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In this paper, we prove that if a delay differential equation with impulse effects
of the form

x′(t) = A(t)x(t) + B(t)x(t− τ) , t 6= θi,

∆x(θi) = Cix(θi) + Dix(θi−j), i ∈ N,

verifies a Perron condition then its trivial solution is uniformly asymptotically
stable.
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1. Introduction and Preliminaries

Delay differential equations with impulse effects can suitably model various
evolutionary processes that exhibit both delay and impulse characteristics.
In particular, they provide a natural description of the motion of several
real world processes which, on one hand, depends on the processes history
that often turns out to be the cause of phenomena substantially affec-
ting the motion and, on other hand, is subject to short time perturbations
whose duration is almost negligible. Such processes are often investigated in
various fields of science and technology, such as physics, population dyna-
mics, ecology, biological systems, optimal control, etc., see Refs. 1–11 and
reference quoted therein.

It is well known in the theory of ordinary differential equations (see
e.g. Ref. 12 [p. 120]) that if for every continuous function f(t) bounded on
[0,∞), the solution of the equation

x′(t) = A(t)x(t) + f(t),

satisfying x(0) = 0 is bounded on [0,∞), then the trivial solution of the
corresponding homogeneous equation
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x′(t) = A(t)x(t)

is uniformly asymptotically stable. This result is referred as Perron theo-
rem Ref. 13. Later, Perron theorem has been extended to delay differential
equations Ref. 12 [p. 371]. Indeed, it was shown that if for every continuous
function f(t) bounded on [0,∞), the solution of the equation

x′(t) = A(t)x(t) + B(t)x(t− τ) + f(t), t > 0

satisfying x(t) = 0 for t ∈ [−τ, 0] is bounded on [0,∞), then the trivial
solution of the equation

x′(t) = A(t)x(t) + B(t)x(t− τ),

is uniformly asymptotically stable. For more related materials, see the pa-
pers Refs. 14,15.

In this paper, we carry out the above result to a type of linear delay
differential equations with impulse effects. Indeed, we consider equation of
the form

x′(t) = A(t)x(t) + B(t)x(t− τ), t 6= θi,

∆x(θi) := x(θ+
i )− x(θi) = Cix(θi) + Dix(θi−j), i ∈ N,

(1)

and show that its trivial solution is uniformly asymptotically stable under
a Perron condition. Our equation differs from the previous ones, see also
Refs. 16–19, not only it is more general but also it allows delay terms in
the impulse conditions. Such impulse conditions are more natural for delay
differential equations.

With regard to equation (4) it is assumed that

(i) A and B are n×n continuous bounded matrices, τ > 0 is a positive
real number;

(ii) Ci and Di are n× n bounded matrices, j ∈ N is fixed;

(iii) {θi} is an increasing sequence of real numbers with lim
i→∞

θi = ∞.

We also assume that det(I + Ci) 6= 0 and that there exist a positive real
numbers ρ and ν such that ‖Di‖ ≤ ρ and ‖(I+Ci)−1‖ ≤ ρ and θi−θi−j ≤ ν

for all i ∈ N. ‖ · ‖ denotes any matrix norm.

Definition 1.1. Equation (4) is said to verify Perron condition if for every
continuous bounded on [0,∞) function f(t) and every bounded sequence
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βi the solution of

x′(t) = A(t)x(t) + B(t)x(t− τ) + f(t), t 6= θi,

∆x(θi) = Cix(θi) + Dix(θi−j) + βi, i ∈ N,
(2)

satisfying x(t) = 0 for t ∈ [−τ, 0] is bounded on t ∈ [0,∞).

By a solution of (6) on an interval J , we mean a function x defined on
J such that x is continuous on J except possibly at θi ∈ J for i ∈ N, where
x(θ+

i ) : lim
t→θ+

i

x(t) and x(θ−i ) := lim
t→θ−i

x(t) exist, x(θ−i ) := x(θi), and that x

satisfies (6) on J . Clearly, if f ≡ 0 and βi = 0 for all i ∈ N then (6) reduces
to (4).

