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We review developments concerning the effect of correlations on the elec-
tronic properties of one-dimensional systems, focusing our analysis on the one-
dimensional Hubbard model. We consider methods used to describe the ex-
otic properties of these systems, ranging from bosonization associated with the
Tomonaga and Luttinger liquid behavior, to the Bethe ansatzsolution, referring
to all energy scales of solvable quantum problems and the pseudoparticle de-
scription. We use that description to study the model energyspectrum and the
low-energy quantities. In the ensuing companion chapter wediscuss the relation
of the electronic operators to these quantum objects.
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1.1. Effects of correlations

1.1.1. Introduction

This chapter is complementary to the ensuing companion chapter, Ref. 1, where
some of the concepts and theoretical tools summarized here are applied to the
study of low-dimensional correlated systems and a pseudofermion theory for the
study of the finite-energy dynamical properties is reviewed.

The main point concerning the issues studied here and in the next chapter
is that, when the electronic movements are restricted to low-dimensional geome-
tries, the effects of the electron-electron interactions become non perturbative, and
thus conventional Fermi liquid theory2 does not apply. Instead, the low-energy
physics of such interacting problems shows some basic similarities with that of
the Tomonaga and Luttinger models.3,4 The concept of a Tomonaga-Luttinger
liquid5 follows such similarities and refers to interacting low-dimensional models
whose low-energy behavior belongs to the universality class of those models.

The one-dimensional Hubbard model6 is one of the interacting electronic mod-
els whose low-energy physics belongs to such an universality class. Its importance
is that it is the simplest lattice model which describes the effects of electronic cor-
relations in low-dimensional complex materials. Indeed, the exotic non-Fermi-
liquid behavior associated with the concept of a Tomonaga-Luttinger liquid is
observed in some of such materials, see Refs. 7-11. One of thetechniques used in
the study of the low-energy physics of interacting models belonging to that uni-
versality class is bosonization, see Refs. 12-15. Some of these models have exact
solutions which combined with their global symmetries provide the spectrum of
all energy eigenstates. For instance, the global symmetry of the Hubbard model
was recently shown to be[SO(4) × U(1)]/Z2.16 Its exact energy spectrum and
spectral properties can be calculated by combining symmetry with Bethe-ansatz
techniques, see Refs. 17-31.

As further discussed in the ensuing chapter, Ref. 1, finite-energy spectral func-
tions of the one-dimensional Hubbard model can be evaluatedby expressing the
generators of its energy eigenstates, associated with the model Bethe-ansatz solu-
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tion and global symmetry, in terms of suitable rotated-electron operators.28 Such
operators are related to the electronic creation and annihilation operators by a uni-
tary transformation.28,32 Moreover, the combination of the rotated-electron basis
with the information provided by the Bethe-ansatz solutionand global symmetry
reveals that the energy eigenstates correspond to simple occupancy configurations
of exotic quantum objects which are closely related to the rotated electrons. The
statistics of such objects can be defined in terms of a generalized Pauli principle.33

In addition to reviewing the several concepts and theoretical tools involved
in the description of one-dimensional correlated electronic problems, below we
also consider the specific case of the one-dimensional Hubbard model. Both
here and in the following chapter we summarize how the low-energy and finite-
energy physics of the model is described in terms of the aboveexotic objects. This
provides important information about the non-perturbative microscopic processes
which control the unconventional properties observed in many low-dimensional
complex materials, which are described in Refs. 7-11.

1.1.2. Fermi liquid theory

In many three-dimensional systems the effect of interactions between fermionic
particles is taken into account using the so-called Fermi liquid theory. In this the-
ory2 the excitation spectrum is fermionic but i) the quasiparticle parameters are
renormalized with respect to the free system (like the effective mass), ii) the ther-
modynamic quantities have a behavior similar to the free electron case but also
with renormalized parameters, iii) the lifetime of the quasiparticles is finite, ex-
cept at the Fermi surface where it diverges likeτ ∼ (ǫ − ǫF )−2, (therefore the
quasiparticles are well defined quantities for energies close to the Fermi surface)
and iv) new collective modes emerge in the system. The lifetime of the quasi-
particles is a consequence of the interactions and the energy of the excitations is
expressed as,

∆E =
∑

~k

(
ǫ0(~k) − µ

)
∆N(~k) +

1

2

∑

~k,~k′

∆N(~k)f(~k,~k′)∆N(~k′) + · · · , (1.1)

where∆N(~k) is the deviation of the quasiparticle distribution with respect to
the equilibrium distribution andf(~k,~k′) results from the residual interactions be-
tween the quasiparticles. The interactive term is of the same order of magnitude
as the free term since the deviation of the energies, with respect to the chemical
potential, is also small in the regime where the quasiparticles have a long lifetime.
The fermionic nature of the quasiparticles implies that theexcitation spectrum
remains similar to the free electron case. The spectrum is a continuum of low
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energy excitations due to the excitations of particles and holes of arbitrarily small
energies and momenta around the Fermi surface, in addition to the plasma mode
at finite frequency.

1.1.3. One-dimensional systems

The one-dimensional case is special due to the fact that the Fermi surface has only
two points. An important consequence is that any instability of momentum2kF
couples the two states at the Fermi surface and may lead to a gap in the spec-
trum (Peierls instability). The resulting spectrum is qualitatively different from
the spectrum of the Fermi gas (which has no gap) showing that the interactions
have an important role in the one-dimensional case. In general, in systems of
higher dimension, any instability that couples two points of the Fermi surface has
a null measure and therefore is not relevant to the behavior of the system (with
the exception of nesting). The Peierls instability in one dimension suggests that
the excitations of the system may have a different nature andcan be described in
terms of collective bosonic excitations.

Two models of one-dimensional conductors are normally considered in the lit-
erature. The first is a continuum model where one considers electrons with weak
interactions and where the electrons occupy states that areextended. The other
model is suitable in the opposite limit, where the electronshave wave functions
which are more localized, typically with a strong atomic character. The model is
immersed in a lattice and describes situations of narrow bands where the interac-
tions (or at least the correlations) between the electrons are typically strong. The
continuum model was originally considered by Tomonaga3 and Luttinger4 and
the lattice model was introduced by Hubbard.6 Actually, the Tomonaga-Luttinger
model also constitutes a good starting point in situations where the interactions
between the electrons are not weak, as long as one is interested in the low-energy
and small-momentum properties, where the lattice details are not important.

