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We review developments concerning the effect of corratation the elec-
tronic properties of one-dimensional systems, focusingamalysis on the one-
dimensional Hubbard model. We consider methods used taibdesihe ex-

otic properties of these systems, ranging from bosonizat&sociated with the
Tomonaga and Luttinger liquid behavior, to the Bethe ansaliztion, referring

to all energy scales of solvable quantum problems and thedpgarticle de-

scription. We use that description to study the model enspgctrum and the
low-energy quantities. In the ensuing companion chaptedig@iss the relation
of the electronic operators to these quantum objects.
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1.1. Effects of correlations

1.1.1. Introduction

This chapter is complementary to the ensuing companiontehdpef. 1, where
some of the concepts and theoretical tools summarized merepgplied to the
study of low-dimensional correlated systems and a pseutiide theory for the
study of the finite-energy dynamical properties is reviewed

The main point concerning the issues studied here and in ekt ahapter
is that, when the electronic movements are restricted tedimmensional geome-
tries, the effects of the electron-electron interacticersdme non perturbative, and
thus conventional Fermi liquid thecryloes not apply. Instead, the low-energy
physics of such interacting problems shows some basicagiltigls with that of
the Tomonaga and Luttinger modét$. The concept of a Tomonaga-Luttinger
liquid® follows such similarities and refers to interacting lowndinsional models
whose low-energy behavior belongs to the universalitysctdshose models.

The one-dimensional Hubbard moflisl one of the interacting electronic mod-
els whose low-energy physics belongs to such an universtdiss. Its importance
is that it is the simplest lattice model which describes fifrces of electronic cor-
relations in low-dimensional complex materials. Indedwd ¢€xotic non-Fermi-
liquid behavior associated with the concept of a Tomonagiiger liquid is
observed in some of such materials, see Refs. 7-11. One técheiques used in
the study of the low-energy physics of interacting modelstging to that uni-
versality class is bosonization, see Refs. 12-15. Someesktimodels have exact
solutions which combined with their global symmetries pdevthe spectrum of
all energy eigenstates. For instance, the global symmétityeoHubbard model
was recently shown to bgO(4) x U(1)]/Z,.1° Its exact energy spectrum and
spectral properties can be calculated by combining synyméth Bethe-ansatz
techniques, see Refs. 17-31.

As further discussed in the ensuing chapter, Ref. 1, fimiergy spectral func-
tions of the one-dimensional Hubbard model can be evaluatexkpressing the
generators of its energy eigenstates, associated with dldelrBethe-ansatz solu-
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Correlation effects in one-dimensional systems 5

tion and global symmetry, in terms of suitable rotated4etecoperators® Such
operators are related to the electronic creation and datidn operators by a uni-
tary transformatior®-32 Moreover, the combination of the rotated-electron basis
with the information provided by the Bethe-ansatz soluaod global symmetry
reveals that the energy eigenstates correspond to simgplgancy configurations
of exotic quantum objects which are closely related to thateadl electrons. The
statistics of such objects can be defined in terms of a gépeddPauli principle’®

In addition to reviewing the several concepts and theaktmols involved
in the description of one-dimensional correlated eledtr@noblems, below we
also consider the specific case of the one-dimensional Hdbinadel. Both
here and in the following chapter we summarize how the loergy and finite-
energy physics of the model is described in terms of the abrotic objects. This
provides important information about the non-perturkathicroscopic processes
which control the unconventional properties observed imyrlaw-dimensional
complex materials, which are described in Refs. 7-11.

1.1.2. Fermi liquid theory

In many three-dimensional systems the effect of interastietween fermionic
particles is taken into account using the so-called Fegmidi theory. In this the-

ory? the excitation spectrum is fermionic but i) the quasipstmarameters are
renormalized with respect to the free system (like the &ffeanass), ii) the ther-
modynamic quantities have a behavior similar to the freeteda case but also
with renormalized parameters, iii) the lifetime of the gpasticles is finite, ex-

cept at the Fermi surface where it diverges like- (e — ex)~2, (therefore the

quasiparticles are well defined quantities for energiesecto the Fermi surface)
and iv) new collective modes emerge in the system. Thefrifetof the quasi-

particles is a consequence of the interactions and the yéthe excitations is

expressed as,

I s 1 s o 7
AE = Z (eo(k;) - M) AN(E) + 5 Z AN f(F,FYAN(E) + -+, (1.1)
k N4
whereAN(E) is the deviation of the quasiparticle distribution with pest to
the equilibrium distribution and (k, &) results from the residual interactions be-
tween the quasiparticles. The interactive term is of theesarder of magnitude
as the free term since the deviation of the energies, withego the chemical
potential, is also small in the regime where the quasidagticave a long lifetime.
The fermionic nature of the quasiparticles implies that éReitation spectrum
remains similar to the free electron case. The spectrum némum of low
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energy excitations due to the excitations of particles aiddof arbitrarily small
energies and momenta around the Fermi surface, in add@itretplasma mode
at finite frequency.

1.1.3. One-dimensional systems

The one-dimensional case is special due to the fact thaiimiBurface has only
two points. An important consequence is that any instghaftmomentunk g
couples the two states at the Fermi surface and may lead tp anghe spec-
trum (Peierls instability). The resulting spectrum is duadively different from
the spectrum of the Fermi gas (which has no gap) showing lieainteractions
have an important role in the one-dimensional case. In g&nier systems of
higher dimension, any instability that couples two poirftthe Fermi surface has
a null measure and therefore is not relevant to the behav¥itreosystem (with
the exception of nesting). The Peierls instability in on@elision suggests that
the excitations of the system may have a different naturecance described in
terms of collective bosonic excitations.