Let PLC([−τ, 0],Rn) denote the set of piecewise left continuous func-
tions φ : [−τ, 0] → Rn having a finite number of discontinuity points of the
first kind. Under the above conditions, one can easily show that for given
σ ≥ 0 and φ ∈ PLC([−τ, 0],Rn) there is a unique solution x(t) of (6) such
that

x(t + σ) = φ(t), t ∈ [−τ, 0]. (3)

2. Preparatory Lemmas

The following lemmas, see Ref. 12 for delay differential equations without
impulse effects, are essential in proving the main result of this paper. Lemma
4.1 is needed to define an adjoint equation of (4), Lemma 2.2 provides rep-
resentation of solutions, and Lemma 2.3 is concerned with the boundedness
of fundamental matrices of (4).

Consider the equation

y′(t) = −AT (t)y(t)−BT (t + τ)y(t + τ), t 6= θi,

∆y(θi)− (I + CT
i )−1CT

i y(θi)− (I + CT
i )−1DT

i+jy(θ+
i+j), i ∈ N.

(4)

We claim that equation (9) is an adjoint of (4) with respect to a function
resembles the one used by Halanay in Ref. 12 [p. 371]. It turns out that this
function has the form

< y(t), x(t) >= yT (t)x(t) +
∫ t+τ

t

yT (s)B(s)x(s− τ)ds

+
∑

n(t)≤k<n(t)+j

yT (θ+
k )Dkx(θk−j), (5)

where

n(t) = min{i ∈ N : θi ≥ t}.



APPLIED ANALYSIS AND DIFFERENTIAL EQUATIONS 
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6407.html

January 8, 2007 18:38 WSPC - Proceedings Trim Size: 9in x 6in icaade

4 J.O. Alzabut

Lemma 2.1. If x(t) is a solution of (4) and y(t) is a solution of (9) then

〈y(t), x(t)〉 = c = constant,

where 〈 , 〉 is defined by (10).

Proof. Let t ∈ (θi, θi+1). Then

d
dt
〈y(t), x(t)〉 = −yT (t)A(t)x(t)− yT (t + τ)B(t + τ)x(t)

+ yT (t + τ)B(t + τ)x(t)− yT (t)B(t)x(t− τ)

+ yT (t)A(t)x(t) + yT (t)B(t)x(t− τ) = 0,

and hence 〈y(t), x(t)〉 = ci = constant for t ∈ (θi, θi+1). We may claim that
ci = c for i ∈ N. Indeed, since

ci+1 − ci = ∆ 〈y(t), x(t)〉 |t=θi ,

by (10) we have

ci+1 − ci = yT (θ+
i )x(θ+

i )− yT (θi)x(θi)

+
∑

n(θ+
i )≤k<n(θ+

i )+j

yT (θ+
k )Dkx(θk−j)

−
∑

n(θi)≤k<n(θi)+j

yT (θ+
k )Dkx(θk−j).

Since n(θ+
i ) = i + 1 and n(θi) = i, we have

ci+1 − ci = yT (θ+
i )x(θ+

i )− yT (θi)x(θi) − yT (θ+
i )Dix(θi−j)

+ yT (θ+
i+j)Di+jx(θi).

Using the impulse conditions in (4)

x(θ+
i ) = (I + Ci)x(θi) + Dix(θi−j)

and the impulse conditions in (9)

yT (θ+
i+j)Di+j = yT (θi)− yT (θ+

i )− yT (θ+
i )Ci

we deduce that ci+1 − ci = 0 for all i ∈ N and thus 〈y(t), x(t)〉 = c.

Remark 2.1. It is easy to verify also that the adjoint of (9) is (4), i.e they
are mutually adjoint of each other.
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Definition 2.1. A matrix solution X(t, α) of (4) satisfying X(α, α) = I

and X(t, α) = 0 for t < α is called a fundamental matrix of (4).

