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. . . . 8(y27 MR yk)
herewith, since the left-hand side is non-zero, we get —————= # 0.
a(x?, ..., z")
If the system X is orienting for the neighbourhood U*, then we may take
1
22, ..., z¥ to be the orienting system for U*~1. Because % > 0 then from
xr
Ay, ..., yF . oy .y
positivity of M we obtain the positivity of M Thus,
oz, ..., z") o(z*, ..., z")

the boundary of a smooth orientable manifold gets a natural orientation.
C) Let a be a point of a smooth manifold M*. Each coordinate system
defined in a neighbourhood U* of the point a belonging to the preassigned
class is called a local coordinate system at the point a. Obviously, each
point a of the manifold M* can be treated as a base point of some local
coordinate system. By a vector (countervariant) on the manifold M* at a we
mean a function associating with each local corrdinate system at a a system
of k real numbers called vector components with respect to this coordinate
system, in such a way that the components u', ..., u¥ and v', ..., v* of the

same vector seen from two coordinate systems z', ..., z¥ and y', ..., y*
are connected by the relation
RO
v = Z u’. (7)

Obviously, the vector is uniquely defined by its components given in one
local coordinate systems. Defining linear operations over vectors as linear
operations over their components, we define the k-dimensional vector space
structure R¥ on the set of all vectors on the manifold M* at the point
a; this space is called tangent to the manifold M* at the point a. With
each local coordinate system at the point a one associates a basis in the
tangent space, where all vectors have the same components as with respect
to the coordinate system. If a point a belongs to the boundary M*~! of the
manifold M*, then besides the tangent space R¥, one also defines the space
RF=! tangent to the manifold M*~!. Take the parameters x2, ..., 2 to
be local coordinates for M*~1 (see sect. «B») and associate with the vector

from RF~! having components u?, ..., u* the vector from RE~! having
components 0, u?, ..., u*; thus we obtain a natural embedding of the space
RF1 to RF.

Smooth mappings

D) Let M* and N! be two m-smooth manifolds and let ¢ be a continuous
mapping of the first manifold to the second manifold. At the point a € MF,
choose a local coordinate system X; at the point b = ¢(a) € N! choose a
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local coordinate system Y; then in the neighbourhood of the point a the
mapping ¢ will look as

yY=@ ), =10 8)

If the function ¢ is n times continuously differentiable, n < m, then it
will be n times continuously differentiable for any other choice of local
coordinates; thus, one may speak of the n-smoothness class of the mapping
. Later on, while speaking of smooth mapping, we shall always assume

o

that n is sufficiently large. If the rank of the matrix at the point a

equals k, then the mapping ¢ is called regular at a. It is easy to see that if
the point a belongs to the boundary M*~1 of the manifold M¥, then from
the regularity of the mapping ¢ at a follows its regularity at the point a
of the manifold M*~1. If the mapping ¢ is regular at each point a € M*,
then it is called regular. It is easy to check that if the mapping ¢ is regular
at a, then it is regular and homeomorphic in some neighbourhood of the
point a. A regular homeomorphic mapping is called a smooth embedding.
The mapping ¢ is called proper at the point a € MF¥, if the rank of the

¢’

matrix 20 |17 g =1,...,0; + = 1,..., k, equals [. It is easy to see
xX

that the set of all nonproper points of the mapping ¢ is closed in M*. A
point b € N is called proper for the mapping ¢ if the mapping ¢ is proper
at any point of the set =1 (b) C M*. The point a is a singular point of the
mapping f if it is non-regular and nonproper at the same time, i.e. if the

J
rank of the matrix 8_g02 ,ji=1,...,0;i=1, ..., k,is less than any of k

and [.

E) Each smooth mapping ¢ of a smooth manifold M* to a smooth
manifold N! induces at each point a € M* a linear mapping ¢, of the vector
space R¥ tangent to the manifold M* at a, to the vector space Rf) tangent
to N at b = ¢(a). Namely, if the local coordinate systems at points a and
b, are X and Y, respectively, then to the vector u € R¥ with components

ul, ..., u¥ in the system X one associates the vector v = ¢, (u) € R} with
components
k .
; ¢’ (a) ;
v = — ', i=1,...,1, 9
DA o

i=1
in the coordinate system Y. It is not easy to see that this correspondence

is well defined, i.e. for any choice of local coordinate it results in one and
the same mapping ¢,. If the mapping ¢ is regular at a, then the mapping
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¢q is one-to-one and defines an embedding of the same R” into R}. If ¢ is
proper at a, then ¢,(R¥) = R

Definition 2. A smooth mapping ¢ of class n from an m-smooth
manifold M* onto the smooth m-manifold N*, m > n, is called smooth
homeomorphism if it is regular. Obviously, if the mapping ¢ is a smooth
homeomorphism of class n then the inverse mapping ¢! is also a smooth
homeomorphism of class n. Two manifolds are called smoothly isomorphic
if there exists a smooth homeomorphism from one manifold onto the other.

Certain ways of constructing smooth manifolds

F) Let P" be a subset of a smooth manifold M* of class m, defined
in the neighbourhood of any point belonging to it by a system of k—r
independent equation. This means that for each point a € P” there exists
a neighbourhood U* in the manifold M* with local system X that the
intersection P" N U* consists of all points with coordinates satisfying the
equations

Pt ... ) =0, j=1,..., k—r (10)
Herewith we assume that the function 17 is m times smoothly differentiable
and the functional matrix 81’21(;1) ,i=1,....k—r;i=1,..., k, has
rank k—r; if a is a boundary poixnt of the manifold M* then we assume that
the reduced functional matrix aﬁlga) , =1 ..., k—r;1=2,...,k

has rank k& — [. With the conditions above, the set P” turns out to have a
natural smooth r-dimensional m-smooth manifold structure; this manifold
is smoothly embedded into M*. Such a manifold P” is called a submanifold
of the manifold M*. Furthermore, it turns out that the boundaries P"~!
and M*~! of the manifolds P" and M* enjoy the relation

Pl =pPraME (11)

andifa € P"~Yand R¥, RF~1 R" R’~! are tangent spaces to the manifolds
MF, MFE=1 P P! at the point a, then

R'=' =R N R (12)

Here the spaces R~ R" R'~! are considered as subspaces of RF (see
«C» and «E»).

To prove that P" is an r-dimensional manifold and to define the differ-
entiable structure on it, we change, if necessary, the enumeration of coor-

9’ (a)

CCZ

dinate for the Jacobian

,j=1 ..., k—r;i=r+1,...,k to
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be non-zero; in the case of boundary point we may not change the number
of the coordinate #!. Then the system (10) will be uniquely resolvable in

variables z1, ..., z*:

ot = it .2, i=r+1,..., k. (13)

In the case of boundary point, the coordinate ' is not among the indepen-
dent variables. The functions f? are defined, m times continuously differen-
tiable in some domain W" of the half-space Ejj in variables 2, ..., 2" and
define a homeomorphic mapping of this domain onto some neighbourhood
U of the point a in P". Thus we have proved that P" is an r-dimensional
manifold. The differentiability for the neighbourhood U" is defined by co-
ordinates z', ..., z".

The natural inclusion of the manifold P” in the manifold M* is given
in U" by relations

zt =zt 1=1,...,71;
o | (14)
= fx, .., 2"), i=r+1,... k,
where the parameters z!, ..., 2" on the right-hand sides are thought to be
coordinates in U” and the parameters z!, ..., 2" on the left-hand side be

the coordinates in U*. The relation (11) is evident. Now, let a € P"1;
let us prove the relation (12). To local coordinates X, there correspond a
certain basis ey, ..., ey in R¥; the basis of the space R~ consists of vectors
ea, ..., ex; the basis of the space R¥ consists of vectors e; + Z?:er %ej,
xr

i = 1,...,r; finally, the basis of the space R.~! consists of the same
vectors except for the first one. Considering these bases, we easily get to
the relation (12).

To prove the compatibility of the coordinate systems we constructed for
PT" consider together with the point a, another point b € P" with local coor-
dinates Y and neighbourhoods V* and V" analogous to the neighbourhoods
U* and U". The relations analogous to (13), will look like

yi:gi(y17"'7yr)’ /Z::T+1""7k' (15)

Suppose that U” and V" have a non-empty intersection. Then U* and V*
also have a non-empty intersection; let

Y=yt . 2, i=1,..., k; (16)
o=zt b, i=1,..., k, (17)

be the coordinate changes from X and Y and back. Substituting
"t .. 2 from (13) for (16), we get for the first r variables y
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Yy =yt .. 2", 1=1,...,r (18)
In the same way substituting 3", ..., y* from (15) for (17) we get
=2yt ), 1=1,...,r (19)

The coordinate changes (18) and (19) are m times continuously differen-
tiable; since they are inverse to each other, their Jacobians are both non-
Zero.

This completes the proof of Statement «F».

G) Let MPF be a smooth manifold of class m > 2 and let L2 be the set of
all tangent vectors to it (see «C»), i.e. pairs of type (a,u), where a € M*,
u € RE. The set L?* naturally turns out to be a 2k-dimensional manifold
of class m — 1 according to the following construction. Let U* be a certain
neighbourhood in the manifold M* with local coordinate system X. By
U?F denote the set of all pairs (z,u) € L?* satisfying the condition z € U*.
Take the set U%* to be the neighbourhood in L2*; the fixed coordinate
system in it is constructed as follows. Let 2!, ..., z* be the coordinates of
the point x in the system X and let u', ..., u*¥ be the components of the
vector u in the local coordinate system X; then the coordinates of the pair
(x,u) are defined to be the numbers

N L VN VL) (20)

If V¥ is a neighbourhood in M* (possibly coinciding with U*) with a
fixed system Y, for which # € V* and the coordinates of the pair (x,u) in
the neighbourhood V2* defined by Y are

yh oy et b, (21)

then the coordinate change from (20) to (21) is, evidently, given by the
relation

yj:yj(xl,...,xk), i=1,..., Kk (22)
k .