Two models of one-dimensional conductors are normallyicensd in the lit-
erature. The first is a continuum model where one considecérehs with weak
interactions and where the electrons occupy states thaxéeaded. The other
model is suitable in the opposite limit, where the electrbage wave functions
which are more localized, typically with a strong atomic idtter. The model is
immersed in a lattice and describes situations of narrovdgarhere the interac-
tions (or at least the correlations) between the electrom$yaically strong. The
continuum model was originally considered by Tomortagiad Luttinget and
the lattice model was introduced by Hubb&réctually, the Tomonaga-Luttinger
model also constitutes a good starting point in situatiohene the interactions
between the electrons are not weak, as long as one is irddriedhe low-energy
and small-momentum properties, where the lattice detegl:iat important.

1.1.4. Tomonaga and Luttinger models

The dispersion relation of the free electron gas is suchothigtthe electrons close
to the Fermi surface are important. It is therefore usuahtarize the dispersion
relation in the forme,.(k) = vp(rk — kr) introducing two branches (= +1)
around the two Fermi pointsvg. It is then necessary to introduce a cut-kff
Such a procedure leads to the Tomonaga mddels also possible (and conve-
nient) to consider a dispersion relation without cut-aftemding the bands thoo
(note that considering only the regime of small energiesdtaalditional states are
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Correlation effects in one-dimensional systems 7

not expected to affect the behavior). This choice corredpda the Luttinger
model# This model describes therefore two types of fermions cpoeding to
the two branches = +1, whose densities interact via two interactions: one term
corresponds to interactions between electrons in the saareln ¢2) and the
other between electrons in different branchg3.(The Luttinger model is defined
by H = Hy + Hs + H4 where,

Hy = Z vp(rk — kp) : Ciksc'rks 5,

r,k,s
1
Hy; = 7 Z/ (927”(]?)55,5' + 924(17)58,—8’) p+7s(p)p_,s'(—p) )
D,5,8
1
Hy= 57 > (9a/P)0s.s + 941 (P)0s—) t prs(P)prs (—p) + . (1.2)
r,p,S,8’

The first term is the usual kinetic operator and in the intémgderms the spins,
dependence on the interactions is considered in the fgrorsL. The operators
have to be normal ordered to eliminate the infinite numbetaiés introduced in
the model, by subtracting the average value in the grounel. sta

Besides these terms that only include low-momentum saagtehe Luttinger
model may be extended considering additional terms that itato account the
possibility of finite momentum excitations, where the twariches are coupled,
allowing backscattering or considering Umklapp procesSdse model without
these additional terms is exactly solvabl@he Hamiltonian conserves the total
charge, the spin, and also these quantities separatel\cinlwanch. Therefore
the charge and spin currents are also conserved.

1.1.5. Bosonization

One way to solve the Luttinger model results from the proptrat the commu-
tator of the density operators is given by,

rpL

= (1.3)

[pr,s(p)v pr/,s’(ipl” - *57”,7"/55,5/5;0
where L is the system length. Therefore the density operatorsfgditgsonic
commutation relations. Defining charge and spin densityaipes in each branch
pr(®) = (pr1 () + pr.1(9) /V2, 01 (D) = (pr1(p) = pr.1 (1)) /V2, and using
Kronig’s identity, where the kinetic term of the Hamiltoniaan be written in a
bilinear form in the density operators, one obtains thattniénger model can be
diagonalized via a Bogoliubov-Valatin transformationde®y to a separation of
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the charge and spin degrees of freeddm= H, + H, + H.,,

Ay =TS (5, ) () + 7 ()7 0))
p#0
He= o7 2;0< (Nyw+N_)> + 0, K, (N, N,V)2> , (1.9

(v = p, o) where the charge and spin velocities are given by,

1 2 1 2
vy = \/(vF + %(94” + 94L)> - (E(ggn igu)) ; (1.5)

(+, — corresponds t@, o respectively) N, , = p,.(p = 0), and the parameters
K, are given by,

o \/ﬂ'UF + 5(94)) £ 9a1) — 5(g2 £ g21) (1.6)

mp + 3 (94 £ 9a1) + 5(g2 £ g21)

The operators of the charge and spin degrees of freedom ctamong them-
selves and are separately conserved, as said above. Morbeygropagate with
different velocities leading to an effective separationgal space.

The non-existence of fermionic excitations implies tharéhare no quasipar-
ticles at the Fermi surface. The residue of the pole of theefsfanction is zero.
The density of states vanishes at the Fermi surface anddneree find a spectral
weight reduction near that surface. There is ample expatahevidence for these
unusual properties. Using photoemission experimentsstfoand that there is
no Fermi edge in the dispersion relation in the two quaskHdinensional com-
pounds K 3MoO; and (TaSg).l. Also, spin-charge separation was obsefied
the material SrCu@ Further evidence for spin-charge separation was found in
the organic conductor TTF-TCNQnd it was further established that the exper-
imental results are not compatible with standard band thaod that the inter-
action/correlation effects are determinant. Further umeational behavior was
observed in the Mott insulators SrCu@nd SsCuO; whose dispersion relations
are not consistent with band thedfy*!

The diagonalization of the Luttinger model shows that thenHtanian and its
excitations are described by bosonic modes. However, talation of arbitrary
correlation functions requires products of fermionic @ters. The full solution
of the model including all its correlation functions invelvthe representation of
the fermionic operators in terms of the bosonic operatongs procedure is called
bosonizatiornt?
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Correlation effects in one-dimensional systems 9

