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herewith, since the left-hand side is non-zero, we get
∂(y2, . . . , yk)

∂(x2, . . . , xk)
6= 0.

If the system X is orienting for the neighbourhood Uk, then we may take

x2, . . . , xk to be the orienting system for Uk−1. Because
∂y1

∂x1
> 0 then from

positivity of
∂(y1, . . . , yk)

∂(x1, . . . , xk)
we obtain the positivity of

∂(y2, . . . , yk)

∂(x2, . . . , xk)
. Thus,

the boundary of a smooth orientable manifold gets a natural orientation.
С) Let a be a point of a smooth manifold Mk. Each coordinate system

defined in a neighbourhood Uk of the point a belonging to the preassigned
class is called a local coordinate system at the point a. Obviously, each
point a of the manifold Mk can be treated as a base point of some local
coordinate system. By a vector (countervariant) on the manifoldMk at a we
mean a function associating with each local corrdinate system at a a system
of k real numbers called vector components with respect to this coordinate
system, in such a way that the components u1, . . . , uk and v1, . . . , vk of the
same vector seen from two coordinate systems x1, . . . , xk and y1, . . . , yk

are connected by the relation

vj =

k∑

i=1

∂yj(a)

∂xj
ui. (7)

Obviously, the vector is uniquely defined by its components given in one
local coordinate systems. Defining linear operations over vectors as linear
operations over their components, we define the k-dimensional vector space
structure Rk

a on the set of all vectors on the manifold Mk at the point
a; this space is called tangent to the manifold Mk at the point a. With
each local coordinate system at the point a one associates a basis in the
tangent space, where all vectors have the same components as with respect
to the coordinate system. If a point a belongs to the boundary Mk−1 of the
manifold Mk, then besides the tangent space Rk

a, one also defines the space
Rk−1

a tangent to the manifold Mk−1. Take the parameters x2, . . . , xk to
be local coordinates for Mk−1 (see sect. «B») and associate with the vector
from Rk−1

a having components u2, . . . , uk the vector from Rk−1
a having

components 0, u2, . . . , uk; thus we obtain a natural embedding of the space
Rk−1

a to Rk
a.

Smooth mappings

D) LetMk andN l be twom-smooth manifolds and let ϕ be a continuous
mapping of the first manifold to the second manifold. At the point a ∈Mk,
choose a local coordinate system X ; at the point b = ϕ(a) ∈ N l choose a
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local coordinate system Y ; then in the neighbourhood of the point a the
mapping ϕ will look as

yj = ϕj(x1, . . . , xk), j = 1, . . . , l. (8)

If the function ϕ is n times continuously differentiable, n 6 m, then it
will be n times continuously differentiable for any other choice of local
coordinates; thus, one may speak of the n-smoothness class of the mapping
ϕ. Later on, while speaking of smooth mapping, we shall always assume

that n is sufficiently large. If the rank of the matrix

∥∥∥∥
∂ϕj

∂xi

∥∥∥∥ at the point a

equals k, then the mapping ϕ is called regular at a. It is easy to see that if
the point a belongs to the boundary Mk−1 of the manifold Mk, then from
the regularity of the mapping ϕ at a follows its regularity at the point a
of the manifold Mk−1. If the mapping ϕ is regular at each point a ∈ Mk,
then it is called regular. It is easy to check that if the mapping ϕ is regular
at a, then it is regular and homeomorphic in some neighbourhood of the
point a. A regular homeomorphic mapping is called a smooth embedding.
The mapping ϕ is called proper at the point a ∈ Mk, if the rank of the

matrix

∥∥∥∥
∂ϕj

∂xi

∥∥∥∥ , j = 1, . . . , l; i = 1, . . . , k, equals l. It is easy to see

that the set of all nonproper points of the mapping ϕ is closed in Mk. A
point b ∈ N i is called proper for the mapping ϕ if the mapping ϕ is proper
at any point of the set ϕ−1(b) ⊂Mk. The point a is a singular point of the
mapping f if it is non-regular and nonproper at the same time, i.e. if the

rank of the matrix

∥∥∥∥
∂ϕj

∂xi

∥∥∥∥ , j = 1, . . . , l; i = 1, . . . , k, is less than any of k

and l.
E) Each smooth mapping ϕ of a smooth manifold Mk to a smooth

manifoldN l induces at each point a ∈Mk a linear mapping ϕa of the vector
space Rk

a tangent to the manifold Mk at a, to the vector space Rl
0 tangent

to N l at b = ϕ(a). Namely, if the local coordinate systems at points a and
b, are X and Y , respectively, then to the vector u ∈ Rk

a with components
u1, . . . , uk in the system X one associates the vector v = ϕa(u) ∈ Rl

0 with
components

vj =

k∑

i=1

∂ϕj(a)

∂xi
ui, j = 1, . . . , l, (9)

in the coordinate system Y . It is not easy to see that this correspondence
is well defined, i.e. for any choice of local coordinate it results in one and
the same mapping ϕa. If the mapping ϕ is regular at a, then the mapping
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ϕa is one-to-one and defines an embedding of the same Rk
a into Rl

b. If ϕ is
proper at a, then ϕa(Rk

a) = Rl
b.

Definition 2. A smooth mapping ϕ of class n from an m-smooth
manifold Mk onto the smooth m-manifold Nk, m > n, is called smooth
homeomorphism if it is regular. Obviously, if the mapping ϕ is a smooth
homeomorphism of class n then the inverse mapping ϕ−1 is also a smooth
homeomorphism of class n. Two manifolds are called smoothly isomorphic
if there exists a smooth homeomorphism from one manifold onto the other.

Certain ways of constructing smooth manifolds

F) Let P r be a subset of a smooth manifold Mk of class m, defined
in the neighbourhood of any point belonging to it by a system of k—r
independent equation. This means that for each point a ∈ P r there exists
a neighbourhood Uk in the manifold Mk with local system X that the
intersection P r ∩ Uk consists of all points with coordinates satisfying the
equations

ψj(x1, . . . , xk) = 0, j = 1, . . . , k − r. (10)

Herewith we assume that the function ψj is m times smoothly differentiable

and the functional matrix

∥∥∥∥
∂ψj(a)

∂xi

∥∥∥∥ , j = 1, . . . , k − r; i = 1, . . . , k, has

rank k−r; if a is a boundary point of the manifold Mk then we assume that

the reduced functional matrix

∥∥∥∥
∂ψj(a)

∂xi

∥∥∥∥ , j = 1, . . . , k − r; i = 2, . . . , k

has rank k − l. With the conditions above, the set P r turns out to have a
natural smooth r-dimensional m-smooth manifold structure; this manifold
is smoothly embedded into Mk. Such a manifold P r is called a submanifold
of the manifold Mk. Furthermore, it turns out that the boundaries P r−1

and Mk−1 of the manifolds P r and Mk enjoy the relation

P r−1 = P r ∩Mk−1, (11)

and if a ∈ P r−1 andRk
a, Rk−1

a , Rr
a, Rr−1

a are tangent spaces to the manifolds
Mk, Mk−1, P r, P r−1 at the point a, then

Rr−1
a = Rr

a ∩Rk−1
a . (12)

Here the spaces Rk−1
a , Rr

a, Rr−1
a are considered as subspaces of Rk

a (see
«С» and «E»).

To prove that P r is an r-dimensional manifold and to define the differ-
entiable structure on it, we change, if necessary, the enumeration of coor-

dinate for the Jacobian

∣∣∣∣
∂ψj(a)

∂xi

∣∣∣∣ , j = 1, . . . , k − r; i = r + 1, . . . , k to
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be non-zero; in the case of boundary point we may not change the number
of the coordinate x1. Then the system (10) will be uniquely resolvable in
variables x1, . . . , xk:

xi = f i(x1, . . . , xr), i = r + 1, . . . , k. (13)

In the case of boundary point, the coordinate x1 is not among the indepen-
dent variables. The functions f i are defined, m times continuously differen-
tiable in some domain W r of the half-space Er

0 in variables x1, . . . , xr and
define a homeomorphic mapping of this domain onto some neighbourhood
U r of the point a in P r. Thus we have proved that P r is an r-dimensional
manifold. The differentiability for the neighbourhood U r is defined by co-
ordinates x1, . . . , xr.

The natural inclusion of the manifold P r in the manifold Mk is given
in U r by relations

xi = xi, i = 1, . . . , r;

xi = f i(x1, . . . , xr), i = r + 1, . . . , k,
(14)

where the parameters x1, . . . , xr on the right-hand sides are thought to be
coordinates in U r and the parameters x1, . . . , xr on the left-hand side be
the coordinates in Uk. The relation (11) is evident. Now, let a ∈ P r−1;
let us prove the relation (12). To local coordinates X , there correspond a
certain basis e1, . . . , ek in Rk

a; the basis of the spaceRk−1
a consists of vectors

e2, . . . , ek; the basis of the space Rk
a consists of vectors ei +

∑k
j=r+1

∂f j

∂xi
ej ,

i = 1, . . . , r; finally, the basis of the space Rr−1
a consists of the same

vectors except for the first one. Considering these bases, we easily get to
the relation (12).

To prove the compatibility of the coordinate systems we constructed for
P r consider together with the point a, another point b ∈ P r with local coor-
dinates Y and neighbourhoods V k and V r analogous to the neighbourhoods
Uk and U r. The relations analogous to (13), will look like

yi = gi(y1, . . . , yr), i = r + 1, . . . , k. (15)

Suppose that U r and V r have a non-empty intersection. Then Uk and V k

also have a non-empty intersection; let

yi = yi(x1, . . . , xk), i = 1, . . . , k; (16)

xi = xi(y1, . . . , yk), i = 1, . . . , k, (17)

be the coordinate changes from X and Y and back. Substituting
xr+1, . . . , xk from (13) for (16), we get for the first r variables y



3rd April 2007 9:38 WSPC/Book Trim Size for 9in x 6in main

10 L. S. Pontrjagin

yi =
∗

yi(x1, . . . , xr), i = 1, . . . , r. (18)

In the same way substituting yr+1, . . . , yk from (15) for (17) we get

xi =
∗

xi(y1, . . . , yr), i = 1, . . . , r. (19)

The coordinate changes (18) and (19) are m times continuously differen-
tiable; since they are inverse to each other, their Jacobians are both non-
zero.

