
GEOMETRY AND INTEGRATION BY PARTS 
ON H \ Diff (S1) 

HELENE AIRAULT (INSSET, Saint-Quentin / LAMFA,  Amiens)  

We study various tensor fields on the Lie algebra diff (S') and we give their expres- 
sions in the trigonometrical basis. We define a bounded operator on diff(S1) 
modulo su(1,l) .  With Q, we obtain an integration by parts formula on H\Diff(S1). 

0 .  Introduction 

In [l], the Levi-Civita connection on H \ Diff(S1), the quotient space 
Diff (Sl) modulo the homographic transformations has been explicited in 
real and complex coordinates and the existence of the parallel transport 
on H \ Diff(S1) has been established. With an extension to the infinite 
dimensional case of the Fang-Malliavin structure equations (see [12]) , inte- 
gration by parts formulae have been obtained on H \ Diff (S1). In the first 
part, we deepen the study of the geometry of tensor fields on diff(S1) as 
started in [6], [7], [8], [15], [16], [4], [l], [14]. Both manifolds H \ Diff(S1) 
and Diff(S1)/Rot(S1) have a structure of Kahlerian manifold. In [6], [7], 
[8], [15], [16], [4], [I], [14], the Ricci tensor has been proved to be a diagonal 
operator in the trigonometrical basis. It is a multiple of the metric tensor 
and these manifolds are Einstein manifolds. The bracket on the Lie algebra 
diff(S1) is defined by 

[ u , ~ ]  =u2r'-u'v for uEdiff(S1), Y €diff(S1) (1) 

and the Hilbert transform is linear and it is given on trigonometric functions 
bY 

J cosk0 = sink0 and J sink0 = -cosk0 for k 2 1, J1 = 0. (2) 

In [l], it has been proved in particular that with the Levi-Civita tensor 
field r, the operators r(cospO)2 + r(sinp0)2 are diagonal operators in the 
trigonometrical basis. In this work, in relation with the Levi-Civita tensor 
field on H \ Diff(S1), we study tensor fields r(u) : diff(S1) + diff(S1) 
which (i) commute with J ,  (ii) are torsionless, (iii) for p 2 1, the operators 
I?(cosp0)2 f I'(sinpO)2 are diagonal operators in the trigonometrical basis 
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(e,)p21 = {cosk~,sinke}k>l; - we resume these three conditions as 

(i) 
(ii) r (u)Jv  = Jr(u)v  

I'(u)v - r (v)u  = [u, v] (torsionless condition) 
forzL,v E diff(S1), 

(3) 

(4) 
[r(cospe)2 + ~ ' ( s i n p ~ ) ~ ]  sin k e  = Ap,k  sin k e ,  
[r(cospe)2 + I ' ( ~ i n p e ) ~ ]  cos ke = &,k cos Ice. (iii) 

Let 
a ( k )  = ak3 + bk where a > 0; (5) 

then 
(rn + j)a(rn - j )  + ( j  - 2rn)a(j)  + ( 2 j  - rn)a(rn) = 0, 

( 2 j  + rn)a(rn) = (rn - j)a(rn + j )  + (2rn + j )a( j ) .  
(6) 

We shall take a ( k )  = k3 - k. It satisfies (k + 2 ) a ( k )  = (k - l ) a ( k  + 1). 
Conversely, it is remarked in section 3 of the present work that the condition 
(6) on a ( k )  implies that a ( k )  is of the form (5) up to a constant term. 
On diff(S1), let ( I ) be a pseudo metric defined by the conditions, for 
k 2 1, (coskt9 I cosk13) = (sink0 I sinke) = a ( k ) ,  and {coske,sinke}k>~ - 
are orthogonal vectors on diff(S1). The interest of this metric is due first 
to its close relationship and well adaptedness to the trigonometrical basis, 
secondly to its remarkable properties. In particular the second fundamental 
two-form is closed. In [3], it has been proved that the metric a ( k )  = k3 - k 
is the unique one (up to the multiplication by a constant) such that Ad(h) is 
unitary for any homographic transformation h. In the following, we extend 
the construction of diagonal operators associated to the Levi-Civita tensor 
field, (see [l], section 2) to more general tensor fields I?. We study the 
tensor fields I' satisfying (4) and such that 