The charge density and the currefifx), satisfy the following commutator,

o i 0 ,
. ) =——— — 1.7
[pa(@). e(a)] = =~ -d(x '), (L.7)
where js(z) =: pts(z) — p—s(z) : Let us then consider two conju-

gate fields,®,(xz) and II,(z), satisfying the canonical commutation relation
[Ds(z), Hs(2")] = id(x — o). |dentifying the operatorps(z) = —%%@S(x)
andjs(x) = II4(x), satisfies the commutation relation. This result suggésis t
we may represent the density by a bosonic field of the f@?gﬁﬂ = —mps(x).
The introduction of a fermion at site creates a kink (soliton) of amplitudein
the bosonic field. The introduction of one particle at paininplies that the rest
of the particles have to adjust to accept the new particle at/e may therefore
express the fermionic operator in the form of a translatiperator (plus a phase

needed to yield the anti-commutation relatiohs),

: L irkpao—ira, (z)+im [T dz2I1y o (2)
"o ~ 1 F s - e . 1-
11}775(1‘) alnlo —2 (& o ( 8)

The Luttinger model may also be expressedias: H, + H,, where,

_ Tu, Ky Uy, 9

with v = p, 0. Such a transformation allows the calculation of all theelation
functions of the Luttinger model (gaussian model). The@ation functions are
characterized by critical exponents which are non-unaler§he calculation of
the correlation functions is reduced in this context to ages over a gaussian
distribution. For instance, within bosonization it can bewn that

and
< S(@) - 5(0) >= (77%)2 1 cozgiljix) 1n1/12(lv) , (1.11)
Also, the quantity, determines the singularity of the momentum distribution,
ng ~ % — ﬁ“ﬂ — kp|®, (1.12)

wherea = (K, + 1/K, — 2)/4 is the exponent of the single-particle density of
statesV (w) ~ |w|* as well.

One needs to determine the paramétgrfor each specific model. We may
take several routes. A possible way is to note that the caaftic,/K, in the
Hamiltonian is proportional to the variation of the groutate energy with respect
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10 J.M.P. Carmelo et al.

to the particle number, since the gradient of the phase {igli$ proportional to
the density,

19%Ey(n)  mu,

L on?2 2K,
Once the ground state energy for instance for the Hubbarehnealy be obtained
from the exact solution via the Bethe ansatz, we may caletifest parametek,
and therefore the critical exponents. It turns out thét < K, < 1. For large
on-site repulsionl/, K, = 1/2 anda = 1/8. We will return to this point ahead.
Very similar results can be obtained for the closely reldt@eonaga model.

(1.13)

1.1.6. Tomonaga-Luttinger liquids

Even though the Tomonaga and Luttinger models are very #iethlthey de-
scribe in a qualitatively correct way the low energy projgsrof many interact-
ing one-dimensional systems. A broadly used nomenclatassifying interact-
ing one-dimensional systems whose low-energy behavity ifalthe universal-
ity class of the Tomonaga and Luttinger models is that of admaga-Luttinger
liquid. One of the consequences of this universality is thatcritical behavior
of the Tomonaga-Luttinger liquids is determined by thei@aitexponents of the
Tomonaga and Luttinger models (however, the values of therents depend on
the parameters of each specific model). Another class otlanensional systems
is the Luther-Emery cla$swhich groups systems with gaps in the spectrum. In
particular, for instance the addition of the backscattgterm to the Luttinger
model leads in some regimes (for an attractive interactiorg gap in the spin
excitations. The Umklapp term leads to a gap in the chargiegions.

1.2. Hubbard model

A model whose low-energy physics is in the class of the Torgarauttinger
liquids is the repulsive Hubbard model, away from half+iidi On the other hand,
the attractive Hubbard model has a gap in the spin excitstonl is in the class
of the Luther-Emery model. The model is described by the Htaman,

- U U
H= _tz (C;r'-,crcj+170 + C;r#l,ocj,a) +UD — §N + ZNav
4,0
D= Z C;,ch7TC;f',lcj7l , (1.14)

J
describing a tight-binding model fdy electrons with nearest-neighbor amplitude
t where electrons of opposite spins interact with each otleeavocal repulsive
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Correlation effects in one-dimensional systems 11

Coulomb potential{/, on a lattice withV,, sites. In this model only states with

[ = 0 are taken into account and therefore in each lattice sitexdlrémal number

of electrons i2. D is the double occupancy operator. In general, we use units
of Planck constant and lattice constant such thath = ¢ = 1. The model
has[SO(4) x U(1)]/Z> global symmetry and (ifV, is even) commutes with the
six generators of the spin and eta-spify (2) algebras and the generator of a
hidden symmetry which is half of the number operator of sitagly occupied by
"rotated electronst® The spin generators and the eta-spin generators are given by
§:= =3[V =N), ST =3l ey andS, = 32 ¢l o087 = = [Na—N],

St =3,(=1)cl el andS. = 30, (—1)7¢;j ¢, We call S, (andS.) the -

spin (and spin) value of an energy eigenstate gntandsS?) its n-spin (and spin)
projection.

1.2.1. Bethe ansatz solution

The Hubbard model has been solved exactly via the Bethezt{sthat solution
refers to a subspace spanned by the lowest-weight stateSg.éf both they-
spin and spin algebras. The latter states are suclbthat —S? wherea = ¢, s.
Within the thermodynamic limit the solution involves degseof freedom that
correspond to different rapidity branches. In addition t@aharge-momentum
rapidity, there are sets afv rapidities. The general rapidity branch lakal
is such thath = ¢, s andv = 0,1,2,... fora = candv = 1,2,... fora =
s. The cv and sv rapidities are associated with the charge and spin degffees o
freedom, respectively. Far > 0 the cv and sv rapidities may be associated
with charge2r-holon and spir2v-spinon composite objects, respectively, where
holons and spinons are elementary "particles" which casspin 1/2 and spin
1/2, respectively’®

For electronic densities < 1, the ground state has finite occupancies for the
chargecO and spins1 branches only, reinforcing the idea that in that systemether
is a separation of degrees of freedom. However, the cornefipg quantum ob-
jects called pseudoparticles in Refs. 27,28 are not indégr@rand have residual
interactions. In thd/ — oo limit the equations that determine the residual in-
teractions between those pseudoparticles and corresgpddgrees of freedom
decouple (but the spin degrees of freedom affect the chargeeds of freedom
through a boundary condition term).
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The Bethe ansatz equations are given by,