This completes the proof of Statement «F».
G) Let Mk be a smooth manifold of classm > 2 and let L2k be the set of

all tangent vectors to it (see «С»), i.e. pairs of type (a, u), where a ∈Mk,
u ∈ Rk

a. The set L2k naturally turns out to be a 2k-dimensional manifold
of class m− 1 according to the following construction. Let Uk be a certain
neighbourhood in the manifold Mk with local coordinate system X . By
U2k, denote the set of all pairs (x, u) ∈ L2k satisfying the condition x ∈ Uk.
Take the set U2k to be the neighbourhood in L2k; the fixed coordinate
system in it is constructed as follows. Let x1, . . . , xk be the coordinates of
the point x in the system X and let u1, . . . , uk be the components of the
vector u in the local coordinate system X ; then the coordinates of the pair
(x, u) are defined to be the numbers

x1, . . . , xk, u1, . . . , uk. (20)

If V k is a neighbourhood in Mk (possibly coinciding with Uk) with a
fixed system Y , for which x ∈ V k and the coordinates of the pair (x, u) in
the neighbourhood V 2k defined by Y are

y1, . . . , yk, v1, . . . , vk, (21)

then the coordinate change from (20) to (21) is, evidently, given by the
relation

yj = yj(x1, . . . , xk), j = 1, . . . , k; (22)

vj =
k∑

i=1

∂yj

∂xi
ui, j = 1, . . . , k (23)

[see (9)]. These relations are m − 1 times differentiable and have the Ja-

cobian equal to

∣∣∣∣
∂yj

∂xi

∣∣∣∣
2

; this Jacobian is, evidently, positive. Since the

neighbourhoods of type U2k cover L2k, the described construction turns
L2k into a smooth manifold of class m− 1.
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Н) Let Rk be a vector space of dimension k. By a ray u∗ in Rk passing
through the vector u 6= 0 we mean the set of all vectors tu where t is
some positive real number. Fix some basis for Rk and denote by Rk−1

i

the coordinate hyperplane ui = 0. If the ray u∗ does not lie in Rk−1
i , then

there exists a unique vector u on it satisfying the condition |ui| = 1; call this
vector the basic vector with respect to the plane Rk−1

i . The set of all rays
for which the basic vector with respect to Rk−1

i satisfies ui = +1 or ui =
−1, denote by Uk−1

i1 or, by Uk−1
i2 , respectively. For coordinates of the ray

u∗ ∈ Uk−1
ip , p = 1, 2, we take the components u1, . . . , ui−1, ui+1, . . . , uk

of the basic vector u of this ray with respect to Rk−1
i . Since the system of

all sets Uk−1
ip covers the set Sk−1 of all rays, the set Sk−1 becomes a smooth

manifold evidently homeomorphic to the (r − 1)-sphere.
I) Let Mk be a smooth manifold of class m. Linear element

manifold of it is the set L2k−1 of all pairs (x, u∗), where x ∈ Mk,
and u∗ is a ray in Rk

x; the natural differential structure is defined ac-
cording to the following construction. Let Uk be a neighbourhood
in Mk with a fixed system X . In the vector space Rk

x tangent to
Mk at x ∈ Uk we have a basis corresponding to the local system X ;
thus, in the set Sk−1

x of rays of the space Rk
x we have domains Uk−1

ip,x

(see «H») endowed with coordinate systems. By U2k−1
ip denote the

set of all pairs (x, u∗) satisfying the condition x ∈ Uk, u∗ ∈ Uk−1
ip,x ,

where the coordinates of the pair (x, u∗) in U2k−1
ip are taken to be the

numbers

x1, . . . , xk, u1, . . . , ui−1, ui+1, . . . , uk, (24)

where x1, . . . , xk are the coordinates of x in the system X , and
u1, . . . , ui−1, ui+1, . . . , uk are the coordinates of the ray u∗ in Uk−1

ip,x . It

can be easily checked that the system of neighbourhoods U2k−1
ip covers

L2k−1 and that the introduced coordinate systems are compatible with
each other; thus L2k−1 is a (2k − 1)-dimensional smooth manifold of class
m− 1.

J) Let Mk and N l be two smooth manifolds of class m; suppose Mk has
empty boundary. The direct product (Cartesian product) P k+l = Mk×N l,
i.e. the set of all pairs (x, y), where x ∈ Mk, y ∈ N l, is naturally a
smooth manifold of class m according to the following construction. Let
Uk and V l be arbitrary coordinate neighbourhoods in the manifolds Mk

and N l with coordinate systems X and Y . Consider the set Uk × V l ⊂
Mk × N l as the coordinate neighbourhood in the manifold P k+1: here
the coordinates of the point (x, y) ∈ Uk × V l are set to be the numbers
x1, . . . , xk, y1, . . . , yl, where x1, . . . , xk are the coordinates of the point x
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in the system X and y1, . . . , yl are the coordinates of y with respect to Y .
It follows from a straightforward check that the coordinate neighbourhood
system constructed above defines in P k+l a smooth structure of class m.
IfMk andN l are orientable manifolds and the systemsX and Y correspond
to the orientations of these manifolds, we define the orientation of P k+l

by the system X , Y . Herewith, the Cartesian product acquires a natural
orientation. If N l−1 is the boundary of the manifold N l, then the boundary
of the manifold Mk ×M l turns out to be Mk ×M l−1.

К) Let Ek+l be a vector space of dimension k+ l and let G(k, l) be the
set of all k-dimensional vector subspaces of it. The set G(k, l) is a smooth
(even analytic) manifold with respect to the following construction. Let
Ek

0 ∈ G(k, l) and let e1, . . . , ek, f1, . . . , fl be a basis of the space Ek+l

such that the vectors e1, . . . , ek lie in Ek
0 . Denote the linear span of vectors

f1, . . . , fl by El. Denote by Ukl the set of all vector subspaces Ek ∈ G(k, l)
the intersection of which with El consists of only the origin of coordinates.
If Ek ∈ Ukl then there exists a basis e′1, . . . , e

′
k of the vector space Ek

defined by the relations

e′i = ei +
i∑

j=1

xj
ifj , i = 1, . . . , k,

where
∥∥∥xj

i

∥∥∥ is a real number matrix. Consider the elements xj
i , i =

1, . . . , k, j = 1, . . . , l, of this matrix as coordinates of the element Ek

in the coordinate neighbourhood Ukl. It can be checked straightforwardly
that the set of coordinate neighbourhoods of type Ukl defines an analytic
structure in G(k, l); this G(k, l) is an analytic manifold of dimension kl.

§ 2. Embedding of a manifold into Euclidean space

In the present subsection we show that any compact k-dimensional
smooth manifold of classm > 2 can be regularly homeomorphically mapped
into the Euclidean space R2k+1 of dimension 2k + 1 and can be regularly
mapped into R2k; here the smoothness class of these mappings equals m.
These statements in a stronger form, i.e. for m > 1 and without compact-
ness assumptions, were proved by Whitney [5]; the proof given below is
somewhat easier.

In the proof, we shall rely on the following quite elementary Theorem 1.
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Smooth mapping of a manifold to a manifold of larger dimension

Theorem 1. Let Mk and N l be two smooth manifolds of dimensions
k and l, respectively, where k < l, and let ϕ be a smooth mapping of class
1 of the manifold Mk to the manifold N l. It turns out that the set ϕ(Mk)
has the first category in N1, i.e. it can be represented as a sum of countably
many nowhere dense sets in N l. In particular, if the manifold Mk is com-
pact, then the set ϕ(Mk) is compact as well; thus N l \ ϕ(Mk) is a domain
everywhere dense in N l.

Proof. Suppose a ∈ Mk, let b = ϕ(a), V i
b be some coordinate neigh-

bourhood of the point b in N l and let Uk
a be such a coordinate neighbour-

hood of the point a in Mk that ϕ(Uk
a ) ⊂ V l

b . Choose neighbourhoods Uk
a1

and Uk
a2 of the point a in Mk such that U

k

a1 ⊂ Uk
a , U

k

a2 ⊂ Uk
a1 and such

that the set U
k

a1 is compact. The domains U
k

a2, a ∈Mk, cover the manifold
Mk. From this cover, one can take a countable subcover; thus, in order to
prove the theorem it suffices to show that for any arbitrary choice of the

point a from Mk, the set ϕ(U
k

a2) is nowhere dense in V l
b . Since the domain

Uk
a is the homeomorphic image of a domain of the Euclidean subspace Ek

0 ,
we shall assume that Uk

a2 itself is a domain of the subspace Ek
0 . In the

same way, we assume that V l
b is a domain of the Euclidean subspace El

0.
Thus the mapping ϕ can be treated as a smooth mapping of class 1 from a
domain Uk

a to the Euclidean space El; thus it suffices to show that the set

ϕ(U
k

a2) is nowhere dense in El. Let us prove this.

The smoothness of ϕ and compactness of the mapping U
k

a1 result in the
existence of a positive constant c such that for any two arbitrary points x

and x′ from U
k

a1, the inequality

ρ(ϕ(x), ϕ(x′)) < cρ(x, x′) (1)

holds. Chose some ε-cubature of the Euclidean subspace Ek
0 , i.e. tile the

subspace Ek
0 into right-angled cubes with edge ε. Denote the set of all cubes

intersecting U
k

a2 by Ω. As the set U
k

a2 is compact and hence is bounded
by a rather large cube, the number of cubes in Ω does not exceed c1/ε

k

where c1 is some positive constant independent of ε. Let δ be the distance

between the sets Ek
0 \Uk

a1 and U
k

a2. Suppose that the diagonal length ε
√
k

of each cube from Ω is less than δ. Then each cube Ki from Ω lies in the
domain Uk

a1 and, by virtue of (1), the set ϕ(Ki) is contained in some cube
Li of the space El with edge length c

√
k · ε; the volume of the latter cube

equals clkl/2 · εl−k. Thus the whole set ϕ(U
k

a2) is contained in the union
of cubes Li, whose number does not exceed c1/ε

k; thus the total volume
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of the set ϕ(U
k

a2) does not exceed the number c1c
lkl/2 · εl−k. Since ε is

chosen arbitrarily small, from above it follows that the set ϕ(U
k

a2) does not
contain any domain and, being compact, it should be nowhere dense in El.

Thus, Theorem 1 is proved.

The projection operation in the Euclidean space

Later on, the projection operation will play a key role. Let Cr be a
vector space and let Bq be its vector subspace. Regarding the space Cr as
an additive group and the space Bq as a subgroup of it, we obtain a tiling
of the space Cr into conjugacy classes according to Bq; these conjugacy
classes form a vector space Ap of dimension p = r − q. Associating with
any element x ∈ Cr the corresponding conjugacy class π(x) ∈ Ap, we get
a linear mapping π of the space Cr onto the space Ap called the projection
along the projecting subspace Bq. More intuitively, the space Ap can be
realized as a linear subspace of dimension p of the space Cr intersecting the
space Bq only in the origin; then the operation π is just the original pro-
jection. If the space Cr is Euclidean, then defining Bq to be the orthogonal
complement to the given space Ap ⊂ Cr, we get an orthogonal projection
π of the space Cr to the subspace Ap.

A) Let ϕ be a smooth mapping of a smooth manifold Mk to some vector
space Cr regular at a point a ∈Mk, and let π be the projection of the space
Cr along the one-dimensional subspace B1 to the space Ar−1. It turns out
that the mapping πϕ from Mk to Ar−1 is not regular at a (see § 1, «D») if
and only if the line ϕ(a)+B1 passing through ϕ(a) parallel to B1 is tangent
to ϕ(Mk) at the point ϕ(a).