1.1.4. Tomonaga and Luttinger models

The dispersion relation of the free electron gas is such thatonly the electrons close
to the Fermi surface are important. It is therefore usual to linearize the dispersion
relation in the formǫr(k) = vF (rk − kF ) introducing two branches (r = ±1)
around the two Fermi points±vF . It is then necessary to introduce a cut-offk0.
Such a procedure leads to the Tomonaga model.3 It is also possible (and conve-
nient) to consider a dispersion relation without cut-off, extending the bands to±∞
(note that considering only the regime of small energies these additional states are
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not expected to affect the behavior). This choice corresponds to the Luttinger
model.4 This model describes therefore two types of fermions corresponding to
the two branchesr = ±1, whose densities interact via two interactions: one term
corresponds to interactions between electrons in the same branch (g2) and the
other between electrons in different branches (g4). The Luttinger model is defined
byH = H0 +H2 +H4 where,

H0 =
∑

r,k,s

vF (rk − kF ) : c†rkscrks : ,

H2 =
1

L

∑

p,s,s′

(
g2,||(p)δs,s′ + g2,⊥(p)δs,−s′

)
ρ+,s(p)ρ−,s′(−p) ,

H4 =
1

2L

∑

r,p,s,s′

(
g4,||(p)δs,s′ + g4,⊥(p)δs,−s′

)
: ρr,s(p)ρr,s′(−p) : . (1.2)

The first term is the usual kinetic operator and in the interacting terms the spin,s,
dependence on the interactions is considered in the forms|| or ⊥. The operators
have to be normal ordered to eliminate the infinite number of states introduced in
the model, by subtracting the average value in the ground state.

Besides these terms that only include low-momentum scattering, the Luttinger
model may be extended considering additional terms that take into account the
possibility of finite momentum excitations, where the two branches are coupled,
allowing backscattering or considering Umklapp processes. The model without
these additional terms is exactly solvable.5 The Hamiltonian conserves the total
charge, the spin, and also these quantities separately in each branch. Therefore
the charge and spin currents are also conserved.

1.1.5. Bosonization

One way to solve the Luttinger model results from the property that the commu-
tator of the density operators is given by,

[ρr,s(p), ρr′,s′(−p′)] = −δr,r′δs,s′δp,p′
rpL

2π
, (1.3)

whereL is the system length. Therefore the density operators satisfy bosonic
commutation relations. Defining charge and spin density operators in each branch
ρr(p) = (ρr,↑(p) + ρr,↓(p)) /

√
2, σr(p) = (ρr,↑(p) − ρr,↓(p)) /

√
2, and using

Kronig’s identity, where the kinetic term of the Hamiltonian can be written in a
bilinear form in the density operators, one obtains that theLuttinger model can be
diagonalized via a Bogoliubov-Valatin transformation leading to a separation of
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the charge and spin degrees of freedomH̃ = H̃ρ + H̃σ + H̃c,

H̃ν =
2πvν
L

∑

p6=0

: (ν̃+(p)ν̃+(−p) + ν̃−(p)ν̃−(p)) : ,

H̃c =
π

2L

∑

ν=ρ,σ

(
vν
Kν

(N+,ν +N−,ν)
2 + vνKν(N+,ν −N−,ν)

2

)
, (1.4)

(ν = ρ, σ) where the charge and spin velocities are given by,

vν =

√(
vF +

1

2π
(g4|| ± g4⊥)

)2

−
(

1

2π
(g2|| ± g2⊥)

)2

, (1.5)

(+,− corresponds toρ, σ respectively),Nr,ν = ρr,ν(p = 0), and the parameters
Kν are given by,

Kν =

√
πvF + 1

2 (g4|| ± g4⊥) − 1
2 (g2|| ± g2⊥)

πvF + 1
2 (g4|| ± g4⊥) + 1

2 (g2|| ± g2⊥)
. (1.6)

The operators of the charge and spin degrees of freedom commute among them-
selves and are separately conserved, as said above. Moreover, they propagate with
different velocities leading to an effective separation inreal space.

The non-existence of fermionic excitations implies that there are no quasipar-
ticles at the Fermi surface. The residue of the pole of the Green function is zero.
The density of states vanishes at the Fermi surface and therefore we find a spectral
weight reduction near that surface. There is ample experimental evidence for these
unusual properties. Using photoemission experiments it was found7 that there is
no Fermi edge in the dispersion relation in the two quasi-one-dimensional com-
pounds K0.3MoO3 and (TaSe4)2I. Also, spin-charge separation was observed8 in
the material SrCuO2. Further evidence for spin-charge separation was found in
the organic conductor TTF-TCNQ9 and it was further established that the exper-
imental results are not compatible with standard band theory and that the inter-
action/correlation effects are determinant. Further unconventional behavior was
observed in the Mott insulators SrCuO2 and Sr2CuO3 whose dispersion relations
are not consistent with band theory.10,11

The diagonalization of the Luttinger model shows that the Hamiltonian and its
excitations are described by bosonic modes. However, the calculation of arbitrary
correlation functions requires products of fermionic operators. The full solution
of the model including all its correlation functions involves the representation of
the fermionic operators in terms of the bosonic operators. This procedure is called
bosonization.12
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The charge density and the current,js(x), satisfy the following commutator,

[ρs(x), js(x
′)] = − i

π

∂

∂x
δ(x − x′) , (1.7)

where js(x) =: ρ+,s(x) − ρ−,s(x) :. Let us then consider two conju-
gate fields,Φs(x) and Πs(x), satisfying the canonical commutation relation
[Φs(x),Πs(x

′)] = iδ(x − x′). Identifying the operatorsρs(x) = − 1
π
∂
∂xΦs(x)

andjs(x) = Πs(x), satisfies the commutation relation. This result suggests that
we may represent the density by a bosonic field of the form∂Φs(x)

∂x = −πρs(x).
The introduction of a fermion at sitex creates a kink (soliton) of amplitudeπ in
the bosonic field. The introduction of one particle at pointx implies that the rest
of the particles have to adjust to accept the new particle atx. We may therefore
express the fermionic operator in the form of a translation operator (plus a phase
needed to yield the anti-commutation relations),13

ψr,s(x) ∼ lim
α→0

1

2πα
eirkFx−irΦr,s(x)+iπ

∫ x
−∞ dzΠr,s(z) . (1.8)

The Luttinger model may also be expressed asH = Hρ +Hσ, where,

Hν =

∫
dx

(
πuνKν

2
Π2
ν +

uν
2πKν

(∂xφν)
2

)
, (1.9)

with ν = ρ, σ. Such a transformation allows the calculation of all the correlation
functions of the Luttinger model (gaussian model). The correlation functions are
characterized by critical exponents which are non-universal. The calculation of
the correlation functions is reduced in this context to averages over a gaussian
distribution. For instance, within bosonization it can be shown that,14

< n(x)n(0) >=
Kρ

(πx)2
+A1

cos(2kFx)

x1+Kρ

1

ln−3/2(x)
+A2

cos(4kFx)

x4Kρ
, (1.10)

and

< ~S(x) · ~S(0) >=
1

(πx)2
+B1

cos(2kFx)

x1+Kρ

1

ln1/2(x)
. (1.11)

Also, the quantityKρ determines the singularity of the momentum distribution,

nk ∼ 1

2
− k − kF

|k − kF |
|k − kF |α , (1.12)

whereα = (Kρ + 1/Kρ − 2)/4 is the exponent of the single-particle density of
statesN(ω) ∼ |ω|α as well.