. 8y~7 . 3

vjzg -u', ji=1,...,k (23)
= oz

[see (9)]. These relations are m — 1 times differentiable and have the Ja-
12
oy’

cobian equal to |—=| ; this Jacobian is, evidently, positive. Since the

neighbourhoods of type U2 cover L2, the described construction turns
L?* into a smooth manifold of class m — 1.
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H) Let R* be a vector space of dimension k. By a ray u* in R¥ passing
through the vector u # 0 we mean the set of all vectors tu where ¢ is
some positive real number. Fix some basis for R* and denote by Rffl
the coordinate hyperplane v’ = 0. If the ray «* does not lie in Rffl, then
there exists a unique vector u on it satisfying the condition |u’| = 1; call this
vector the basic vector with respect to the plane Rf_l. The set of all rays
for which the basic vector with respect to Ri-“l satisfies u' = +1 or u’ =
—1, denote by Uikfl or, by Uik{l, respectively. For coordinates of the ray
u* € Uiljofl, p =1, 2, we take the components u', ..., u'~" u'tl, . uF
of the basic vector u of this ray with respect to Rffl. Since the system of
all sets Uz-lzfl covers the set S¥~1 of all rays, the set S*~! becomes a smooth
manifold evidently homeomorphic to the (r — 1)-sphere.

I) Let M* be a smooth manifold of class m. Linear element
manifold of it is the set L?*~! of all pairs (x,u*), where z € MF,
and u* is a ray in R%; the natural differential structure is defined ac-
cording to the following construction. Let U¥ be a neighbourhood
in M* with a fixed system X. In the vector space RF tangent to
MP* at 2 € U* we have a basis corresponding to the local system X;
thus, in the set S¥~! of rays of the space RY we have domains UZ-’;T;
(see «H») endowed with coordinate systems. By Ufpkf1 denote the

. * . . s k k—1
set of all pairs (z,u”) satisfying the condition x» € U", v* € U,
where the coordinates of the pair (z,u*) in Ufpk_l are taken to be the

numbers

1 ko1 i—1 ) it1 k
AN LB A ) L VL S T A (24)
where z', ..., 2% are the coordinates of x in the system X, and
wh, oo, Wt L uF are the coordinates of the ray w* in Ul 1t

ip,xT
can be easily checked that the system of neighbourhoods Ufpkf1 covers
L?~1 and that the introduced coordinate systems are compatible with
each other; thus L?*~1 is a (2k — 1)-dimensional smooth manifold of class
m — 1.

J) Let M* and N'! be two smooth manifolds of class m; suppose M* has
empty boundary. The direct product (Cartesian product) P** = M* x N,
i.e. the set of all pairs (z,y), where z € M*, y € N! is naturally a
smooth manifold of class m according to the following construction. Let
Uk and V! be arbitrary coordinate neighbourhoods in the manifolds M*
and N' with coordinate systems X and Y. Consider the set U* x V! C
MP* x N' as the coordinate neighbourhood in the manifold P**!: here
the coordinates of the point (z,y) € U* x V! are set to be the numbers

b, o 2k gt ooy, where 2!, ..., 2 are the coordinates of the point



12 L.S. PONTRJAGIN

in the system X and y', ..., ' are the coordinates of 3 with respect to Y.
It follows from a straightforward check that the coordinate neighbourhood
system constructed above defines in P**! a smooth structure of class m.
If M* and N are orientable manifolds and the systems X and Y correspond
to the orientations of these manifolds, we define the orientation of PFt!
by the system X, Y. Herewith, the Cartesian product acquires a natural
orientation. If N'=! is the boundary of the manifold N', then the boundary
of the manifold M* x M' turns out to be M* x M!~1.

K) Let E**! be a vector space of dimension k + 1 and let G(k,[) be the
set of all k-dimensional vector subspaces of it. The set G(k,!) is a smooth
(even analytic) manifold with respect to the following construction. Let
Ek € G(k,1) and let ey, ..., ek, f1, ..., fi be a basis of the space EF*!
such that the vectors e1, ..., ex lie in Ef. Denote the linear span of vectors
fi, ..., fi by E'. Denote by U*! the set of all vector subspaces E* € G(k,1)
the intersection of which with E' consists of only the origin of coordinates.
If E¥ € U™ then there exists a basis e}, ..., e} of the vector space E¥
defined by the relations

i
I J -
ei—ei—l—g x; fjs i=1,..., k,
i=1

)

|l is a real number matrix. Consider the elements z], i =

where ‘

1,...,k j =1,...,1, of this matrix as coordinates of the element E*
in the coordinate neighbourhood U*!. It can be checked straightforwardly
that the set of coordinate neighbourhoods of type U defines an analytic
structure in G(k,1); this G(k,1) is an analytic manifold of dimension k.

§ 2. Embedding of a manifold into Euclidean space

In the present subsection we show that any compact k-dimensional
smooth manifold of class m > 2 can be regularly homeomorphically mapped
into the Euclidean space R***1 of dimension 2k + 1 and can be regularly
mapped into R?*; here the smoothness class of these mappings equals m.
These statements in a stronger form, i.e. for m > 1 and without compact-
ness assumptions, were proved by Whitney [5]; the proof given below is
somewhat easier.

In the proof, we shall rely on the following quite elementary Theorem 1.
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Smooth mapping of a manifold to a manifold of larger dimension

Theorem 1. Let M* and N' be two smooth manifolds of dimensions
k and 1, respectively, where k <1, and let p be a smooth mapping of class
1 of the manifold M* to the manifold N'. It turns out that the set o(M")
has the first category in N, i.e. it can be represented as a sum of countably
many nowhere dense sets in N*. In particular, if the manifold M* is com-
pact, then the set p(M¥) is compact as well; thus N\ o(MF*) is a domain
everywhere dense in N'.

PROOF. Suppose a € M*, let b = ¢(a), Vi be some coordinate neigh-
bourhood of the point b in N! and let U¥ be such a coordinate neighbour-
hood of the point a in M* that p(U¥) C V. Choose neighbourhoods U¥,

=k =k

and U, of the point a in M* such that U,, C Uk, U,
=k =k

that the set U, is compact. The domains U 5, a € M*, cover the manifold

MPF. From this cover, one can take a countable subcover; thus, in order to
prove the theorem it suffices to show that for any arbitrary choice of the

, C UK and such

point a from MF, the set cp(UIZQ) is nowhere dense in V;!. Since the domain
Uk is the homeomorphic image of a domain of the Euclidean subspace EJ,
we shall assume that UZF, itself is a domain of the subspace E§. In the
same way, we assume that Vbl is a domain of the Euclidean subspace E}.
Thus the mapping ¢ can be treated as a smooth mapping of class 1 from a
domain UF to the Euclidean space E'; thus it suffices to show that the set

—k
©(U,5) is nowhere dense in E'. Let us prove this.

. —k .
The smoothness of ¢ and compactness of the mapping U ,; result in the
existence of a positive constant ¢ such that for any two arbitrary points x

—k
and 2’ from U ., the inequality

p(p(x), p(z")) < ep(x,z") (1)

holds. Chose some e-cubature of the Euclidean subspace E}, i.e. tile the
subspace EJ into right-angled cubes with edge e. Denote the set of all cubes

. . —k —=k . .

intersecting U, by Q. As the set U,, is compact and hence is bounded
by a rather large cube, the number of cubes in € does not exceed c; /"
where ¢; is some positive constant independent of €. Let § be the distance

between the sets ES \ U, and UIZQ. Suppose that the diagonal length ev/k
of each cube from () is less than §. Then each cube K; from € lies in the
domain UK, and, by virtue of (1), the set p(K;) is contained in some cube
L; of the space E! with edge length ¢v/k - €; the volume of the latter cube
equals c'k'/2 - ¢/~ Thus the whole set cp(UIZQ) is contained in the union
of cubes L;, whose number does not exceed ¢/ €*: thus the total volume
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—k
of the set ¢(U,,) does not exceed the number c;c'k!/? - /=%, Since ¢ is

—k
chosen arbitrarily small, from above it follows that the set p(U,5) does not
contain any domain and, being compact, it should be nowhere dense in E'.
Thus, Theorem 1 is proved.

The projection operation in the Euclidean space

Later on, the projection operation will play a key role. Let C" be a
vector space and let B? be its vector subspace. Regarding the space C" as
an additive group and the space B? as a subgroup of it, we obtain a tiling
of the space C" into conjugacy classes according to BY; these conjugacy
classes form a vector space AP of dimension p =r — q. Associating with
any element x € C” the corresponding conjugacy class w(z) € AP, we get
a linear mapping 7 of the space C" onto the space AP called the projection
along the projecting subspace B?. More intuitively, the space AP can be
realized as a linear subspace of dimension p of the space C" intersecting the
space B? only in the origin; then the operation 7 is just the original pro-
jection. If the space C" is Euclidean, then defining B? to be the orthogonal
complement to the given space AP C C", we get an orthogonal projection
7 of the space C" to the subspace AP.

A) Let ¢ be a smooth mapping of a smooth manifold M* to some vector
space C" regular at a point a € M¥, and let 7 be the projection of the space
C" along the one-dimensional subspace B! to the space A™~!. It turns out
that the mapping mp from M* to A”~! is not regular at a (see § 1, «<D») if
and only if the line p(a)+ B! passing through ¢(a) parallel to B! is tangent
to p(M*) at the point p(a).