Definition 2.2. A matrix solution Y (t, α) of (9) satisfying Y (α, α) = I

and Y (t, α) = 0 for t > α is said to be a fundamental matrix of (9).

Lemma 2.2. Let X(t, α) be a fundamental matrix of (4) and σ ≥ 0 a real
number. If x(t) is a solution of (6), then

x(t) = X(t, σ)x(σ)

+
∫ σ

σ−τ

X(t, α + τ)B(α + τ)x(α)dα +
∫ t

σ

X(t, α)f(α)dα

+
∑

n(σ)−j≤k<n(σ)

X(t, θ+
k+j)Dk+jx(θk) +

∑

n(σ)≤k<n(t)

X(t, θ+
k )βk. (6)

Proof. Multiplying the differential equation in (6) by the matrix Y T (α, t)
and integrating with respect to α from σ to t, we obtain

x(t) = Y T (σ, t)x(σ)−
∫ t

σ

Y T (α + τ, t)B(α + τ)x(α)dα

+
∫ t

σ

Y T (α, t)B(α)x(α− τ)dα +
∫ t

σ

Y T (α, t)f(α)dα

+
∑

n(σ)≤k<n(t)

[
Y T (θ+

k , t)x(θ+
k )− Y T (θk, t)x(θk)

]
.

Replacing α by α+τ in the second integral and using the impulse conditions
in (6) and (9), we have

x(t) = Y T (σ, t)x(σ) +
∫ σ

σ−τ

Y T (α + τ, t)B(α + τ)x(α)dα

+
∑

n(σ)−j≤k<n(σ)

Y T (θ+
k+j , t)Dk+jx(θk)

+
∫ t

σ

Y T (α, t)f(α)dα +
∑

n(σ)≤k<n(t)

Y T (θ+
k , t)βk. (7)

Since X(t, σ) = Y T (σ, t), which can be seen by replacing x(t) by the fun-
damental matrix X(t, σ) in (7) with f ≡ 0 and βi = 0 for all i ∈ N, (7) is
the same as (6).
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Corollary 2.1. Let X(t, α) be a fundamental matrix of (4) and Y (t, α) be
a fundamental matrix of (9). Then

X(t, α) = Y T (α, t).

Lemma 2.3. If (4) verifies Perron condition, then

‖X(t, α)‖ < M for t ≥ α ≥ 0.

Proof. We first claim that there exists a constant d such that
∫ t

0

‖X(t, α)‖dα +
∑

0≤m<n(t)

‖X(t, θ+
m)‖ < d for t ≥ 0. (8)

Define the space Π = CB × S, where CB is the set of bounded func-
tions f ∈ C([0,∞),Rn) and S is the set of bounded sequences β = {βm},
βm ∈ Rn, m ∈ N. The elements are represented by the pair (f, β) supplied
by the norm ‖(f, β)‖ = sup

t∈[0,∞)

‖f(t)‖+ sup
m∈N

‖βm‖. Consider the operator U

defined on the Banach space Π by

U(f, βm) =
∫ t

0

X(t, α)f(α)dα +
∑

0≤m<n(t)

X(t, θ+
m)βm.

We may use the Banach Steinhaus theorem Ref. 20 by employing similar
arguments developed in Ref. 12 to arrive at (8).

Now let us consider (9) satisfied by Y (α, t). Integrating both sides from
σ to t leads to

Y T (σ, t) = I +
∫ t

σ

Y T (α, t)A(α)dα +
∫ t

σ

Y T (α + τ, t)B(α + τ)dα

−
∑

n(σ)≤i<n(t)

∆Y T (θi, t).

Observing that Y T (θi, t) = Y T (θ+
i , t)(I + Ci) + Y T (θ+

i+j , t)Di, we obtain

∑

n(σ)≤i<n(t)

‖∆Y T (θi, t)‖ ≤ 2ρ
∑

0≤i<n(t)

‖Y T (θ+
i , t)‖.