One needs to determine the parameterKρ for each specific model. We may
take several routes. A possible way is to note that the coefficient uρ/Kρ in the
Hamiltonian is proportional to the variation of the ground state energy with respect
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to the particle number, since the gradient of the phase fieldφρ is proportional to
the density,

1

L

∂2E0(n)

∂n2
=
π

2

uρ
Kρ

. (1.13)

Once the ground state energy for instance for the Hubbard model may be obtained
from the exact solution via the Bethe ansatz, we may calculate the parameterKρ

and therefore the critical exponents. It turns out that1/2 < Kρ < 1. For large
on-site repulsion,U ,Kρ = 1/2 andα = 1/8. We will return to this point ahead.
Very similar results can be obtained for the closely relatedTomonaga model.

1.1.6. Tomonaga-Luttinger liquids

Even though the Tomonaga and Luttinger models are very simplified, they de-
scribe in a qualitatively correct way the low energy properties of many interact-
ing one-dimensional systems. A broadly used nomenclature classifying interact-
ing one-dimensional systems whose low-energy behavior falls in the universal-
ity class of the Tomonaga and Luttinger models is that of a Tomonaga-Luttinger
liquid. One of the consequences of this universality is thatthe critical behavior
of the Tomonaga-Luttinger liquids is determined by the critical exponents of the
Tomonaga and Luttinger models (however, the values of the exponents depend on
the parameters of each specific model). Another class of one-dimensional systems
is the Luther-Emery class15 which groups systems with gaps in the spectrum. In
particular, for instance the addition of the backscattering term to the Luttinger
model leads in some regimes (for an attractive interaction)to a gap in the spin
excitations. The Umklapp term leads to a gap in the charge excitations.

1.2. Hubbard model

A model whose low-energy physics is in the class of the Tomonaga-Luttinger
liquids is the repulsive Hubbard model, away from half-filling. On the other hand,
the attractive Hubbard model has a gap in the spin excitations and is in the class
of the Luther-Emery model. The model is described by the Hamiltonian,

Ĥ = −t
∑

j,σ

(
c†j,σcj+1,σ + c†j+1,σcj,σ

)
+ UD̂ − U

2
N +

U

4
Na ,

D̂ =
∑

j

c†j,↑cj,↑c
†
j,↓cj,↓ , (1.14)

describing a tight-binding model forN electrons with nearest-neighbor amplitude
t where electrons of opposite spins interact with each other via a local repulsive
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Coulomb potential,U , on a lattice withNa sites. In this model only states with
l = 0 are taken into account and therefore in each lattice site themaximal number
of electrons is2. D̂ is the double occupancy operator. In general, we use units
of Planck constant~ and lattice constanta such that~ = a = 1. The model
has[SO(4) × U(1)]/Z2 global symmetry and (ifNa is even) commutes with the
six generators of the spin and eta-spinSU(2) algebras and the generator of a
hidden symmetry which is half of the number operator of sitessingly occupied by
"rotated electrons".16 The spin generators and the eta-spin generators are given by
Ŝzs = − 1

2 [N̂↑−N̂↓], Ŝ†
s =

∑
j c

†
j,↓cj,↑ andŜs =

∑
j c

†
j,↑cj,↓; Ŝzc = − 1

2 [Na−N̂ ],

Ŝ†
c =

∑
j(−1)jc†j,↓c

†
j,↑ andŜc =

∑
j(−1)jcj,↑cj,↓. We callSc (andSs) theη-

spin (and spin) value of an energy eigenstate andSzc (andSzs ) its η-spin (and spin)
projection.

1.2.1. Bethe ansatz solution

The Hubbard model has been solved exactly via the Bethe ansatz.17 That solution
refers to a subspace spanned by the lowest-weight states (LWSs) of both theη-
spin and spin algebras. The latter states are such thatSα = −Szα whereα = c, s.
Within the thermodynamic limit the solution involves degrees of freedom that
correspond to different rapidity branches. In addition to ac0 charge-momentum
rapidity, there are sets ofαν rapidities. The general rapidity branch labelαν

is such thatα = c, s andν = 0, 1, 2, ... for α = c andν = 1, 2, ... for α =

s. The cν andsν rapidities are associated with the charge and spin degrees of
freedom, respectively. Forν > 0 the cν and sν rapidities may be associated
with charge2ν-holon and spin2ν-spinon composite objects, respectively, where
holons and spinons are elementary "particles" which carryη-spin 1/2 and spin
1/2, respectively.28

For electronic densitiesn ≤ 1, the ground state has finite occupancies for the
chargec0 and spins1 branches only, reinforcing the idea that in that system there
is a separation of degrees of freedom. However, the corresponding quantum ob-
jects called pseudoparticles in Refs. 27,28 are not independent and have residual
interactions. In theU → ∞ limit the equations that determine the residual in-
teractions between those pseudoparticles and corresponding degrees of freedom
decouple (but the spin degrees of freedom affect the charge degrees of freedom
through a boundary condition term).
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The Bethe ansatz equations are given by,

qj = q(kj) = kj +
2

Na

∑

αν 6=c0

N∗
αν∑

j′=1

NR
αν(Λαν, j′ ) arctan

(sin(kj) − Λαν, j′

νU/4t

)
;

j = 1, 2, ..., Na , (1.15)

qj = q(Λαν, j)

= kαν, j − (δα,c − δα,s)
2

Na

Na∑

j′=1

NR
c0(kj′ ) arctan

(Λαν, j − sin(kj′ )

νU/4t

)

