
microcanonical ensemble; however, the bars will usually be omitted to ease the notation.
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Introduction to the State of Large Systems 17

1.4 Various Ensembles and their Main State Functions

Although we started this introduction with thermodynamic considerations
involving the entropy, clearly the energy &, associated with the Hamiltonian of the
systems in the ensemble, is a more appropriate state function for statistical physics
purposes. We write & =&[S(A,),{A}], where again V and N are included in the
{A;}; specifically we set A =V, A, =N.

For a closed system, with & fixed, the description involves a microcanonical
ensemble, as stated previously. For a quasi-static change in the parameters of the
ensemble we only need to slightly rewrite the Gibbs’ relation (1.3-14):

dé&=TdS - FdA =TdS—PdV+ng—Zp:FidA,-. (1.4-1)
i i=3
The microcanonical ensemble is the only basic ensemble, which directly relates to
classical or quantum mechanics, without necessarily invoking the thermodynamic
limit. However, the main constraints, &, V and N fixed, make computations usually
quite cumbersome. The constraints can be circumvented with the Darwin-Fowler
procedure (or saddle-point method) to be discussed later, but the procedure basically
implies an asymptotic series in (1/N) which in practice is near-equivalent to taking
the thermodynamic limit. Therefore, in most cases the computations are done in other
ensembles, which are less rigorously founded, but for which one or more constraints
have been removed from the onset. These are denoted as ‘general canonical’
ensembles.
If energy can be freely exchanged with the surroundings (or an infinite reservoir)
the system is part of a canonical ensemble. The basic state function is the Helmholtz
free energy

F(T,V,N.{A})=E-TS . (1.4-2)

The differential for quasi-static changes of its parameters satisfies
P
dF =—=SdT — PdV +¢dN - )_F.dA; . (1.4-3)
i=3
If energy and volume can be freely exchanged we need the pressure ensemble.
The basic state function is the Gibbs free energy
G(T,P,N,{A})=8E-TS+PV, (1.4-4)
with differential

P
dG =—SdT +VdP +¢dN - FdA,. (1.4-5)
i=3

EQUILIBRIUM AND NON-EQUILIBRIUM STATISTICAL MECHANICS (New and Revised Printing)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/6354.html



18 Equilibrium Statistical Mechanics

Finally, if energy and particle number are variable, the description requires the
grand-canonical ensemble. The appropriate state function is the Gibbs’ function,
also called the ‘grand potential’

Q(T,V,g,{Ai}):c‘o“—TS—gN, (1.4-6)
with differential

dQ =—-8dT — PdV — Nd¢ - Zp: FdA.. (1.4-7)
i=3
Of course, this does not exhaust all possibilities. In the open ensemble &, V and N
are variable. Further, we can have reservoirs for other extensive variables A; , like the
magnetization or the charge (large capacitor acting as charge reservoir). These can,
in principle, be described by generalized canonical ensembles; they are found in
Guggenheim’s book'” and in Chapter V of this text. Their main importance lies in
the computation of fluctuations; also, ‘transformation theory’ will shed a new light on
connecting the various ensembles of statistical physics.

1.5 Fluctuating State Variables; the a-Space

One of the goals of statistical mechanics is to obtain thermodynamic relationships.
In Section 1.2 we considered ensemble averages for a phase function F(p,q). Not
every phase function, however, is an observable. For instance, the average (ql.2 ) for
one particle coordinate does not relate to macroscopic measurement. In fact, any
precise function of the p’s and ¢’s is as microscopic (i.e. ‘fine-grained’) as the
coordinates and momenta which enter into the Hamiltonian. So we will introduce
‘coarse-grained’ variables, which are averaged in the phase space over a small
volume AQ, or for the quantum case cover a range of states |7Y€ AS” in an energy
cell. We shall refer to these as “fluctuating state variables.”"* Since they are not the
specified, fixed thermodynamic variables of the system, they are subject to random
fluctuations that can be measured with sensitive instruments, e.g., a fast-Fourier
transform noise analyser (FFT). These variables, in our view, have the following
properties:

i. They are coarse-grained in phase space or cover a range of quantum states;

ii. They are generally observables of subsystems of the given system, either in
phase space or in the Hilbert space;

iii. The observables are symmetric in the particle attributes comprising the sub-
system,;