It follows that
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‖Y T (σ, t)‖ ≤ 1 + 2γ

∫ t

0

‖Y T (α, t)‖dα + 2ρ
∑

0≤i<n(t)

‖Y T (θ+
i , t)‖,

where

γ = max
{

sup
t≥0

‖A(t)‖, sup
t≥0

‖B(t)‖
}

.

Replacing Y T (σ, t) by X(t, σ) and using inequality (8) result in the desired
conclusion.

3. The Main Result

Theorem 3.1. If equation (4) verifies Perron condition then its trivial
solution is uniformly asymptotically stable.

Proof. Let x(t; σ, φ) denote the solution of (4) satisfying (3). From Lemma
2.2,

x(t; σ, φ) = X(t, σ)φ(0) +
∫ 0

−τ

X(t, α + σ + τ)B(α + σ + τ)φ(α)dα

+
∑

−j≤k<0

X(t, θ+
k+n(σ)+j)Dk+n(σ)+jφ(θk).

By Lemma 2.3, there exists M > 0 such that ‖X(t, r)‖ < M . Hence

‖x(t; σ, φ)‖ ≤ M(1 + τγ + jρ)‖φ‖0 = M1‖φ‖0,
where

M1 = M(1 + τγ + jρ)

and

‖φ‖0 = sup
r∈[−τ,0]

‖φ(r)‖.

Thus, the zero solution of (4) is uniformly stable.
To complete the proof we need to show that

lim
t→∞

x(t; σ, φ) = 0 uniformly with respect to σ and φ. (9)



APPLIED ANALYSIS AND DIFFERENTIAL EQUATIONS 
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6407.html

January 8, 2007 18:38 WSPC - Proceedings Trim Size: 9in x 6in icaade

8 J.O. Alzabut

For our purpose, let µ ≥ σ. It is clear that x(t) = x(t;σ, φ) satisfies

x(t; σ, φ) = X(t, µ)x(µ; σ, φ) +
∫ µ

µ−τ

X(t, α + τ)B(α + τ)x(α; σ, φ)dα

+
∑

n(µ)−j≤k<n(µ)

X(t, θ+
k+j)Dk+jx(θk; σ, φ).

Integrating both sides from σ to t and then changing the order of integra-
tions and the order of summation and the integral, we have

(t− σ)x(t; σ, φ) =
∫ σ

σ−τ

∫ α+τ

σ

X(t, α + τ)B(α + τ)x(α; σ, φ)dµdα

+
∫ t−τ

σ

∫ α+τ

α

X(t, α + τ)B(α + τ)x(α; σ, φ)dµdα

+
∫ t

σ

X(t, µ)x(µ; σ, φ)dµ

+
∑

n(σ)−j≤k<n(σ)

∫ θk+j

σ

X(t, θ+
k+j)Dk+jx(θk; σ, φ)dµ

+
∑

n(σ)≤k<n(t)−j

∫ θk+j

θk

X(t, θ+
k+j)Dk+jx(θk;σ, φ)dµ.

We easily see from above that

(t− σ)‖x(t; σ, φ)‖ ≤ γτ2MM1‖φ‖0 + jρνMM1‖φ‖0

+ M1 max{τγ, νρ, 1}‖φ‖0
[ ∫ t

0

‖X(t, s)‖ds

+
∑

0≤r<n(t)

‖X(t, θr)‖
]
. (10)

In view of (8), the right side of (10) is bounded. Hence

‖x(t; σ, φ)‖ ≤ M2

t− σ
‖φ‖0, (11)

where M2 is chosen so that

M2 < MM1(γτ2 + jρν) + M1 max{τγ2, νρ, 1}d.

Obviously, (9) follows from (11).