I'(cosp8) sin Ice = &(k) C O S ( ~  + k)O + yp(k) l p > k + l  C O S ( ~  - k)B 

(7) + pp(lc) ik2p+l cos(lc - p ) e  + U k  6; cos Ice 

where 15: is the Kronecker symbol. We obtain that, for p 2 1, the oper- 
ator I'(cospO)2 + I'(sinpO)2 is diagonal in the trigonometric basis {cos kf3, 
sin ke}k>l - if and only if y,(k)  l p l k + l  = 0. In the same way, the operator 

a, : 2~ + [I'(cospO)u, cospB] + [I'(sinpO)u, sinpe] (8) 

is diagonal in the trigonometric basis {coskB,sinke}~>l - if and only if 
y p ( k )  lP2k+l = 0. In that case, Z, defined by Z, = aP + r(cospe)2 + 
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I'(sinpQ)2 is diagonal and Z, sin kQ = X t ( k )  sin k0,  Z, cos k0 = $(k) cos k0 
with 

[: 1 z A, (k) = -llctp+i ( P  + k) -(2p - k) + P p ( k  - p )  - ka&. (9) 

If we assume that Pp ( k )  = (21$$iF) , this value of Pp (k) gives the Levi- 
Civita connection, then the trace 

is finite. In particular, when r is the Levi-Civita tensor field, we study the 
operator 9 defined by 

where for h, u E diff(S'), 

4(fj)h = [ E j ,  hl. (12) 

The operator 9 is bounded on diff (S1). For more general F satisfying (3), 
we obtain more bounded operators on diff(S1) with finite trace as (10). 

The second part is stochastic analysis. With 9 and an adaptation of 
Fang's integration by parts on loop groups [ll], we establish the following 
integration by parts formula for the Levi-Civita connection on H\ Diff (S ' ) .  
Consider the canonical Brownian motion z ( t )  on diff(S1), see [17], [2], 
[13]. Let R(*) be the stochastic parallel transport of the frames above 
H \ Diff(S1). See [l] for the existence of a(.). We have the SDE 

d z ( t )  = C n,(t) * d Z a ( t )  ; &(t) + r(a,(t), * d z ( t ) ,  E k )  = o va, vk . 

(13) 
01 

A continuous map t 4 y ( t )  from [0, +oo[ to  1-I \ Diff (S ' )  is denoted 740) .  
We call X the Wiener space of such continuous maps. For h E V and 
p E R, 

We have 
(exp(ph))(0) = Q + p h ( O ) + . . .  (14) 

exP(-PWt)h) od exp(pQ(t)h) 
= ( I  - pO(t)h) opdR( t )h  + terms in p3,  

= p d R ( t )  h + terms in p j ,  

j 2 2 

(15) j 2 2. 
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In the same way, 

d exp(pa(t)h) o exp(-pR(t)h) = pdO(t)h + terms in p3,  j 2 2. (16) 

We consider the process 

Denoting ( I ) the metric on V ,  then 

Part I. Geometry on trigonometric functions 

1. Bracket, metric and structure constants 

Let 6; be the Kronecker symbol, with the bracket (l), we have 

2 [COS Ice, cos pel = cq2 [ ( ~c - p)b,k+p + ( ~c + p)6,k-p - ( IC + p )  64"-k] sin qe, 

2[sin Ice, sinpel = cq>l [ ( p  - 1 c ) 6 , ~ + ~  + ( ~ c  + p)b,k-p - (IC + p)64"-k] sin@, 
2[cos1c0,sinp0] = Cq>l[(p-~)6,k+~+ ( k + p ) b , k - p +  ( k + p ) 6 , ~ - ~ ] c o s q e  

(20) 
+ 2Ic6,p. \ 

In complex coordinates, for m, n E 2, [eime, cine] = i (n  - m)ei(m+n)e. 
From (20), 

(21) 
(2)  [sin Ice, sinpe] - [cos Ice, cospO] = ( p  - I c )  sin(lc + p)B,  { (ii) [COS Ice, sinpel + [sin Ice, cospd] = ( p  - Ic) cos(Ic + p ) e .  

We take a ( k )  = k3 - Ic. For j 2 2, we put 
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For j 2 2, k 2 2, 

where KTk, STk are antisymmetric in ( j ,  k ) ,  

2. Tensor fields on diff(S1), their expressions in the 
trigonometrical basis 

The Hilbert transform J possesses the Nijenhuis property with respect to  
the Lie bracket (1). For u, w E V ,  

[Ju ,  J v ]  - [u, W] = J (  [u, JW] + [ J u ,  4). (23 )  

We define the following tensor fields, for u, w E diff ( S l ) ,  see [4] ,  

(24 )  
G(u, V) = [Ju ,  J v ]  + [u, w ] ,  i H ( u ,  W) = [u, J v ]  - [Ju,  w]. i F ( u ,  v) = [u, J v ]  + [Ju ,  W], 

E(u,  W) = [Ju ,  J w ]  - [u, w], 

We remark that E ,  F ,  G are antisymmetric in u, u ,  whereas H is symmetric 
in u, W. On the other hand, (23)  is the same as 

E(u,  W) - J F(u ,  W) = 0. (25)  
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We obtain 

H(u ,  v) = G(u, J v )  = -G(Ju, v ) ,  
1 

E ( J u ,  Jv) = -E(u, v) and “U, = --(E(u, 2 v) - G(u, v)), (26) 
1 
2 

J [ J u ,  v] = - (E(u,  ?J) - J H ( u ,  v)). 