− 1

Na

Na/2∑

ν′=1

N∗
αν′∑

j′=1

NR
αν′(Λαν′, j′ )Θν, ν′

(Λαν, j − Λαν′, j′

U/4t

)
;

j = 1, 2, ..., N∗
αν ; αν 6= c0 , (1.16)

wherekαν, j = δα,c2 Re {arcsin(Λcν, j + iνU/4t)} with j = 1, 2, ..., N∗
αν for

αν 6= c0 and the value of the numberN∗
αν ≤ Na is defined by Eqs. (B.6)

and (B.7) of Ref. 28. The occupied and unoccupied valueskj of the charge-
momentum rapidity and the occupied and unoccupied valuesΛαν, j of the αν
rapidities of a given energy eigenstate are determined by these equations which are
valid for large values ofNa andN and were first introduced by Takahashi.19 Here
we wrote them in functional form in terms of the distributionfunctionsNR

c0(kj)

andNR
αν(Λαν, j), whose occupancies are well defined for each state. The function

Θν, ν′(x) is given in Eq. (B.5) of Ref. 28. The equations (1.15) and (1.16) include
the discrete bare-momentum valuesqj of the formqj = [2π/Na] I

c0
j andqj =

[2π/Na] I
αν
j for αν 6= c0 where the numbersIc0j andIανj with j = 1, 2, ..., Na

andj = 1, 2, ..., N∗
αν, respectively, are the quantum numbers whose occupancy

configurations describe the energy eigenstates. The latternumbers are integers or
half-odd integers as a result of the following boundary conditions,

eiqj Na = (eiπ)
[
∑

α=c, s

∑∞
ν=1Nαν ] , (1.17)

in the case of thec0 branch and,

eiqj Na = (eiπ)[1+N
∗
αν ] = (eiπ)[1+Nc0+Nαν ] ; α = c, s , ν = 1, 2, ... ,

(1.18)
for theαν 6= c0 branches. Thus, forαν 6= c0 the quantum numbersIανj are
integers (half-odd integers), ifN∗

αν is odd (even). On the other hand, the quantum
numbersIc0j are integers (half-odd integers), ifNa

2 −∑αν 6=c0Nαν is odd (even).
There is for thec0 branch (and theαν 6= c0 branches) of all energy eigenstates
a one-to-one correspondence between the discrete bare-momentum valueqj and
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the discrete charge-momentum rapidity valuekj (and discreteαν rapidity value
Λαν, j) with the same value for the indexj such thatj = 1, ..., Na (and j =

1, ..., N∗
αν). That correspondence is such that there is no level crossing between

the set ofNa c0 pseudoparticle discrete bare-momentum values{qj} (andN∗
αν

αν 6= c0 pseudoparticle discrete bare-momentum values{qj}) and the set of
charge momentum rapidity values{kj} (andαν rapidity values{Λαν, j}). This
means that ifqj > qj′ for thec0 branch (and for aαν 6= c0 branch), thenkj > kj′

(andΛαν, j > Λαν, j′ ) for the same values ofj andj′, respectively.
The occupancies of the bare-momentum valuesqj obey a Pauli principle,i.e.

a discrete bare-momentum valueqj can either be unoccupied or singly occu-
pied. Such occupancies can be described by bare-momentum distribution func-
tionsNαν(qj). Moreover, there is also a one-to-one correspondence between the
occupied discrete bare-momentum valuesqj and the occupied discrete charge-
momentum rapidity valueskj or discreteαν rapidity valuesΛαν, j , such that
j = 1, ..., Nc0 or j = 1, ..., Nαν, respectively. That correspondence is behind
the equalitiesNc0(qj) = NR

c0(kj) andNαν(qj) = NR
αν(Λαν, j) for the same val-

ues of the indexj. The bare-momentum distribution functions readNαν(qj) = 1

for occupied discrete bare-momentum valuesqj andNαν(qj) = 0 for unoccupied
discrete bare-momentum valuesqj . The pseudoparticle representation of Ref. 28
corresponds to the description of the energy eigenstates interms of the discrete
bare-momentumqj occupancy configurations, instead of the charge-momentum
rapiditykj andαν rapidityΛαν, j occupancy configurations. Thus, the above dis-
tributionsNαν(qj) are theαν bare-momentum pseudoparticle distribution func-
tions. These functions are for all energy eigenstates the eigenvalues of the follow-
ing pseudoparticle bare-momentum distribution function operators,

N̂αν(qj) = b†qj , αν bqj , αν . (1.19)

Here the operatorb†qj , αν (andbqj , αν) creates (and annihilates) aαν pseudoparticle
of bare-momentumqj . Each LWS of both theη-spin and spin algebras is uniquely
specified by the values of[Na − N ], [N↑ − N↓], and the set of bare-momentum
distribution functions{Nαν(qj)} such thatν = 0, 1, 2, ... for α = c andν =

1, 2, ... for α = s andj = 1, ..., N∗
αν .

One finds by straightforward manipulation of the Bethe-ansatz equations
(1.15) and (1.16) that the spacings[kj+1 − kj ], [kcν, j+1 − kcν, j ], and[Λαν, j+1 −
Λαν, j ] depend on the value ofj and are given by,

kj+1 − kj =
2π

L

1

2πρ(kj)
; kcν, j+1 − kcν, j =

2π

L

1

2πρcν(Λcν, j)
;
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Λαν, j+1 − Λαν, j =
2π

L

1

2πσαν(Λαν, j)
. (1.20)

Here 2πρcν(Λ) = 1
2 2πσcν(Λ)Re

√
1 − (Λ + iνU/4t)2 and the functionals

2πρ(k) and2πσαν(Λ) are the solutions of well defined coupled integral equa-
tions. In contrast, the bare-momentum spacing is independent of j and given
by [qj+1 − qj ] = 2π/L and hence one can replaceqj by a continuous bare-
momentumq so that the charge-momentum rapiditykj = k(qj) and theαν ra-
pidity Λαν, j = Λαν(qj) are for each energy eigenstate described by functions of
q, k(q) andΛαν(q), respectively. The Takahashi’s equations (1.15) and (1.16) are
expressed in terms of the corresponding bare-momentum pseudoparticle distribu-
tion functions as follows,

q = k(q) +
1

π

∑

αν 6=c0

∫ qαν

−qαν

dq′Nαν(q
′) arctan

( sin(k(q)) − Λαν(q
′)

νU/4t

)
, (1.21)

q = kαν(q) − (δα,c − δα,s)
1

π

∫ q+c

q−c

dq′Nc0(q
′) arctan

(Λαν(q) − sin(k(q′))

νU/4t

)

− 1

2π

Na/2∑

ν′=1

∫ qαν

−qαν

dq′Nαν′(q′)Θν, ν′

(Λαν(q) − Λαν′(q′)

U/4t

)
; αν 6= c0 .