To prove this, choose some local coordinates x1, . . . , xk in the neigh-
bourhood of a; endow Cr with rectilinear coordinates y1, . . . , yr such that
the last axis coincides with B1. In the chosen coordinate system, the map-
ping ϕ looks like: yj = ϕ(x1, . . . , xk), j = 1, . . . , r, where the rank of the

matrix

∥∥∥∥
∂ϕj

∂xi

∥∥∥∥, j = 1, . . . , r; i = 1, . . . , k, at the point a, is, by regularity

assumption, equal to k. With each vector u on Mk at a one associates
the vector v = ϕa(u) ∈ Cr, which is tangent to ϕ(Mk) at the point ϕ(a)
and has components v1, . . . , vr [i.e. defined by relations (9) § 1, l = r].
Now, if the mapping πϕ is not regular at the point a, then the rank of

the matrix

∥∥∥∥
∂ϕj

∂xi

∥∥∥∥, j = 1, . . . , r − 1, i = 1, . . . , k, is less than k; thus

there exists a vector u 6= 0 such that for the vector v = ϕa(u) we have
v1 = . . . = vr−1 = 0, vr 6= 0; the latter means that v ∈ B1. If, on the
contrary, there exists a vector v = ϕa(u) 6= 0 belonging to B1 then the rank
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of the matrix

∥∥∥∥
∂ϕj

∂xi

∥∥∥∥, j = 1, . . . , r − 1; i = 1, . . . , k is less than k, i.e. the

mapping πϕ is not regular in a.
B) Let ϕ be a smooth regular mapping of class 2 from a smooth manifold

Mk to the vector space Cr of dimension r > 2k, and letBq ∈ ∈ G(q, r−q) be
the subspace of dimension q 6 r − 2k of projection for Cr onto the space
Ap. Denote the projection by π. By Ω′

q we denote the set of all such
projecting spaces Bq for which the mapping πϕ is not regular. It turns out
that the set Ω′

q has first category in the manifold G(q, r−q) of all projecting
directions.

Let (x, u∗) be an arbitrary linear element of the manifold Mk (see § 1,
«I») and let u be some non-zero vector of the ray u∗. To the vector u,
according to (9) § 1, there corresponds the vector v = ϕx(u) 6= 0. The
ray v∗ of the space Cr defined by the vector v depends only on the linear
element (x, u∗), and we set v∗ = Φ(x, u∗). It can be easily checked that the
mapping Φ from the manifold L2k−1 (see § 1, «I») to the manifold Sr−1

(see § 1, «H») has smoothness class one, thus Φ(L2k−1) is of first category
in Sr−1 (since r − 1 > 2k − 1, see Theorem 1). Thus, by virtue of «A», we
get «В» for q = 1.

Applying this construction consequently, we get the proof of the state-
ment «B» for any arbitrary q 6 r − 2k.

C) Let ϕ be a smooth of class one one-to-one mapping from the smooth
manifold Mk to the vector space Cr and let Bq ∈ G(q, r − q) be the pro-
jecting subspace of the dimension q 6 r − 2k − 1. Denote the projection
by π. By Ω′′

q , denote the set of all projecting subspaces Bq such that the
mapping πϕ is not one-to-one. It turns out that Ω′′

q has first category in
the manifold G(q, r − q).

Let x and y be two arbitrary different points of the manifolds Mk. By
Φ′(x, y) denote the ray consisting of all vectors of the type t(ϕ(y)− ϕ(x)),
where t is a positive number. Thus we get a mapping Φ′ from the manifold
M2k of all ordered pairs (x, y), x 6= y, to the manifold Sr−1 of all rays of the
space Cr. In the manifold M2k one naturally introduces differentiability,
and it can be easily checked that the mapping Φ′ is smooth of class 1. Thus,
Φ′(M2k) turns out to be of first category in Sr−1 (see Theorem 1), from
which follows «C» for q = 1. Applying this construction consequently we
get the proof of «C» for arbitrary q 6 r − 2k − 1.

From «B» and «C» one straightforwardly gets
D) Let ϕ be a smooth one-to-one regular mapping of class 2 of a smooth

manifold Mk to the vector space Cr and let Bq ∈ G(q, r − q) be the pro-
jecting space of dimension q 6 r − 2k − 1. Denote the projection mapping
by π, and denote by Ωq the set of all projecting spaces Bq such that the
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mapping πϕ is not one-to-one and regular. Since Ωq = Ω′
q ∪Ω′′

q Ωq has first
category in the manifold G(q, r − q).

The embedding theorem

E) Let ϕ1, . . . , ϕn be smooth (of class m) mappings of the smooth
manifold Mk to vector spaces C1, . . . , Cn, respectively. Denote by C the
direct sum of the spaces C1, . . . , Cn consisting of all systems [u1, . . . , un],
with ui ∈ Ci. Define the direct sum ϕ of mappings ϕ1, . . . , ϕn by ϕ(x) =
[ϕ1(x), . . . , ϕn(x)], x ∈ Mk. It is easy to see that ϕ is an m-smooth
mapping of the manifold Mk to C. It can be easily checked that if at least
one mapping ϕ1, . . . , ϕn is regular in a ∈ Mk then so is ϕ. Furthermore,
it can be easily checked that if two points a and b from Mk are mapped to
different points by one of the mappings ϕ1, . . . , ϕn then they have different
images under ϕ.

Theorem 2. Let Mk be a smooth compact manifold of class m > 2.
There exists a smooth embedding of class of the manifold Mk into a finite-
dimensional Euclidean space.

Proof. Denote by κ(t) some real function in the real variable t, which
is infinitely differentiable and satisfies the following properties:

κ(t) = 1 for |t| 6 1/2; κ(t) = 0 for |t| > 1;

for −1 6 t 6 −1/2 the function κ(t) monotonously increases; for 1/2 6

t 6 1, the function κ(t) monotonously decreases. Such a function can be
easily constructed.

Set
κi(t1, t2, . . . , tk) = ti · κ(t1) · κ(t2) . . .κ(tk),

for i = 1, . . . , k and

κk+1(t1, t2, . . . , tk) = κ(t1) · κ(t2) . . .κ(tk).

Let Rk be the Euclidean space with Cartesian coordinates t1, . . . , tk and
let Rk+1 be the Euclidean space with Cartesian coordinates y1, . . . , yk+1.
Denote by Q the cube in the space Rk defined by the inequalities |ti| < 2,
denote by Q′ the cube of the same space defined by the inequalities |ti| < 1
and by Q′′ the cube defined as |ti| < 1/2. By Q0 we denote the half-cube
cut out from the cube Q by the inequality t1 6 0. Now, define the mapping
from Rk to the space Rk+1 by the relations

yj = κj(t1, t2, . . . , tk), j = 1, . . . , k + 1. (2)
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It can be easily checked that this mapping is infinitely differentiable, maps
the set Rk \Q′ to the coordinate origin of the space Rk+1, its restriction to
the cube Q′ is a continuous and one-to-one mapping and its restriction to
the cube Q′′ is regular.

Now, let a be an arbitrary point of Mk and Uk
a be some coordinate

neighbourhood of it endowed with a coordinate system X having origin at
a; finally, let ε be a small positive number such that under the mapping

ti = xi

ε , i = 1, . . . , k, (3)

of the neighbourhood Uk
a to the space Rk the image of this neighbourhood

covers the whole cube Q, whence a is an interior point of Mk or the whole
half-cube Q0, whence a is a boundary point of Mk. Denote the pre-images
of the cubes Q′ and Q′′ under this mapping by Q′

a and Q′′
a, respectively.

Define the mapping ϕa of the manifold Mk to the Euclidean space Rk+1

by

yj = κj(x
1

ε ,
x2

ε , . . . ,
xk

ε )

for the point x ∈ Uk
a with coordinates x1, . . . , xk and by yj = 0 for the

point x ∈ ∈ Mk \ Uk
a . It can be easily checked that ϕa is an m-smooth

mapping of Mk to Rk+1, which is homeomorphic on Q′
a and regular on Q′′

a.
Selecting among neighbourhoods Q′′

a a finite cover Q′′
a1
, . . . , Q′′

an
of the

manifold Mk and taking the direct sum of mappings corresponding to these
cubes, ϕa1 , . . . , ϕan

(see «E»), we get the desired mapping ϕ of the mani-
fold Mk to a finite-dimensional Euclidean space.

From the statements proved above the theorem formulated earlier, fol-
lows straightforwardly. Indeed, the manifold Mk can be regularly and
homeomorphically embedded into a vector space C of rather high dimension
(see Theorem 2). Furthermore, in the space Cr there exists such a project-
ing direction Br−2k−1, such that the obtained projection of the manifold
Mk to the space A2k+1 is regular and homeomorphic (see «D»). In the
same way, in the space Cr there exists a projecting direction Br−2k such
that the projection of the manifold Mk to the space A2k is regular (see
«В»). Below we prove a stronger Theorem 3 showing that for any smooth
mapping of a manifold Mk to a Euclidean space C2k+1 there exists an ar-
bitrarily close regular and homeomorphic mapping of the same manifold,
and for any smooth mapping of Mk to the Euclidean space C2k there exists
an arbitrarily close regular mapping. For the precise formulation of Theo-
rem 3, one needs to introduce the notion of m-neighbourhood for mappings,
taking into account all derivatives up to order m, inclusively.

First note that if f is a smooth mapping of the domain W k of the
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Euclidean half-space Ek
0 to a vector space Cr then the partial derivatives

of the vector function f(x) = f(x1, . . . , xk) are vectors of the space Cr.
F) Let Mk be an m-smooth compact manifold and El be a vector space,

P be the set of all m-smooth mappings of the manifold Mk to the space
El. Introduce the topology for P by setting a metric depending on an
arbitrary choice of some constructed elements. Let Us, Vs, s = 1, . . . , n, be
a finite set of coordinate domains of the manifold Mk such that the domains
Us, s = 1, . . . , n, cover Mk and the inclusions Us ⊂ Vs, s = 1, . . . , n
hold, wherever in each domain Vs a preassigned coordinate system Xs is
chosen. Furthermore, let Y be a Cartesian coordinate system of the space
El. Define the distance ρ(f, g) between two mappings f and g from P
(depending on the choice of Us, Vs, coordinate systems Xs, s = 1, . . . , n,
and the coordinate system Y ). To do this, let us write the mappings f and
g of the domain Vs in coordinate form by setting

yj = f j
s (x) = f j

s (x1, . . . , xk), (4)

yj = gj
s(x) = gj

s(x
1, . . . , xk). (5)

Let i1, . . . , ik be a set of non-negative integers with sum not exceeding m.
Set

ωj
s(x; i1, . . . , ik) =

∣∣∣∣∣
∂i1+ . . . +ik(f j

s (x) − gj
s(x))

(∂x1)i1 . . . (∂xk)ik

∣∣∣∣∣ .