1> E.A. Guggenheim, “Statistical Thermodynamics”, Cambridge University Press, 1953, p. 253ff.
' In former times, before nano-science appropriated the term, these variables were called ‘mesoscopic’
from the Greek uecoc = in between; we shall employ this denotation esp. in the Non-Equilibrium part.
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. . . . . 15,16,1
iv. These observables can be either of an extensive or an intensive nature.'>'%!

Extensive variables are easily written as phase functions a,(p,q) or as quantum
operators. For intensive variables, see below. Besides the examples for fluctuating
state variables in footnote' we mention the energy of a subsystem with #, , =&,
the kinetic energy of the (full) system, being in the momentum subspace of the phase
space, J=x p}2m, the orientational polarization of a subsystem, PZ'({QZ.})
= Zf\;l pcos 6. =pN 'cos@" . For a quantum example, consider the number of
electrons in the conduction band of a multi-band solid.

At the end of this section we shall indicate a procedure, due to van Kampen, to
ensure that all a; commute. It is therefore possible to introduce a many-variate
probability density function (pdf) W ({a,}) =W (a). For the equilibrium state this pdf
can be obtained from the density function p(p,q) or from the density operator o, as
will be outlined in Section 2.4. For a nonequilibrium steady-state stochastic methods
can be employed. Averages in a-space are obtained by the usual rule:

<F(a))=J...IﬂdaiF(a)W(a). (1.5-1)

Although the averages so obtained must be the same as via an ensemble average in a
microscopic treatment, we emphasize that the motion in a-space is not governed by
precise differential equations as considered in section 1.2. Rather, the motion in a-
space is of a diffusive nature, as is borne out by such stochastic equations as the
master equation and the Langevin equation, discussed in Chapter X VIII.

With the a-variables we can associate an entropy function. This function is the
entropy that would be obtained if at an instant ¢ all variables were ‘frozen’ to their
instantaneous values. The entropy function will be denoted as S(a). We can now
define conjugate intensive a-variables by the rule (ai)im =0S/dx;, where x;(p,q)
are extensive variables. E.g.,, for the temperature of a subsystem we have
T7'=0S/d8 '‘wp- In Section 3.7 we shall prove Boltzmann’s famous result,
engraved on his epitaph:

S(a) =k, logW(a)+ const . (1.5-2)

' There is no unanimity of opinion with respect to property (iv). Van Kampen (see Ref. 16 below,
p-183) takes the attitude that the a; can represent any observable whose relaxations are noticeable on a
macroscopic scale, such as temperature fluctuations in a bolometer, pressure fluctuations of a
membrane, etc. De Groot and Mazur (see Ref. 17 below, p. 85), on the contrary, assume that only
extensive variables, expressive as functions a(p, g) or corresponding operators, should be considered.
As an example they mention charge fluctuations.

' N.G. van Kampen in “Fundamental Processes in Statistical Mechanics,” Vol. I (E.G.D. Cohen,
Editor), North Holland, Amsterdam 1962, p. 173.

7S R. de Groot and P. Mazur, “Non-Equilibrium Thermodynamics”, North Holland, Amsterdam 1962.
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20 Equilibrium Statistical Mechanics

Finally, we describe the coarse-graining for quantum operators after van
Kampen.'® By a decomposition of unity (closure property) we can write for any of
the operators a;,

a; =Y |m<nla |nn'|, (1.5-3)
nn'

where the |77) are energy eigenstates. We now lump these states into energy cells,
|mye AS /. Next we erase matrix elements belonging to different cells; the result is,

a= > |mlalnn|. (1.5-4)
J n.pend’
Now we make a unitary transformation in each cell, |77)(i> =Z”€ e’ S |7), such
that <77 |a; |7") =<7 |a;|77) ;5 (is diagonal). Then,
a; = > UM NoTla 7). (1.5-5)

J jea&’

These are the sought for coarse-grained operators. They commute with each other
and with the Hamiltonian, which has the coarse-grained form,

H=3 2 x| é&. (1.5-6)

J 7end’

In the last two equations we can omit the bar over the states, providing the
eigenstates have been chosen and arranged as indicated.

