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Chapter II 
 
 

Statistics of Closed Systems 
 
 
 

2.1  Liouville’s Theorem and the Microcanonical Density Function   

 

 We start again with classical systems, whose motion can be pictured in the 

gamma-space or phase space, described in section 1.2. The principal theorem 

regarding the change of the density function ({ ( )},{ ( )}, )i ip t q t t  –  or for short 

( , , )p q t  –   is due to L iouv ille1. The basic statement of the theorem is found in 

standard tex ts on classical mechanics, lik e G oldstein’s book .2  L et us consider the 

motion of a number of points dN  in the phase space from a time t1 to a later time t2. If 

d! is the associated v olume in the phase space, then we clearly hav e  

   1 1 1 1 2 2 2 2( , , ) ( , , ) .dN p q t d p q t d  " ! " !  (2.1-1) 

A ccording to classical mechanics d!  is a P oincaré inv ariant, since the Jacobian of 

the canonical transformation ,1 ,1 ,2 ,2{ },{ } { },{ }i i i ip q p q# is unity (G oldstein, O p.C it. 

p. 403, 393)3 ; hence, 1 2.d d! " !   E q uation (2.1-1) therefore entails that   remains 

unchanged when we follow along the trajectories of the system points, i.e., 

   / 0 .d dt "  (2.1-2) 

We note that /d dt  stands for the total deriv ativ e, which in this connection is usually 

referred to as the c o n v e c ted o r h ydro dy n a m ic  de riv a tiv e .  E q uation (2.1-2) indicates 

that the flow of system points in phase space is lik e that of an ‘incompressible fluid’.   

     We obtain another form of L iouv ille’s theorem when we apply the chain rule for 

/ .d dt  We then hav e 
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d p q t
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dt t p q
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 (2.1-3) 

U pon applying H amilton’s eq uations, see (1.1-7), we find the result, 

                                                   
1 J. L iouv ille “ N ote sur la théorie de v ariation de constantes arbitraires” , J. M ath. P ures et A ppl. (9) 3, 

342 (1838). 
2 H . G oldstein, “ C lassical M echanics” , 2nd E d., Wiley, N ew Y ork  1980. 
3 This follows from the sy m plec tic  c o n ditio n  for canonical transformations, ������������

 where �  is the 

Jacobian matrix  and & '1 0

0 1(

���
 is the symplectic matrix ; clearly, || D et 1."

�
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 (2.1-4) 

where the curly brack et denotes the P oisson brack et with its usual definition, 
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 (2.1-5) 

     We now proceed to find a form for   in the microcanonical ensemble.  In 

eq uilibrium statistical mechanics ‘statistical eq uilibrium’ implies that the ensemble 

picture is the same at all times, i.e., the local deriv ativ e of the density function, 

/ t $ $  is zero. Thus also, 

   ) *, 0 , "
�

 (2.1-6) 

indicating that   is a  pro pe r c o n sta n t o f m o tio n . Therefore,   must hav e the following 

form, 
   2 3 2 1( , ) [ ( , ), ( , ), ( , ),..., ( , )] ,rNp q f p q p q p q p q + + + (" %  (2.1-7) 

where the + 's are the constants of motion introduced in S ection 1.1.  A s we pointed 

out there, howev er, these constants of motion are wholly unk nown; only 
1
( , )p q+  

( , )p q, & is defined in the ensemble.  C onseq uently, the other 's+  must be ‘talk ed 

away!’  In classical physics this is accomplished with e rg o dic  th e o ry , which has a 

long history, from the founders of k inetic theory, M ax well and B oltz mann, to more 

recent v ery mathematical considerations by O x toby and U lam; we shall briefly dwell 

on these in the nex t section.       

     Tak ing it for granted that   is only a functional of & , we proceed to fix  its form.  

G iv en that for a closed system &  is conserv ed, it follows that all systems hav e a 

trajectory that lies on the energy surface ( , ) .p q "& '   S o we conclude that   will 

hav e the form, 
   ( , ) [ ( , ) ] ,p q C p q -" (& (  (2.1-8) 

where C is a constant, determined by normalization, as follows.  F or the v olume 

element in phase space we write 

   / | | ,d d dS g ra d d dM!! " ,) )* + *
 (2.1-9) 

where dM ) is called the differential surface measure. 

     
      A  pictorial ex planation is giv en in F ig. 2-1. O ne easily notes the relations, employing the definition 

of generalized gradient in curv ilinear coordinates, 

   
,

| | ,

d dS dn

d g ra d dn

.

! .

! "

"

,- .  (2.1-10) 

which result in (2.1-9). 
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dn
⊥

dS
ε
, grad H H (p,q) = ε + dε

H (p,q) = ε

 
 

F ig. 2-1. V olume /!  between two energy surfaces. 

 

We thus hav e from (2.1-8) and (2.1-9) 

                        [ ( , ) ]d C p q d -! " ( !
/ / 0 1

  

            '' ( ' ) 1.C d dM C M-" ( " "
/ /2 3 34 4 4

 (2.1-11)    

It follows that 1/C is eq ual to the surface measure M 5 ; hence,   is giv en by† 

   
1

( , ) [ ( , ) ] .p q p q
M

 -" (6 0 7
 (2.1-12) 

This is the ex act form, indicating that the density is confined to the energy surface, 

where it is a constant (no ‘loading’).   

 Y et, for many practical computations, the energy is giv en a ‘leeway’ -
4

.  