(1.22)

Herekαν(q) = δα,c2 Re {arcsin(Λcν(q) + iνU/4t)} for αν 6= c0, the function
Θν, ν′(x) is defined in Eq. (B.5) of Ref. 28, and the limiting bare-momentum val-
uesqαν andq±c are defined by Eqs. (B.14) and (B.16)-(B.17), respectively,of that
reference. For a given energy eigenstate specified by the setof bare-momentum
distribution functions{Nαν(q)}, the solution of Eqs. (1.21) and (1.22) uniquely
defines the set of occupied and unoccupied values of the charge rapidity momen-
tum functionk(q) and set ofαν rapidity functionsΛαν(q) associated with that
state.

For LWSs the energy and the momentum spectra are given by,

E = − tNa
π

∫ q+c

q−c

dq Nc0(q) cos(k(q)) − U

2
N +

U

4
Na

+
2tNa
π

Na/2∑

ν=1

∫ qcν

−qcν

dq Ncν(q)Re
{√

1 − (Λcν(q) + iνU/4t)2
}

(1.23)
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and

P =
L

2π

{∫ q+c0

q−c0

dq Nc(q) q +

∞∑

ν=1

∫ qsν

−qsν

dq Nsν(q) q

+
∞∑

ν=1

∫ qcν

−qcν

dq Ncν(q) [
π

a
(1 + ν) − q]

}
, (1.24)

respectively, where when|P | > π the value of the momentum should be brought
to the first Brillouin zone. The states occupation numbers are not independent.
For instance, they have to obey the sum rules,

N = Nc0 + 2
∑

cν 6=c0
νNcν ,

N↑ −N↓ = Nc0 − 2
∑

sν

νNsν , (1.25)

and the values of the quantum numbersIc0j and Iανj are contained in inter-
vals such that the corresponding bare-momentum valuesqj = [2π/Na] I

c0
j and

qj = [2π/Na] I
αν
j belong to the rangesq−c ≤ qj ≤ q+c and−qαν ≤ qj ≤ qαν ,

respectively. For the low-energy subspace spanned by states with vanishing oc-
cupancies for the sets of numbers{Nsν} = 0 and {Ncν} = 0 for ν > 1

andν > 0, respectively, the magnetization provided in Eq. (1.25) simplifies to
N↑ −N↓ = Nc0 − 2Ns1.

The generators of the LWSs onto the electronic vacuum can be expressed as
products of the pseudoparticle operatorsb†q,αν and all energy eigenstates are also
eigenstates of the operators (1.19) whose eigenvalues are the pseudoparticle num-
bers. The pseudoparticles do not obey fermionic statistics(except for thec0 pseu-
doparticles) but their statistics can be classified according the generalized Pauli
principle of Haldane.33 The pseudoparticle operator anticommutation relations
are given by,

{b†qj , αν , bqj′ , α
′ν′} = δαν, α′ν′ F (qj , qj′) ;

{b†qj , αν , b
†
qj′ , α

′ν′} = {bqj, αν , bqj′ , α
′ν′} = 0 , (1.26)

where

F (qj , qj′ ) = δqj , qj′
, (1.27)

when forαν = α′ν′ both theIανj andIανj′ numbers such thatqj = [2π/L] Iανj
andqj = [2π/L] Iανj′ , respectively, are integers or half-odd integers and,

F (qj , qj′ ) =
i

L

1

e+i(qj−qj′ )/2 sin([qj − qj′ ]/2)
, (1.28)



STRONGLY CORRELATED SYSTEMS, COHERENCE AND ENTANGLEMENT 
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/materialsci/6391.html

March 22, 2007 8:55 World Scientific Review Volume - 9in x 6in revbook

16 J.M.P. Carmelo et al.

when forαν = α′ν′ the aboveIανj numbers are integers (or half-odd integers)
and theIανj′ numbers are half-odd integers (or integers).

The momentum dependent creation and annihilation operators can be formally
defined locally on an effectiveαν lattice, whose lattice constantaαν is defined so
that the length of such a lattice isαν independent and equal toL: aαν = a Na

N∗
αν

.
Hence the above numbersN∗

αν are also the number ofαν lattice sites. The num-
bersN∗

αν ≤ Na correspond to the upper and lower bounds on the quantum num-
bersIανj for αν 6= c0 such thatj = 1, ..., N∗

αν of the above Bethe-ansatz equa-
tions. Such equations are valid forNa >> 1 within the so called Takahashi string
hypothesis19 and provide naturally the values of the numberN∗

αν ≤ Na, which
are given in Eqs. (B.6) and (B.7) of Ref. 28. The corresponding numbers±qαν
refer to the largest possible absolute bare-momentum value(the boundaries of the
αν bare-momentum Brillouin zone). Only for one branch (c0-pseudoparticles),
does the total number of allowed discrete momenta equals thenumber of "real"
lattice sitesNa.

In the standard Bethe ansatz literature one often uses the chargec0 and spin
s1 rapidity density functions2πρ(k) and2πσs1(Λ), respectively, appearing in Eq.
(1.20),17 which are the only relevant ones for the above low-energy subspace. For
that subspace, they obey the simplified integral equations,

2πρ(k) = 1 +
U

4πt
cos k

∫ B

−B
dΛ′ 2πσs1(Λ

′)

[U/4t]2 + [sin k − Λ′]2
,

2πσs1(Λ) =
U

4πt

∫ Q

−Q
dk′

2πρ(k′)

[U/4t]2 + [sink′ − Λ]2

− U

8πt

∫ B

−B
dΛ′ 2πσs1(Λ

′)

[U/4t]2 + [(Λ − Λ′)/2]2
.

In these equations the cutoff parametersQ andB are defined by,
∫ Q

0

dk′2πρ(k′) = πn = 2kF ,

∫ B

0

dΛ′2πσs1(Λ
′) = πn↓ = kF↓ .