We put 

A(u, v) = J[u,  v] - [ J u ,  v] and B(u,  v) = J[u ,  w] - [u, Jv]. 

Since J 2  = -1, we have when u # v, 

(27) 

(28) 
A(u, v) = J A ( J u ,  v) 
A(u, Jv) + A( J u ,  v) = 0 

and B(u, v) = JB(u,  Jv). 

A and B are neither symmetric nor antisymmetric in u, w, the decomposi- 
tion in symmetric and antisymmetric part is given by 

We express these different tensor fields in the trigonometrical basis, we have 

~ ( c o s  k o ,  cospe) = ( p  - IC) cos(p + k ) e ,  
F(cos k 0 ,  sinp0) = ( p  - k )  sin(p + k ) 0 ,  

F ( J u ,  Jw) = -F(u ,  v), 
J F ( u ,  v) = F(u ,  Jv). 

and 

(30) 
For j 2 1, k 2 1, 

H(sinj0, cos k 0 )  = ( k  + j )  sin(j - k )8 ,  
and H ( J u ,  Jv) = H ( u ,  v). 

H(cosje, cos Ice) = ( k  + j )  cos(j - k ) e ,  
(31) 

The symmetric tensor 

has been found by [14]. For j 2 1, k 2 1, 

2Q(sinj0, cos k0)  = -(lj2k - & ) ( k  + j )  cos(k - j ) e  

~ Q ( c o s ~ ~ ,  cos k 0 )  = ( l j l k  - b j ) ( k  + j )  sin(j - k ) e  (33) 

and Q ( J u ,  Jv) = Q ( u ,  w). 
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In the same way, 

G(sinj6, cos Ice) = - ( k  + j )  cos(k - j ) e  

G(cosj0, cos Ice) = ( I c  + j )  sin(j - Ic)e and G(Ju, Jv) = G(u, v) 

(34) 
and 

1 1 
2 2 

P(u ,v )  = -JG(u,v) = Q ( J u , w )  = - J ( [ J u , J w ]  + [u,w])  (35) 

satisfies 

2P(sinje, cos Ice) = (ljlk - lklj)(lc + j )  sin(Ic - j ) e ,  

2p(cOsje, cos Ice) = -(ijlk - iklj)(lc + j )  cos(j - k ) e ,  

P ( J U ,  Jw) = P ( U ,  w). 
(36) 

For A, B ,  

A(sinj0, cos Ice) = -lklj(k + j )  sin(Ic - j ) e  
and A(Ju, Jv) = A(u, v), qcos je ,  cos Ice) = iklj(lc + j )  c o s ( ~  - jp 

(37) 
B(sinj0, cos Ice) = - i j l k ( I c  + j )  sin(j - k)B 

and B(Ju ,  Jv) = B(u, v). 
B(cosje, cos Ice) = + j )  cOs(lc - j ) e  

(38) 
Let 

(39) 
1 1 
2 2 D(u,  U) = - ( [ J u ,  J w ]  + [u, 711) = -G(u, w); 

then 

(40) 
Q(u, W) + D(u,  W) = [u, W] + J [ u ,  J v ]  = - JB(u ,  w), 
Q(u,  W) - D(u, V) = -[u, U] - J [ J u ,  V] = JA(u,  v). 

On the other hand. let 

then 
2{cOs Ice, cospe) = ( p  - ~ c )  cos(p + q e ,  
2{sin Ice, sinpe} = ( I c  - p )  cos(p + k)B ,  
~ { C O S  Ice, sinpe} = ( p  - I c )  sin@ + k )e .  
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3. The fundamental two-form and the metric 

The identities (6) give the closure condition of the symplectic form on 
diff (Sl). It is the same as 

(m-n)a(p)+(p-n)a(m)+(m-p)a(n) = 0  with m+n+p=O (43) 

or equivalently 

X 

det (i y ::;; ) = o .  (44) 
1 -(z+t) a ( - ( z + y ) >  

We look for solutions of (44) and assume that a has no singularity at zero. 
The function a(z)  = Ax + p is a solution of (44). We may assume that 
a(0) = 0 and a’(0) = 0. With y = 0 in (44), we obtain that a is an odd 
function. In (44), we take the derivative with respect to y, and we put 
y = 0 and a’(0) = 0; we obtain -3a(z) + za’(z) = 0, thus a(.) = bx3. 