To prove this, choose some local coordinates x!, ..., 2¥ in the neigh-
bourhood of a; endow C" with rectilinear coordinates ', ..., y” such that
the last axis coincides with B'. In the chosen coordinate system, the map-
ping ¢ looks like: y7 = @(x!, ..., 2¥), j =1, ..., r, where the rank of the

J
matrix 8—"01 ,j=1,....r;1=1,..., k, at the point a, is, by regularity

assumption, equal to k. With each vector v on MF* at a one associates
the vector v = ¢,(u) € C", which is tangent to ¢(M¥) at the point ¢(a)
and has components v', ..., v" [i.e. defined by relations (9) §1, [ = r].
Now, if the mapping 7wy is not regular at the point a, then the rank of

J
the matrix 8—‘{ ,7=1,...,r—=1,¢=1,..., k, is less than k; thus

there exists a vector u # 0 such that for the vector v = @,(u) we have
vl = ... =071 =0, v" # 0; the latter means that v € B'. If, on the
contrary, there exists a vector v = ¢, (u) # 0 belonging to B! then the rank
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g

i

of the matrix

,i=1,...,r=1;i=1, ..., k is less than k, i.e. the

mapping 7 is not regular in a.

B) Let ¢ be a smooth regular mapping of class 2 from a smooth manifold
MP* to the vector space C" of dimension r > 2k, and let BY € € G(q,r—q) be
the subspace of dimension g < r — 2k of projection for C" onto the space
AP, Denote the projection by 7. By € we denote the set of all such
projecting spaces B? for which the mapping my is not regular. It turns out
that the set QZI has first category in the manifold G (g, —q) of all projecting
directions.

Let (x,u*) be an arbitrary linear element of the manifold M* (see §1,
«I») and let u be some non-zero vector of the ray u*. To the vector w,
according to (9) §1, there corresponds the vector v = @, (u) # 0. The
ray v* of the space C" defined by the vector v depends only on the linear
element (z,u*), and we set v* = ®(x,u*). It can be easily checked that the
mapping ® from the manifold L?*~! (see §1, «I») to the manifold S™~!
(see §1, «H») has smoothness class one, thus ®(L?*~1) is of first category
in S™7! (since » — 1 > 2k — 1, see Theorem 1). Thus, by virtue of «A», we
get «B» for ¢ = 1.

Applying this construction consequently, we get the proof of the state-
ment «B» for any arbitrary ¢ < r — 2k.

C) Let ¢ be a smooth of class one one-to-one mapping from the smooth
manifold M”* to the vector space C" and let BY € G(q,r — q) be the pro-
jecting subspace of the dimension ¢ < r — 2k — 1. Denote the projection
by 7. By QZI’ , denote the set of all projecting subspaces B? such that the
mapping 7w is not one-to-one. It turns out that QZI’ has first category in
the manifold G(q,r — q).

Let  and y be two arbitrary different points of the manifolds M*. By
®’(x,y) denote the ray consisting of all vectors of the type t(p(y) — ¢(x)),
where ¢ is a positive number. Thus we get a mapping ®’ from the manifold
M?* of all ordered pairs (z,v),  # y, to the manifold S™~ of all rays of the
space C". In the manifold M?* one naturally introduces differentiability,
and it can be easily checked that the mapping ®’ is smooth of class 1. Thus,
®’(M?*) turns out to be of first category in S"~1 (see Theorem 1), from
which follows «C» for ¢ = 1. Applying this construction consequently we
get the proof of «C» for arbitrary g < r — 2k — 1.

From «B» and «C» one straightforwardly gets

D) Let ¢ be a smooth one-to-one regular mapping of class 2 of a smooth
manifold M* to the vector space C" and let BY € G(q,r — q) be the pro-
jecting space of dimension ¢ < r — 2k — 1. Denote the projection mapping
by 7, and denote by €, the set of all projecting spaces B? such that the
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mapping 7 is not one-to-one and regular. Since €, = Q; U Q, has first
category in the manifold G(q,r — q).

The embedding theorem

E) Let ¢1, ..., ¢ be smooth (of class m) mappings of the smooth
manifold M* to vector spaces C1, ..., Cp, respectively. Denote by C the
direct sum of the spaces C1, ..., C,, consisting of all systems [u1, ..., U],
with u; € C;. Define the direct sum ¢ of mappings @1, ..., ¢, by ¢(x) =
[p1(2), ..., pu(x)], © € MF. Tt is easy to see that ¢ is an m-smooth
mapping of the manifold M* to C. It can be easily checked that if at least
one mapping @1, ..., @, is regular in a € M* then so is ¢. Furthermore,
it can be easily checked that if two points a and b from M* are mapped to
different points by one of the mappings ¢1, ..., ¢, then they have different
images under ¢.

Theorem 2. Let M* be a smooth compact manifold of class m > 2.
There exists a smooth embedding of class of the manifold M* into a finite-
dimensional Fuclidean space.

PROOF. Denote by »(t) some real function in the real variable ¢, which
is infinitely differentiable and satisfies the following properties:

»x(t) =1 for [t| < 1/2; #(t) =0 for |t| > 1;

for —1 < ¢t < —1/2 the function s(t) monotonously increases; for 1/2 <
t < 1, the function »(t) monotonously decreases. Such a function can be
easily constructed.
Set
(12, ) =t e (t) - ae(£7) L s (tF),

fori=1,..., kand

s 2t = ae(th) - () L s (tR).
Let R* be the Euclidean space with Cartesian coordinates ¢!, ..., t* and
let R*+1 be the Euclidean space with Cartesian coordinates y', ..., y#*1.

Denote by @ the cube in the space R* defined by the inequalities [t'| < 2,
denote by Q' the cube of the same space defined by the inequalities [t/| < 1
and by Q" the cube defined as [t!| < 1/2. By Qo we denote the half-cube
cut out from the cube Q by the inequality ' < 0. Now, define the mapping
from R” to the space RF*! by the relations

Y = (12 th), j=1,..., k+1. (2)
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It can be easily checked that this mapping is infinitely differentiable, maps
the set R\ Q' to the coordinate origin of the space RFT! its restriction to
the cube ' is a continuous and one-to-one mapping and its restriction to
the cube Q" is regular.

Now, let @ be an arbitrary point of M* and UF be some coordinate
neighbourhood of it endowed with a coordinate system X having origin at
a; finally, let € be a small positive number such that under the mapping

=% =1,k (3)
of the neighbourhood UF to the space R¥ the image of this neighbourhood
covers the whole cube @, whence a is an interior point of M* or the whole
half-cube Qq, whence a is a boundary point of M*. Denote the pre-images
of the cubes Q" and Q" under this mapping by @/, and Q! respectively.
Define the mapping ¢, of the manifold M* to the Euclidean space RF*!

by

. o1 2 k
i gt ox x
y =7 (s )
for the point € U* with coordinates x!, ..., z¥ and by 3/ = 0 for the

point # € € M¥\ UF. Tt can be easily checked that ¢, is an m-smooth
mapping of M* to R*+1, which is homeomorphic on @', and regular on Q.

Selecting among neighbourhoods @, a finite cover Q, , ..., Q. of the
manifold M* and taking the direct sum of mappings corresponding to these
cubes, ©a,;s .-, Qa, (see «E»), we get the desired mapping ¢ of the mani-
fold M* to a finite-dimensional Euclidean space.

From the statements proved above the theorem formulated earlier, fol-
lows straightforwardly. Indeed, the manifold M* can be regularly and
homeomorphically embedded into a vector space C of rather high dimension
(see Theorem 2). Furthermore, in the space C” there exists such a project-
ing direction B"~2*~! such that the obtained projection of the manifold
MP* to the space A%**! is regular and homeomorphic (see «D»). In the
same way, in the space C" there exists a projecting direction B"~2* such
that the projection of the manifold M* to the space A%* is regular (see
«B»). Below we prove a stronger Theorem 3 showing that for any smooth
mapping of a manifold M* to a Euclidean space C?**! there exists an ar-
bitrarily close regular and homeomorphic mapping of the same manifold,
and for any smooth mapping of M* to the Euclidean space C?* there exists
an arbitrarily close regular mapping. For the precise formulation of Theo-
rem 3, one needs to introduce the notion of m-neighbourhood for mappings,
taking into account all derivatives up to order m, inclusively.

First note that if f is a smooth mapping of the domain W% of the
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Euclidean half-space E} to a vector space C" then the partial derivatives
of the vector function f(z) = f(z!, ..., z¥) are vectors of the space C".
F) Let M* be an m-smooth compact manifold and E' be a vector space,
P be the set of all m-smooth mappings of the manifold M* to the space
E'. Introduce the topology for P by setting a metric depending on an

arbitrary choice of some constructed elements. Let Uy, Vs, s =1, ..., n, be
a finite set of coordinate domains of the manifold M* such that the domains
Us, s =1,...,n, cover M* and the inclusions Us; C Vs, s = 1,...,n

hold, wherever in each domain V; a preassigned coordinate system Xj is
chosen. Furthermore, let Y be a Cartesian coordinate system of the space
E'. Define the distance p(f,g) between two mappings f and g from P
(depending on the choice of Us, Vi, coordinate systems X, s =1, ..., n,
and the coordinate system Y'). To do this, let us write the mappings f and
g of the domain V; in coordinate form by setting

Y = fl(2) = fia, ..., ab), (4)

Y =gl(x) =gl(at, ..., 2b). (5)
Let 41, ..., i be a set of non-negative integers with sum not exceeding m.
Set

) ot tik(£i() — gi(z
A . i) = (o) ~ (o)
(O ... (0xF)i

Denote the maximum of the function wi(xsiy, ..., i) in the variable z at
x € Us by wi(iq, ..., i), and define the distance p(f,g) between f and
g to be the supremum of all numbers wi (i1, ..., ix), where i1, ..., iy, s,

j run over all admissible values. It can be easily checked that the topol-
ogy of the space P does not depend on the arbitrary choice of the system
of Us, V5, s = 1, ..., n, and coordinate systems X,, s = 1,...,n, Y.
The topological space P is called the class m mapping space of the man-
ifold M* to the space E'. The statement that for the map f there is an
arbitrary close map enjoying some property A means that in any neigh-
bourhood of the point f in the space P there exists a map enjoying the
property A.