D enoting the v olume between the neighbouring energy surfaces 
4

 and -%
8 8

 

by ,/ !
3

 we then write 

   
1/ , ( , ) ,

( , )
0 .

p q
p q

else w h e re

-
 

/ ! 0 0 %
9

" : ; 3 < = < <
 (2.1-13) 

F rom normalization we now hav e 

   .M -/ ! "
3 3 4

 (2.1-14) 

 
 

2.2  The E rg odic H ypothesis 

 

 When one look s through M ax well’s and B oltz mann’s collected papers, it becomes 

clear just how much these authors were concerned with the justification of the use of 

ensemble av erages for k inetic computations.  M any modern book s, in which phase-

space av erages are ‘justified’ by the a d h o c  postulate of eq ual a  prio ri probabilities, 

should do well to refer to the original work  of the pioneers.  B oltz mann states the 

                                                   
† R ather than box ing eq uations, we hav e resorted to using b old numb ers for v ery basic results. 
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ergodic hypothesis4 as follows:5 “ The great irregularity of the thermal motion and the 

v ariety of ex trinsic forces acting on bodies mak e it probable that, in v irtue of the 

motion which we call heat, the atoms of bodies tak e on all positions and v elocities 

compatible with the eq uation of energy.”   M ax well states the same idea in more 

detail:6  “ The only assumption which is necessary for the direct proof [of 

B oltz mann’s law] is that the system, if left to itself in its actual state of motion, will, 

sooner or later, pass through ev ery phase which is consistent with the eq uation of 

energy.”   C learly he came close to the enunciation of the ergodic hypothesis as it is 

nowadays phrased: F o r a  c o n se rv a tiv e  sy ste m  th e  pa th  o f th e  sy ste m  in  ph a se  spa c e  

pa sse s th ro u g h  a ll po in ts o f th e  e n e rg y  su rfa c e  a n d in  su c h  a  m a n n e r th a t th is su rfa c e  

is c o v e red u n ifo rm ly . 

     Whereas the first part of the statement seems plausible for a curv e that nev er 

crosses itself (see S ection 1.2) the latter part is more stick y.  To clarify this point, 

B oltz mann deriv es a formula for the time interv al which the phase point during its 

motion spends on a giv en element of the energy surface. F irst he computes the time 

dt that it tak es for the system to mov e through an element of the independent 

v ariables, i.e., those p’s and q’s  which remain time-dependent after all others are 

fix ed by the integrals of motion, cf. E q . (1.1-8);  this calculation is straightforward, 

using  “ Jacobi’s method of the last multiplier” .  F rom here he proceeds in an obscure 

way to obtain the time spent by a representativ e point of the system on an element dS 

of its energy surface.  The asserted result is, 

   lim / / | grad | .T dt T dS dM#1 2 "> >?
 (2.2-1) 

If this were true, the desired result is obtained, v iz ., that the time av erage ov er the 

trajectory of one system eq uals the ensemble av erage for all systems:   

            @
0

/( , ) lim [ ( ), ( )] ( , )
T

T TF p q F p t q t dt C F p q dM#1 "" A BC >   

           .' ( , ) ( ') ( , , )C d F p q dM F p q-" ( "
DE F G>H H H

 (2.2-2) 

H owev er, it is certain that B oltz mann’s proof was fallacious. C ritiq ue on the ergodic 

hypothesis was v oiced by many authors in the early twentieth century, among which 

R osenthal and P lancherel.7 F rom a point of v iew of measure theory the impossibility 

of the hypothesis is clear: N o trajectory which cannot hav e multiple points can fill 

out a multi-dimensional surface.8  S lightly better fared the q uasi-ergodic hypothesis, 

which states that th e  tra je c to ry  w ill c o m e  a rb itra rily  c lo se  to  a n y  po in t o n  th e  e n e rg y  

                                                   
4 The name stems from the G reek  3 456  =  work . 
5 L . B oltzmann, Wiener B erichte  6 32, 679, 1871, or his collected papers N o. 19. 
6 J.C . M ax well, P roc. C ambridge P hil. S oc. 12, 547 (1879); also collected papers 2, p. 713. 
7 A . R osenthal, A nn. der P hysik , 4 2, 796 (1913);  M . P lancherel, A nn. der P hysik  4 2, 1061 (1913). 
8 A .I. K hintchine, “M athematical F oundations of S tatistical M echanics” , D ov er, N ew Y ork , 1949, p. 53. 
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su rfa c e .  H owev er, although F ermi showed that this is true for a large class of 

systems, the statement (2.2-1) remained elusiv e.   

     A  more rewarding av enue was tak en by B irk hoff and in a somewhat weak er form 

by v on N eumann, both in 1931.  They showed the eq uiv alence of (2.2-2) for the 

condition that the energy surface is ‘metrically indecomposable’.  The latter property 

entails that S I  cannot be decomposed into two parts S1 and S2, both of positiv e 

measure, and both inv ariant under the transformation group ( ), ( )
i i

p t q t #  

' ( ), ' ( ).
i i

p t q t  The essential argument has now been mov ed to another q uestion, v iz ., 

which systems hav e a metrically transitiv e transformation group?   In 1941 O x toby 

and U lam showed that ‘almost ev ery’ continuous transformation satisfies this 

criterion.9  

     F or those who are mathematically inclined it is gratifying, that with the help of 

modern measure theory the alleged  result of the founders has finally been shown to 

be correct for ‘almost all’ systems.  H owev er, classical systems hav e little place in 

present-day many-body q uantum physics.  A s we will see in the nex t section, in most 

q uantum systems the H amiltonian J  is the only constant of motion, whose states 

span the entire relev ant H ilbert space.  Therefore    can only be a functional of J . 
 
 
2.3  V on N eumann’s Theorem and the Microcanonical Density O perator 

 

 The road for q uantum statistics is beset with less trouble.  F ollowing the 

dev elopments of S ection 1.2, we hav e for the density operator in an arbitrary basis of 

many-body states{| }4 K  

   *
' '

1

1
( ) lim ( ) ( ) .