1.6 Some Mathematical Distribution Functions

In this section we shall review some standard probability distributions and relate
them to some elementary problems of statistical mechanics."®

1.6.1 The Binomial Distribution and Random Walk

Suppose that in an experiment p will be the a priori chance that the event A will
occur and 1 — p be the chance that the only mutually exclusive event B will occur and
that N trials will be performed. The probability that in these trials » trials yield event
A, while N —n trials yield B, depends on the number of ways we can divide N into

groups n and N —n, viz.,
N N!
= (1.6-1)
n n!(N —n)!

'8 Sections 1.6 and 1.7 are an interlude dealing with probability concepts and generating functions. The
text proper on statistical mechanics of closed systems continues in Chapter II.
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Since the trials are independent, the probability sought for is also proportional to
p"andto (1- p)" ™. Hence,
N'! n N-n
Wn)=————p (1-p)" . (1-6-2)
n!(N—-n)!

Note that this probability distribution is normalized, for by the binomial theorem

N

N
Z(n]p”(l—p)]v_”=(p+1—p)N=1. (1.6-3)

n=0

The mean and the variance can be found by the same elementary algebra:

N N(N-1
(ny=> nWn)= Z[ i _J(pN)p”‘la - p)
n=1 n=1

(1.6-4)
=pN(p+1-p)"™ = pN,
N
(n(n—=1)y=> n(n—DW(n)= p’N(N -1). (1.6-5)
This yields, "
(n*)=(n(n-1))+{ny=p(1-p)N+p°N". (1-6-6)
We now define the variance:
varn =(An*) = ([n—(m)I*) =(n*) —(n)” .
For the binomial distribution this gives
(An*)= p(1- p)N . (1.6-7)

As an example, consider the case of N spins of magnetic moment W, oriented at
random, with up or down probability ¥2. Then,

N
Won,n)=— [lj . (1.6-8)

n n_ I\ 2
Clearly, <n+> = <n_> =2 N and the mean magnetization (M) N [<n+) - (n_)] =0,
which is a meaningless result; it is only correct in the absence of a magnetic field.

In the presence of a magnetic field we must consider the energy constraint, or put the system in
contact with a heat bath, which we take to consist of a large expanse containing an ideal mono-atomic
gas. Let the total energy of the spin system and the gas be given by

E=ne +ne_ + J" = const., (1-6-9)

where J" is the kinetic energy of the mono-atomic gas, which randomizes the orientation of the spins.
Note that the temperature of the heat bath T" o« J"; further & + =FpgH , in which pg is the

EQUILIBRIUM AND NON-EQUILIBRIUM STATISTICAL MECHANICS (New and Revised Printing)
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/6354.html



22 Equilibrium Statistical Mechanics

Bohrmagneton, the spin was taken to be * Y2 and g was taken to be 2. The distribution can now be
written down as

, NU (1) ,
Wn,.n_.8) =Cjd<, ~| 6(6-9"-ne, —ne) (1.6-10)

In !
n,'n_1\2

where C is a normalization constant and where we integrate over the momentum space of the reservoir
withd "= z pi2/2m, i =1..3M. To facilitate this we take the Laplace transform (generating function)
with respect to &:

o _ - N! _ —s(r ) —g9"
W(s) = [ Wn,.n_18)d8 = C[dQ, g N AT ST 6y
0 n,'n_!
+ -—
The integral over the p’s is trivial:
M2
had M i2/2 27Tm
I_;.fdpl...dp3M igl e T { j ) (1.6-12)
s
The inverse transform is easily found"
(BM/2)-1
_ N! S-ne —-n_c)
W(n,.n_;8) =c2" @zmy™" o (1.6-13)
n,!n_! IrGm /2)
In the thermodynamic limit, M — o , 9'— . Hence we write, noting also & ~ 9"
- 3M neE +n €
& -n. e -n_e_ )(3M/2) L. gM2 exp |: In (l S A ):|
2 &
3M n &, +n_€
&M exp [—”"} . (1.6-14)
2 T