Naw .
45 = q(k;) = kj + Ni >3 NE(Aaw ) arctan(—sm(kj) — Aa”’j/) ;

@ av#c0j'=1 VU/4t
ji=1,2,...,N,, (1.15)
4 = q(Aav, ;)
2 a Ao, — sin(kj)
= kv, j = (dac = 5a,s)m ]2 N (kj) aTCtan(w’JyU—Mtj)
Na/2 N*u’
1 & A g — A ’oa
- NE,(Aawr )0, V,(—aw av'j )
Na Z Z au( > J )97 U/4t ’
v'=1 j'=1
j=12,..,N:,; av#c, (1.16)

wherek,,, ; = 6q,c.2Re{arcsin(Aq,, ; + ivU/4t)} with j = 1,2,..., N}, for
av # 0 and the value of the numbeY?, < N, is defined by Egs. (B.6)
and (B.7) of Ref. 28. The occupied and unoccupied valyesf the charge-
momentum rapidity and the occupied and unoccupied valugs; of the av
rapidities of a given energy eigenstate are determineddsethquations which are
valid for large values o, and N and were first introduced by TakahashHere
we wrote them in functional form in terms of the distributitmctions N £ (k;)
andNZ (A,.. ;), whose occupancies are well defined for each state. Theduanct
©,, . (z) is givenin Eq. (B.5) of Ref. 28. The equations (1.15) and§}idclude
the discrete bare-momentum valugsof the formg; = [27/N,] I{° andg; =
27 /N, ] I? for av # 0 where the numberg® and I with j = 1,2,..., N,
andj = 1,2,..., N} , respectively, are the quantum numbers whose occupancy
configurations describe the energy eigenstates. The tattabers are integers or
half-odd integers as a result of the following boundary ¢toials,

o0
eiCIj No _ (eiﬂ')[Za:c, s Zu:l No‘”] , (117)
in the case of the0 branch and,
e No — (eiﬂ">[1+N;:V] _ (eiﬂ')[1+Nc0+Nau] : a=c¢s, v=1,2,..,
(1.18)

for the av # c0 branches. Thus, farr # c0 the quantum numbers™ are
integers (half-odd integers), ¥, is odd (even). On the other hand, the quantum
numberd/5” are integers (half-odd integers) 4 — > a0 Naw is 0dd (even).
There is for thecO branch (and theww # ¢0 branches) of all energy eigenstates
a one-to-one correspondence between the discrete baremhamvaluey; and

STRONGLY CORRELATED SYSTEMS, COHERENCE AND ENTANGLEMENT
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/materialsci/6391.html



Correlation effects in one-dimensional systems 13

the discrete charge-momentum rapidity vakyeg(and discretexv rapidity value
Aqw, ;) with the same value for the indexsuch thatj = 1,..., N, (andj =
1,...,NZ,). That correspondence is such that there is no level crp$stween
the set ofV, 0 pseudoparticle discrete bare-momentum valug$ (and N,
av # c0 pseudoparticle discrete bare-momentum val{igg) and the set of
charge momentum rapidity valugs; } (andav rapidity values{A,,, ;}). This
means that it;; > ¢; for thec0 branch (and for a # c0 branch), therk; > k.
(andAq., ; > A, j) for the same values gfandj’, respectively.

The occupancies of the bare-momentum valyesbey a Pauli principld,e.
a discrete bare-momentum valgge can either be unoccupied or singly occu-
pied. Such occupancies can be described by bare-momenstribation func-
tions N, (g;). Moreover, there is also a one-to-one correspondence batthe
occupied discrete bare-momentum valyesand the occupied discrete charge-
momentum rapidity values; or discretear rapidity valuesA,,, ;, such that
j=1,..,Ngoorj=1,.. N, respectively. That correspondence is behind
the equalitiesV.o(q;) = N (k;) andNo,(q;) = NE (Aqw, ;) for the same val-
ues of the indey. The bare-momentum distribution functions ré¥g, (¢;) = 1
for occupied discrete bare-momentum valgeand N, (¢;) = 0 for unoccupied
discrete bare-momentum valugs The pseudoparticle representation of Ref. 28
corresponds to the description of the energy eigenstatesrims of the discrete
bare-momentung; occupancy configurations, instead of the charge-momentum
rapidity £; andar rapidity A, ; occupancy configurations. Thus, the above dis-
tributions N, (¢;) are thear bare-momentum pseudoparticle distribution func-
tions. These functions are for all energy eigenstates tfengalues of the follow-
ing pseudoparticle bare-momentum distribution functiperators,

New(q7) = b, o by on - (1.19)

Here the operatd;rjljy «v (@ndb,, ) creates (and annihilatesy@ pseudoparticle
of bare-momentun;. Each LWS of both the-spin and spin algebras is uniquely
specified by the values ¢V, — N], [Ny — N,], and the set of bare-momentum
distribution functions{ N, (¢;)} such thatr = 0,1,2,... for @« = c andv =
1,2,...fora=sandj =1,... N,.