Denote the maximum of the function ωj
s(x; i1, . . . , ik) in the variable x at

x ∈ Us by ωj
s(i1, . . . , ik), and define the distance ρ(f, g) between f and

g to be the supremum of all numbers ωj
s(i1, . . . , ik), where i1, . . . , ik, s,

j run over all admissible values. It can be easily checked that the topol-
ogy of the space P does not depend on the arbitrary choice of the system
of Us, Vs, s = 1, . . . , n, and coordinate systems Xs, s = 1, . . . , n, Y .
The topological space P is called the class m mapping space of the man-
ifold Mk to the space El. The statement that for the map f there is an
arbitrary close map enjoying some property A means that in any neigh-
bourhood of the point f in the space P there exists a map enjoying the
property A.

Theorem 3. Let Mk be a class m > 2 smooth k-dimensional compact
manifold, let Ap be a vector space of dimension p and let P be the class
m mapping space from the manifold Mk to the space Ap. The set of all
regular mappings from the set P denoted by Π′; denote the set of all regular
and homeomorphic maps belonging to P by Π. It turns out that the sets
Π′ and Π are domains in the space P . Furthermore, if p > 2k then the
domain Π′ is everywhere dense in P and if p > 2k + 1 then the domain Π
is everywhere dense in P .
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Proof. First, show that the sets Π′ and Π are everywhere dense
in the space P for the values of p indicated in the theorem. Let f ∈
P and let e be a class m regular and homeomorphic mapping of the
manifold Mk to a vector space Bq of sufficiently large dimension (see
Theorem 2). Denote the direct sum of the vector spaces Ap and Bq by
Cr; here we assume the spaces Ap and Bq to be linear subspaces of the
space Cr. The mapping h, being a direct sum of the mappings f and e
(see «E») is regular and homeomorphic, and its projection to Ap along Bq

coincides with the mapping f . By virtue of statements «B» and «D», in
any neighbourhood of the projecting direction Bq there exists a project-
ing direction Bq

1 such that the projection g of the mapping h is regular
if p > 2k; it is regular and homeomorphic if p > 2k + 1. Thus, for a
given map f there exists an arbitrarily close map g enjoying the desired
properties.

Let us show that Π′ is a domain. Let f ∈ Π′. Since the map-

ping f is regular at x ∈ Us the rank of the matrix

∥∥∥∥
∂f j

s

∂xi

∥∥∥∥ at this

point equals k (see § 1, «F»). Consequently, the rank of a matrix close

to the matrix

∥∥∥∥
∂f j

s

∂xi

∥∥∥∥ also equals k. Thus, there exists such a small

positive number ε′ such that for ρ(f, g) < ε′ the mapping g is regu-
lar at the point x. Since the first derivatives of the functions f j

s (x)
are continuous and the sets Us are compact and one can choose a fi-
nite number of them to cover Mk, there exists a small positive num-
ber ε such that for ρ(f, g) < ε, the mapping g is regular at each
point x ∈Mk.

To prove that Π is a domain, first note the following:
a) In the set Q of all linear mappings of the Euclidean vector space Ek

to the Euclidean vector space Ap, let us introduce the metrics according to
some coordinate systems X and Y in these spaces. Let ϕ and ψ be elements
from Q written in coordinates as

yj =

k∑

i=1

ϕj
ix

i, j = 1, . . . , p;

yj =

k∑

i=1

ψj
i x

i, j = 1, . . . , p.

Define the distance ρ(ϕ, ψ) as the maximum of |ϕi
j − ψi

j |. It turns out
that for any compact set F of non-degenerate mappings there exists a small
positive δ such that for ρ(F, ψ) < δ we have
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|ψ(x)| > δ · |x|,
where x is an arbitrary vector from Ek.

Taking into account the continuity, one easily proves this statement by
reductio ad absurdum.

Let f ∈ Π. It turns out that there exist small numbers δ and ε such
that for ρ(f, g) < ε (see «F») the equality

ρ(g(a), g(x)) > δρ(f(a), f(x)) (6)

holds; here a and x are two arbitrary points from Mk.
Indeed, when ρ(f(a), f(x)) < α, where α is a positive constant the

mappings f and g in the neighbourhood of a are very exactly approximated
by linear ones, herewith this can be done uniformly with respect to a ∈Mk.
In this case the inequality (6) easily follows from statement «A». In the
case when ρ(f(a), f(x)) > α, the inequality (6) follows from the bijectivity
of f for ε being reasonably small. From inequality (6) and the bijectivity
of f one gets the bijectivity for any map g reasonable close to f .

Thus, Theorem 3 is proved.

§ 3. Nonproper points of smooth maps

First, recall the definition of nonproper point for a map (see § 1, «D»).
Let ϕ be a smooth mapping from a manifold Mk to a manifold N l. A
point a of the manifold Mk is called nonproper for the mapping ϕ if the
functional matrix of the mapping ϕ at the point a has rank strictly less than
l. A point b of the manifold N l is called nonproper with respect to ϕ if the
whole pre-image ϕ−1(b) of this point contains at least one nonproper point
a ∈Mk of ϕ. Thus, one should distinguish between nonproper points of ϕ
in Mk and nonproper points of ϕ in N l. If F is the set of all nonproper
points of ϕ in the manifold Mk, then ϕ(F ) is the set of all nonproper
points of the mapping ϕ in the manifold N l. Theorem 4 below due to
Dubovitsky [6] states that the set ϕ(F ) has first category in the manifold
N l, i.e. it can be represented as a countable union of compact sets nowhere
dense in N l. It follows from this that the set N l \ ϕ(F ) of all proper
points of the mapping ϕ in the manifold N l has second category N l, i.e.
«widely spread» and, in any case, everywhere dense. Informally speaking
this can be formulated by saying that the points of the manifold N l are,
in general, proper. Theorem 4 has some important applications in smooth
manifold theory; there are many corollaries saying that in general position
some “good” property obtains. To prove any result of such type one should
properly define the manifolds Mk and N l together with a mapping ϕ. This
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choice can be described by Statement «A» given below: rather general and
thus, not very formal.

General position argument

A) Let Q be a smooth manifold and let P be a set of operations over Q
that constitutes a smooth manifold as well. While performing an operation
p ∈ P over Q some point q ∈ Q can be singular in a certain sense, which
should be clearly described. The pair (p, q), p ∈ P , q ∈ Q is marked if
the point q is singular with respect to the operation p. It is assumed that
the set of all marked pairs (p, q) constitutes a smooth submanifolds Mk

of the manifold P × Q (see § 1, «J», «E»). With each point (p, q) ∈ Mk,
one associates the point ϕ(p, q) = p. Thus one gets a mapping ϕ from the
manifold Mk to the manifold N l = P . If the point p0 ∈ P is a proper point
of the mapping ϕ in the manifold P = N l, then any point q ∈ Q singular
with respect to p0, is in some sense typical, and the set Q0 of all points q of
the manifold Q which are singular with respect to the operation p0 consists
of typical singular points.

There are many applications of the construction «A»; some of them are
to be demonstrated in § 4. A very simple application of the construction
«A» having illustrative character is given below as Statement «B».

B) Let Ar and Bs be two smooth submanifolds of the vector space
En. One says that at a point a ∈ Ar ∩ Bs the manifolds Ar and Bs

are in general position if tangent planes to the manifolds Ar and Bs have
intersection of dimension r + s − n. One says that the manifolds Ar and
Bs are in general position if they are in general position at any common
point. It can be shown straightforwardly that if the manifolds Ar and Bs

are in general position then their intersection Ar ∩Bs is a submanifold of
dimension r+s−n in the space En. Let p ∈ En. Denote by Ar

p the manifold
consisting of all points of type p+ x, where x ∈ Ar. Thus the manifold Ar

p

is obtained from the manifold Ar by shifting along the vector p. It turns
out that the set of all vectors p ∈ En, for which the manifolds Ar

p and Bs

are in general position, is the set of second category in En; thus there exist
an arbitrarily small shift p for which the manifolds Ar

p and Bs are in general
position.

To prove Statement «B», let us use construction «A» by setting Q =
Ar × Bs, P = En and assuming the point q = (a, b) ∈ Ar × Bs to be
singular with respect to the operation p ∈ En if p+ a = b. The set Mk of
all marked pairs (p, q) where p ∈ En, q = (a, b) ∈ Ar × Bs is thus defined
by p = b− a, i.e. the pair (p, q) is uniquely defined by the point q = (a, b);
thus there is a natural smooth homeomorphism of the manifolds Mk and
Ar ×Bs that allows us to identify these manifolds. The mapping ϕ of the
manifold Mk = Ar × Bs to the manifold P = En is defined according



3rd April 2007 9:38 WSPC/Book Trim Size for 9in x 6in main

22 L. S. Pontrjagin

to the formula ϕ(a, b) = b − a. Simple calculations show that a point
q = (a, b) ∈Mk is a proper point of the map ϕ if and only if the manifolds
Ar

b−a and Bs are in general position at their intersection point b. Thus, the
point p0 ∈ En is a proper point of the mapping ϕ if and only if the manifolds
Ar

p0
and Bs are in general position. From that and from Theorem 4 proved

below, one gets the claim of «B».

The Dubovitsky Theorem

In the formulation of the Dubovitsky theorem, the smoothness class m
of the map ϕ : Mk → N l is defined as m = k − l+ 1 and not as (1), as
given below. In this sense Theorem 4 is weaker than Dubovitsky’s theorem.
Since the exact estimate for the smoothness class m is not important, below
we give a weaker estimate (1), which allows us to simplify the proof.

Theorem 4. Let Mk and N l be two smooth manifolds of positive di-
mensions k and l and let ϕ be an

m = m(k, l) = 2 +
(k − l)(k − l + 1)

2
(1)

class smooth mapping from Mk to N l. It turns out that the set of all
nonproper points of ϕ in the manifold N l is of first category in N l. In
particular, if the manifold Mk is compact then the complement to this set
is an everywhere dense domain in the manifold N l.

Proof. First consider the case when the manifoldMk has no boundary.
Let a ∈ Mk, b = ϕ(a), and let V l

b be some coordinate neighbourhood of
the point b in the manifolds N l; let Uk

a be a coordinate neighbourhood
of the point a in the manifold Mk such that ϕ(Uk

a ) ⊂ V l
b . Let us choose

neighbourhoods Uk
a1 and Uk

a2 of the point a in Mk that U
k

a1 ⊂ Uk
a , U

k

a2 ⊂
Uk

a1 and such that the set U
k

a1 is compact. The domains Uk
a2, a ∈Mk, cover

the manifold Mk. Among them, one can select a finite cover, thus, to prove
the theorem, it suffices to prove it for mappings ϕ from Uk

a2 ⊂ Mk to the
manifold V l

b . Since the domain Uk
a is a homeomorphic image of a domain

in the Euclidean space Ek, we may just assume that Uk
a is a domain in the

space Ek. Analogously, we assume that V l
b is a domain in the Euclidean

space El. From this point of view, ϕ is an m-smooth mapping of the
domain Uk

a to the Euclidean space El, and it suffices to show that the set
of nonproper points has first category in El. Let us do it.