Now from equipartition theory{(J" )= (3M/ 2)k,T ". We drop further the super ‘7’ on the reservoir
temperature and we define a new constant

c'=cam)y™?27NEM? riaM 12).
The distribution (1.6-13) becomes,
N! - n - n
W(n,.n_:T)=C' (e m ) (el ) (1.6-15)
n,ln_!

Normalization for this result yields

—eu kT e kT )("++”-) (1.6-16)

¢ =(e
(where n, +n_ = N), which is the canonical partition function for this problem. Equation (1.6-15)
together with (1.6-16) is again a binomial distribution. For the average spin numbers one finds,

—&, lkgT

e
= N 1.6-17
{n.) —e,[kyT ~ —&_lkyT ( )
e +e

99 LUF) = F©E), L F(s) = F(&—-b): further, £/ )" =8 1T%).
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while the mean magnetization is given by
M= py (<n,)~(n_)) = Npy tanh (o, H 1k,T). (1.6-18)

This is the complete result, which is, of course, more directly obtained from molecular statistics, to be
treated in Chapter VL.

This example shows that the application of elementary probability theory usually
does not work in statistical mechanics, because of constraints! Therefore, while
some knowledge of probability theory is necessary, statistical mechanics uses its own
methods, which we will develop from Chapter Il onwards.

Another, less involved example is that of random walk. Let
N
x=)s (1.6-19)
i=1

be the path covered by a disoriented person after N steps. The probability for each
step is

5 if s, =A,
w(s;) = _ (1.6-20)
- if s, =-A.
Since the steps are independent, the probability distribution for x is
N
W) =]]w(s)d, s, - (1.6-21)

We get rid of the constraint by using the Fourier transform (characteristic function),

o)

O(u)= | eiMW(x)dx=<ei“x>

- N (1.6-22)
_ <eiuzs,. > _ H <e,~us,. > _ <em >N '
Now, }
<e””> = Lo 417 — cosuA. (1-6-23)
Hence,
D(u) = (cosuA)" = 2‘NZ(]Z}"""A€"'W”A, (1.6-24)

where m = N —n. The inverse transform is found by using the well-known integral,

oo

1 j My = S(x—x). (1.6.25)
27

—oco
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24 Equilibrium Statistical Mechanics

We thus obtain,

N
W(x):2_NZ( j5[x—(n—m)A]. (1.6-26)
PR/}

This indicates that x has discrete values (n —m)A, resulting from m steps to the left
and n steps to the right. The discrete distribution is clearly

N! __
27N, (1.6-27)

n'm!

W(n,m)=

in accord with the binomial distribution law. We can also write down the probability
for K =n—m steps to the right,
27NN

W(K) = . (1.6-28)
[(N+K)/2]'[(N - K)/2]!

It is left to the reader to verify that the factorials in this expression always involve
integers.

1.6.2 The Multinomial Distribution Function

We consider K mutually exclusive events, with a priori probabilities p,...p,, with
2p; =1. Out of N trials, the joint probability for finding N; events 1, N, events 2, ...
Nk events K is then by a similar reasoning as before

N! N,
W(Nl,Nz,...,NK)szpi i (1.6-29)

The multinomial coefficient NUVII;N;! is easily derived from the binomial
coefficient. For we can choose N, events out of N, then N, events out of N — N, etc.
Thus the number of ways is

N Y  N! (N-N))! (N-=N,—.Ng_,)!  N!
N\N,..) N{N=N)!N,W(N=N;,=N,)!"" N (N-3N,)! NLNg!
(1-6-30)