The solution of the problem reveals that in general the stateof the system
is metallic, except at half-filling (n = N/Na = 1) where it constitutes a Mott-
Hubbard insulator for any finite value ofU > 0.17 The thermodynamics of the
model was solved and leads to a low temperature specific heat that is linear in the
temperature and to a susceptibility that is finite (as in a Luttinger liquid and Fermi
liquid). Except for the one-electron properties, this result suggests an alternative
description of the system in a form closer to that of the Landau theory.
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From the thermodynamics point of view, the system has similar properties to
those of a Fermi liquid but the correlation functions are qualitatively different. In
particular, the correlation function of a single particle is qualitatively different,
as seen above for the Luttinger liquid. The analysis of the correlation functions
of the Hubbard model will reveal that at low energies the model is indeed of the
Tomonaga-Luttinger liquid class. However, at finite energies a new description,
reviewed in Ref. 1, is necessary.

Below, we consider often the above-mentioned low-energy subspace where
the limiting bare-momentum valuesqs1 andq±c defined by Eqs. (B.14) and (B.16)-
(B.17) of Ref. 28, respectively, simplify and except for corrections of order1/L
can be written as,

qs1 = kF↑ ; q±c = ±π ; qFs1 = kF↓ ; qFc0 = 2kF . (1.29)

In this equation we also provided the values of thec0 and s1 Fermi momenta
which appear in the ground-state bare-momentum distributions used below.

1.2.2. Landau liquid description

As discussed above, the Bethe ansatz solution can be described in terms of a pseu-
doparticle representation associated with the bare momenta qj = [2π/Na] I

c0
j

andqj = [2π/Na] I
αν
j and corresponding quantum numbersIc0j andIανj which

have a regular distribution, similar to that of the discretemomenta of usual non-
interacting fermionic systems. For example, the ground state of the system is
obtained considering a symmetrical distribution of the numbersIc0j around the
origin, filling the acessible numbers until a value such thatthe maximal occupied
number is according to Eq. (1.29),|q| = qFc0 = 2kF = πn (the maximal value of
|q| is π), defining the Fermi surface of thec0 band. In the same way, the numbers
Is1j are distributed in a symmetrical way, such that the maximal occupied number
corresponds to the value|q| = qFs1 = kF↓ given in Eq. (1.29) (the maximal value
is also provided in that equation and readsqs1 = kF↑ wherekFσ = Nσ/N , with
σ =↑, ↓). At zero magnetizationqFs1 = qs1 = kF , thes1 bare-momentum band
is full and at half-filling thec0 band is full as well.

Away from half-filling and at finite magnetization the low-energy excitations
around the ground state lead to small deviations relative tothe equilibrium distri-
butions of the quantum numbersIc0j , I

s1
j . Those excitations are just particle-hole

excitations in thec0 ands1 bare-momentum bands, like in the usual description
of a Fermi liquid, except that thes1 pseudoparticles are not strictly fermions and
both thec0 ands1 pseudoparticles do not have a one-to-one correspondence to
the electrons, asU/t → 0. Their occupancy configurations correspond to ex-
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act energy eigenstates of the many-body system obtained from the Bethe ansatz
solution. In the standard rapidity description the excitations are obtained by in-
troducing "holes" or "particles" in the distribution functions of the related charge-
momentum rapiditieskj andαν rapiditiesΛαν, j .18

Let us now focus our attention on the ground state distributions which, except
for corrections of the order of1/L, can be written asN0

c0(q) = Θ(qFc0 − |q|) =

Θ(2kF − |q|) andN0
s1(q) = Θ(qFs1 − |q|) = Θ(kF↓ − |q|). Hereq is the above

pseudoparticle bare momentum. At low energies the excitations are characterized
by deviations from the ground-state distributions. Then one may introduce general
distributionsNc0(q) = N0

c0(q) + ∆Nc0(q) andNs1(q) = N0
s1(q) + ∆Ns1(q). In

the limit when the deviations are small the energy of the system may be expanded
around the ground-state distributions as follows,

E = E0 + E1 + E2 ,

E1 =
L

2π

{∫ π

−π
dq∆Nc0(q)ǫc0(q) +

∫ kF↑

−kF↑

dq∆Ns1(q)ǫs1(q)

}
,

E2 =
L

(2π)2
{
∫ π

−π
dq

∫ π

−π
dq′∆Nc0(q)

fc0 c0(q, q
′)

2
∆Nc0(q

′)

+

∫ kF↑

−kF↑

dq

∫ kF↑

−kF↑

dq′∆Ns1(q)
fs1 s1(q, q

′)

2
∆Ns1(q

′)

+

∫ π

−π
dq

∫ kF↑

−kF↑

dq′∆Nc0(q)fc0 s1(q, q
′)∆Ns1(q)} , (1.30)

in a way analogous to a Fermi liquid (to simplify, at this stage we only consider the
lower energy excitations). This reformulation of the problem has the advantage of
a standard band-like interpretation of the excitation spectrum. The energiesǫc0(q)
andǫs1(q) are the chargec0 and spins1 bands and the parametersfc0 c0, fs1 s1,
andfc0 s1 = fs1 c0 describe the residual interactions between the pseudoparticles.
Even though the formulation is similar to that of a Fermi liquid, the pseudoparti-
cles refer to energy eigenstates that do not decay in time.

It is shown in Ref. 28 that forν > 0 thecν andsν pseudoparticles are com-
posite objects: thecν (andsν) pseudoparticles areη-spin singlet2ν-holon (and
spin-singlet2ν-spinon) composite objects ofη-spin1/2 ν holons ofη-spin pro-
jection 1/2 andν holons ofη-spin projection−1/2 (and spin1/2 ν spinons of
spin projection1/2 andν spinons of spin projection−1/2). Theη-spin projec-
tion 1/2 (and−1/2) holons correspond to rotated-electron unoccupied sites (and
doubly-occupied sites). The spinons of spin projection±1/2 refer to the spins
of the rotated electrons which singly occupied sites.The original non-perturbative
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electronic problem (the spectral function of the 1D Hubbardmodel is fully inco-
herent) becomes "perturbative" in the pseudoparticle basis.23

Fig. 1.1. The pseudoparticle energy bandǫc0(q) in units oft for densityn = 1/2 and various values
of U/t. Reproduced with permission of the American Physical Society from Ref. 27.

Fig. 1.2. The pseudoparticle energy bandǫc0(q) in units oft for densityn = 5/6 and various values
of U/t. Reproduced with permission of the American Physical Society from Ref. 27.
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Fig. 1.3. The pseudoparticle energy bandǫs1(q) in units oft for densityn = 5/6 and various values
of U/t. Reproduced with permission of the American Physical Society from Ref. 27.