Fix the point a and remove the index a from the notation. The map-
ping ϕ of the domain Uk of Ek to El has the following form in Cartesian
coordinates:

yj = ϕj(x) = ϕj(x1, . . . , xk), j = 1, . . . , l. (2)
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Here the functions ϕj are m times continuously differentiable. By F0 we

denote the set of all points x ∈ Uk
2 where the functional matrix

∥∥∥∥
∂ϕj

∂xi

∥∥∥∥,
i = 1, . . . , k, j = 1, . . . , l has rank less than l. For k < l, Theorem 4
becomes Theorem 1 which has already been proved. Thus we will assume
that k > l. Set s = k− l+1. The function ϕl will play a special role. From
(1) it follows that m > s; thus the function ϕl is s + 1 times continuously
differentiable. Let r be a positive integer less than or equal to s. Denote by
Fr the set of all points from F0, where all the partial derivatives of orders
1, 2, . . . , r of the function ϕl equal zero. Then we evidently have

F0 ⊃ F1 ⊃ . . . ⊃ Fs.

We will show that the images of all sets F0 \ F1, . . . , Fs−1 \ Fs under ϕ
have first category in El. This will prove that the set ϕ(F0) of nonproper
points of the mapping ϕ is of first category in El as well.

First, let us consider the set Fs. The Taylor decomposition for ϕl at
the point p ∈ Fs does not contain terms of degrees 1, 2, . . . , s. From this
and from compactness of the set U1, it follows that there exists a constant
c such that for p ∈ Fs, x ∈ U1 we have

|ϕl(x) − ϕl(p)| < c · (ρ(p, x))s+1. (3)

For the remaining functions ϕj , j = 1, . . . , l− 1, the equalities

|ϕj(x)− ϕj(p)| < cρ(p, x) (4)

hold; they result from the continuity of the first derivatives and the com-
pactness of the set U1. The constant c in inequalities (3) and (4) is common
for all functions ϕj , j = 1, 2, . . . , l. Choose a certain ε-cubature for Ek,
i.e. tile the space Ek into proper cubes with edge length ε, and denote by Ω
the set of all closed cubes of this cubature intersecting the set Fs. Since the

set F s is compact, the number of cubes from Ω does not exceed
c1

εk
, where

c1 is a positive constant independent of ε. Let δ be the distance between
the sets Ek \ Uk

1 and U2. Assume that ε < δ/
√
k; then each cube Kq from

Ω is contained in Uk
1 . From that and from the fact that Kq contains the

point p ∈ Fs, and from inequalities (3), (4) it follows that the set ϕ(Kq)
is contained in some orthogonal parallelepiped Lq of the space El having

one edge length equal to 2c
√
k · εs+1 and the remaining l− 1 edges equal

to 2c
√
k · ε. The volume of this parallelepiped Lq equals 2lclkl/2 · εl+s. The

compact set ϕ(F s) is contained in the sum of closed parallelepipeds of type
Lq; the number of them does not exceed c1/ε

k. It follows that the volume
of the set ϕ(F s) does not exceed c1 · εl+s−k = c2 · ε (c2 does not depend on
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ε). Thus, since ε is chosen arbitrarily small, the compact set ϕ(F s) does
not contain any domain of the space El, thus is nowhere dense in El.

If k = 1, then, since k > l > 1 we have l = 1, s = 1. In this case
Fs = F0, and we arrive at the statement of the theorem for k = 1. This
gives us the induction hypothesis on k. We suppose that the theorem is
true for the case when the source manifold has dimension less than k. Let
us prove the theorem for dimension k.

Let us prove that for 0 6 r < s, the set ϕ(Fr\Fr+1) is of first category in
the space El. This is precisely the part of the proof to be done by induction.
Let p ∈ Fr \ Fr+1. Since p does not belong to the set Fr+1, there exists a
partial derivative of order r + 1 of the function ϕl taking a non-zero value
at p. Denote the value of this derivative at x ∈ Uk by ω1(x). Since ω1(x)
is a derivative of order r + 1 then ω1(x) = ∂ω(x)/∂xi, where ω(x) is the
derivative of order r for r > 0 or the function ϕl(x) itself for r = 0. For
definiteness, assume i = k. Set

zi = xi, i = 1, . . . , k − 1; zk = ω(x) = ω(x1, . . . , xk). (5)

It follows from ∂ω(p)/∂xk 6= 0 that the functional determinant of (5) is
non-zero at p; thus, this transformation introduces in some neighbourhood
W k

p of p new coordinates z1, . . . , zk. We shall assume that W k
p does not

intersect Fr+1 and choose a neighbourhood W k
p1 of the point p such that

its closure W
k

p1 is compact and is contained in W k
p . By varying the point

p, we can cover the set Fr \Fr+1 by a countable system of neighbourhoods
of type W k

p1. Thus, to prove that the set ϕ(Fr \Fr+1) has first category, it

is sufficient to show that ϕ(Fr ∩W
k

p1) is nowhere dense in El. Let us prove
this fact.

Let us fix the point p and omit the index p in the notation. Substi-
tuting in (2) the expressions x1, . . . , xk in terms of z1, . . . , zk, we get the
expression for ϕ in coordinates z1, . . . , zk for the domain W k. Suppose
this expression looks like

yj = ϕj(x) = ψj(z1, . . . , zk). (6)

Here z1, . . . , zk are the new coordinates of the point x. Consider the
domain W k with coordinates z1, . . . , zk as a smooth manifold. It fol-
lows from (5) that the mapping ϕ from W k to the space El given by
(6) has smoothness type m(k, l)− r. For r = 0 the smoothness class of
the map ϕ equals m(k, l) = m(k − 1, l − 1) [see (1)]. Choosing for r > 0
the worst estimate for the smoothness class, that is, r = s − 1 = k − l,
we see that for r > 0 the smoothness class of the considered map ϕ
equals m(k, l) − (k − l) = m(k − 1, l) [see (1)]. The set H ⊂ W k
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of all nonproper points of the mapping ϕ in the manifold W k is de-
fined by H = W k ∩ F0. This follows from the non-degeneracy of (5)
at W k. Denote by W k−1

t the submanifold of the manifold W k defined
by the equation zk = t. Note that the smoothness class of the map-
ping from W k−1

t to El equals m(k − 1, l − 1) for r = 0 and it equals
m(k − 1, l) for r > 0. Let us consider the cases r = 0 and r > 0 sepa-
rately.

Assume r = 0. Then ω(x) = ϕl(x) = zk. Thus, the expression (6) for
the mapping ϕ turns into

yj = ψj(z1, . . . , zk), j = 1, . . . , l − 1; yl = zk. (7)

Denote by El−1
t the linear subspace of the space El defined by the equation

yl = t. It follows from the relations (7) that ϕ(W k−1
t ) ⊂ El−1

t . Denote
by Ht ⊂ W k−1

t the set of all nonproper points of the mapping ϕ from the
manifold W k−1

t to the space El−1
t . It follows from the relations (7) that

Ht = H ∩ W k−1
t . If the set ϕ(F0 ∩ W

k

1) contained a domain, then there
would exist a value t such that the intersection ϕ(F0 ∩ W

k

1) ∩ El−1
t would

contain a domain in El−1
t . However, this is impossible because

ϕ(F0 ∩ W
k

1) ∩ El−1
t ⊂ ϕ(H) ∩ El−1

t = ϕ(H ∩ W k−1
t ) = ϕ(Ht),

and the set ϕ(Ht) has first category in El−1
t according to the induction

assumption. Thus, the set ϕ(F0 ∩ W
k

1) is nowhere dense in El; the case
r = 0 is discussed completely.

Now assume r > 0. Then ω(x) is a derivative of order r of the func-
tion ϕl; thus ω(x) = 0 for x ∈ Fr. Since for the neighbourhood W k we
have ω(x) = zk then

Fr ∩ W k ⊂ W k−1
0 . (8)

Let H ′ ⊂ W k−1
0 be the set of all nonproper points of the mapping ϕ :

W k−1
0 → El. It is easy to see that H ∩ W k−1

0 ⊂ H ′ [see (6)] and, since
Fr ∩ W k

1 ⊂ H then it follows from (8) that Fr ∩ W k
1 ⊂ H ′. By virtue

of the induction hypothesis, the set ϕ(H ′) has first category in El. Since
Fr ∩ W k

1 ⊂ H ′ the set ϕ(Fr ∩ W k
1 ) is nowhere dense in El. Thus we have

completed the proof for the case r > 0.
Thus, Theorem 4 is proved when Mk has no boundary.
Finally, suppose the manifold Mk has a non-empty boundary Mk−1.

Suppose F ′ ⊂ Mk−1 is the set of all nonproper points of the mapping
ϕ : Mk−1 → N l and F ⊂ Mk is the set of all nonproper points of the
mapping ϕ : Mk → N l. It is easy to see that

F ∩ Mk−1 ⊂ F ′.
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Thus,
F ⊂ (F \Mk−1) ∪ F ′.

The set F \ Mk−1 consists of all nonproper points of the mapping ϕ in
the manifold Mk \ Mk−1 with boundary deleted. Analogously, the set
F ′ consists of all nonproper points of the mapping ϕ on Mk−1 without
boundary. Thus, both sets ϕ(F \Mk−1) and ϕ(F ′) have first category in
N l. The set ϕ(F ) is contained in their union, thus it has the first category
in N l.

Therefore, Theorem 4 is proved.

§ 4. Non-degenerate singular points of smooth

mappings

Let f be a smooth mapping from a manifold Mk to a manifold N l. Let
a ∈Mk and b = f(a) ∈ N l be interior (non-boundary) points of the mani-
folds Mk and N l. In the neighbourhoods of a and b, let us introduce local
coordinates x1, . . . , xk and y1, . . . , yl taking these points to be coordinate
origins. Let

yj = f j(x) = f j(x1, . . . , xk)

be the coordinate expression for f in the chosen coordinate systems.
Suppose a is a regular point of f , i.e. that the rank of the matrix∥∥∥∥

∂f j(a)

∂xi

∥∥∥∥, j = 1, . . . , l, i = 1, . . . , k, equals k; to be more precise, we

shall assume that the determinant

∣∣∣∣
∂f j(a)

∂xi

∣∣∣∣, i, j = 1, . . . , k is non-zero.