Employing the multinomial expansion theorem,

N!
(@+ay+.a)"= > ﬁaf\/‘aé\]z ank (1.6-31)
all sets{N;} Nl NK :
one easily finds,

(N;)=p,N, <ANi2>:pi(1_pi)N’ <ANiANj>:_piij' (1.6-32)

The covariance for the cross-correlation is negative, as expected, since 2N, = N.
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We may apply this distribution for finding the density correlations of particles,
which have an equal a priori probability to reside anywhere in a given domain V.
Dividing this domain in K equal cells Av, we have p, =Av./V. This gives for the
variances and covariances,

(AN?Y= N(Av, IV)[1—(Av,/V)],

(1.6-33)
(AN,AN ;) ==NAv,Av, /V?.

We define the density by N; =n(r;)Av,. Then for the density fluctuations we have,
(An(r;,)*Y(Av,)* = N(Av, /V)[1—(Av, V)],

(1.6-34)
(An(r;)An(r;)YAv,Av; = —=NAv,Av, [V,

We let K — e and Av, — 0;both equations are then summarised by the form for the
density-density covariance,

{An(r)An(r")) ={n(r))[o(r—-1") - é] . (1.6-35)

The last term stems from the constraint that N =<{n(r))Vis fixed. In case all
particles have the same energy ¢ the constraint &=2XN,¢; reduces to N =2N.; Eq.
(1.6-35) is not only good statistics, but also good statistical mechanics since the
temperature clearly does not enter in. In a similar fashion one may establish for the

triple correlations,

(An(r)An(r,)An(rs)) = {n(r))

1< 2

X 5(r1—r2)§(r1—r3)—v.z'5(1;.—rj)+ﬁ . (1.6-36)
i,ji#]j

1.6.3 The Poisson Distribution, the Gauss Distribution and Normal Distribution

If in the binomial distribution N — e, p — 0 and pN ={(n) remains finite, we
arrive at the Poisson distribution,

W(n)=e"(n)" In! (1.6-37)
The road is easy; we have
N N
N (ny -
1-p)V =[1-22| =[1-Y2| Lt 1.6-38
o= (1-29) (1) tos
Further,
' n _ —-n ' n
NP A=p) NI o NV =1 (N =n+1) ~ p"N" =(nY'. (1-6-39)
(N —n)! (N —n)!
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26 Equilibrium Statistical Mechanics

These two steps establish the result (1.6-37). Clearly XW (n) =1, so the distribution
is normalized. The second factorial moment is

1
(n(n—Dy=en S =D ’;(” )

n=0

S W™ _ (m)"
I R

For the variance we obtain,
(An*) ={n(n =) =(m{n) = 1] =(n). (1.6-41)

In many problems 7 is also large and the distribution can be further approximated
by using Stirling’s formula,

n!~ 2 e”("”[ L. +}

12n  288n>

Inn!~(n+3Inn-n+3In27z+..~nlnn—n.

(1.6-42)

The approximations are most easily carried out in In W(n); setting D =n—{n),
InW(n) ~~ny+nin{ny —(n+3)Inn+n—<In2z
=—(n)+ D +3]In[1+(D/n)]+ D —11In(27{n))
=—(n)+ D+L[(DKnY) = (D*/ 2%n)*) +..1+ D — L In(27{n))
=- 213; + 251; - 220 + 45;2 +...—3In(27(n)). (1.6-43)

We assume that |D| >> 1, in addition to |D/{n)| << 1; so we retain only the first and
the last terms, the result being,

W () = e =120 (1.6-44)

Since n — (n) is a large number, we may replace it by the continuous variable x
[interval (—eo, oo)]; we then arrive at the Gauss distribution (Gaussian probability
density function):

1 2
W (x) = ———— ™)/ 20), (1.6-45)
\27{x)

For the variance we have clearly,

(AX*y =(x). (1.6-46)
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For various problems the distribution is bell-shaped, but its width is varying, i.e.,
the shape is as in (1.6-45), but the Variance<Ax2)EO'f is not given by (1.6-46).
These distributions are called “normal” and have the general form®

W(x) = Ao 120. (1.6-47)
270 2

X

One easily sees that W(x) is normalized, while the results for {x)and(Ax?) are
consistent.