Theorem 3. Let M* be a class m > 2 smooth k-dimensional compact
manifold, let AP be a vector space of dimension p and let P be the class
m mapping space from the manifold M* to the space AP. The set of all
reqular mappings from the set P denoted by I'; denote the set of all reqular
and homeomorphic maps belonging to P by II. It turns out that the sets
II' and II are domains in the space P. Furthermore, if p > 2k then the
domain 11’ is everywhere dense in P and if p > 2k + 1 then the domain 11
is everywhere dense in P.
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PrROOF. First, show that the sets II' and II are everywhere dense
in the space P for the values of p indicated in the theorem. Let f €
P and let e be a class m regular and homeomorphic mapping of the
manifold M* to a vector space B of sufficiently large dimension (see
Theorem 2). Denote the direct sum of the vector spaces AP and B? by
C"; here we assume the spaces AP and B? to be linear subspaces of the
space C". The mapping h, being a direct sum of the mappings f and e
(see «E») is regular and homeomorphic, and its projection to AP along B?
coincides with the mapping f. By virtue of statements «B» and «D», in
any neighbourhood of the projecting direction B¢ there exists a project-
ing direction B{ such that the projection g of the mapping h is regular
if p > 2k; it is regular and homeomorphic if p > 2k + 1. Thus, for a
given map f there exists an arbitrarily close map ¢ enjoying the desired
properties.

Let us show that II’ is a domain. Let f € II'. Since the map-

j
ping f is regular at € U, the rank of the matrix afsi at this
point equals k (see §1, «F»). Consequently, the rank of a matrix close
J
to the matrix gfsl also equals k. Thus, there exists such a small
xr

positive number ¢’ such that for p(f,g) < &’ the mapping ¢ is regu-
lar at the point x. Since the first derivatives of the functions f7(z)
are continuous and the sets U, are compact and one can choose a fi-
nite number of them to cover MPF, there exists a small positive num-
ber £ such that for p(f,g) < e, the mapping g is regular at each
point & € M¥*.

To prove that II is a domain, first note the following:

a) In the set @ of all linear mappings of the Euclidean vector space E*
to the Euclidean vector space AP, let us introduce the metrics according to
some coordinate systems X and Y in these spaces. Let ¢ and ¢ be elements
from @) written in coordinates as

k
Y= gl j=1...p
1=1

k
yjzzwzjxl, jzl""7p'
i=1
Define the distance p(p,) as the maximum of |} — ¢%[. Tt turns out

that for any compact set F' of non-degenerate mappings there exists a small
positive § such that for p(F, 1) < § we have
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[p()] > 8- |,

where z is an arbitrary vector from E¥.

Taking into account the continuity, one easily proves this statement by
reductio ad absurdum.

Let f € II. It turns out that there exist small numbers ¢ and ¢ such
that for p(f,g) < € (see «F») the equality

p(g(a),g9(z)) = op(f(a), f(x)) (6)

holds; here a and z are two arbitrary points from MP¥.

Indeed, when p(f(a), f(z)) < «, where « is a positive constant the
mappings f and g in the neighbourhood of a are very exactly approximated
by linear ones, herewith this can be done uniformly with respect to a € M*.
In this case the inequality (6) easily follows from statement «A». In the
case when p(f(a), f(x)) = a, the inequality (6) follows from the bijectivity
of f for & being reasonably small. From inequality (6) and the bijectivity
of f one gets the bijectivity for any map g reasonable close to f.

Thus, Theorem 3 is proved.

§ 3. Nonproper points of smooth maps

First, recall the definition of nonproper point for a map (see §1, «D»).
Let ¢ be a smooth mapping from a manifold M* to a manifold N!. A
point a of the manifold M”* is called nonproper for the mapping ¢ if the
functional matrix of the mapping ¢ at the point a has rank strictly less than
I. A point b of the manifold N' is called nonproper with respect to ¢ if the
whole pre-image ¢~ !(b) of this point contains at least one nonproper point
a € M* of . Thus, one should distinguish between nonproper points of ¢
in M* and nonproper points of ¢ in N'. If F is the set of all nonproper
points of ¢ in the manifold M*, then ¢(F) is the set of all nonproper
points of the mapping ¢ in the manifold N'. Theorem 4 below due to
Dubovitsky [6] states that the set ¢(F') has first category in the manifold
N', i.e. it can be represented as a countable union of compact sets nowhere
dense in N'. Tt follows from this that the set N'\ ¢(F) of all proper
points of the mapping ¢ in the manifold N' has second category N', i.e.
«widely spread» and, in any case, everywhere dense. Informally speaking
this can be formulated by saying that the points of the manifold N’ are,
in general, proper. Theorem 4 has some important applications in smooth
manifold theory; there are many corollaries saying that in general position
some “good” property obtains. To prove any result of such type one should
properly define the manifolds M* and N! together with a mapping ¢. This
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choice can be described by Statement «A» given below: rather general and
thus, not very formal.

General position argument

A) Let @ be a smooth manifold and let P be a set of operations over @
that constitutes a smooth manifold as well. While performing an operation
p € P over () some point ¢ € @ can be singular in a certain sense, which
should be clearly described. The pair (p,q), p € P, ¢ € Q is marked if
the point ¢ is singular with respect to the operation p. It is assumed that
the set of all marked pairs (p,q) constitutes a smooth submanifolds M*
of the manifold P x @Q (see §1, «J», «E»). With each point (p,q) € M¥,
one associates the point ¢(p,q) = p. Thus one gets a mapping ¢ from the
manifold M* to the manifold N! = P. If the point py € P is a proper point
of the mapping ¢ in the manifold P = N!, then any point ¢ € @ singular
with respect to pg, is in some sense typical, and the set @)y of all points ¢ of
the manifold @) which are singular with respect to the operation py consists
of typical singular points.

There are many applications of the construction «A»; some of them are
to be demonstrated in §4. A very simple application of the construction
«A» having illustrative character is given below as Statement «B».

B) Let A" and B® be two smooth submanifolds of the vector space
E™. One says that at a point a € A" N B® the manifolds A" and B*®
are in gemeral position if tangent planes to the manifolds A" and B® have
intersection of dimension r + s — n. One says that the manifolds A" and
B? are in general position if they are in general position at any common
point. It can be shown straightforwardly that if the manifolds A™ and B*
are in general position then their intersection A" N B? is a submanifold of
dimension 7+s—n in the space E". Let p € E™. Denote by A} the manifold
consisting of all points of type p+ z, where x € A”. Thus the manifold A}
is obtained from the manifold A" by shifting along the vector p. It turns
out that the set of all vectors p € E™, for which the manifolds A} and B*
are in general position, is the set of second category in E™; thus there exist
an arbitrarily small shift p for which the manifolds A} and B* are in general
position.

To prove Statement «B», let us use construction «A» by setting Q) =
A" x B5, P = E™ and assuming the point ¢ = (a,b) € A" x B*® to be
singular with respect to the operation p € E" if p+a = b. The set M* of
all marked pairs (p, q) where p € E™, ¢ = (a,b) € A" x B* is thus defined
by p = b — a, i.e. the pair (p, q) is uniquely defined by the point ¢ = (a,b);
thus there is a natural smooth homeomorphism of the manifolds M* and
A" x B? that allows us to identify these manifolds. The mapping ¢ of the
manifold M* = A" x B® to the manifold P = E” is defined according
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to the formula ¢(a,b) = b — a. Simple calculations show that a point
q = (a,b) € M* is a proper point of the map ¢ if and only if the manifolds
Aj_ . and B* are in general position at their intersection point b. Thus, the
point pg € E™ is a proper point of the mapping ¢ if and only if the manifolds
A}, and B® are in general position. From that and from Theorem 4 proved
below, one gets the claim of «B».

The Dubovitsky Theorem

In the formulation of the Dubovitsky theorem, the smoothness class m
of the map ¢ : M*¥ — N'! is defined as m = k — 1+ 1 and not as (1), as
given below. In this sense Theorem 4 is weaker than Dubovitsky’s theorem.
Since the exact estimate for the smoothness class m is not important, below
we give a weaker estimate (1), which allows us to simplify the proof.

Theorem 4. Let M* and N' be two smooth manifolds of positive di-
mensions k and I and let ¢ be an

m:m(k,l)=2+(k_l)(];_l+1) (1)

class smooth mapping from M* to N'. It turns out that the set of all
nonproper points of ¢ in the manifold N' is of first category in N'. In
particular, if the manifold MF* is compact then the complement to this set
is an everywhere dense domain in the manifold N*.

PRrOOF. First consider the case when the manifold A/* has no boundary.
Let a € M*, b = ¢(a), and let V}! be some coordinate neighbourhood of
the point b in the manifolds N'; let U* be a coordinate neighbourhood
of the point a in the manifold M” such that (UF) C Vi'. Let us choose
neighbourhoods U, and U%, of the point a in M* that U’;l c UF, U’;Q -
Uk, and such that the set Ul;l is compact. The domains UF,, a € M*, cover
the manifold M*. Among them, one can select a finite cover, thus, to prove
the theorem, it suffices to prove it for mappings ¢ from UF, C M* to the
manifold Vi!. Since the domain UF is a homeomorphic image of a domain
in the Euclidean space E*, we may just assume that UF is a domain in the
space E*. Analogously, we assume that V}f is a domain in the Euclidean
space E!'. From this point of view, ¢ is an m-smooth mapping of the
domain UF to the Euclidean space E', and it suffices to show that the set
of nonproper points has first category in E'. Let us do it.