APPLIED ANALYSIS AND DIFFERENTIAL EQUATIONS 
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6407.html

January 8, 2007 18:38 WSPC - Proceedings Trim Size: 9in x 6in icaade

Stability for Delay Differential Equations 9

References

1. S.H. Saker and J.O. Alzabut, Existence of periodic solutions, global attrac-
tivity and oscillation of impulsive delay population model, Nonlinear Anal.
Real World Appl., to appear.

2. S.H. Saker and J.O. Alzabut, Periodic solutions, global attractivity and os-
cillation of impulsive delay host macroparasite model, Math. Comput. Mo-
delling, to appear.

3. J. Yan, A. Zhao, L. Peng, Oscillation of impulsive delay differential equations
and applications to population dynamics, ANZIAM J., (46) 4 (2005), 545–
554.

4. W. Zhang and M. Fan, Periodicity in a generalized ecological competition
system governed by impulsive differential equations with delays, Math. Com-
put. Modelling, 39 (2004), 479–493.

5. S. Tang and L. Chen, Global attractivity in a ”Food-Limited” Population
Model with Impulsive Effect, J. Math. Anal. Appl., 292 (2004), 211–221.

6. X. Liu and G. Ballinger, Boundedness for impulsive delay differential equa-
tions and applications to population growth models, Nonlinear Anal., (53)
7-8 (2003), 1041–1062.

7. G. Ballinger and X. Liu, Practical Stability of Impulsive Delay Differen-
tial Equations and Applications to Control Problems, Optimization Methods
and Applications, 3–21, Appl. Optim., 52, (Kluwer Acad. Publ., Dordrecht,
2001).

8. J.J. Nieto, Impulsive resonance periodic problems of first order, Appl. Math.
Lett., 15 (2002), 489–493.

9. M. Akhmetov and R. Sejilova, The control of the boundary value problem
for linear impulsive integro-differential systems, J. Math. Anal. Appl., (236)
2 (1999), 312–326.

10. J. Yan, A. Zhao and W. Yan, Existence and global attractivity of periodic
solution for an impulsive delay differential equation with allee effect, J. Math.
Anal. Appl., (309) 2 (2005), 489–504.

11. J.R. Yan, Existence and Global Attractivity of positive periodic solution for
an impulsive Lasota-Wazewska Model, J. Math. Anal. Appl., 279 (2003),
111–120.

12. A. Halanay, Differential Equations: Stability, Oscillation, Time Lags, (Aca-
demic Press Inc., 1966).

13. O. Perron, Die Stabilitatsfrage bei Differentialgleichungen, Math. Z., 32
(1930), 703–728.

14. V.A. Tyshkevich, A perturbations-accumulation problem for linear differen-
tial equation with time lag, Differential Equations, 14 (1978), 177–186.

15. N.V. Azbelev, L.M. Berezanskii, P.M. Simonov and A.V. Chistyakov, Stabili-
ty of linear systems with time lag, Differential Equations, 23 (1987), 493–500.

16. G. Ballinger and X. Liu, Existence and Uniqueness Results for Impulsive
Delay Differential Equations, Dyn. Contin. Discrete Impuls. Syst., 5 (1999),
579–591.



APPLIED ANALYSIS AND DIFFERENTIAL EQUATIONS 
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6407.html

January 8, 2007 18:38 WSPC - Proceedings Trim Size: 9in x 6in icaade

10 J.O. Alzabut

17. W. Li and H. Huo, Existence and global attractivity of positive periodic
solutions of functional differential equations with impulses, Nonlinear Anal.,
59 (2004), 857–877.

18. X. Li, X. Lin, D. Jiang and X. Zhang, Existence and multiplicity of positive
periodic solutions to functional differential equations with impulse effect,
Nonlinear Anal., 62 (2004), 683–701.

19. K. Gopalsamy and B.G. Zhang, On the delay differential equations with
impulses, J. Math. Anal. Appl., 139 (1989), 110–122.

20. E. Kreyszig, Introductory Functional Analysis with Applications, (Wiley,
1989).