With this assumption the relations

ξi = f i(x1, . . . , xk), i = 1, . . . , k,

may serve to define in the neighbourhood of a the new coordinates ξ1, . . . , ξk

of the point x. Let

yj = ξj , j = 1, . . . , k;

yj = ϕj(ξ1, . . . , ξk), j = k + 1, . . . , l,

be the expression of the mapping f in these new coordinates. Let us intro-
duce in the neighbourhood of the point b the new coordinates η1, . . . , ηl,
by setting

ηj = yj, j = 1, . . . , k;

ηj = yj − ϕj(y1, . . . , yk), j = k + 1, . . . , l.
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In coordinates ξ1, . . . , ξk, η1, . . . , ηl the mapping f looks like

ηj = ξj , j = 1, . . . , k; ηj = 0, j = k + 1, . . . , l. (1)

Now, let us assume that the point a is proper, i.e. the rank of the matrix∥∥∥∥
∂f j(a)

∂xj

∥∥∥∥, j = 1, . . . , l, i = 1, . . . , k equals l, and assume for definiteness

that the determinant

∣∣∣∣
∂f j(a)

∂xi

∣∣∣∣, i, j = 1, . . . , l is non-zero. Then the rela-

tions

ξi = f i(x1, . . . , xk), i = 1, . . . , l; ξi = xi, i = l+ 1, . . . , k,

may serve for introducing in a neighbourhood of a the new coordi-
nates ξ1, . . . , ξk of the point x. Furthermore, assuming

ηj = yj , j = 1, . . . , l,

we see that in coordinates ξ1, . . . , ξk, η1, . . . , ηl the mapping f can be
written as

ηj = ξj , j = 1, . . . , l. (2)

Thus, if the manifold Mk is closed and b ∈ N l is a proper point of the
mapping f , then f−1(b) is a smooth (k − l)-dimensional submanifold of
the manifold Mk with local coordinates ξl+1, . . . , ξk in the neighbourhood
of a. In the case when the manifolds Mk and N l are oriented and their
orientations are given by the coordinate systems ξl+1, . . . , ξk, ξ1, . . . , ξl

and η1, . . . , ηl, then the manifold f−1(b) gets a natural orientation given
by the coordinate system ξl+1, . . . , ξk.

We see that both in the case of a regular point a and in the case of
proper point a the mapping is written quite simply in the properly chosen
coordinate systems [see (1), (2)].

It was shown in § 2 that in any neighbourhood of any arbitrary smooth
mapping from Mk to the vector space A2k there exists a regular mapping,
and all mappings sufficiently close to a regular one, are regular as well
(see Theorem 3). In this sense, singular points (see § 1, «D») of mappings
Mk → A2k are unbalanced, that is, they are removable by a small pertur-
bation. For mappings from Mk to the vector space A2k−1 we have another
situation: singular points that occur there are, generally, balanced: they
cannot be removed by a small perturbation. This problem was solved by
Whitney. Here we give a simpler proof of his theorem (see Theorem 6).
We will not use this theorem in the sequel. The question about typical
singular points is solved here also for mappings of a manifold Mk to the
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one-dimensional space A1, i.e. to the line (see Theorem 5; it will have appli-
cations in the homotopy theory of mappings, see § 3, Chapter 4). Thus, the
question about typical singular points of a mapping is solved for mappings
from manifolds of dimension k to space of dimension 2k− 1 or 1. For other
dimension, it remains a quite actual open problem.

Generally, a regular mapping from Mk to the vector space A2k is not
homeomorphic: it has self-intersections, which might be non-removable by
small perturbation of the initial mapping. The question whether a self-
intersection is typical is also solved here (see «A» and «B»); these state-
ments will be used in the sequel.

For proving Theorems 5 and 6, and also Statement «B» we significantly
use the construction «A» (see page 21) and Theorem 4.

Typical self-intersection points of mappings Mk
→ E2k

A) Let f be a regular smooth mapping of class m > 1 from a closed
manifold Mk to the vector space A2k and let a and b be two different points
fromMk having the same image f(a) = f(b) ∈ A2k. Furthermore, let U and
V be neighbourhoods of points a and b in Mk such that the mapping f is
homeomorphic for any of these neighbourhoods, and T k

a and T k
b are tangent

planes at points f(a) and f(b) to the manifolds f(U) and f(V ), respectively.
Say that for a self-intersection pair (a, b) the mapping f is typical if the
tangent planes T k

a and T k
b are in general position, i.e. they intersect precisely

at one point f(a) = f(b). Obviously, in this case for sufficiently small
neighbourhoods U and V , the manifolds f(U) and f(V ) have a unique
common point f(a) = f(b) as well (implicit function theorem), and small
perturbations of the mapping preserve typical self-intersections. If f is
typical for any self-intersection pair and, furthermore, no three pairwise
different points have the same image, we say that f is typical. It follows
from closeness of the manifold Mk that, for a mapping f typical for any
self-intersection pair, there exists only a finite number of self-intersection
pairs.

B) Let f be a closed homeomorphic mapping of a closed manifold
Mk to a vector space C2k+1. The set P 2k of all pairs (x, y), where
x ∈ Mk, y ∈ Mk, x 6= y, naturally forms a smooth manifold of di-
mension 2k. With each point (x, y) = P 2k, associate a point σ(x, y) =
(f(y) − f(x))∗ ∈ S2k, i.e. the ray of the vector f(y) − f(x) (see § 1,
«Н»). Let e be an arbitrary non-zero vector from the space C2k+1 and
let πe be the projection along the one-dimensional space e∗∗ containing
e. It turns out that the regular mapping πef is typical for any self-
intersection pair (see «A») if and only if the mapping σ from the man-
ifold P 2k to the manifold S2k is proper in the point e∗ ∈ S2k. From
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this, by virtue of Theorem 4, it follows that for any given one-dimensional
projection direction there exists an arbitrarily closed projection direction
e∗∗ that the mapping πef is typical for each self-intersection pair. Fur-
thermore, it turns out that for any one-dimensional projection direction
there is an arbitrarily close direction e∗∗0 that the mapping πe0f is typi-
cal.

Let us prove Statement «B». Let e1, . . . , e2k+1 be a basis of a vector

space C2k+1. Denote by W the set of all vectors u =
∑2k+1

n=1 unen of the
space C2k+1 for which u2k+1 > 0, and denote by W ∗ the set of all rays
u∗ for u ∈ W . For coordinates of the ray u∗ ∈ W ∗, we take the numbers
u∗n = un/u2k+1, n = 1, . . . , 2k. Herewith we introduce local coordinates
for the domain W ∗ of the manifold S2k (see § 1,«Н»). Now, let a and b be
two different points of the manifold Mk. Choose a basis e1, . . . , e2k+1 in
such a way that e2k+1 = e = f(b)− f(a). In neighbourhoods of points a
and b of the manifold Mk, let us choose local coordinates x1, . . . , xk and
y1, . . . , yk; let

un = fn
a (x1, . . . , xk) = fn

a (x), n = 1, . . . , 2k + 1; (3)

un = fn
b (y1, . . . , yk) = fn

b (y), n = 1, . . . , 2k + 1, (4)

be a coordinate expression of the mapping f in the neighbourhoods of a and
b, respectively. While projecting along the vector e = f(b)−f(a), the points
b and a merge: πef(a) = πef(b); thus the condition that πef is typical for
the self-intersection pair (a, b), evidently, means that the determinant

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂f1
a (a)

∂x1
. . .

∂f2k
a (a)

∂x1

. . . . . . . . . . . . . . . . . .

∂f1
a (a)

∂xk
. . .

∂f2k
a (a)

∂xk

∂f1
b (b)

∂y1
. . .

∂f2k
b (b)

∂y1

∂f1
b (b)

∂yk
. . .

∂f2k
b (b)

∂yk

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(5)

is non-zero. For a neighbourhood of the point (a, b) of the manifold
P 2k we may use the coordinate system consisting of numbers x1, . . . , xk,
y1, . . . , yk; thus the mapping σ has the following coordinate form:

u∗n =
fn

b (y)− fn
a (x)

f2k+1
b (y)− f2k+1

a (x)
, n = 1, . . . , 2k. (6)

In these coordinates, the functional determinant of the mapping σ at the
point (a, b), evidently, coincides with the determinant (5) up to sign. Thus
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we have proved that regular mapping πef is typical for each self-intersection
pair if and only if the mapping σ is proper at the point e∗.

Now, choose the ray e∗ in such a way that the vector e is not parallel
to any vector tangent to the manifold f(Mk) and that the mapping σ is
proper at the point e∗ ∈ S2k. By virtue of Theorems 1 and 4, the set of
rays enjoying the above properties, is everywhere dense in the manifold S2k.
Suppose there exist three pairwise distinct points a, b, c of the manifold
Mk such that πef(a) = πef(b) = πef(c). In the neighbourhood of c in Mk,
let us introduce the local coordinates z1, . . . , zk, and let

un = fn
c (z1, . . . , zk) = fn

c (z), n = 1, . . . , 2k + 1, (7)

be the coordinate expression of the mapping f in the neighbourhood of c,
analogous to the expressions (3) and (4). Now, if x, y, z are three points
of the manifold Mk close to a, b, c, respectively, such that the points f(x),
f(y), f(z) lie on the same line then we have

fn
a (x)− fn

c (z)

f2k+1
a (x)− f2k+1

c (z)
=

fn
b (y)− fn

c (z)

f2k+1
a (y)− f2k+1

c (z)
, n = 1, . . . , 2k. (8)

Here we have 2k equation. We may assume that these equations im-
plicitly define the functions x1, . . . , xk, y1, . . . , yk in independent vari-
ables z1, . . . , zk. For the initial value z = c we have the solu-
tion x = a, y = b. For these initial values of the functions and independent
variables, the functional determinant of the system (8) is non-zero, since
so is the determinant (5). Thus, the system (8) satisfies the condition of
the implicit function theorem. It follows now that the set of triples x, y,
z closed to the triple a, b, c and satisfying the condition that f(x), f(y),
f(z) lie on the same line, forms a k-dimensional manifold. Thus, by virtue
of Theorem 1, we see that for the point e∗ of the manifold S2k there is an
arbitrarily close point e∗0 satisfying the conditions of the Statement «B».

Typical critical points of a real-valued function on a manifold

С) Let f be a class m smooth mapping (m > 2) from a manifold Mk

to the one-dimensional Euclidean space E1, or, what is the same, to the
line. By choosing a coordinate system on the line E1, we write down the
mapping f as y1 = f1(x), x ∈ Mk, where f1 is a real-valued function of
class m, defined on Mk. In a neighbourhood of a certain point a ∈Mk, let
us introduce local coordinates x1, . . . , xk with the origin at a, and let

y1 = f1(x) = f1(x1, . . . , xk)

be the expression for f in these coordinates. The point a is called a critical
point of the function f1, and the number f1(a) is called the critical value
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of the function f1 at the point a if all derivatives of the first order of the
function f1 are zeros at a or, which is the same, if a is a singular point
of the function f (see § 1, «D»). Taking the Taylor decomposition for the
function f1 at the critical point a, we get

f1(x) = f1(a) +
∑

i,j

aijx
ixj + . . . . (9)

If the determinant |ai,j | 6= 0, then the critical point a is called non-
degenerate. It can be checked straightforwardly that for a critical point
a of the function f , any arbitrary coordinate change the matrix ‖ai,j‖
is transformed as coefficients of quadratic form. From this it follows, in
particular, that the non-degeneration of the singular point is its invariant
property, i.e. it does not depend on the choice of the coordinate system.