M
i i

M
i

t c t c t
M

44 4 4 
#1

"

" L  (2.3-1) 

With | ( )i t7 M  being the dynamical state of system ‘i’ in the ensemble, and with ( )i
c t4  

| ( )i t4" N 7 O  being its projection on | 4 K  we hav e from | / |i ii t$ 7 P $ " 7 PQ R
 by 

insertion of the closure property " | " "| 14 4 48 PTS " , 

   
" "

( / ) | " " | ( ) | " " | ( ) , or,i ii t t t
4 4

4 4 4 4$ $ KTU 7 V " VWU 7 VX XY J   

   " "
" "
( / ) | " ( ) | " ( ) .i ii t c t c t4 4

4 4
4 4$ $ K " KX XZ J  (2.3-2) 

Tak ing the scalar product with | 4 K  and noting "| " ,444 4 -
[ \

"  this giv es the 

transformed S chrö dinger eq uation in the basis {| },4 K  

   " "
"

( / ) ( ) ( ) .i ii t c t c t4 44 4
4

$ $ "
XZ J  (2.3-3) 

                                                   
9 I. O x toby and S . U lam, A nn. of M ath. 4 2, 874 (1941). 
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D ifferentiating (2.3-1), this yields, 

             
*

' '*
'

1
lim ( )

i i

i i

M i

c c
c c t

t M t t

44 4 4
4 4

 

#1

] ^
$ $ $

" %
_ `

$ $ $
_ `a bc

     

      9 :" " ' " " ' '
"

1 1
.

i i
44 4 4 44 4 4 44

4
    

d e
" ( " (

f ghi ij j j j
 (2.3-4)  

S ince this holds for the matrix  elements, it holds for the operators themselv es.  We 

thus obtained v on N eumann’s theorem, 

   9 :
1

, ,
t i

 
 

$
" (

$
i j

 (2.3-5) 

where [ , ] k  is the commutator. N otice the minus sign compared to the well-k nown 

H eisenberg eq uation of motion.10  The result is similar to the L iouv ille eq uation (2.1-

4), deriv ed earlier.  We clearly hav e the correspondence { , } (1 / )[ , ];i  # lk k  

this was to be ex pected from the general q uantum condition { , } (1/ )[ , ],A B i A B" l  

see D irac.11 

     The formal solution of (2.3-5) is easily giv en. If k  does not ex plicitly depend on 

time we hav e, 

   
/ /

†

( ) (0) (0)

( ,0) (0) ( ,0) ,

i t i t i t
t e e e

U t U t

   

 

( (" "

"

m m no o
 (2.3-6) 

where U is the ev olution operator and where p  is the L iouv ille (super)-operator. We 

note that, if  (0) commutes with k , so does ( ).t  

     F or an ensemble in statistical eq uilibrium / 0, so that [ , ] 0.t  $ $ " "k  It 

follows that   is a constant of motion; we write 

   ( ) .f " k  (2.3-7) 

There is now no need to include other constants of motion, since, ex cept for 

pathological cases, they only span a subspace of the H ilbert space for k .  We now 

use the spe c tra l re so lu tio n
12 (decomposition theorem, see e.g., M essiah13): 

 

   | | and ( ) | | ( ) .f f; ;
; ;
; ; ; ;" qsr " tsru uj v w v

 (2.3-8)  

                                                   
10 The density operator is not a H eisenberg operator, but a S chrö dinger operator.  A lso note that we used 

the symbol / t$ $ for the appropriate deriv ativ e. 
11 P.A.M. Dirac, “The Principles of Quantum Mechanics”, 4th Ed., Oxford University Press, 1958, p. 87. 
12 F. Riesz and B.Sz. Nagy, “Leçons d’analyse fonctionnelle” , 4th Ed., Gauthiers–Villars, Paris, 1965, 

Chapter 11. 
13 A. Messiah, “Quantum Mechanics”, Vol. I, North Holland, Amsterdam, 1961, pp.260-272; translated 

from A. Messiah, “Mécanique Quantique”, Dunod, Paris, 1958. 
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Now    can b e represented b y its diagonal part, see (1.2-8),   

   | ( ) | .p
!

 ! ! !" x yz
 (2.3-9) 

From (2.3-7) – (2.3-9) w e find, 

   ,( ) ( ) | .p f !! !" x #{ {
 (2.3-10) 

The restrictions on the accessib le states |! | entail that ( )f !

}
 must b e tak en to b e a 

delta-function  
   ( ) ( ) .p A !! $" %

~ ~
 (2.3-11) 

Let us w rite 

   ... ( )... ,d ! !
!

&'
� ��� �

 (2.3-12) 

w here ( )!
&
~

is the density of states; the approximation is near-exact, since for a 

macroscopic system the states are very dense. From (2.3-11), (2.3-12) and 

normalization w e have 

   ( ) ( ) ( ) ( ) 1.p A d A! ! !!
& &! $" % " "

� � ~ ~ ~ ~ ~
 (2.3-13) 

This fixes b oth p(!) and   : 

   

1
( ) ( ) ,

( )

1
| ( ) | .

( )

p !

!
!

! $
&

 ! $ !
&

" %

" x % ��
~ ~~
~ ~~  (2.3-14) 

The latter expression can again b e summed w ith the decomposition theorem (2.3-8); 

w e then ob tain the final form, 

   
1

[ ] ,
( )

 $
&

" %
� �� �  (2.3-15) 

w here �  is the identity operator.  Ob viously, Equation (2.3-15), containing a delta 

function of an operator, is a symb olic expression, its true meaning b eing just (2.3-14).  

Clearly, the expressions for the classical density function ( , )p q and the quantum 

density operator   are very similar, w ith the surface measure M � b eing replaced b y 

the density of states ( ).& �  

 

     Again, w e can also allow  for a certain tolerance $ � . Then, let ( ) ( )& $() "� � �  

b e the numb er of states in this interval, i.e., the numb er of states |! | w ith energies 

.! $* * +
~ ~ ~ ~

 W e refer to ( )() � as the micro cano nical partitio n functio n.  Then 

(2.3-15) tak es the alternate form, 
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1
| |, | ( )

( )

0, | .all o ther

!
!
! ! ! $

 

!