Fix the point ¢ and remove the index a from the notation. The map-
ping ¢ of the domain U* of E* to E' has the following form in Cartesian
coordinates:

yjzgoj(x)zgoj(:vl,...,xk), i=1,...,1 (2)
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Here the functions ¢’ are m times continuously differentiable. By Fy we

oy’

xr
i =1,...,k, 5 = 1,...,1 has rank less than [. For k < [, Theorem 4

becomes Theorem 1 which has already been proved. Thus we will assume
that k > 1. Set s = k — [+ 1. The function ¢! will play a special role. From
(1) it follows that m > s; thus the function ¢! is s + 1 times continuously
differentiable. Let r be a positive integer less than or equal to s. Denote by
F. the set of all points from Fjy, where all the partial derivatives of orders
1,2, ..., r of the function ¢' equal zero. Then we evidently have

denote the set of all points x € U§ where the functional matrix

)

Fo D F D...DFk.

We will show that the images of all sets Fy \ F1, ..., Fs—1 \ Fs under ¢
have first category in E'. This will prove that the set ¢(Fp) of nonproper
points of the mapping ¢ is of first category in E' as well.

First, let us consider the set F,. The Taylor decomposition for ' at
the point p € Fy does not contain terms of degrees 1,2, ..., s. From this
and from compactness of the set Uy, it follows that there exists a constant
¢ such that for p € Fy,z € U; we have

() — & (p)| < ¢ (p(p,z))"t. (3)
For the remaining functions ¢/, j =1, ..., [ — 1, the equalities
¢’ (2) = ¢’ (p)] < cp(p, x) (4)

hold; they result from the continuity of the first derivatives and the com-

pactness of the set U;. The constant c in inequalities (3) and (4) is common

for all functions ¢/, j = 1,2, ..., . Choose a certain e-cubature for E*,

i.e. tile the space E¥ into proper cubes with edge length ¢, and denote by

the set of all closed cubes of this cubature intersecting the set Fs. Since the

set F', is compact, the number of cubes from Q does not exceed %, where
15

c1 is a positive constant independent of €. Let d be the distance between
the sets E¥ \ UF and Us. Assume that € < §/v/k; then each cube K, from
Q is contained in U{'. From that and from the fact that K, contains the
point p € F,, and from inequalities (3), (4) it follows that the set p(K,)
is contained in some orthogonal parallelepiped L, of the space E'! having
one edge length equal to 2¢vk - 51! and the remaining I — 1 edges equal
to 2¢vk -e. The volume of this parallelepiped L4 equals 2Ll El/2 . glts The
compact set ¢(F) is contained in the sum of closed parallelepipeds of type
Lg; the number of them does not exceed c1 /¢¥. It follows that the volume

of the set cp(FS) does not exceed ¢ -eltsF = ¢y ¢ (co does not depend on



24 L.S. PONTRJAGIN

g). Thus, since ¢ is chosen arbitrarily small, the compact set p(F) does
not contain any domain of the space E', thus is nowhere dense in E'.

If £ =1, then, since K > 1 > 1 we have [ = 1, s = 1. In this case
Fs; = Iy, and we arrive at the statement of the theorem for £k = 1. This
gives us the induction hypothesis on k. We suppose that the theorem is
true for the case when the source manifold has dimension less than k. Let
us prove the theorem for dimension k.

Let us prove that for 0 < r < s, the set p(F,.\ F4+1) is of first category in
the space E'. This is precisely the part of the proof to be done by induction.
Let p € F,. \ Fr41. Since p does not belong to the set F,.11, there exists a
partial derivative of order r + 1 of the function ¢' taking a non-zero value
at p. Denote the value of this derivative at # € U* by wi(z). Since wy(z)
is a derivative of order r + 1 then w;(z) = dw(x)/d2", where w(z) is the
derivative of order r for r > 0 or the function ¢!(x) itself for r = 0. For
definiteness, assume i = k. Set

s k=1 Zr=w() =w@t .. 2. (5)

It follows from Ow(p)/0x* # 0 that the functional determinant of (5) is
non-zero at p; thus, this transformation introduces in some neighbourhood
W]f of p new coordinates z', ..., z*. We shall assume that W]f does not

intersect F,,; and choose a neighbourhood szl of the point p such that

—k
its closure W, is compact and is contained in Wi. By varying the point
p, we can cover the set F. \ F,1 by a countable system of neighbourhoods
of type Wfl. Thus, to prove that the set ¢(F, \ F,11) has first category, it

=k
is sufficient to show that ¢(F,. MW ;) is nowhere dense in E'. Let us prove
this fact.
Let us fix the point p and omit the index p in the notation. Substi-

tuting in (2) the expressions zb, ..., " in terms of 2, ..., 2F, we get the
expression for ¢ in coordinates z', ..., z* for the domain W*. Suppose
this expression looks like
, 4 , X
y =@ (@) =9I L 2R, (6)
Here z', ..., 2¥ are the new coordinates of the point z. Consider the
domain W¥* with coordinates z', ..., z¥ as a smooth manifold. It fol-

lows from (5) that the mapping ¢ from WF to the space E' given by
(6) has smoothness type m(k,l) —r. For r = 0 the smoothness class of
the map ¢ equals m(k,l) = m(k — 1,1 — 1) [see (1)]. Choosing for r > 0
the worst estimate for the smoothness class, that is, r = s — 1 = k — [,
we see that for » > 0 the smoothness class of the considered map ¢
equals m(k,1) — (k —1) = m(k — 1,1) [see (1)]. The set H c W*
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of all nonproper points of the mapping ¢ in the manifold W* is de-
fined by H = Wk N F,. This follows from the non-degeneracy of (5)
at W*. Denote by WF™! the submanifold of the manifold W* defined
by the equation z¥ = t. Note that the smoothness class of the map-
ping from WF™! to E' equals m(k — 1,1 — 1) for r = 0 and it equals
m(k — 1,1) for r > 0. Let us consider the cases r = 0 and r > 0 sepa-
rately.

Assume r = 0. Then w(z) = ¢!(x) = z*. Thus, the expression (6) for
the mapping ¢ turns into

yj:,ll)j(zlﬂ"'7zk)7 j:]'?"'?l_]'; yl:Zk' (7)

Denote by Ei_l the linear subspace of the space E' defined by the equation
y' = t. Tt follows from the relations (7) that (W/}F™') ¢ EI~'. Denote
by H, C Wtk_1 the set of all nonproper points of the mapping ¢ from the
manifold W' to the space E.~!. Tt follows from the relations (7) that

H; = HNW}=! If the set o(Fy N W]f) contained a domain, then there

. . . =5k —
would exist a value ¢ such that the intersection @(Fo N W) N Ei ! would
contain a domain in E!~'. However, this is impossible because

—k _ _ _
p(FoNW1)NET Co(H)NE = o(HNWE) = (Hy),

and the set (H;) has first category in E!~! according to the induction

assumption. Thus, the set p(Fy N W]f) is nowhere dense in E'; the case
r = 0 is discussed completely.

Now assume 7 > 0. Then w(x) is a derivative of order r of the func-
tion ¢'; thus w(x) = 0 for x € F,. Since for the neighbourhood W* we
have w(z) = 2* then

F.nwhcwh (8)

Let H' C Wé“l be the set of all nonproper points of the mapping ¢ :
WE=! — Bl Tt is easy to see that HNWgE ™' C H' [see (6)] and, since
F., N W{ C H then it follows from (8) that F.NW{§ C H'. By virtue
of the induction hypothesis, the set p(H') has first category in E'. Since
F. NW¥ C H' the set o(F, N WF) is nowhere dense in E!. Thus we have
completed the proof for the case r > 0.

Thus, Theorem 4 is proved when M* has no boundary.

Finally, suppose the manifold M* has a non-empty boundary M+ 1.
Suppose F' C MP*~! is the set of all nonproper points of the mapping
@ : M*1 — N!' and F ¢ MF is the set of all nonproper points of the
mapping ¢ : M¥ — N'. It is easy to see that

FnMFtc F.



26 L.S. PONTRJAGIN

Thus,
Fc(F\M-YUF.

The set F'\ M*~! consists of all nonproper points of the mapping ¢ in
the manifold M* \ M*~! with boundary deleted. Analogously, the set
F’ consists of all nonproper points of the mapping ¢ on M*~! without
boundary. Thus, both sets p(F \ M*~1) and ¢(F’) have first category in
N'. The set ¢(F) is contained in their union, thus it has the first category
in N

Therefore, Theorem 4 is proved.

§ 4. Non-degenerate singular points of smooth
mappings

Let f be a smooth mapping from a manifold M* to a manifold N'. Let
a € M* and b = f(a) € N' be interior (non-boundary) points of the mani-
folds M* and N'. In the neighbourhoods of a and b, let us introduce local
coordinates z', ..., z* and y', ..., y' taking these points to be coordinate
origins. Let

yj = fj(x) = fj(xlv SRR xk)

be the coordinate expression for f in the chosen coordinate systems.

Suppose a is a regular point of f, i.e. that the rank of the matrix
H df’(a)

oz’

, g =1,...,0, v =1,..., k, equals k; to be more precise, we

af’(a)

7

shall assume that the determinant

, 1,5 = 1, ..., k is non-zero.