One finds by straightforward manipulation of the Bethe-en&uations
(1.15) and (1.16) that the spacings1 — k;1. [kev, j+1 — kew, 5], @and[Aqp, j41 —
A, j] depend on the value gfand are given by,

w1 b
L 27Tp(k3j) ’ L 27Tpcu(Acu,j) ’

kj+1 — Rj = kcy,jJrl - kcu,j -
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2 1

- . 1.20
L 27000 (Aav, ) ( )

Aov,j+1 — Naw,j =

Here 2mpe, (A) = 32moc,(A)Re /1 — (A+ivU/4t)? and the functionals
2mp(k) and 270, (A) are the solutions of well defined coupled integral equa-
tions. In contrast, the bare-momentum spacing is indepemafe; and given

by [¢j+1 — ¢;] = 2n/L and hence one can replage by a continuous bare-
momentumy so that the charge-momentum rapidity = %(g;) and theav ra-
pidity A, ; = Aaw(g;) are for each energy eigenstate described by functions of
q, k(q) andA,.(q), respectively. The Takahashi’s equations (1.15) and [ad6
expressed in terms of the corresponding bare-momentundppatticle distribu-

tion functions as follows,

+—Z/

av#c0 dav

dov

sin(k(q)) — Aav(q')
vU /4t

dq' Nav(q )arctan( ), (1.21)

q = kau(Q) - ((5a,c - (50{5)% /ﬁc dq' NCO(q,) al‘cta,n(Aau(q)y;];i;(k(ql)))
pl Aau - Aau’ !
Z /_qw dq Now (¢')O,, ,,/( (q)U/4t (g )) ;o av #£A.

(1.22)

Herek,,(q) = da,c2 Re{arcsin(Ac, (q) + ivU/4t)} for av # c0, the function
©,, . (x) is defined in Eq. (B.5) of Ref. 28, and the limiting bare-momoemval-
uesq.,, andg* are defined by Egs. (B.14) and (B.16)-(B.17), respectiwdlhat
reference. For a given energy eigenstate specified by thef bare-momentum
distribution functions{ N, (¢)}, the solution of Egs. (1.21) and (1.22) uniquely
defines the set of occupied and unoccupied values of the ehapidity momen-
tum functionk(q) and set ofar rapidity functionsA,,, (¢) associated with that
state.

For LWSs the energy and the momentum spectra are given by,

tN, [% U U
E=— B dq Neo(q) cos(k(q)) — §N + ZN[L
qc
Na/2
4 2N " dq N Re{\/l q) + iwU/4t)? }(1.23)

—Gev
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Correlation effects in one-dimensional systems 15

and

L [%
P:—{ dg N " dgNo (g
o /qco q q+z q

—4sv

+ Z CdaNa) S (1+v) - )}, (1.24)
—Gev
respectively, where wheli®| > = the value of the momentum should be brought
to the first Brillouin zone. The states occupation numbeesrat independent.
For instance, they have to obey the sum rules,

N =Ny +2 Z VNey ,
cv#c0

NT - c() - 22 VNSV ) (125)

and the values of the quantum numbé;g and I are contained in inter-
vals such that the corresponding bare-momentum vajpes [27/N,] I5° and

= [2m/N,] I3 belong to the rangeg. < ¢; < ¢ and—gar < ¢; < qaw,
respectively. For the low-energy subspace spanned byssiatie vanishing oc-
cupancies for the sets of numbefd/,,} = 0 and{N.} = 0forv > 1
andv > 0, respectively, the magnetization provided in Eq. (1.2B)mifies to
Ny — N| = Ng — 2Ng;.

The generators of the LWSs onto the electronic vacuum caxjpessed as
products of the pseudoparticle operat&ﬂq[gl, and all energy eigenstates are also
eigenstates of the operators (1.19) whose eigenvaluelapseudoparticle num-
bers. The pseudoparticles do not obey fermionic statiéosept for the:0 pseu-
doparticles) but their statistics can be classified acogrtlie generalized Pauli
principle of Haldan€® The pseudoparticle operator anticommutation relations
are given by,

{bjb,aw bq - 0/1/} - 5041/,0/1/ F(Qja qj/);

{ g, avs q ralv! } = {bqg',oél/? bqj/,oé’u’} =0, (1.26)
where

F(qJ'v Qj’) = 5%‘7%/ ) (1.27)

when forar = o'v' both the/$” and;” numbers such that; = [27/L] I
andg; = [27/L] I, respectively, are integers or half-odd integers and,
7 1
i3 etilai—a;)/2 sin([q; — qjr ]/2

F(gj, qj) = (1.28)
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16 J.M.P. Carmelo et al.

when forav = /v’ the abovel¢” numbers are integers (or half-odd integers)
and thel{}” numbers are half-odd integers (or integers).

The momentum dependent creation and annihilation operedorbe formally
defined locally on an effectiver lattice, whose lattice constaay,,, is defined so
that the length of such a lattice s’ independent and equal fa a,, = a]f,vf .
Hence the above numbel§:,, are also the number ofy lattice sites. The num-
bersN}, < N, correspond to the upper and lower bounds on the quantum num-
bersI$ for av # c0 such thatj = 1, ..., N, of the above Bethe-ansatz equa-
tions. Such equations are valid fdf, >> 1 within the so called Takahashi string
hypothesi&® and provide naturally the values of the numbeéy, < N,, which
are given in Egs. (B.6) and (B.7) of Ref. 28. The correspogdinmberst-q,,,
refer to the largest possible absolute bare-momentum ytdadoundaries of the
av bare-momentum Brillouin zone). Only for one braneh-pseudoparticles),
does the total number of allowed discrete momenta equalsuhber of "real”
lattice sitesV,.