The pseudoparticle band expressions can be expressed in terms of the follow-
ing integrals,28

ǫc0(q) =

∫ k0(q)

Q

dk′2tη(k′) ,

ǫs1(q) =

∫ Λ0
s1(q)

B

dΛ′2tηs1(Λ
′) ,

where the functions in the upper limits are such that their inverse functions are
given by the following integrals,

q =

∫ k0(q)

0

dk′2πρ(k′) ,

q =

∫ Λ0
s1(q)

0

dΛ′2πσs1(Λ
′) .

(1.31)

At the c0 and s1 Fermi momenta these functions readk0(2kF ) = Q and
Λ0
s1(kF↓) = B, respectively. The other distributions involved in the above band
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expressions obey the integral equations,

2tη(k) = 2t sink +
U

4πt
cos k

∫ B

−B
dΛ′ 2tηs1(Λ

′)

[U/4t]2 + [sin k − Λ′]2
,

2tηs1(Λ) =
U

4πt

∫ Q

−Q
dk′

2tη(k′)

[U/4t]2 + [sink′ − Λ]2

− U

8πt

∫ B

−B
dΛ′ 2tηs1(Λ

′)

[U/4t]2 + [(Λ − Λ′)/2]2
.

The velocities associated with the energy bands are given byvc0(q) =

dǫc0(q)/dq andvs1(q) = dǫs1(q)/dq. The bands are such thatǫc0(2kF ) = 0

andǫs1(kF↓) = 0. The energy bands are shown in Figs. 1.1,1.2, and 1.3.
The pseudoparticle f-functions which describe their residual interactions read,

fc0 c0(q, q
′) = 2πvc0(q)Φc0 c0(q, q

′) + 2πvc0(q
′)Φc0 c0(q

′, q)

+ [2πvc0]
∑

j=±1

Φc0 c0(2kF j, q)Φc0 c0(2kF j, q
′)

+ [2πvs1]
∑

j=±1

Φs1 c0(kF↓j, q)Φs1 c0(kF↓j, q
′) , (1.32)

fs1 s1(q, q
′) = 2πvs1(q)Φs1 s1(q, q

′) + 2πvs1(q
′)Φs1 s1(q

′, q)

+ [2πvs1]
∑

j=±1

Φs1 s1(kF↓j, q)Φs1 s1(kF↓j, q
′)

+ [2πvc0]
∑

j=±1

Φc0 s1(2kF j, q)Φc0 s1(2kF j, q
′) , (1.33)

fc0 s1(q, q
′) = 2πvc0(q)Φc0 s1(q, q

′) + 2πvs1(q
′)Φs1 c0(q

′, q)

+ [2πvc0]
∑

j=±1

Φc0 c0(2kF j, q)Φc0 s1(2kF j, q
′)

+ [2πvs1]
∑

j=±1

Φs1 s1(kF↓j, q)Φs1 c0(kF↓j, q
′) , (1.34)

wherevc0 = vc0(2kF ) andvs1 = vs1(kF↓). While the f functions are associated
with the residual interactions of the pseudoparticles, thefunctionsΦ are the phase
shifts, in units ofπ, of the collisions between the corresponding pseudofermions.
The latter objects are introduced in the following chapter,Ref. 1. The phase shifts
appearing in the above f-function expressions are functions of the two momentum
values. Alternatively, one can define phase shifts which depend on the corre-
sponding two rapidity values. The two types of phase shifts are related according
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to

Φc0 c0(q, q
′) = Φ̄c0 c0(4t sink

0(q)/U, 4t sink0(q′)/U),

Φc0 s1(q, q
′) = Φ̄c0 s1(4t sink

0(q)/U, 4tΛ0
s1(q

′)/U),

Φs1 s1(q, q
′) = Φ̄s1 s1(4tΛ

0
s1(q)/U, 4tΛ

0
s1(q

′)/U),

Φs1 c0(q, q
′) = Φ̄s1 c0(4tΛ

0
s1(q)/U, 4t sink

0(q′)/U).

The rapidity phase shifts satisfy the integral equations,

Φ̄c0 c0(r, r
′) =

1

π

∫ y0

−y0
dr′′

Φ̄s1 c0(r, r
′)

1 + (r − r′′)2
,

Φ̄c0 s1(r, r
′) = − 1

π
arc tan(r − r′) +

1

π

∫ y0

−y0
dr′′

Φ̄s1 s1(r
′′, r′)

1 + (r − r′′)2
,

Φ̄s1 c0(r, r
′) = − 1

π
arc tan(r − r′) +

1

π

∫ y0

−y0
dr′′G(r, r′′)Φ̄s1 c0(r, r

′) ,

Φ̄s1 s1(r, r
′) =

1

π
arc tan(

r − r′

2
) − 1

π2

∫ x0

−x0

dr′′
arc tan(r′′ − r′)

1 + (r − r′′)2

+

∫ y0

−y0
dr′′G(r, r′′)Φ̄s1 s1(r

′′, r′) . (1.35)

Herex0 = 4t sinQ/U , y0 = 4tB/U , and the kernelG(r, r′) is given by,

G(r, r′) = − 1

2π

[
1

1 + ((r − r′)/2)2

] [
1 − 1

2

(
t(r) + t(r′) +

l(r) − l(r′)

r − r′

)]
,

(1.36)
where

t(r) =
1

π
[arc tan(r + x0) − arc tan(r − x0)] ,

l(r) =
1

π

[
ln(1 + (r + x0)

2) − ln(1 + (r − x0)
2)
]
.

The following phase-shift parameters play an important role in the quantum-
liquid physics,

ζic0 c0 = 1 + Φ̄c0 c0(x0, x0) + (−1)iΦ̄c0 c0(x0,−x0) ,

ζic0 s1 = Φ̄c0 s1(x0, y0) + (−1)iΦ̄c0 s1(x0,−y0) ,
ζis1 c0 = Φ̄s1 c0(y0, x0) + (−1)iΦ̄s1 c0(y0,−x0) ,

ζis1 s1 = 1 + Φ̄s1 s1(y0, y0) + (−1)iΦ̄s1 s1(y0,−y0) , i = 0, 1 .