� � � �
# * * +

�
()" � � ��

� � � � ��
 (2.3-16 ) 

     To b e noted is that w e did not appeal to ergodic theory for the quantum case.  This 

indicates the superiority of the quantum treatment.  A device lik e spectral resolution 

is non-existing in classical mechanics.  The very complex arguments of Oxtob y and 

Ulam, involving metrical decomposition of the energy surface, come close, how ever, 

to the considerations of spectral resolution theory of quantum operators, w hich, for 

its mathematical validity relies on very extensive properties of linear operator theory, 

especially w hen such operators are not necessarily b ounded in the Hilb ert space; see 

in particular Ref.12 [also, Ref. 49 of Chapter X VI]. 
 

 
2.4   M ac r o -P r o b ab ility  in  C lassic al an d  Q u an tu m  S tatistic s 

  

     In the previous sections w e ob tained the density function, or operator, for a 

microcanonical ensemb le.  The next step is to find the macro-prob ab ility for the 

specification of the a-variab les in a system, see Section 1.5 .  Suppose w e have the 

state variab les { ( )} , 1... .
i

a t i P"  Let these variab les lay in the domain 

   

1 1 1 1( , )

( )

( , )P P P P

a a p q a da

a a p q a da

* * +
��

" � �
* * +

� .
.a

�
 (2.4-1) 

This specification delineates a volume ( )(, a in phase space, called the accessible 

v o lume in phase space, 

   
( )

( ) .d(, " ,
�

a

a �  (2.4-2) 

The situation is pictured in Fig. 2-2. 

 

                

H (p,q) = ε

H (p,q) = ε + δε

∆Ω (ε)

∆Ω (a)

 
 
 

Fig. 2-2. Accessib le volume for a specification (2.4-1). 
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 W e introduce a density function ({ )}
i

G a b y 

   1 2

( )

( ) ({ } ) ... .i Pd G a da da da(, " , "
�
a

a �  (2.4-3) 

For the prob ab ility of the specification (2.4-1) w e clearly have 

   1 2({ )} ... ( ) / .i PW a da da da " (, ( ,a �  (2.4-4) 

W ith (2.4-3) w e ob tain for the prob ab ility density function (pdf): 

   ({ )} ({ } ) / .i iW a G a" ( ,�  (2.4-4') 

This is the b asic result for macro-prob ab ility in classical statistical mechanics. 

     How ever, if the a’s are extensive variab les, they are most lik ely fixed in the 

ensemb le.  W e may then consider sub systems in w hich the a’s fluctuate, as discussed 

in Section 1.5.  Accordingly w e w rite, dividing the composite system into tw o 

sub systems, noting I II ,i i ida da da" " %   

   

I II I II

( )

I I

( ) ~ ({ } ) ({ } )

({ } ) ({ } ) .

i i k
k

c
i i i k

k

d d G a G a da

G a G a a da

(, " , ,

" %

-
�

-

a

a �
 (2.4-5)  

The reader notices that (2.4-5) is a dimensional failure, since w e have P factors da 

too few  on the rhs.  This is not as grave as it look s, how ever.  Tak ing the example of 

a hypersphere, let ( ) ,Na Ca.(, "  then 1( / ) ( ) ( ) ;N
d da a G a C Na

.. %
(, " "  or  

   ( ) / ( ) / .a G a a N a. $(, " /  (2.4-6) 

This indicates that ˆln( ) (ln ) .ida N c0 " 1
 

 Henceforth, constants that vanish 

logarithmically w ill alw ays b e denoted b y ĉ . The result (2.4-5) therefore reads more 

properly, 

   I Iˆ( ) ({ } ) ({ } )c
i i i kk

cG a G a a da(, " % -a  (2.4-7) 

leading to the pdf, 

   I Iˆ({ } ) ({ } ) ({ } ) / ( ,{ } ) .c c
i i i i iW a cG a G a a a" % (, ¡  (2.4-8) 

 As a direct extension, consider K sub systems w ith .c
i ia a2

23 "  Then, similar to 

(2.4-8), 

   1 1

1

ˆ( ... ) ( ) / ( , ) .
K

K c
W c G

2

2

%

"

" (,-a a a a¡  (2.4-9) 

      

     These results are rapidly reformulated for quantum statistics.  Let 1... P
a a  b e 

coarse grained (commuting) macroscopic fluctuating variab les.  Since [see (1.5-5)]  
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   4 5( ) | |
J

J
i i i

J

a a
!

! !
#(

" ¢¤£¥ ¥§¦
 (2.4-10) 

w e only need to count the energy cells J corresponding to the specification for the ai 

to b e in ( , )i i ia a da+  and the numb er of states in each cell.  The accessible number o f 

quantum states w ill b e denoted b y ( ).() a   This  leads  to  a  density  of  states  in a-

space ( ) ( ) .i ida&() " 0a a  The macro-prob ab ility density function is then given b y 

   ({ } ) ({ } ) / ( ) .i iW a a&" () ¨  (2.4-11) 

More lik ely, the a’s w ill b e pertaining to sub systems.  The analogues of (2.4-8) and 

(2.4-9) are: 

   I Iˆ({ } ) ({ } ) ({ } ) / ( ,{ } )c c
i i i i iW a c a a a a& &" % () ©  (2.4-12) 

                                          1 1

1

ˆ( ,... ) ( ) / ( , ).
K

K c
W c

2

2

&%

"

" ()-a a a a©  (2.4-13)    

 Some authors14 ab sorb  the constant 1 / ( ),() ¨ together w ith ˆ,c in a ‘b ig’ constant C 

   6 7ˆ 1 / ( ) .C c" () ©  (2-4-14) 

This constant does not, how ever, vanish logarithmically!  W e shall refer to the 

quantity /W C W1 ª as the ‘thermodynamic prob ab ility’. Equations (2.4-12) and (2.4-

13) then read:  

   I I({ } ) ({ } ) ({ } ) ,c
i i i iW a a a a& & %

« ¬
 (2.4-15) 

                                                   1 1

1

( ,... ) ( ) .
K

K
W

2

2

&%

"
-a a a

­ ®
 (2.4-16) 

W e note that W̄ is a huge numb er and that the thermodynamic prob ab ility is no t 

no rmalized.  Y et it is useful for some considerations, as w e w ill see later. 
 