In the standard Bethe ansatz literature one often uses Hrgeat) and spin
s1 rapidity density function8wp(k) and2wo 1 (A), respectively, appearing in Eq.
(1.20)1" which are the only relevant ones for the above low-energgsate. For
that subspace, they obey the simplified integral equations,

U B 21041 (A)
2 =1+ -— A >
molk) =1+ o5 COSk/_Bd /42 + [sink — AP’
U [ 2rp(K)
21 (A) = —— '
o (A) = o5 /_ o TR + pink = AP
— E /B A 27"'Usl(Al)
st ) 5" UM+ [(A—A)/22°

In these equations the cutoff paramet@rand B are defined by,

Q
/ dk"2mp(k') = mn = 2kp
0

B
/ dAIZ’iTO'Sl(AI):’]TTLi:kFl.
0

The solution of the problem reveals that in general the siéttie system
is metallic, except at half-fillingr{ = N/N, = 1) where it constitutes a Mott-
Hubbard insulator for any finite value &f > 0.!” The thermodynamics of the
model was solved and leads to a low temperature specific tmatistlinear in the
temperature and to a susceptibility that is finite (as in dihgér liquid and Fermi
liquid). Except for the one-electron properties, this tesuggests an alternative
description of the system in a form closer to that of the Lariti@ory.
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Correlation effects in one-dimensional systems 17

From the thermodynamics point of view, the system has sirpilaperties to
those of a Fermi liquid but the correlation functions areligatively different. In
particular, the correlation function of a single partictequalitatively different,
as seen above for the Luttinger liquid. The analysis of theetation functions
of the Hubbard model will reveal that at low energies the nhaladeed of the
Tomonaga-Luttinger liquid class. However, at finite enesga new description,
reviewed in Ref. 1, is necessary.

Below, we consider often the above-mentioned low-enerdpgjsace where
the limiting bare-momentum values; andq* defined by Egs. (B.14) and (B.16)-
(B.17) of Ref. 28, respectively, simplify and except formemtions of ordet /L
can be written as,

g1 =kry; @ =+ qra =kry; qreo = 2kF. (1.29)

In this equation we also provided the values of tieand s1 Fermi momenta
which appear in the ground-state bare-momentum distdbstiised below.

1.2.2. Landau liquid description

As discussed above, the Bethe ansatz solution can be dedarniterms of a pseu-
doparticle representation associated with the bare mamgnt= [27/N,] I
andq; = [2m/N,] I and corresponding quantum numbéf$ and 7 which
have a regular distribution, similar to that of the discnet@menta of usual non-
interacting fermionic systems. For example, the grounttsté the system is
obtained considering a symmetrical distribution of the br:ms[jO around the
origin, filling the acessible numbers until a value such thatmaximal occupied
number is according to Eq. (1.29%)| = ¢rco = 2kr = 7n (the maximal value of
lq| is ), defining the Fermi surface of the band. In the same way, the numbers
I;’l are distributed in a symmetrical way, such that the maximalpied number
correspondsto the vallgl = grs1 = k| givenin Eq. (1.29) (the maximal value
is also provided in that equation and reads= kp; wherekp, = N, /N, with

o =1, ). At zero magnetizationrs1 = gs1 = kr, thesl bare-momentum band
is full and at half-filling thecO band is full as well.

Away from half-filling and at finite magnetization the low-angy excitations
around the ground state lead to small deviations relativieeequilibrium distri-
butions of the quantum numbefg’, I:'. Those excitations are just particle-hole
excitations in the:0 ands1 bare-momentum bands, like in the usual description
of a Fermi liquid, except that thel pseudoparticles are not strictly fermions and
both thecO and s1 pseudoparticles do not have a one-to-one correspondence to
the electrons, a&//t — 0. Their occupancy configurations correspond to ex-
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18 J.M.P. Carmelo et al.

act energy eigenstates of the many-body system obtainedtfre Bethe ansatz
solution. In the standard rapidity description the exwmitst are obtained by in-
troducing "holes" or "particles" in the distribution fuiats of the related charge-
momentum rapidities; andav rapiditiesA,,, ;.18

Let us now focus our attention on the ground state distdmstivhich, except
for corrections of the order df/ L, can be written a&v3,(¢) = ©(qrco — |q|) =
O(2kr — |q|) and N2 (¢) = O(qrs1 — |q]) = O(kr| — |q|). Hereq is the above
pseudoparticle bare momentum. At low energies the exaitatare characterized
by deviations from the ground-state distributions. Theawry introduce general
distributionsN,o(¢q) = N%(q) + ANco(q) andNs1(q) = N2 (q) + ANsi(g). In
the limit when the deviations are small the energy of theesysnay be expanded
around the ground-state distributions as follows,

E=FLEy+FE + Es,

T krq
By = Gy {/ dqANco(q)eco(q) +/ quNsl(Q)Esl(q>} )

-7 _kFT

L ™ ™ 0 ¢ , /
Ba= ot [ [t AN 22D AN o )

kr kr
/ qu/ quAN )f51512(q7 >AN51( )

kFT kFT
kFT
/ dq/ dq' ANo(q) feos1(q, 4 ) AN (q)} (1.30)
—T kFT

in a way analogous to a Fermi liquid (to simplify, at this stage only consider the
lower energy excitations). This reformulation of the perhlhas the advantage of
a standard band-like interpretation of the excitation sp@et. The energies.o(q)
andeg; (¢) are the charge0 and spins1 bands and the parametef$ .o, fs1 s1,
andf.os1 = fs1c0 describe the residual interactions between the pseuddpart
Even though the formulation is similar to that of a Fermi lajithe pseudoparti-
cles refer to energy eigenstates that do not decay in time.

Itis shown in Ref. 28 that for > 0 the cv andsv pseudoparticles are com-
posite objects: ther (andsv) pseudoparticles arg-spin singlet2v-holon (and
spin-singlet2v-spinon) composite objects gfspin1/2 v holons ofy-spin pro-
jection 1/2 andv holons ofr-spin projection—1/2 (and spinl/2 v spinons of
spin projectionl /2 andv spinons of spin projection-1/2). Then-spin projec-
tion 1/2 (and—1/2) holons correspond to rotated-electron unoccupied sitied (
doubly-occupied sites). The spinons of spin projectiory 2 refer to the spins
of the rotated electrons which singly occupied sites. Tlgiral non-perturbative
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electronic problem (the spectral function of the 1D Hubhaatel is fully inco-
herent) becomes "perturbative” in the pseudoparticlesBasi

— U=0
e 2

--4
—-- 10
=20
— Infinite

Fig. 1.1. The pseudoparticle energy bangl(q) in units oft for densityn = 1/2 and various values
of U/t. Reproduced with permission of the American Physical Spdiem Ref. 27.