D) Let h be an m-smooth mapping (m > 2) of a manifold Mk to the
Euclidean vector space Cq+1. Let u be a non-zero vector from Cq+1 and
let u∗∗ be the one-dimensional subspace containing the vector u. Denote
by πu the orthogonal projection of the space Cq+1 to the line u∗∗. The
set N q of all pairs (x, u∗), where x ∈ Mk, and u∗ is a ray orthogonal to
the manifold h(Mk) at the point h(x) can be naturally seen as an (m− 1)-
smooth manifold of dimension q. With each point (x, u∗) ∈ N q, associate
a point ν(x, u∗) = u∗ ∈ Sq (see § 1, «H»). The mapping ν is a smooth
mapping of class m− 1 from N q to Sq. It turns out that the point a ∈Mk

is a singular point of the mapping πuh from Mk to u∗∗ if and only if the
ray u∗ is orthogonal to the manifold h(Mk) at the point h(a). Furthermore,
if the ray u∗ is orthogonal to the manifold h(Mk) at the point h(a) then
the singular point a of the mapping πuh is non-degenerate if and only if
(a, u∗) is a proper point of the mapping ν.

Let us prove Statement «D». Denote the scalar product of vectors
u and v from Cq+1, as usual, by (u, v). Let u ∈ Cq+1 and (u, u) = 1.
Indeed, the real-valued function (u, h(x)) in variable x ∈Mk defined on
Mk, corresponds to the mapping πuh of the manifold Mk to the axis u∗∗.
In the local coordinates x1, . . . , xk defined in a neighbourhood of a, one
has

∂

∂xi
(u, h(a)) =

(
u,
∂h(a)

∂xi

)
, i = 1, . . . , k. (10)

The fact that the left-hand sides of all relations (10) are all zeros means
that a is a singular point of the mapping πuh; the fact that all right-hand
sides are zeros means that the vector u is orthogonal to the manifold h(Mk)
at the point h(a). Thus, we have proved that the point a is a singular point
for the mapping πuh if and only if the ray u∗ is orthogonal to h(Mk) at
the point h(a).



3rd April 2007 9:38 WSPC/Book Trim Size for 9in x 6in main

32 L. S. Pontrjagin

To establish a criterion whether a singular point a of the mapping πu0h
is degenerate, let us choose in the space Cq+1 such an orthonormal ba-
sis e1, . . . , eq+1 that the vectors e1, . . . , ek are tangent to the manifold
h(Mk) at the point h(a), and the vector eq+1 coincides with u0. In the
corresponding coordinates y1, . . . , yq+1 of the space Cq+1 the map h in the
neighbourhood of a looks like

yj = hj(x) = hj(x1, . . . , xk), j = 1, . . . , q + 1. (11)

Since the vectors e1, . . . , ek are tangent to the manifold h(Mk) at the point
h(a), it follows directly that

∣∣∣∣∣
∂hj(a)

∂xi
6= 0

∣∣∣∣∣ , i = 1, . . . , k,

From that we see that the relations

ξi = hi(x1, . . . , xk), i = 1, . . . , k

may serve for introducing new coordinates ξ1, . . . , ξk of the point x in the
neighbourhood of the point a in Mk. In these coordinates, the mapping h
looks like

h(x) =

k∑

i=1

ξiei +

q+1−k∑

j=1

ϕj(x) · ek+j . (12)

Because the vectors e1, . . . , ek are tangent to h(Mk) at the point h(a), it
follows that

∂ϕj(a)

∂ξi
= 0, i = 1, . . . , k; j = 1, . . . , q + 1− k. (13)

Let (x, u∗) be a point of the manifold N q close to the point (a, u∗) =
(a, e∗q+1). On the ray u∗, let us choose a vector u satisfying the condition

(u, eq+1) = 1.

Denote the remaining q components of the vector u in the basis e1, . . . , eq+1

by u1, . . . , uq: ui = (u, ei), i = 1, . . . , q. The orthogonality condition for
the vector u and h(Mk) at the point h(x) now looks like

0 =

(
u,
∂h(x)

∂ξi

)
= ui +

q−k∑

j=1

uk+j ∂ϕ
j(x)

∂ξi
+
∂ϕq+1(x)

∂ξi
, i = 1, . . . , k. (14)
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This relation shows that for coordinates of the element (x, u∗) of the man-
ifold N q we can choose the coordinates ξ1, . . . , ξk of the point x and the
components uk+1, . . . , uq of the vector u. For coordinates of the ray u∗ in
the manifold Sq, let us take the first q components of the vector u and de-
note these components by v1, . . . , vk in order not to mix them up with the
coordinates uk+1, . . . , uq of the element (x, u∗) in the manifold N q. Since
vi = ui, i = 1, . . . , q, then in the chosen coordinate system the mapping
ν : N q → Sq looks like [see (14)]

vi = −
q−k∑

j=1

uk+j ∂ϕ
j(x)

∂ξi
− ∂ϕq+1(x)

∂ξi
, i = 1, . . . , k,

vk+j = uk+j , j = 1, . . . , q − k.
The direct calculation [see (13)] shows that the Jacobian of the mapping

ν at the point (a, e∗q+1) is equal to (−1)k

∣∣∣∣
∂2ϕq+1(a)

∂ξi∂ξα

∣∣∣∣, i, α = 1, . . . , k.

Thus, the point (a, u0) is a proper point of the mapping ν if and only if the
following equation holds:

∣∣∣∣∣
∂2ϕq+1(a)

∂ξi∂ξα

∣∣∣∣∣ 6= 0. (15)

Since the mapping πu0h from Mk to the axis u∗∗0 is associated with the
function ϕq+1(x), the condition (14) coincides with the non-degeneracy
condition for the singular point a of the mapping πu0h. This completes the
proof of «D».

Theorem 5. Let Mk be a smooth compact manifold of class m > 3 with
boundary Mk−1 consisting of two closed manifolds Mk−1

0 and Mk−1
1 , each

of which possibly empty. Let f1 be a real-valued function of class m defined
on Mk. Suppose that the function f1 takes the same value ci, i = 0, 1 in all
points of the manifold Mk−1

i and c0 < c1, and that for any non-boundary
point x ∈Mk the inequality c0 < f(x) < c1 holds. Moreover, suppose that
no critical point of f1 lies on the boundary Mk−1. It turns out that for the
function f1 there exists an arbitrarily m-class close (see § 2, «F») function
g1 coinciding with f1 in some neighbourhood of the boundary such that all
critical points of the function g1 are not degenerate and critical values in
different critical points are pairwise distinct.

Proof. With the function f1, let us associate the mapping f from the
manifold Mk to the one-dimensional vector space A1. Let e be a home-
omorphic regular class m mapping from Mk to the Euclidean space Bq
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(see Theorem 2). Denote the direct sum of vector spaces A1 and Bq by
Cq+1; let us consider the spaces A1 and Bq as orthogonal subspaces of the
space Cq+1. Denote the direct sum of mappings f and e (see § 2, «E»)
by h. The mapping h is a regular homeomorphic class m mapping from
the manifold Mk to the Euclidean space Cq+1 such that the orthogonal
projection π of h to the line A1 coincides with f : f = πh. First of all,
let us show that in any neighbourhood of the line A1 there exists a line in
the orthogonal projection to which generates a function having only non-
degenerate critical values. The desired function in the formulation of the
theorem is to be obtained from this by some modifications.

Let N q be a manifold of all normal elements (x, u∗) of the manifold
h(Mk), as defined in «D», and let ν be the mapping from the manifold N q

to the manifold Sq also defined in «D». Let us show that if u∗ ∈ Sq is a
proper point of ν then all singular points of πuh are non-degenerate. Indeed,
if a is a singular point of the mapping πuh, then the ray u∗ is orthogonal to
h(Mk) at the point h(a); thus (a, u∗) ∈ N q. Since the mapping ν is proper
at (a, u∗) of the manifold N q, then the singular point a is non-degenerate
(see «D»). Let ε be a given positive number and let u be such a unit vector
of the spaces Cq+1 that the function h1 = (u, h(x)) is class m ε-close to
f1 and that u∗ ∈ Sq is a proper point of the mapping ν so that all critical
points of the function h1 are non-degenerate. By Theorem 4, such a vector
u does exist.

Let δ be such a small positive number that for f1(x) < c0 + 3δ and
for f1(x) > c1 − 3δ the point x is not a critical point of the function f1.
The existence of such δ follows from the conditions of the theorem, since
neither the boundary Mk−1 nor its small neighbourhood contains critical
points of f1. Furthermore, suppose χ(t) is a real-valued class m function
in variable t equal to zero at t 6 c0 + δ and t> c1−δ and equal to one at
c1−2δ> t>c0+2δ. Set

h2(x) = f1(x) + χ(f1(x))(h1(x)− f1(x)). (16)

It is easy to see that if ε that we have taken for constructing the function
h1(x), is chosen to be reasonably small then all critical points of the function
h2(x) defined by (16) coincide with the critical points of the function h1(x)
and thus they are non-degenerate. Since for t 6 c0 + δ and for t > c1 − δ
the function χ(t) equals zero it follows that for some neighbourhood of the
boundary Mk−1 the functions h2(x) and f1(x) coincide.

Typical singularities of mappings Mk
→ E2k−1

E) Let f be an m-class smooth (m > 2) mapping from the manifold Mk

to the vector space A2k−1. Let a be a singular point of the mapping f and
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let x1, . . . , xk be a local coordinate system in its neighbourhood such that

∂f(a)

∂x1
= 0. (17)

Such a coordinate system in a singular point neighbourhood always
exists. If the system

∂2f(a)

∂x1∂xi
,
∂f(a)

∂xj
, i = 1, . . . , k; j = 2, . . . , k, (18)

of 2k−1 vectors of the spaceA2k−1 is linearly independent, then the singular
point a is called non-degenerate. Later on, we shall show that the non-
degeneracy of a singular point is invariant, i.e. this notion is independent
of the coordinate system: if some coordinate system ξ1, . . . , ξk defined in
a neighbourhood of a satisfies the condition

∂f(a)

∂ξ1
= 0, (19)

then the vector systems (18) and

∂2f(a)

∂ξ1∂ξi
,
∂f(a)

∂ξj
, i = 1, . . . , k; j = 2, . . . , k, (20)

are either both linearly dependent or both linearly independent. It turns
out that in a sufficiently small neighbourhood of a non-degenerate singular
point there are no other singular points.

Let us prove that the non-degeneracy is invariant. Assume that the
relations (17) and (19) hold and that the vector system (20) is linearly
independent. Let us show that the system (18) is also linearly independent.
We have

∂f(a)

∂x1
=
∑

α

∂f(a)

∂ξα

∂ξα(a)

∂x1
,

from which, according to the assumption above, we deduce

∂ξα(a)

∂x1
= 0, α = 2, . . . , k. (21)

Since the Jacobian

∣∣∣∣
∂ξα(a)

∂xi

∣∣∣∣, α, i = 1, . . . , k, is non-zero, it follows from (21)

that

∂ξ1(a)

∂x1
6= 0,

∣∣∣∣∣
∂ξα(a)

∂xi

∣∣∣∣∣ 6= 0, α, i = 2, . . . , k. (22)
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From the relations (21) we get

∂f(a)

∂xj
=

k∑

α=2

∂f(a)

∂ξα

∂ξα(a)

∂xj
, j = 2, . . . , k. (23)

Furthermore, taking into account (21) and (19), we get

∂2f(a)

∂x1∂xi
=

k∑

β=1

∂2f(a)

∂ξ1∂ξβ

∂ξ1(a)

∂x1

∂ξβ(a)

∂xi

+
k∑

α=2

∂f(a)

∂ξα

∂2ξα(a)

∂x1∂xi
, i = 1, . . . , k. (24)

From the relations (23), (24), (22) and linear independence of the sys-
tem (20) one gets the linear independence of the system (18).