With this assumption the relations

g=ft 2, i=1,k,

may serve to define in the neighbourhood of a the new coordinates ¢!, ..., &*
of the point x. Let

yJ:§J7 j:17"')k;

yJ:<PJ(€17"',€k)’ j:k+]‘,"'7l7
be the expression of the mapping f in these new coordinates. Let us intro-
duce in the neighbourhood of the point b the new coordinates n', ..., 1,
by setting

=y, i=1 .k

W=y -, .y, j=k+1,...,1L
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In coordinates €', ..., &%, n', ..., n' the mapping f looks like
W=¢&,i=1,....k =0 j=k+1,..., L (1)
NOW, let us assume that the point a is proper, i.e. the rank of the matrix
H 82;(;1) ,i=1,....0,i=1,..., k equals [, and assume for definiteness
df(a)

that the determinant ‘ , 1,7 =1, ..., 1 is non-zero. Then the rela-

xi

tions
E=figt, 2, i=1,...,0 &=a' i=1+1,..., Fk,

may serve for introducing in a neighbourhood of a the new coordi-

nates &%, ..., € of the point z. Furthermore, assuming

W=y, i=1.
we see that in coordinates &', ..., €%, n', ..., n' the mapping f can be
written as ‘ ‘

=&, j=1..,1L (2)

Thus, if the manifold MF is closed and b € N! is a proper point of the
mapping f, then f~1(b) is a smooth (k — [)-dimensional submanifold of
the manifold M* with local coordinates /1, ... ¢* in the neighbourhood
of a. In the case when the manifolds M* and N' are oriented and their
orientations are given by the coordinate systems &1, ... gk ¢l . €l
and 7', ..., 7, then the manifold f~!(b) gets a natural orientation given
by the coordinate system &1, ..., &k,

We see that both in the case of a regular point a and in the case of
proper point a the mapping is written quite simply in the properly chosen
coordinate systems [see (1), (2)].

It was shown in § 2 that in any neighbourhood of any arbitrary smooth
mapping from MP* to the vector space A%* there exists a regular mapping,
and all mappings sufficiently close to a regular one, are regular as well
(see Theorem 3). In this sense, singular points (see §1, «D») of mappings
MF* — A?! are unbalanced, that is, they are removable by a small pertur-
bation. For mappings from MF¥ to the vector space A%*~! we have another
situation: singular points that occur there are, generally, balanced: they
cannot be removed by a small perturbation. This problem was solved by
Whitney. Here we give a simpler proof of his theorem (see Theorem 6).
We will not use this theorem in the sequel. The question about typical
singular points is solved here also for mappings of a manifold M* to the
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one-dimensional space A, i.e. to the line (see Theorem 5; it will have appli-
cations in the homotopy theory of mappings, see § 3, Chapter 4). Thus, the
question about typical singular points of a mapping is solved for mappings
from manifolds of dimension & to space of dimension 2k — 1 or 1. For other
dimension, it remains a quite actual open problem.

Generally, a regular mapping from MP* to the vector space A%* is not
homeomorphic: it has self-intersections, which might be non-removable by
small perturbation of the initial mapping. The question whether a self-
intersection is typical is also solved here (see «A» and «B»); these state-
ments will be used in the sequel.

For proving Theorems 5 and 6, and also Statement «Bs» we significantly
use the construction «A» (see page 21) and Theorem 4.

Typical self-intersection points of mappings M* — EZ2¢

A) Let f be a regular smooth mapping of class m > 1 from a closed
manifold M* to the vector space A2* and let @ and b be two different points
from M* having the same image f(a) = f(b) € A**. Furthermore, let U and
V be neighbourhoods of points @ and b in M* such that the mapping f is
homeomorphic for any of these neighbourhoods, and T* and Tf are tangent
planes at points f(a) and f(b) to the manifolds f(U) and f(V'), respectively.
Say that for a self-intersection pair (a,b) the mapping f is typical if the
tangent planes T and Tlf are in general position, i.e. they intersect precisely
at one point f(a) = f(b). Obviously, in this case for sufficiently small
neighbourhoods U and V, the manifolds f(U) and f(V) have a unique
common point f(a) = f(b) as well (implicit function theorem), and small
perturbations of the mapping preserve typical self-intersections. If f is
typical for any self-intersection pair and, furthermore, no three pairwise
different points have the same image, we say that f is typical. It follows
from closeness of the manifold MF* that, for a mapping f typical for any
self-intersection pair, there exists only a finite number of self-intersection
pairs.

B) Let f be a closed homeomorphic mapping of a closed manifold
MP* to a vector space C?**1. The set P?* of all pairs (x,y), where
xr € MF, y € M*, 2 # y, naturally forms a smooth manifold of di-
mension 2k. With each point (z,y) = P2?¥ associate a point o(z,y) =
(fy) — f(x))* € S%, ie. the ray of the vector f(y) — f(z) (see §1,
«H»). Let e be an arbitrary non-zero vector from the space C2**1 and
let m. be the projection along the one-dimensional space e** containing
e. It turns out that the regular mapping =w.f is typical for any self-
intersection pair (see «A») if and only if the mapping o from the man-
ifold P?* to the manifold S?* is proper in the point e* € S?*. From
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this, by virtue of Theorem 4, it follows that for any given one-dimensional
projection direction there exists an arbitrarily closed projection direction
e** that the mapping 7. f is typical for each self-intersection pair. Fur-
thermore, it turns out that for any one-dimensional projection direction
there is an arbitrarily close direction e§* that the mapping 7., f is typi-
cal.

Let us prove Statement «B». Let ey, ..., esx4+1 be a basis of a vector
space C%#*1. Denote by W the set of all vectors u = Zik:ll u"e, of the
space C?**1 for which »?**! > 0, and denote by W* the set of all rays
u* for u € W. For coordinates of the ray u* € W*, we take the numbers

w = y"/u?** n =1, ..., 2k. Herewith we introduce local coordinates
for the domain W* of the manifold S2* (see § 1,«H»). Now, let a and b be
two different points of the manifold M*. Choose a basis ey, ..., esq1 in
such a way that egr11 = e = f(b) — f(a). In neighbourhoods of points a
and b of the manifold M¥, let us choose local coordinates ', ..., ¥ and
1 k. let
y 0t y 3 e
u”:fg(xl,...,xk):fg(x), n=1,...,2k+1; (3)
ut =yt syt = ), n=1...2k+1,  (4)

be a coordinate expression of the mapping f in the neighbourhoods of a and
b, respectively. While projecting along the vector e = f(b)— f(a), the points
b and a merge: 7. f(a) = 7. f(b); thus the condition that 7. f is typical for
the self-intersection pair (a, b), evidently, means that the determinant

dfala) af*(a)
azt T ozt

9fala)  0f(a)

ok T 02k (5)
afs(b) A (b)
o7 og
afs(b) A (b)
o o
is non-zero. For a neighbourhood of the point (a,b) of the manifold
P2 we may use the coordinate system consisting of numbers 2, ..., z¥,
y', ..., y¥; thus the mapping ¢ has the following coordinate form:

o i) — fi (=)
O RY(y) — 2R ()

In these coordinates, the functional determinant of the mapping o at the
point (a,b), evidently, coincides with the determinant (5) up to sign. Thus

n=1,...,2k. (6)
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we have proved that regular mapping 7. f is typical for each self-intersection
pair if and only if the mapping o is proper at the point e*.

Now, choose the ray e* in such a way that the vector e is not parallel
to any vector tangent to the manifold f(M*) and that the mapping o is
proper at the point e* € S?*. By virtue of Theorems 1 and 4, the set of
rays enjoying the above properties, is everywhere dense in the manifold S2*.
Suppose there exist three pairwise distinct points a, b, ¢ of the manifold
MP* such that 7. f(a) = 7. f(b) = 7o f(c). In the neighbourhood of ¢ in M*,
let us introduce the local coordinates 2z, ..., 2z, and let

u = frzt L 2R = f(2), n=1,...,2k+1, (7)

be the coordinate expression of the mapping f in the neighbourhood of ¢,
analogous to the expressions (3) and (4). Now, if x, y, z are three points
of the manifold M* close to a, b, ¢, respectively, such that the points f(x),
f(), f(2) lie on the same line then we have

A O N L 4 .
@) = f2) L ) - S R) Y
Here we have 2k equation. We may assume that these equations im-
plicitly define the functions z', ..., z* y', ..., ¥* in independent vari-
ables z', ..., 2¥.  For the initial value z = ¢ we have the solu-

tion z = a, y = b. For these initial values of the functions and independent
variables, the functional determinant of the system (8) is non-zero, since
so is the determinant (5). Thus, the system (8) satisfies the condition of
the implicit function theorem. It follows now that the set of triples z, vy,
z closed to the triple a, b, ¢ and satisfying the condition that f(z), f(y),
f(2) lie on the same line, forms a k-dimensional manifold. Thus, by virtue
of Theorem 1, we see that for the point e* of the manifold S2* there is an
arbitrarily close point ef satisfying the conditions of the Statement «B».

Typical critical points of a real-valued function on a manifold

C) Let f be a class m smooth mapping (m > 2) from a manifold M*
to the one-dimensional Euclidean space E', or, what is the same, to the
line. By choosing a coordinate system on the line E', we write down the
mapping f as y! = f'(z), * € M*, where f! is a real-valued function of
class m, defined on M*. In a neighbourhood of a certain point a € M*, let
us introduce local coordinates 2, ..., ¥ with the origin at a, and let

ylzfl(x):fl(xla"'vxk)

be the expression for f in these coordinates. The point a is called a critical
point of the function f!, and the number f!(a) is called the critical value
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of the function f! at the point a if all derivatives of the first order of the
function f' are zeros at a or, which is the same, if a is a singular point
of the function f (see §1, «D»). Taking the Taylor decomposition for the
function f! at the critical point a, we get

i) = fYa) +Zaijxixj +.... (9)

If the determinant |a; ;| # 0, then the critical point @ is called non-
degenerate. It can be checked straightforwardly that for a critical point
a of the function f, any arbitrary coordinate change the matrix |a; |
is transformed as coefficients of quadratic form. From this it follows, in
particular, that the non-degeneration of the singular point is its invariant
property, i.e. it does not depend on the choice of the coordinate system.