2 T

L — U=0
2

1 -= 4

—-=- 10
£ 0 A
N — Infinite =z
0 \

Fig. 1.2. The pseudoparticle energy bangl(q) in units oft for densityn = 5/6 and various values
of U/t. Reproduced with permission of the American Physical Spdiem Ref. 27.
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20 J.M.P. Carmelo et al.

£,@

— Infinite
1Lt ‘ \

L |
0.4

Fig. 1.3. The pseudoparticle energy band(q) in units oft for densityn = 5/6 and various values
of U/t. Reproduced with permission of the American Physical Spdiem Ref. 27.

The pseudoparticle band expressions can be expresseds aéthe follow-
ing integrals?®

k°(q)
EC()((D = / deZtn(kl),
Q

Agl(Q)
e () = / dN'2t7.1 (A,
B

where the functions in the upper limits are such that theietise functions are
given by the following integrals,

k°(q)
0= [ awame),

0

Agl (2)
/ d\2mo g1 (A).
0

(1.31)

At the c0 and s1 Fermi momenta these functions reatl(2kr) = @ and
A% (kp)) = B, respectively. The other distributions involved in the ebband
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expressions obey the integral equations,

, U B 2ns1(A)
2 =2 — A
tn(k) = 2tsink + yyn Cosk/_B d /A7 + ink —AE
< 2tn(k')
2tng1 (A) = — !
ta(h) = 35 /_ o [UJHP + [sink — AP
_ E/B AN/ 2tns1(A)
st ) 5 UM+ [(A—A)/22°

The velocities associated with the energy bands are given.by;) =
deco(q)/dg andvsi(q) = desi(q)/dg. The bands are such thaf(2kr) = 0
ande; (kp)) = 0. The energy bands are shown in Figs. 1.1,1.2, and 1.3.

The pseudopatrticle f-functions which describe their neaidhteractions read,

feo c()(Q7 ql) = QWUc()(Q)‘I)co c()(qv ql) + 27”)50((1/)‘1)@0 c()(qlv Q)

+ [27vco] Z Peoc0(2krJ, ) Peoco(2kr, q")
j=%1

+ [27v41] Z D1 co(kr 1)) Ps1co(krgqd),  (1.32)
j=%1

fsl sl(q; q/) = 2777}31((])(1)51 sl (Q7 q/) + 2777}31((]/)(1)31 sl(q/a Q)
+ [27”)51] Z q)sl sl (kFlj; q)q)sl sl (kFlja ql)
j==1

+ [2mve0] Z DPeos1(2krj, ) Peos1(2kri,q"),  (1.33)
j==t1

Je051(q:¢") = 2m0e0(q)Pe0 51(q, ¢") + 27051 (¢") Ps1 c0(d's q)

+ 2700 Y Peoe0(2krd, )P 1 (2kF ], )
j=%+1
+ 2m0a] Y Paa(krg, o) ®acolkegq),  (1.34)
j=+1
wherevey = veo(2kr) anduvs; = vgi (kry). While the f functions are associated
with the residual interactions of the pseudoparticlesfihetions® are the phase
shifts, in units ofr, of the collisions between the corresponding pseudofarsio
The latter objects are introduced in the following chag®erf. 1. The phase shifts
appearing in the above f-function expressions are funstidithe two momentum
values. Alternatively, one can define phase shifts whicheddpon the corre-
sponding two rapidity values. The two types of phase shits@lated according
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to
Deoe0(q,q') = Peoco(4tsink®(q)/U, 4t sink°(¢')/U),
q)cO sl (Q; q/) sl (4t sin kO(Q)/Uv 4tA21 (q/)/U)v
Pa1s1(q,q") = 1(4tA81(q)/U, 4tA9, (¢)/U),
D1 00(q,q) = Ps1 co(4tAg1(q)/U, 4tsink°(q')/U).

The rapidity phase shifts satisfy the integral equations,

T 1 vo és C! ’ !
Do co(r,7') = ;/ PADEIGUIN

v 1+ (r—1")2’

_ 1 1 e 1s1(r”, 1)

! ! 1" 5 S ?
@cOSl(r,T):—;arctan(r—r)—i—;/yod 11 (r— )2’
_ , 1 , R
D1 co(r, ') = ——arc tan(r —r') + = dr'" G(r,r") @1 co(r, 7',

—Yo

_ 1 r—r 1 [ arc tan(r” — ')

no_ "
Doy s1(r,r") = ;arc tan( ) ) — = /_wo dr T r =172

n Yo d’r”G(T ’I“ ) a1 51(7“//,7“/). (1_35)
—Yo

Herexzo = 4tsin Q /U, yo = 4tB/U, and the kernelZ(r, ') is given by,

G(r,r") = f% [m] [1 - % (t(r) +t(r') + wz}%
where 30

t(r) = 1 [arc tan(r + xg) — arc tan(r — xo)] ,

33

I(r)==[In(1+ (r+ 20)?) —In(1 + (r — xO)Q)} .

The following phase-shift parameters play an importarg iolthe quantum-
liquid physics,
foe0 =1+ Peoco(zo,20) + (—1)' P o (0, —0) ,
Clos1 = Peosi(20,90) + (1) ®eo s1 (20, —Y0) »
Ciuo = g1 c0(yo, o) + (—1)" (i) 160(907 —x0),
o1 =14 ®s151(y0,90) + (= 1) @s151(y0, —y0), =0,1.