 No te.  Quite often a semiclassical computation of ( ) and ( )() () a¨ can b e made. 

Let (, b e the relevant volume in phase space.  According to Heisenb erg’s 

uncertainty principle p and q cannot b e specified to w ithin ~  h, i.e., rN
i ii

p q( (-  

~ .rNh   In addition the particles can b e permuted, since in quantum mechanics they 

are indistinguishab le.  Therefore, the smallest volume in phase space, w ithin w hich 

all points represent the same motion, is a micro cell !rNh N(, "   W e thus surmise 

the follow ing connection b etw een accessib le volume in phase space and accessib le 

numb er of quantum states, 

   / / !.rN
h N() " (, (, " (,  (2.4-17) 

                                                   
14 See e.g. L.D. Landau and E.M. Lifshitz, “Statistical Physics”, Addison W esley 1958, p.21, Eqs. (6.5) 

and (6.6). 
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Ter Haar15, how ever, has pointed out that the uncertainty-principle argument leaves 

much to b e desired, since actually / 4 .i ip q h 8( ( 9  Instead, the result follow s from 

the connection b etw een the Schrö dinger q- and Schrö dinger p-representations. From 

Parseval’s theorem the amplitudes ( )q:  and ( ), [ ]A k p k" °  are related b y 

   

1
* ( ) ( ) * ( ) ( )

(2 )

1
* ( ) ( ) 1.

(2 )

rN
q rN

prN

q q d A k A k d k

A p A p d

: :
8

8

, "

" , "

± ±
±²  (2.4-18) 

According to ter Haar, the total volume in phase space corresponding to one 

stationary state is ob tained b y multiplying the prob ab ility in q-space w ith that in p-

space and integrating over all phase space, w hile in addition the particles must b e 

allow ed to b e permuted. W e then ob tain, using b oth equalities in (2.4-18): 

   ! * ( ) ( ) * ( ) ( ) ! ,rN
q pN q q A p A p d d N h: :(, " , , "

³´³
 (2.4-19) 

w hich is the desired result. 
 
 

2.5  E x am p le s o f E x te n sio n  in  P h ase  S p ac e  an d  o f A c c e ssib le  N u m b e r  o f  

       Q u an tu m  S tate s 

      

      W e have already remark ed that the microcanonical ensemb le is a poor one for 

actual calculations.  On the other hand, it is difficult to grasp the results of the 

previous section w ithout a few  examples.  W e shall consider the simple prob lems of 

finding the energy prob ab ility density function for a sub system of a perfect gas and 

for an assemb ly of harmonic oscillators. 

 

2.5.1  Ideal Gas 

 

     Let us consider a mono-atomic ideal gas of N particles w ith energy µ  and volume 

V.  The accessib le volume in phase space is 

   1 3( , , ) ... ,N
q p NV N d d V dp dp(, " , , "

¶´¶ ¶·µ  (2.5-1) 

w here ¸  is the domain b ounded b y 

   
3

2

1
/ 2 .

N

i
i

p m $
"

* * +
¹º º º

 (2.5-2) 

W e w ill also w rite 
                                                   
15 D. ter Haar, “Elements of Statistical Mechanics”, Rinehart, New  Y ork  1954, p. 60. 
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   1 3
'

( , , ) ... ,N
N

d
V N V dp dp

d
$(, " »¼½ ½ ½  (2.5-2') 

w here '
¾

 is the domain b ounded b y 3 2
1 2 .N

ii
p m" *

¿ ½
  Clearly,

' i idp0» ¼  is the volume 

of a hypersphere. 
      
     To ob tain this w e consider the integral 

   
2 2 2 2
1 2( ... ) /2

1... ... .
x x x x

I e dxe dx dx;

;
;

; 8
< <

% + + %

%< %<

" " "

À ÁÂÃÂ ÂÄ ÅÆ Ç  (2.5-3) 

W e also compute this integral using ‘polar coordinates’.  Let 
1

r A
;

;

%
b e the area of a hypersphere, w here 

A; is a geometry factor (such as 48 if ;  =  3); then w e have, 

   
2

2
1 11 1 1

2 2
0 0

/ 2 ,( )
r t

I e r A dr A e t dt A
;;

; ; ; ;

< <
%% % %

"" " )
È È

 (2.5-3') 

w here ( )y) is the generalized factorial or gamma function.  Comparing (2.5-3) and (2.5-3') w e find 

   
1
2 1

2
2 / ( ) .A;

;
8 ;" )  (2.5-4) 

So, for the volume of a hypersphere w ith radius R w e get, 

   
1
21 1

2

0

( ) / ( 1) .

R

V R r A dr R
;; ;

; ; 8 ;
%

" " ) +

É
 (2.5-5) 

 

Setting 3 , 2 ,N R m; " " Ê  w e find for (2.5-2') 

      

3
2

13 /2

3 3
2 2

(2 ) 2 (2 )
( , , ) .

( 1) ( )

NN
N Nd m m m

V N V V
d N N

8 8 8
$ $

%

(, " "
) + )

Ê ÊÊ Ê ÊÊ  (2.5-6) 

For the numb er of accessib le quantum states w e then ob tain, 

   

3
2

1

33
2

2 (2 )
( , , ) .