D) Let h be an m-smooth mapping (m > 2) of a manifold M* to the
Euclidean vector space C9t!. Let u be a non-zero vector from C9t! and
let u™* be the one-dimensional subspace containing the vector u. Denote
by m, the orthogonal projection of the space C9*! to the line u**. The
set N9 of all pairs (z,u*), where € M*, and u* is a ray orthogonal to
the manifold k(M%) at the point h(x) can be naturally seen as an (m — 1)-
smooth manifold of dimension q. With each point (z,u*) € N9, associate
a point v(z,u*) = u* € S? (see §1, «H»). The mapping v is a smooth
mapping of class m — 1 from N9 to S9. It turns out that the point a € MF
is a singular point of the mapping m,h from M* to «** if and only if the
ray u* is orthogonal to the manifold h(M*) at the point h(a). Furthermore,
if the ray u* is orthogonal to the manifold h(M*) at the point h(a) then
the singular point a of the mapping 7, h is non-degenerate if and only if
(a,u*) is a proper point of the mapping v.

Let us prove Statement «D». Denote the scalar product of vectors
u and v from C?1 as usual, by (u,v). Let u € C9" and (u,u) = 1.
Indeed, the real-valued function (u,h(x)) in variable x € M* defined on
MPF, corresponds to the mapping 7, h of the manifold M* to the axis u**.

In the local coordinates x!, ..., 2¥ defined in a neighbourhood of a, one
has
oh
O (un(a)) = [w2D) o1k (10)
ox' oz’

The fact that the left-hand sides of all relations (10) are all zeros means
that a is a singular point of the mapping 7, h; the fact that all right-hand
sides are zeros means that the vector u is orthogonal to the manifold h(M*)
at the point h(a). Thus, we have proved that the point a is a singular point
for the mapping 7,k if and only if the ray u* is orthogonal to h(M¥) at
the point h(a).
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To establish a criterion whether a singular point a of the mapping m,,h
is degenerate, let us choose in the space C9t! such an orthonormal ba-
sis e1, ..., eq+1 that the vectors ey, ..., e, are tangent to the manifold
h(M*) at the point h(a), and the vector e, coincides with ug. In the
corresponding coordinates y!, ..., y9*! of the space C9*! the map h in the
neighbourhood of a looks like

v =hx)=h (', ..., "), j=1,...,q+1 (11)

Since the vectors ey, ..., ej, are tangent to the manifold h(M*) at the point
h(a), it follows directly that

Ok (a)
oxt

#0}, i=1,...,k

From that we see that the relations
& =hi(zt, ..., b, i=1,...,k

may serve for introducing new coordinates ¢!, ..., ¥ of the point z in the
neighbourhood of the point a in MF¥. In these coordinates, the mapping h
looks like

k . q+1—k .
h(z) = Z{lei + Z o (x) - epqy. (12)
i=1 j=1
Because the vectors ey, ..., ey are tangent to h(MF) at the point h(a), it
follows that
1Y
‘f;;ia)zo, i=1,.. ki j=1,....q+1—F (13)

Let (x,u*) be a point of the manifold N? close to the point (a,u*) =
(a,e541). On the ray u*, let us choose a vector u satisfying the condition

(u, eq+1) =1
Denote the remaining ¢ components of the vector u in the basis ey, ..., eq4+1

by u', ..., u?: u' = (u,e;), i =1, ..., ¢. The orthogonality condition for
the vector u and h(M¥) at the point h(x) now looks like

R i W a+1
0= (u 20 :ul—i-ZukﬂasD (@) 09" @) (14)
j=1 ¢

PR P
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This relation shows that for coordinates of the element (z,u*) of the man-
ifold N9 we can choose the coordinates ¢!, ..., €* of the point  and the
components uFt1, ... u? of the vector u. For coordinates of the ray u* in
the manifold S?, let us take the first ¢ components of the vector u and de-
note these components by v!, ..., v* in order not to mix them up with the
coordinates u**1, ... u? of the element (x,u*) in the manifold N9. Since
vl =wuf i =1,...,q, then in the chosen coordinate system the mapping

v: N7 — S%looks like [see (14)]

g ey

—k .
oS 0@
= 851 851 ’

R = kI i=1...,q9—k.

The direct calculation [see (13)] shows that the Jacobian of the mapping
8¢ (a)
O OE™
Thus, the point (a, up) is a proper point of the mapping v if and only if the

following equation holds:

v at the point (a,e;,,) is equal to (—1)F , a=1,... k.

62(,0q+1 (a)

e | O (15)

Since the mapping m,,h from MP* to the axis u}* is associated with the
function @971 (z), the condition (14) coincides with the non-degeneracy
condition for the singular point a of the mapping 7, h. This completes the
proof of «D».

*k
0

Theorem 5. Let M* be a smooth compact manifold of class m > 3 with
boundary M*=1 consisting of two closed manifolds Mé“*l and Mffl, each
of which possibly empty. Let f be a real-valued function of class m defined
on M¥. Suppose that the function f1 takes the same value c;, i = 0,1 in all
points of the manifold Mik*1 and ¢y < c1, and that for any non-boundary
point x € MF¥ the inequality co < f(x) < c1 holds. Moreover, suppose that
no critical point of f* lies on the boundary M*=1. It turns out that for the
function f' there exists an arbitrarily m-class close (see §2, «F») function
g' coinciding with f' in some neighbourhood of the boundary such that all
critical points of the function g' are not degenerate and critical values in
different critical points are pairwise distinct.

PrOOF. With the function f!, let us associate the mapping f from the
manifold M* to the one-dimensional vector space A'. Let e be a home-
omorphic regular class m mapping from MF* to the Euclidean space BY
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(see Theorem 2). Denote the direct sum of vector spaces Al and B? by
C9t1; let us consider the spaces A' and BY as orthogonal subspaces of the
space C9T1. Denote the direct sum of mappings f and e (see §2, «E»)
by h. The mapping h is a regular homeomorphic class m mapping from
the manifold M* to the Euclidean space C9"! such that the orthogonal
projection 7 of h to the line A! coincides with f: f = wh. First of all,
let us show that in any neighbourhood of the line A' there exists a line in
the orthogonal projection to which generates a function having only non-
degenerate critical values. The desired function in the formulation of the
theorem is to be obtained from this by some modifications.

Let N7 be a manifold of all normal elements (x,u*) of the manifold
h(MP*), as defined in «D», and let v be the mapping from the manifold N?
to the manifold S? also defined in «D». Let us show that if «* € S7is a
proper point of v then all singular points of 7, h are non-degenerate. Indeed,
if a is a singular point of the mapping 7, h, then the ray u* is orthogonal to
h(M¥) at the point h(a); thus (a,u*) € N9. Since the mapping v is proper
at (a,u*) of the manifold NY, then the singular point a is non-degenerate
(see «<D»). Let € be a given positive number and let u be such a unit vector
of the spaces C9T! that the function h' = (u, h(x)) is class m e-close to
f' and that u* € S9 is a proper point of the mapping v so that all critical
points of the function h'! are non-degenerate. By Theorem 4, such a vector
u does exist.

Let 0 be such a small positive number that for f!(z) < ¢y + 3§ and
for f1(z) > c¢; — 3§ the point z is not a critical point of the function f*.
The existence of such § follows from the conditions of the theorem, since
neither the boundary M*~! nor its small neighbourhood contains critical
points of f!. Furthermore, suppose x(t) is a real-valued class m function
in variable ¢ equal to zero at t < c¢g+ 9 and t > ¢y —§ and equal to one at
c1—20=>t>co+29. Set

() = £ () + x(f' (@) (h! (z) = f'(2)). (16)

It is easy to see that if ¢ that we have taken for constructing the function
h(z), is chosen to be reasonably small then all critical points of the function
h?(x) defined by (16) coincide with the critical points of the function h'(x)
and thus they are non-degenerate. Since for t < ¢y + 9 and for t > ¢y — 9
the function x(t) equals zero it follows that for some neighbourhood of the
boundary M*~! the functions h?(x) and f!(z) coincide.

Typical singularities of mappings M* — E?k-1

E) Let f be an m-class smooth (m > 2) mapping from the manifold M*
to the vector space A?*~1. Let a be a singular point of the mapping f and
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let ', ..., ¥ be a local coordinate system in its neighbourhood such that
9f(a)

=0. 17

It (17)

Such a coordinate system in a singular point neighbourhood always
exists. If the system

9’f(a) f(a)
Axloxt’ I

L oi=1,..., k=2 ...k, (18)

of 2k—1 vectors of the space A2~ ! is linearly independent, then the singular
point a is called non-degenerate. Later on, we shall show that the non-
degeneracy of a singular point is invariant, i.e. this notion is independent

of the coordinate system: if some coordinate system &', ..., €* defined in
a neighbourhood of «a satisfies the condition
0
fl@) _, 9)
ot

then the vector systems (18) and

0*f(a) Of(a)
ogrogt’  agl

are either both linearly dependent or both linearly independent. It turns
out that in a sufficiently small neighbourhood of a non-degenerate singular
point there are no other singular points.