These parameters can be written@s., = Coo0(®0)s Cost = Cos1(®o),
Ch o = C4wo(o), @andlly o, = ¢ 1 (yo) where the functions on the right-hand
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side of these equations are defined as follows,

L Chal”)
1 _ " sl c0
Ceoeo(r) = 1+ ;/_yo dr m’

1 [vo ;s r
Ccl()sl(r) = ;/ drﬂic a1 ()

Y

e 1+ (r—1r")2’
Yo
Careo(r) = t(r) + dr'" G(r,r")Ch o (r")
—Yo
Yo
ha) =1 [ G a0, (1.37)
—Yo

The parameters corresponding to the symetrical linear amatibn of the phase
shifts are obtained as the inverse of the transpose of thexmatose entries are
the antisymmetrical parameters given here. The point igiigeabove phase-shift
parameters are the elementary pieces of other quantities\ptay the same role
as the Landau parameters of Fermi liquid theory. Such pgeutole Landau
parameters are given by,

; i 2 i 2
Vo + Frg 0 = VeolCeo col” T Vs1[Cs1col” s
i i 2 i 2
vs1 + Fp 1 = vs1[Co1 51]” + ve0[Cro 1]
Fcl()sl - Fsl1 c0 — UcoCZo c0 2051 + 9514;1 514;1 c0 1=0,1. (1-38)

The pseudoparticle Landau parameters can be defined in ainvégrdo that of
the Fermi-liquid theory quasiparticles,

S I |
Floeo = o (7) feoco(2krp, j2kF),
j=%1
7 1 N7 .
Faa = o () fsrs1lkry, jkry),
j=%1
7 7 1 i .
Feosi = Faeo = 5 Z ()" feos1(2kF, jkF))
j=%1
1 . .
= o (j) fs1 cO(kFl,ijiF)- (1.39)
j=%1

1.2.3. Low-temperature thermodynamics

Many low-energy quantities of the one-dimensional Hubbaatlel can be ex-
pressed in terms of the phase-shift parameters and relagedipparticle Landau
parameters. As in a Fermi liquid the low-temperature spehi#iat does not de-
pend on such parameters and only involves the cO and s1 psaidte Fermi

STRONGLY CORRELATED SYSTEMS, COHERENCE AND ENTANGLEMENT
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/materialsci/6391.html
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velocities. For electronic densities in the range: 1 and spin densities: > 0
the specific heat reads,

Cy

k3w 1 1
= == — 4+ — | T. 1.40
Na ( 3 ) (UC() * vsl) ( )

This result is obtained considering the first-order momentlistribution devi-
ation contributions to the energy when expressed in termsveftemperature
Fermi-Dirac distributions, for both the) pseudoparticles an< pseudoparticles.
The energy deviation is expressed in terms of the deviafibns

ANco(q) = Neo(q) — ©(2kr — |ql),
ANs1(q) = Na(q) — O(kr,| —|a]), (1.41)

whereN.o(q) and N, (q) are the Fermi-Dirac distributions.

Also, the static charge and spin susceptibilities may baiobtl in a way simi-
lar to that of a Fermi liquid? The magnetic susceptibility at zero temperature and
spin densitym = 0 was obtained first by Shil?®. Here we follow the procedure
of Ref. 24 and present the expressions derived in that mderform > 0. For
most cases thex — 0 limit of the obtained expressions provides the correspond-
ing m = 0 expression. The basic procedure corresponds to usingssipns for
the chemical potential and the magnetic field giverfby,

U 1
#(n)::gg‘*G&KQkF)‘*geg(kFl),
0
H(m) = 77651(5“) : (1.42)

wheree.o(q) = €%(q) + p — poH andegsi(q) = €2,(q) + 2uoH. The charge
susceptibility is then expressed as,

1 1
clHm = ——5 57—~ 1.43
Xeln, n2 op(n)/on|mm ( )
and the spin susceptibility may be expressed as,
210
slyn = =———7+—"—. 1.44
Xelwn = FE0m) Jomlm (1.44)

It was obtained that these quantities can be written in teritlse above phase-
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shift parameters as followé,

XC|H — % ((Ccl()c())2 + (Csll C())Q) ,

™ Veo Vst
_ N_(Q) (Cloco —2C0)° | (Cheo —2C )2
XS|;L - + )
7T Vco Us1
Xelm = —> ’
0% \ 00 (€ o T Coos1/2)% + 051 (€ o + €1 51/2)?
13 1
Xsln = = ( > . (1.45)
T \0e0(C61/2)% + v51(CY 51/2)?

The dependence of these thermodynamic quantities on timuggrarameters is
discussed in Ref. 24.

Alternatively, the above given charge and spin suscejti@sl can be ex-
pressed in terms of the Landau parameters provided in Eq88)(and (1.39),
as in Fermi liquid theory.

1.3. Summary

In this chapter we have briefly reviewed several schemesinsi description
of the unusual properties of low-dimensional correlatesteayis. A hint on these
properties is provided by the Tomonaga and Luttinger moatbkre bosonization
techniques allow the solution at low energies.

We have devoted most of our attention to the one-dimensidumlabard model
whose low-energy physics can, in spite of the lack of Ferquitl behavior, be
described by a functional theory in terms of pseudoparbeale-momentum dis-
tributions, which resembles that of Fermi liquid theory.cEgt that in the limit
of zero interaction the pseudoparticles do not map ontdreles, and folU > 0
the one-electron spectral function is fully incohereng tbw-temperature ther-
modynamics and the low-energy charge and spin suscefi¢ibitan be derived
as in a Fermi liquid. However, it has proven exceedingly dliffi in the past to
obtain information on correlation functions via the exaetti ansatz solution, if
we do not restrict to the asymptotic regime in space and tirhe. calculation of
correlation functions at general momentum and frequenaydsmplex problem
that has only been solved recently, as shown in the followhapter.

In the ensuing companion chapter we review a transformatioich maps
the pseudoparticles considered here onto non-interapsegdofermions. That
enables the evaluation of matrix elements between enegpnsiates and the
construction of a pseudofermion dynamical theory. Suchearthprovides ex-
pressions for finite-energy correlation and spectral fionst
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