( ) ( 1)

N

N

N

m m
V N V

N N h

8 8
$

%

() "
) ) +

ËË Ë
 (2.5-7) 

Since &$() " Ì  this yields for the density of states, 

   

3
2

1

33
2

2 (2 )
( , , ) .

( ) ( 1)

NN

N

V m m
V N

N N h

8 8&
%

"
) ) +

ËË
 (2.5-8) 

 

     W e now  consider a small sub system w ith attrib utes ', 'V
Ë

 and n. Only energy 

exchange is considered, i.e., 'V and n are fixed. From Equation (2.4-12) w e find for 

the energy pdf of the sub system, 
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3 3
2 2

3
2

1 ( ) 1

1 3

3
2

3 3
2 2

' ( ') (2 )(2 ') [(2 ( ')]
ˆ( ')

(2 )

( ) ( 1)
.

( ) ( 1) [ ( )] ( 1)

n N nn N n

NN n

V V V m m m
W c

V m h

N N

n n N n N n

8 8 8

$ 8

% % %%

%

% %
"

) ) +
=
) ) + ) % ) % +

Í Í ÍÍ Í Í
 (2.5-9) 

W e shall only k eep the essential terms associated w ith the sub system.  Thus w e w rite 

   

3 3
2 2

3
2

1 1

1 33
2

' (2 )(2 ') [2 ( ')]
( ') .

( ) ( 1)(2 )

n Nn

N n

V m m m
W C

n n m h

8 8 8

8

% %

%

%
"

) ) +

Í Í ÍÍ Í  (2.5-10) 

For the terms in Î  w e have logarithmically 

   3 3
2 2

' '
( 1) ln 1 ~ ( ) .N N

Ï Ð
% % %

Ñ ÒÓ ÔÍ ÍÍ Í  (2.5-11) 

Employing equipartition, 3
2 BNk T"

Í
, w e arrive at 

   

3
2

1
'/'/

33
2

' (2 )(2 ')
( ') ( ') .

( ) ( 1)
B

nn
k TkT

n

V m m
W C e C e

n hn

8 8 &
%

" "
) ) + ÕÕ ÖÖÎÎ Î  (2.5-12) 

 

2.5.2  A n  A ssem b ly  o f O sc illato rs 

 

(a)  Semiclassical 
 

 W e consider an assemb ly of  N  independent  harmonic  oscillators  The energy is  

given b y  

   1
2

1

( / 2) ,( )
N

i

i

K Nn >>
"

" " ++
× ØÙÍ

 (2.5-13)  

w here K is a sum of integers.  W e assume that the energy is quasi-continuous, w ith 

spacing for oscillator energy ( ) / .g ? ? >( " ( Ú  For the total numb er of states w e find, 

   1 2

1
( , ) ... ,

N

N

d
N d d d

d
$ ? ? ?

>

Û Ü
() " Ý Þß àâáã äå å å  (2.5-14) 

where æ  is the domain 

   1 2 .... N   ! ! " ç  (2.5-15) 

The result is easily obtained with the Dirichlet integral16: 
                                                   
16 R .C . Tolman, “The P rincip les of S tatistical M echanics” , O x ford U niv ersity P ress, 19 3 8 , p . 656. 
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   11 1
( , ) .

( )

N
N

N
N

#
$

%

è é
&' ( ê ë

'
ì íîï ï ï

 (2.5-16) 

 

     The Dirichlet integral is as follows.  L et ð  be the domain bounded by 

   
1
( / ) , , , 0 .

jr

j j j j j
j

x a all x a r
)

(

ñ
" *
ò

 (2.5-17 ) 

Then 

       

+ ,

+ ,

1

1 2

/( )

1 11 1 1
1 2 1 2

1
1

( / )

... ... ... .

( / ) 1

j jj
j

j j

i ri

j j j
j ji i i

j j
j

a i r

x x x dx dx dx

r i r

)

)

) )

) ) ) )

(

( (% % %

(
(

óô õöô õ
'- -

÷ øù÷ øú ûöú û
(

üýü þ ÿ � �
' !
�

-
÷ ø�� �ú û�

�
 (2.5-18 ) 

 

In our ex amp le  1 1 1... 1, ... 1, ... 1, .i i a a r r) ) )( ( ( (
ò �

  The result (2.5-16) then easily follows. 

 

A gain we can consider a subsystem and ap p ly (2.4-12).  W e leav e it up  to the reader 

to obtain once more the form of the far rhs of (2.5-12). 

     W e now indicate another method to ev aluate integrals lik e (2.5-14).  S o consider 

   1 2( , ) ... ... .NI N d d d   ( 	
	�ï
 (2.5-19 ) 

To rid ourselv es of the energy constraint we tak e the L ap lace transform (with ) :N n.  

   
2

1 2

0

...

1 1

0 0 0 0

( ) ... ...

... .
n n

s
n

s
n n

s d e d d d

d e d d d

   

   

   

/
%

% % %/
%

%

0 (

(

� �
�
� � � ��� � ���
�
�  (2.5-20) 

Interm e zzo  

 

 To handle the abov e L ap lace transform –  of a typ e freq uently occurring in 

statistical mechanics –  we discuss the conv olution theorem.  L et ( ) [ ( )]i iA s a t( �  

denote the L ap lace transform; the inv erse will be denoted by the symbol 1.%�  The 

inv erse for two or three factors is giv en by the conv olution theorems, 

   
2

1
1 0 1 0

0

1
2 1 0 2 1 2 2 1 1 0 2 1

0 0

[ ( ) ( )] ( ) ( ) ,

[ ( ) ( ) ( )] ( ) ( ) ( ) .

t

tt

A s A s d a a t

A s A s A s d d a a a t

1

1 1 1

1 1 1 1 1 1

%

%
%

( %

( % %

�
� �

�
�  (2.5-21) 
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F or a p roduct of ( 1)n ! factors one may p rov e by induction, 

   

2...
1

0 1 1

0 0 0

1 1 1 1 0

[ ( )... ( )] ...