To find higher order moments, we use the following tricks. First consider

hod 2
[ e dy=Ar. (1-6.48)
Substituting y2 = ax?, we have
R 2
[ e ™ dx = \/g (1.6-49)
Differentiating repeatedly to ¢z one obtains
g 2
[ x*e ™ dx =% % (1.6-50)

T x2ke—ax2 di = 1.3.5...(2k-1) V4

PR VA
- Z = (@k-Dn2 S (1.6-51)
(94

—oo

The integrals can also be expressed in the gamma-function. If the interval is changed to (0,e0) the results
are to be multiplied by (1/2).

For odd integrals we start from

fedy=1. (1.6-52)
0
Substituting y = ax? , we have
ol 2
fxe ™ dx=1/2a. (1.6-53)
0
Repeated differentiation to o yields,
R 2
[ e ax = k12a (1.6-54)
0

Needless to say that these integrals will be encountered over and over.

% The names Gaussian distribution and normal distribution are often interchanged in the physical
literature.
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28 Equilibrium Statistical Mechanics

1.6.4 Multivariate Distributions, the Maxwell-Boltzmann Distribution and the
Virial Theorem

When we have a set of variables x,..x,, that are independent, their joint
distribution is simply the product distribution ITW(x;). For the case that the variables
are not independent, the general multivariate normal distribution has in the exponent
a polynomial of the second degree:

—2 0 x;x; 12

W(x,,..x; ) =Ae "’ = Ae XOX/2 (1.6-55)

where A is a normalization constant and o is a symmetrical matrix; in the second
form the x’s have been arranged in a column matrix, with the tilde denoting the
transpose (row matrix). The moments can be found by diagonalizing the matrix o, or
faster, by a method going back to Onsager.”' To that purpose we consider ‘conjugate
variables’, defined as:

5 =—0InW/dx, =D ax;. (1.6-56)
J

The inversion is,
X; :Zk:(a—l) i 2 (1.6-57)

Hence we have,

dlnwW ow

Xz, )=—|x Wdx =—| x, —dx. 1.6-58
<lk> jzaxk Izaxk ( )

The integration over dx; is singled out and we integrate by parts to obtain,

(270 = —j...jdxl...dxk_ldxm...dejg—Wx,.dxk =5, [Wdx=5,. (1.6-59)
Xk

Using now (1.6-57), we arrive at the simple result,

(xpx;) = ; @ alnzy =@, =@);. (1.6-60)

Thus, to find the covariances it suffices to invert the matrix Ol.
Two more results about the conjugate variables z; are in order. First, we consider
<zl.zj>. Using (1.6-56) and (1.6-59) we have

(zizy =D aulany=ay . (1.6-61)
k

For the distribution W (z;...z, ) we now find,

' L.S. Onsager, Phys. Rev. 37, 405 (1937); ibid. 38, 265 (1938).
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9(x;...xg)

W(Zl---ZK) :W(xl"'xK) a(zl...ZK)

. (1.6-62)

The Jacobian is just the determinant of AR Employing (1.6-57) to rewrite the
polynomial in the exponent, we directly obtain,

| 2@z
W(z..zg)=Ala| e’ : (1.6-63)

The reason that a normal distribution so often occurs lies in the central limit
theorem, which states:

For a random variable x(t) composed of N random contributions, the distribution
function W(x) approaches the normal distribution if N— oo, providing none of the
random contributions shall be compatible with the resultant of all others.

We will give an example of the central limit theorem. Consider a current through
a conductor, connected to a capacitor, see Fig. 1-3. The current density is (V, being
the volume of the conductor),

JO)=(g /Y)Y vi(); (1.6-64)

the carrier velocities are random variables, fluctuating due to electron-phonon or
other collisions.

\[Sg Af

|

[
e

>

()]

Fig. 1-3. Passive RC circuit with Thévénin generator representing voltage fluctuations across R.