These parameters can be written asζic0 c0 = ζic0 c0(x0), ζic0 s1 = ζic0 s1(x0),
ζis1 c0 = ζis1 c0(y0), andζis1 s1 = ζis1 s1(y0) where the functions on the right-hand
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side of these equations are defined as follows,

ζ1
c0 c0(r) = 1 +

1

π

∫ y0

−y0
dr′′

ζ1
s1 c0(r

′′)

1 + (r − r′′)2
,

ζ1
c0 s1(r) =

1

π

∫ y0

−y0
dr′′

ζ1
s1 s1(r

′′)

1 + (r − r′′)2
,

ζ1
s1 c0(r) = t(r) +

∫ y0

−y0
dr′′G(r, r′′)ζ1

s1 c0(r
′′) ,

ζ1
s1 s1(r) = 1 +

∫ y0

−y0
dr′′G(r, r′′)ζ1

s1 s1(r
′′) . (1.37)

The parameters corresponding to the symetrical linear combination of the phase
shifts are obtained as the inverse of the transpose of the matrix whose entries are
the antisymmetrical parameters given here. The point is that the above phase-shift
parameters are the elementary pieces of other quantities which play the same role
as the Landau parameters of Fermi liquid theory. Such pseudoparticle Landau
parameters are given by,

vc0 + F ic0 c0 = vc0[ζ
i
c0 c0]

2 + vs1[ζ
i
s1 c0]

2 ,

vs1 + F is1 s1 = vs1[ζ
i
s1 s1]

2 + vc0[ζ
i
c0 s1]

2 ,

F ic0 s1 = F is1 c0 = vc0ζ
i
c0 c0ζ

i
c0 s1 + vs1ζ

i
s1 s1ζ

i
s1 c0 , i = 0, 1 . (1.38)

The pseudoparticle Landau parameters can be defined in a way similar to that of
the Fermi-liquid theory quasiparticles,

F ic0 c0 =
1

2π

∑

j=±1

(j)ifc0 c0(2kF , j2kF ) ,

F is1 s1 =
1

2π

∑

j=±1

(j)ifs1 s1(kF↓, jkF↓) ,

F ic0 s1 = F is1 c0 =
1

2π

∑

j=±1

(j)ifc0 s1(2kF , jkF↓)

=
1

2π

∑

j=±1

(j)ifs1 c0(kF↓, j2kF ) . (1.39)

1.2.3. Low-temperature thermodynamics

Many low-energy quantities of the one-dimensional Hubbardmodel can be ex-
pressed in terms of the phase-shift parameters and related pseudoparticle Landau
parameters. As in a Fermi liquid the low-temperature specific heat does not de-
pend on such parameters and only involves the c0 and s1 pseudoparticle Fermi
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velocities. For electronic densities in the rangen < 1 and spin densitiesm > 0

the specific heat reads,22

cV
Na

=

(
k2
Bπ

3

)(
1

vc0
+

1

vs1

)
T . (1.40)

This result is obtained considering the first-order momentum distribution devi-
ation contributions to the energy when expressed in terms oflow-temperature
Fermi-Dirac distributions, for both thec0 pseudoparticles ands1 pseudoparticles.
The energy deviation is expressed in terms of the deviations,22

∆Nc0(q) = Nc0(q) − Θ(2kF − |q|) ,
∆Ns1(q) = Ns1(q) − Θ(kF,↓ − |q|) , (1.41)

whereNc0(q) andNs1(q) are the Fermi-Dirac distributions.
Also, the static charge and spin susceptibilities may be obtained in a way simi-

lar to that of a Fermi liquid.24 The magnetic susceptibility at zero temperature and
spin densitym = 0 was obtained first by Shiba.20 Here we follow the procedure
of Ref. 24 and present the expressions derived in that reference form > 0. For
most cases them → 0 limit of the obtained expressions provides the correspond-
ingm = 0 expression. The basic procedure corresponds to using expressions for
the chemical potential and the magnetic field given by,24

µ(n) =
U

2
− ǫ0c0(2kF ) − 1

2
ǫ0s1(kF↓) ,

H(m) = − ǫ
0
s1(kF↓)

2
, (1.42)

whereǫc0(q) = ǫ0c0(q) + µ − µ0H andǫs1(q) = ǫ0s1(q) + 2µ0H . The charge
susceptibility is then expressed as,

χc|H,m = − 1

n2

1

∂µ(n)/∂n|H,m
, (1.43)

and the spin susceptibility may be expressed as,

χs|µ,n =
2µ0

∂H(m)/∂m|µ,n
. (1.44)

It was obtained that these quantities can be written in termsof the above phase-
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shift parameters as follows,24

χc|H =
1

πn2

(
(ζ1
c0 c0)

2

vc0
+

(ζ1
s1 c0)

2

vs1

)
,

χs|µ =
µ2

0

π

(
(ζ1
c0 c0 − 2ζ1

c0 s1)
2

vc0
+

(ζ1
s1 c0 − 2ζ1

s1 s1)
2

vs1

)
,

χc|m =
1

πn2

(
1

vc0(ζ0
c0 c0 + ζ0

c0 s1/2)2 + vs1(ζ0
s1 c0 + ζ0

s1 s1/2)2

)
,

χs|n =
µ2

0

π

(
1

vc0(ζ0
c0 s1/2)2 + vs1(ζ0

s1 s1/2)2

)
. (1.45)

The dependence of these thermodynamic quantities on the various parameters is
discussed in Ref. 24.

Alternatively, the above given charge and spin susceptibilities can be ex-
pressed in terms of the Landau parameters provided in Eqs. (1.38) and (1.39),
as in Fermi liquid theory.

1.3. Summary

In this chapter we have briefly reviewed several schemes usedin the description
of the unusual properties of low-dimensional correlated systems. A hint on these
properties is provided by the Tomonaga and Luttinger modelswhere bosonization
techniques allow the solution at low energies.

We have devoted most of our attention to the one-dimensionalHubbard model
whose low-energy physics can, in spite of the lack of Fermi liquid behavior, be
described by a functional theory in terms of pseudoparticlebare-momentum dis-
tributions, which resembles that of Fermi liquid theory. Except that in the limit
of zero interaction the pseudoparticles do not map onto electrons, and forU > 0

the one-electron spectral function is fully incoherent, the low-temperature ther-
modynamics and the low-energy charge and spin susceptibilities can be derived
as in a Fermi liquid. However, it has proven exceedingly difficult in the past to
obtain information on correlation functions via the exact Bethe ansatz solution, if
we do not restrict to the asymptotic regime in space and time.The calculation of
correlation functions at general momentum and frequency isa complex problem
that has only been solved recently, as shown in the followingchapter.

In the ensuing companion chapter we review a transformationwhich maps
the pseudoparticles considered here onto non-interactingpseudofermions. That
enables the evaluation of matrix elements between energy eigenstates and the
construction of a pseudofermion dynamical theory. Such a theory provides ex-
pressions for finite-energy correlation and spectral functions.
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