( ) ( )... ( ) ( ) .

n nt tt

n n n

n n n n i i

A s A s d d d

a a a a t

1 1 1

1 1 1

1 1 1 1

% % %
%

%

% %

(

2 % 3

� � ��
 (2.5-22) 

N eedless to say, that we can also giv e the inv erse statement, 

      

2...

1 1 1 1 1 1 0

0 0 0

0

[ ... ( ) ( )... ( ) ( )]

                           ( )... ( ) .

n nt tt

n n n n n n i i

n

d d d a a a a t

A s A s

1 1 1

1 1 1 1 1 1 1
% % %

% % % % 3

(

� � ��
 (2.5-23 ) 

A n imp ortant modification ap p ears when we mak e the substitution of v ariables 

   1 1 1 2 1, , ... .n n n n nt1 4 1 4 4 1 4 4% %( % ( % ( %  (2.5-24) 

E q uation (2.5-23 ) then goes ov er into 

    

1 2

1 2 1

0 0 0 0

1 1 1 2 1 0 1 0

[ ...

( ) ( )... ( ) ( )] ( )... ( ) .

n nt

n n n

n n n n n n

d d d d

a t a a a A s A s

4 4 4

4 4 4 4

4 4 4 4 4 4

%

% %

% %2 % % % (

� � � ��
 (2.5-24) 

The rep eated integral on the left-hand-side is called a tim e -o rdered inte g ral, since 

1 1... .n nt 4 4 4%* * *  These results will often be needed. 
 

     W e now return to E q uation (2.5-20).  F or this case , ;i it  1. .
�

 all ( 1)N !  

factors ai are 1.  H ence, A(s) =  1/s.  The result is therefore 

   1( ) 1/ ,Ns s !0 (  (2.5-25) 

with inv ersion 

   ( ) / ( 1) .NI N N( ' !�� �
 (2.5-26) 

W hence, 

   
11 1

( , ) ( , ) ,
( )

NN Nd
N I N

d N
5

$ $

%
� � � �

( (
� � � �

'
� � � �� � �� ��  (2.5-27 ) 

in full accord with (2.5-16). 
 

(b)  Q u antu m  M ech anical 
 

 A n ex act result is also readily obtained.  W ith the energy q uantization giv en by 

(2.5-13 ) we hav e 
   1 2 ... ,Nn n n K! ! ! (  (2.5-28 ) 
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where / / 2.K N$( %
��

  The q uestion is now: what is the p ossible number of sets 

{ni}  concordant with (2.5-28 )?   This p roblem will be met later in B ose-E instein 

statistics.  W e can also formulate the q uestion as follows: In how many ways can we 

distribute K entities ov er N box es, with no limit to the number of entities ni p er box  , 

ex cep t that ni cannot ex ceed K.  The usual way to solv e this is to p ut the K entities on 

a row, after which we p ut in ( 1)N % p artitions to form the ‘box es’; see F ig. 2-3 . 

 

F ig. 2-3 :  the box es p roblem.| || |66 666 6666 66  

 

In this ex amp le there are fiv e box es with 2,3 ,0,4 and 2 p articles in them. C learly, 

altogether we hav e K+N– 1 objects on a line, div ided into group s of K and N– 1.  The 

number of states we hav e realised is 

   
1
2

1
2

[( / ) 1]!( 1)!
( , ) .

!( 1)! [( / ) ]!( 1)!

NK N
N

K N N N

$

$

! %! %
&' ( (

% % %

  !! !  (2.5-29 ) 

Div iding by # $(
�"

 we find the density of states, 

   
1
2

1
2

[( / ) 1]!1 ( 1)! 1
( , ) .

!( 1)! [( / ) ]!( 1)!

NK N
N

K N N N

$
5

$ $ $

! %! %
# $ # $

( (
% & % &

% % %
' ( ' (     !! !  (2.5-3 0) 

This is the ex act answer. To re-obtain the semiclassical result, assume that )  is v ery 

large.  Then we hav e, 

                    
1
2

1
2

[( / ) 1]!

[( / ) ]!

N

N

$

$

! %

%

  ! !   

   11 1
2 2

~ [( / ) 1] ... [( / ) 1] ~ ( / ) .N
N N$ $ $ %! % 2 2 % !

� � �" " "
 (2.5-3 1) 

W hen this is substituted in (2.5-3 0) the semiclassical result (2.5-27 ) follows, noting 

that ( ) ( 1)!N N' ( %   

 

2.5.3  A General Form for ( , , )V N&' ) in the Microcanonical Ensemble 

 

     W e sup p ose that the H amiltonian can be ex p ressed in the generaliz ed coordinates 

and momenta: 

   2
1

1
/ 2 ( ... ) ,

rN

i i rN
i

p b q q
(

( !
*+ ,

 (2.5-3 2) 

where the k inetic energy includes translational and internal degrees of freedom.  

Then define, 
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2( /2 )

( , , ) .

i i i

p q

p b

V N d d
3 ! "

7 ( 7 7
-/.102

 (2.5-3 3 ) 

W e set  

   2 / 2 , / 2 .i i i i i i ip b dp d b   ( (  (2.5-3 4) 

Thus,17  

   

1
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1
1( )

( , , ) ... ... 2 .
2

i i
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j rN

q rN
jq j

b
V N d d d
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3 4
7 ( 7 5 65 67 8-

9 9 9:<;2
 (2.5-3 5) 

W e tak e the L ap lace transform, noting ( ) :q8
= >
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2 O PQ REF:

  (2.5-3 6) 

[W e set ( )q( %
GS S T

.]  L eav ing the integral ex p [ ( )]qd s q7 %
U V

aside, the rest is 

amenable to the conv olution theorem (2.5-23 ), with rN factors 
1
2( / )2i ib  and one 

factor 1. 1/s. F or the former we hav e, going back  to a G aussian integral, 

   