Since J is made up of many events, the pdf for J will be a normal distribution, as is
the distribution for the capacitor charge, W(Q). In Chapter III we shall prove the
Boltzmann-Einstein result

cetS Q)0 Ikg

W(Q)=ceS S50k = , (1.6-65)

where S(Q) is the entropy function and Sy is the equilibrium entropy; S "(Q) <0 is
the second derivative about the equilibrium state. The central limit theorem assures
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30 Equilibrium Statistical Mechanics

us that no higher derivatives need to be retained in the limit N— oo, since (1.6-65) is a
normal distribution. With 7dS = —-®dQ we have

d*S1d0* =—d(®/T)/dQ =-1/CT . (1.6-66)
Comparing with (1.6-47), we find
0y =(AQ?)=k;TC and oy =(AD*)=k,T/C. (1.6-67)

The voltage noise can be represented by a voltage generator per unit bandwidth, So,
in series with the resistor R. For frequencies well below the inverse collision time S
is independent of frequency. Therefore,

2
(d“’J R So (1.6-68)

S (o]
APy =22 = ,
( ! 27 )1+ w’C*R*>  4CR

2
R 0

Comparing (1.6-67) and (1.6-68) we established™
Se = 4k,TR, (1.6-69)

which is Nyquist’s famous formula for thermal noise (without quantum-correction
factor).

As an example of a multivariate normal distribution we mention the Maxwell—
Boltzmann distribution.  Using Cartesian velocity components, and using the
standard practice whereby molecular distributions are normalized to N, we can write

2 v 2
nvgvy v )= expl DY | (16.90)
8n’cio)0; 20, 20, 20

X

Clearly,
vy =(v,y=(v.)=0,

=0 =0 =307,

From the equipartition theorem we have %m{vz) =2kpT, so that o2 =kyT/m, etc.
We thus obtain the usual form of the M—B distribution,

(1.6-71)

n(v,v,,,) = Nim/ 2k, T 2e ™ 26T (1.6-72)

Going to polar coordinates in velocity space, we have

d(v,,v,,v,)

2 .
=n(v_,v_,v. )v-sind. 1.6-73
30.5.9) (Vyesvy,v,) ( )

nv,0,@)=n(v,,v,,v,)

2 H. Nyquist, Phys. Rev. 32, 110 (1928).
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Integration over the polar angles yields the Maxwell distribution for the velocities:
n(v) =4 N[m/ 2mk,TT'2v2e ™ /2 (1.6-74)

The mean velocity is (v) = ,/8k,T/zwm ; the rms velocity isv,,, = ,/3k;T/m. For the
fourth moment we find — using the previously stated Gaussian integrals —
(v*y=15(kzT/m)?. To find the energy fluctuations we note that the molecules
fluctuate independently, so that their variances add. Therefore,

(AE%y = N(AE*Y =L Nm?[(v!y = (v*)°]. (1.6-75)
From the above values for the second and fourth moments one easily arrives at
(AE*y=3kyN kyT? = CykpT?, (1.6-76)

where Cy is the molar specific heat when N ( = N4) and V are fixed. These are all
very elementary results, which require only the application of the central limit
theorem and the energy equipartition rule.

Virial theorem

We consider the quantum mechanical Hermitean operator,”
3N
F =%Z(picb +4:p;), (1.6-77)
i=1

where the sum is over all translational coordinates. The commutator with the
Hamiltonian (if r > 3 there are internal degrees of freedom),

3N
H =2 (p}12m)+Wq.-q,n), (1.6-78)

i=1

is easily worked out; one obtains
W
[F,#] =hi2[(p,- /mi)—qiav(qp-.qﬂv)/aq,-]- (1.6-79)
i=1

With the Heisenberg equation of motion this gives,

F 3N
d—=Z[(p,-2/mi)—qia7/“/aqi)]. (1.6-80)
dt i3
We now take a time average over a sufficiently long time. Then, if F is bounded

dF/dt =0. Taking in addition a quantum mechanical average, we have

% G.H. Wannier, “Statistical Mechanics”, Wiley, New York 1966, p. 43ff.
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