Let us prove that the non-degeneracy is invariant. Assume that the
relations (17) and (19) hold and that the vector system (20) is linearly
independent. Let us show that the system (18) is also linearly independent.

ok j=2, 0k, (20)

We h
e have Z 0) 9€°(a
550‘ ozt
from which, according to the assumptlon above, we deduce
9% (a)
9l =0, a=2,... k. (21)
Since the Jacobian 858 (ia) ‘, a,i=1,...,k, is non-zero, it follows from (21)
xr
that
¢t o0&
g();«féO, 5() #0, a,i=2,...,k. (22)
oz oz’
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From the relations (21) we get

(@) .
ax] Z aga ax] L i=2,... k. (23)

Furthermore, taking into account (21) and (19), we get

*f(a) o~ %f(a) O (a) DEP(a)
Orlox’ L= oc'ae” ox'  Oa

8250‘ ) )
Z aga e i=1,...,k. (24)

From the relations (23), (24), (22) and linear independence of the sys-
tem (20) one gets the linear independence of the system (18).
Now, let us show that the singular point a is isolated. To do that, view

a as the origin for the coordinate system z', ..., z*¥ and consider the Taylor

0f(x)

decomposition for vectors pycal i=1,...,k, in the neighbourhood of a in

coordinates z!, ..., x":

{E + €1, (25)

af :Zk:

Of(x) _0f(a)

oz’ ox'

ey, =2,k (26)

where ¢ is second-order small with respect to o = \/(z1)2 + ...+ (z¥)2,
and eo9,...,¢y are first-order small with respect to ¢. Since the vectors of
the system (19) are linearly independent, it follows from (25) and (26) that
0f(x) 0f(x)
oxt T ok
sufficiently close to a.

F) Let h be a regular class m mapping (m > 2) from the manifold M*
to the vector space C2*. Denote the manifold of all rays u* of the manifold
C?F by S?+~1 (see §1, «H») and denote by L?*~! the manifold of all linear
elements of the manifold h(M*), i.e. the manifold of all pairs (z,u*), where
x € M*, and u* is the ray tangent to h(M*) at h(z). Define the mapping
7 from the manifold L?*~1 to the manifold S?*~! by setting 7(x, u*) = u*.
Denote the projection of the space C2* along the line u** containing u by
Tu. As noticed before (see §2, «A»), the point a € M* is a singular point
of m,h if and only if the ray u* is tangent to h(MF¥) at the point h(z),

the vectors

are linearly independent for all points = # a
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i.e.if (a,u*) € L?*~1. It turns out that the singular point a of the mapping
myh is non-degenerate if and only if the mapping 7 is proper at the point
(a,u*) c L2k—1

Let us prove the last statement. Let a be a singular point of f =
Tuoh. Choose a basis e, . .., ea of the vector space C?F in such a way that
the vectors e1,...,ey are tangent to h(M¥) at the point h(a) and so that
the vector e; coincides with ug. Let y/ = hi(x) = hi(x!,...,2¥) be the
expression of the mappings h in the coordinates y', ..., y?* with respect to
O (a)

the basis eq, ..., ea;. Note that the absolute value of the Jacobian s
X

)

i,7=1,...,k, differs from zero, thus the relations
I3 :hi(xl,...,xk), m=1,...,k,

can be used to introduce new coordinates £, ..., &* of & in the neighbour-
hood of a. In the new coordinates, the vector h(x) will look like

k k
= Zglei + Z ¢’ (x)er+s, (27)
i=1 i=1
where the functions ¢ (z) satisfy the condition

A7 (x)
e’

=0, i,j=1,.... k. (28)

Let (x,u*) be an element of the manifold L?*~! close to the element (a,ug).

The vector u is tangent to h(M¥) at the point h(z); thus it can be written
as

k k 8Jx
u:Z Zuel—i-Zu itk (29)
i=1 ,j=1

On the ray u*, let us choose a vector u such that u' = 1; then the expression
(29) looks like

k
3 J(x)
u=e;+ Zu e + Z 8{1 ekﬂ g ———e€jtk- (30)
Jj=1 j=1i=2
For coordinates of the elements (z,u*) in L?~! we may take the num-

bers u? Juk &, ..., €%, Since the first component of the vector u in the
space C’2k equals one [see (30)], the coordinates of the row u* in the man-
ifold S%#~1 can be set to be the remaining components v2,...,v%* of the
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vector u in the space C?*. In the chosen coordinates, the mapping 7 is
written (according to (30)) as

ot = 090) 00w (31)

a¢t =1 0g
A simple calculation shows that the Jacobian of the mapping 7 at the point
(a,up) is equal to

0%l
Tela)l ik (32)
0t oE!
Consider now the mapping m,,h. Let us assume that it is a projection to
some vector space A?F=1 with basis es, ..., e along some line e]*. Then
we have [see (27)]
koo k
f(z) = my,h(z) = Zfzei + Z ¢ (z)er+a- (33)
=2 a=1
Thus we deduce
32 k 32 fel
{(az = Zwli(xl) *Chtas i = 17"'7k7
06 08" = 080¢
0
f(a) =ej, j=2,...,k
o0&’

Thus, in this case the vectors of the system (19) are linearly independent
if and only if the Jacobian (32) is non-zero.
Statement «F'» is proved.

Theorem 6. Let f be an m-class smooth (m > 3) mapping from a
compact manifold M* of dimension k to the vector space A?*~' of dimen-
sion 2k — 1. It turns out that for the mapping f there is an arbitrarily
m-close mapping g with all singular points non-degenerate and not lying on
the boundary M*=1 of the manifold M*.

PROOF. Let us treat the vector space A%*~! as a subspace of the vector
space C?* of dimension 2k. Let B! be some one-dimensional subspace of
the space C?* not lying in A?*~1. Denote the projection of the space C?*
to the space A%*~1 along B' by 7. Fix a positive number ¢; let h be a
regular mapping of M* to the vector space C?* such that the mapping
7h is e-close to f (see Theorem 3). Let L?~! be the manifold of linear
elements of the manifold h(M*) (see «F»); let L?*~2 be the submanifold of
L?*=1 consisting of all elements of the type (x,u*) where z € M*~1 and let
7 be the mapping from L?*~1 to the sphere S?*~1 constructed in «F». It
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follows from «F» that if u* € S?*~1 is not a singular point of the mapping
7 and does not belong to the set 7(L?~2) then all singular points of the
mapping m, h are non-degenerate and do not belong to the boundary of the
manifold MF*. By virtue of Theorems 4 and 1, there exists a vector u such
that u* satisfies the conditions described above and the mapping m,h is
e-close to mh. Thus, there is a 2e-close to f mapping g = m,h satisfying
the conditions of the theorem.
Theorem 6 is proved.

Canonical form of typical critical points and typical singular
points

In Statements «C» and «Es», several singular points of mappings from
manifolds M* to vector spaces A' and A?*~! were found to be non-
degenerate. In Theorems 5 and 6, it was shown that all degenerate singular
points of the considered mappings are not balanced, i.e. removable by small
perturbations. However, we did not prove that those singular points called
non-degenerate are balanced, i.e. they are preserved by small perturbations.
The proof of this fact is not difficult, but we shall omit it. Also, we have
not described the structure of the mapping in the neighbourhood of a non-
degenerate singular point. It is not easy in the general situation; below we
present the results without proving them.

G) Let a be a non-degenerate critical point of a real-valued function
f1(x) defined on a manifold M*. As noticed in Statement «A», the Taylor
decomposition of the function f!(z) in the neighbourhood of the point a
looks like (9). It turns out that (see [7]) by a coordinate change in the
neighbourhood of a this Taylor decomposition can be transformed to that
of the type

fla)=fHa)+ @)+ 4+ @) = (@) = = (@)% (34)

where the number s of positive squares is an invariant of the point a,
i.e. does not depend on the coordinate choice in the neighbourhood of this
point, and is not changed by a small perturbation. Thus, the function de-
fined on a k-dimensional manifold has k + 1 possible types of critical points
(s=0,...,k). Since the mapping f of the manifold M* does not define the
function f!(x) directly, then the points of different type for the function
may happen to be of different type for a mapping. Indeed, changing the
sign of the function f!(z) interchanges the roles of s and k — s; thus the
corresponding critical points belong to the same type of mapping critical
points. It is worth mentioning that, in the general situation, one cannot
get from the expression (9) to the expression (34) by a linear coordinate
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change, as it might seem. An evident linear transformation is just the first
step of the transformation of (9) to (34). Under linear transformation the
third-order and higher-order terms are preserved, whence they are absent
in (34).

H) Let a be a non-degenerate critical point of f : MF — A2F-1
(see «E»). It turns out (see [8]) that in the neighbourhoods of the points a
and f(a) one can change the coordinate systems (generally, the coordinate
change is not linear) such that the mapping f in the neighbourhood of a
has the following coordinate form:

(35)

Here the points a and f(a) are taken to be the coordinate origins.
Statement «H» is quite a difficult theorem.
By using the expression (35), one can visualize the geometry of the
mapping f in the neighbourhood of a, especially in the case when k = 2.

CHAPTER I

Framed manifolds

§ 1. Smooth approximations of continuous mappings
and deformations

In the present section, we shall show that while studying the homotopy
types of mappings from one manifold to another it is sufficient to consider
only smooth mappings and smooth homotopies. This results from the fol-
lowing facts. Let M* and N! be two m-smooth closed manifolds. It turns
out that in any homotopy class of mappings from N' to M* there exists
an (m — 1)-smooth mapping, and if two (m — 1)-smooth mappings from
the manifold N' to the manifold M* are homotopic, then there exists an
(m — 3)-smooth homotopy between these mappings. Thus, while studying
mappings of smoothness class m, one has to consider the homotopies of
class m — 3. This loss of smoothness class can be avoided by using several
tricks, but since the results of this section are to be used only for study-
ing maps from sphere to sphere and the sphere is an analytic manifold, we
need not worry about the loss of smoothness class; thus there is no sense
in giving a more difficult proofs of a more precise statements.