1
2 2 / 2 1
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i i is sp bi i
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 (2.5-3 7 ) 

A ccordingly ( , , )s V N0  is giv en by, 

   ( ) 1 12 2 2 1
( , , ) ... .s q rN rN

q

b b b
s V N d e

s s s s

9 9 9% %0 ( 7
] ^

 (2.5-3 8 ) 

The inv erse is obtained as –  see footnote 19  of C hap ter I , 

         : ;
1 1
2 2 1

2
1 0

( , , ) (2 ) ( ) / ( 1) .
q

rN
rN rN

j q
j

V N b d q rN9
(

( 7 (

7 ( 7 % ' !- _`baS S c
 (2.5-3 9 ) 

                                                   
17  The resulting integral must be multip lied by 2rN  to allow for both p ositiv e and negativ e v alues of the 

' .
i

p s  
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F rom this we hav e for the microcanonical p artition function, 

   

1
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d
d q

d

(

7 (

2 7 %
efhg i jk  (2.5-40)  

This is a v ery general result, from which we can obtain the entrop y (see nex t 

chap ter).  O f course, the final integral is far from triv ial!  It was first ap p rox imated 

for real gases by S treiter and M ayer.18  

 

2.6   P r o b le m s to  C h a p te r  II  

 

2.1  C onsider a p erfect classical gas of charged p articles (charge l ) in a constant 

magnetic field ˆB(B k , for which the L andau v ector p otential (0, ,0)Bx(A  

ap p lies.  S how that the H amiltonian is giv en by  

   2 2 2
, , , ,1[ ( ) ] / 2 ,N

i x i y c i x i zi
p p m q p m$(( ! < !

mn
 (1) 

where | | /
c

B m c$ ( o is the cyclotron freq uency.  The system is p art of a 

microcanonical ensemble.  M ak e a change of v ariables 

   , , , , , , ,, , , .i i i x i x i y i y c i x i z i zQ q P p P p m q P p$( ( ( < (  (2) 

F ind the Jacobian and the accessible v olume in p hase sp ace ( , , ).V N& 7p i   

S how that it does not dep end on the magnetic field (nor do any thermodynamic 

p rop erties dep end on B; this failure for a classical gas to yield diamagnetism is 

k nown as the B ohr– v an L eeuwen theorem, see C hap ter V I). 

  

2.2    C onsider a system of (semi)-classical harmonic oscillators, 

   + ,2 2 21
2

/ 2 .
N

i ii
p m m q$( !

qr
 (3 ) 

(a)  C omp ute the v olume occup ied in p hase sp ace, & 7s , by mak ing a change 

of v ariables, such that the v olume is that between two hyp ersp heres [do no t use 

the Dirichlet integral]. 

(b)  N ex t find the associated number of accessible q uantum states, & 's , noting  

that harmonic oscillators are disting u ish able  objects, so that the factor N! in the 

microcell v olume must be omitted.  C omp are your result with E q . (2.5-27 ). 
                                                   
18  S .F . S treiter and J.E . M ayer, J. C hem. P hysics 7, 1025 (19 3 9 ). 
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(c)  O btain the associated entrop y ln .BS k( & 't   F ind the temp erature T and 

obtain the classical eq uip artition result .BNk T(
u

 

 

2.3   C onsider a p erfect classical gas in an adiabatic enclosure, which is div ided into 

two subsystems,  and .v V v v% **   W e assume that the two subsystems are 

sep arated by an adiabatically lined imp ermeable mov eable p iston, so that there 

is free v olume ex change but no energy or p article ex change.  S how that the 

p robability density function (p df) is a gamma distribution,  

   1 /( ) ,n Nv VW v C v e% %(  (4) 

  where   and  n N n n% v  are p article numbers in the two subsystems.  F ind the 

        moments kv
wyx

 and the v ariance v ar .v  

 

2.4   In the same p roblem as abov e, assume that  and v V v%  are of comp arable siz e. 

S how that ( )W v  is a beta distribution and ex p ress the moments kv
wyx

 and the 

v ariance v ar v  as beta functions, mak ing no ap p rox imations.  C omp are the 

answers with those of p roblem 2.3 . 

 

2.5  A t e x tre m e ly  low temp eratures the relev ant eigenv alue sp ectrum of any system 

becomes discrete. U sing K roneck er deltas rather than Dirac delta functions, 

restate the ex p ressions for ( ) and p = >  for a microcanonical ensemble 

 

2.6  The v on N eumann eq uation / (1 / )[ , ] 0t i> >? ? ! (
z {

 is often written as  

   / 0,t i> >? ? ! (
|

 (2.3 -5') 

where 
|

 is the su pero perato r (i.e., an op erator acting on an op erator) defined 

by (1 / )[ , ].K K(
| z}{

 The solutions of the ordinary commutator form and of 

the sup erop erator form are indicated in (2.3 -6): 

      0 0 0( )/ ( )/ ( )
0 0( ) ( ) ,  or   ( ) ( ) .i t t i t t i t t

t e t e t e t> > > >% % % % %( (
~ ~ �� �

 (2.3 -6') 

S how by series ex p ansion that the two solutions are identical, giv en the 

definition of the sup erop erator 
|

 stated abov e.19  

                                                   
19  L ouisell states the following general theorem: L et A and B be two generally non-commuting op erators 

of the same H ilbert sp ace and let @ be a p arameter, then:  

                        
2 3

[ , ] [ ,[ , ]] [ ,[ ,[ , ]]] ... ,
2! 3 !

A A
e Be B A B A A B A A A B
@ @ @ @

@
%

( ! ! ! !  (5) 

cf. W . L ouisell “ R adiation and N oise in Q uantum E lectronics”, M cG raw-H ill, 19 64, S ection 3 .2, 

theorem 3 .  

 