Now, let us show that the singular point a is isolated. To do that, view
a as the origin for the coordinate system x1, . . . , xk and consider the Taylor

decomposition for vectors
∂f(x)

∂xi
, i = 1, . . . , k, in the neighbourhood of a in

coordinates x1, . . . , xk:

∂f(x)

∂x1
=

k∑

α=1

∂2f(a)

∂x1∂xα
xα + ε1, (25)

∂f(x)

∂xi
=
∂f(a)

∂xi
+ εi, i = 2, . . . , k, (26)

where ε1 is second-order small with respect to ̺ =
√

(x1)2 + . . .+ (xk)2,
and ε2, . . . , εk are first-order small with respect to ̺. Since the vectors of
the system (19) are linearly independent, it follows from (25) and (26) that

the vectors
∂f(x)

∂x1
, . . . ,

∂f(x)

∂xk
are linearly independent for all points x 6= a

sufficiently close to a.
F) Let h be a regular class m mapping (m > 2) from the manifold Mk

to the vector space C2k. Denote the manifold of all rays u∗ of the manifold
C2k by S2k−1 (see § 1, «H») and denote by L2k−1 the manifold of all linear
elements of the manifold h(Mk), i.e. the manifold of all pairs (x, u∗), where
x ∈ Mk, and u∗ is the ray tangent to h(Mk) at h(x). Define the mapping
τ from the manifold L2k−1 to the manifold S2k−1 by setting τ(x, u∗) = u∗.
Denote the projection of the space C2k along the line u∗∗ containing u by
πu. As noticed before (see § 2, «A»), the point a ∈ Mk is a singular point
of πuh if and only if the ray u∗ is tangent to h(Mk) at the point h(x),
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i.e. if (a, u∗) ∈ L2k−1. It turns out that the singular point a of the mapping
πuh is non-degenerate if and only if the mapping τ is proper at the point
(a, u∗) ∈ L2k−1.

Let us prove the last statement. Let a be a singular point of f =
πu0h. Choose a basis e1, . . . , e2k of the vector space C2k in such a way that
the vectors e1, . . . , ek are tangent to h(Mk) at the point h(a) and so that
the vector e1 coincides with u0. Let yj = hj(x) = hj(x1, . . . , xk) be the
expression of the mappings h in the coordinates y1, . . . , y2k with respect to

the basis e1, . . . , e2k. Note that the absolute value of the Jacobian

∣∣∣∣
∂hj(a)

∂xi

∣∣∣∣,
i, j = 1, . . . , k, differs from zero, thus the relations

ξi = hi(x1, . . . , xk), m = 1, . . . , k,

can be used to introduce new coordinates ξ1, . . . , ξk of x in the neighbour-
hood of a. In the new coordinates, the vector h(x) will look like

h(x) =

k∑

i=1

ξiei +

k∑

i=1

ϕj(x)ek+j , (27)

where the functions ϕj(x) satisfy the condition

∂ϕj(x)

∂ξi
= 0, i, j = 1, . . . , k. (28)

Let (x, u∗) be an element of the manifold L2k−1 close to the element (a, u0).
The vector u is tangent to h(Mk) at the point h(x); thus it can be written
as

u =

k∑

i=1

ui ∂h(x)

∂ξi
=

k∑

i=1

uiei +

k∑

i,j=1

ui ∂ϕ
j(x)

∂ξi
ej+k. (29)

On the ray u∗, let us choose a vector u such that u1 = 1; then the expression
(29) looks like

u = e1 +

k∑

i=2

uiei +

k∑

j=1

∂ϕj(x)

∂ξ1
ek+j +

k∑

j=1

k∑

i=2

ui ∂ϕ
j(x)

∂ξi
ej+k. (30)

For coordinates of the elements (x, u∗) in L2k−1 we may take the num-
bers u2, . . . , uk, ξ1, . . . , ξ

k. Since the first component of the vector u in the
space C2k equals one [see (30)], the coordinates of the row u∗ in the man-
ifold S2k−1 can be set to be the remaining components v2, . . . , v2k of the
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vector u in the space C2k. In the chosen coordinates, the mapping τ is
written (according to (30)) as

vi = ui, i = 2, . . . , k;

vk+j =
∂ϕj(x)

∂ξ1
+

k∑
i=1

ui ∂ϕ
j(x)

∂ξi
, j = 1, . . . , k.

(31)

A simple calculation shows that the Jacobian of the mapping τ at the point
(a, u0) is equal to ∣∣∣∣∣

∂2ϕj(a)

∂ξ1∂ξi

∣∣∣∣∣ , i, j = 1, . . . , k. (32)

Consider now the mapping πu0h. Let us assume that it is a projection to
some vector space A2k−1 with basis e2, . . . , e2k along some line e∗∗1 . Then
we have [see (27)]

f(x) = πu0h(x) =
k∑

i=2

ξiei +
k∑

α=1

ϕα(x)ek+α. (33)

Thus we deduce

∂2f(a)

∂ξ1∂ξi
=

k∑

α=1

∂2ϕα(x)

∂ξ1∂ξi
· ek+α, i = 1, . . . , k,

∂f(a)

∂ξj
= ej, j = 2, . . . , k.

Thus, in this case the vectors of the system (19) are linearly independent
if and only if the Jacobian (32) is non-zero.

Statement «F» is proved.

Theorem 6. Let f be an m-class smooth (m > 3) mapping from a
compact manifold Mk of dimension k to the vector space A2k−1 of dimen-
sion 2k − 1. It turns out that for the mapping f there is an arbitrarily
m-close mapping g with all singular points non-degenerate and not lying on
the boundary Mk−1 of the manifold Mk.

Proof. Let us treat the vector space A2k−1 as a subspace of the vector
space C2k of dimension 2k. Let B1 be some one-dimensional subspace of
the space C2k not lying in A2k−1. Denote the projection of the space C2k

to the space A2k−1 along B1 by π. Fix a positive number ε; let h be a
regular mapping of Mk to the vector space C2k such that the mapping
πh is ε-close to f (see Theorem 3). Let L2k−1 be the manifold of linear
elements of the manifold h(Mk) (see «F»); let L2k−2 be the submanifold of
L2k−1 consisting of all elements of the type (x, u∗) where x ∈Mk−1, and let
τ be the mapping from L2k−1 to the sphere S2k−1 constructed in «F». It
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follows from «F» that if u∗ ∈ S2k−1 is not a singular point of the mapping
τ and does not belong to the set τ(L2k−2) then all singular points of the
mapping πuh are non-degenerate and do not belong to the boundary of the
manifold Mk. By virtue of Theorems 4 and 1, there exists a vector u such
that u∗ satisfies the conditions described above and the mapping πuh is
ε-close to πh. Thus, there is a 2ε-close to f mapping g = πuh satisfying
the conditions of the theorem.

Theorem 6 is proved.

Canonical form of typical critical points and typical singular
points

In Statements «C» and «E», several singular points of mappings from
manifolds Mk to vector spaces A1 and A2k−1, were found to be non-
degenerate. In Theorems 5 and 6, it was shown that all degenerate singular
points of the considered mappings are not balanced, i.e. removable by small
perturbations. However, we did not prove that those singular points called
non-degenerate are balanced, i.e. they are preserved by small perturbations.
The proof of this fact is not difficult, but we shall omit it. Also, we have
not described the structure of the mapping in the neighbourhood of a non-
degenerate singular point. It is not easy in the general situation; below we
present the results without proving them.

G) Let a be a non-degenerate critical point of a real-valued function
f1(x) defined on a manifold Mk. As noticed in Statement «A», the Taylor
decomposition of the function f1(x) in the neighbourhood of the point a
looks like (9). It turns out that (see [7]) by a coordinate change in the
neighbourhood of a this Taylor decomposition can be transformed to that
of the type

f1(x) = f1(a) + (x1)2 + . . .+ (xs)2 − (xs+1)2 − . . .− (xk)2, (34)

where the number s of positive squares is an invariant of the point a,
i.e. does not depend on the coordinate choice in the neighbourhood of this
point, and is not changed by a small perturbation. Thus, the function de-
fined on a k-dimensional manifold has k+1 possible types of critical points
(s = 0, . . . , k). Since the mapping f of the manifold Mk does not define the
function f1(x) directly, then the points of different type for the function
may happen to be of different type for a mapping. Indeed, changing the
sign of the function f1(x) interchanges the roles of s and k − s; thus the
corresponding critical points belong to the same type of mapping critical
points. It is worth mentioning that, in the general situation, one cannot
get from the expression (9) to the expression (34) by a linear coordinate
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change, as it might seem. An evident linear transformation is just the first
step of the transformation of (9) to (34). Under linear transformation the
third-order and higher-order terms are preserved, whence they are absent
in (34).

H) Let a be a non-degenerate critical point of f : Mk → A2k−1

(see «E»). It turns out (see [8]) that in the neighbourhoods of the points a
and f(a) one can change the coordinate systems (generally, the coordinate
change is not linear) such that the mapping f in the neighbourhood of a
has the following coordinate form:

y1 = (x1)2, y2 = x1x2, . . . , yk = x1xk,

yk+1 = x2, yk+2 = x3, . . . , y2k−1 = xk.
(35)

Here the points a and f(a) are taken to be the coordinate origins.
Statement «H» is quite a difficult theorem.
By using the expression (35), one can visualize the geometry of the

mapping f in the neighbourhood of a, especially in the case when k = 2.

Chapter II

Framed manifolds

§ 1. Smooth approximations of continuous mappings

and deformations

In the present section, we shall show that while studying the homotopy
types of mappings from one manifold to another it is sufficient to consider
only smooth mappings and smooth homotopies. This results from the fol-
lowing facts. Let Mk and N l be two m-smooth closed manifolds. It turns
out that in any homotopy class of mappings from N l to Mk there exists
an (m − 1)-smooth mapping, and if two (m − 1)-smooth mappings from
the manifold N l to the manifold Mk are homotopic, then there exists an
(m− 3)-smooth homotopy between these mappings. Thus, while studying
mappings of smoothness class m, one has to consider the homotopies of
class m− 3. This loss of smoothness class can be avoided by using several
tricks, but since the results of this section are to be used only for study-
ing maps from sphere to sphere and the sphere is an analytic manifold, we
need not worry about the loss of smoothness class; thus there is no sense
in giving a more difficult proofs of a more precise statements.