With (6), we obtain (see [4]), 

“%4 I J w )  + (Iw14 I J v )  

and for the fundamental two-form @ 

@(u,.) = (u 

it gives 

4. The Levi-Civita connection on H \ Diff (S1) 

Let u E V ,  2) E diff(S1), w E V, we define the Levi-Civita tensor field (see 
[I]) rl(zt)u with 

2(rl(v)u I w) = “w774 I u) + ([WI’LLI I - ([WI I w ) )  (48) 

and we put 
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We have 

r l ( v ) J u  = J r l (v )u  and ( r l (v)u  I W) = -(u I r1(v)W). (50) 

Both rl and A1 are torsionless. The expression of I'l in the trigonometrical 
basis has been given in [l]. If v = 1, w = cos0, v = sine, then 2(rl(v)u I 
w) = ([w,~] I u) - ( [u , v ]  I w), thus 2(Fl(l)u I W) = -(w' I U )  + (u' I W )  = 
2(u' I w). 

rl(i)u = ul ,  (51) 

2rl(cosB) coske = - l k > 3  x ( k  + 1) sin(k - l )e  - (k - 1) sin(k + l)e, 
2rl(cose)sinke= lk23 x (k+ l )cos (k -  l ) O + ( k -  1 ) ~ 0 ~ ( k + 1 ) 8 ,  

2rl(sin8) sinke = -1k23 x ( k  + 1) sin(k - l)e + ( k  - 1) sin(k + l)e, 
2rl(sin6)cosk9 = - 1 k 2 3  x (k+1)cos(k--l)B+(k- 1)cos(k+1)8, 

(52) 
i 

and, for p 2 2, 

Thus

we have
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We obtain 
A ~ ( w ) J u  = J ~ ~ ( v ) u  

and both A2 and r2 are torsionless. For p 2 2, 

(59) 

Proof of (60)-(61). As for (54)-(55), we have 

4(Az(cospO) sink0 I cosme) 

= 2(-[~0sme,sinpe] I C O S ~ ~ )  - ~ ( [ c o s ~ ~ , c o s ~ ~ ]  
- 2( [sin Ice, C O S ~ ~ ]  I cos me) 

= (m - p )  a(k )br+P - ( p  + m) a(k)S,"+k - (m + 

sin p e )  

P) a ( k )  Sh+p 
+ ( k  + m) cY(p)S?+P + (k - m) a(p)S,m+k - ( k  + m) a(p)Sh+P 

+ ( k  + p )  a(m)6;2"+P + ( k  + p )  a(m)s,m+k + (k - p )  a(m)S$+P. 

5. Commuting with the Hilbert transform, torsionless and 
ant isymmetry 

We prove that rl of last section is characterized by torsionless condition, 
commutation with J and antisymmetry condition. 

W e  put ourselves on  E = diff (S ' ) .  Then hawing discussed the properties 
of r on  diff(S1), we take the orthogonal projection 7r : diff(S1) + V and 
we define, for  w E diff(S1), the operator 
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where I'(u)lv denotes the restriction of r ( u )  to the subspace V .  In fact, the 
metric on the linear subspace V of diff (S ' )  will determine the curvature of 
the quotient space. 

Torsionless condition and commutation with J on diff (5''). In the following 
lemma, we characterize I? when 

(i) r(u)w - r(u)u = [u, u] 
(ii) I '(u)Ju = Jr(u)w 

(torsionless condition) 
for w E diff(S1). 

(63) 
Notice that when u = 1 and u is in the subspace of B generated by {cos kB, 
sinkB}k>l, then with r ( l ) u  = u', r (v) ( l )  = 0 and r ( l ) J v  = (Jw)' = Ju' ,  
the conditions (63) are satisfied. We consider the case where u and u are 
in the subspace generated by {cos kB, sin kB}k>l .  Since [cospB, sin kB] is 
expressed in terms of cos, we put for p ,  k 2 1, 

I'(cospB) sin kB = & ( k )  cos(p + k)B + yp(k)1p2k+l cos(p - k)B 

+ pp(qikrpf l  C O S ~  - p)e  + ak6; cos ke.  (64) 
Lemma. Assume that r satisfies (63)-(64); then 

I'(cosp6) sink0 = & ( k )  cos(p + k)B + yp(k)lplk+l COS(P - k)B 

r(cosp8) coskB = -&(k) sin(p + k)B - T p ( k ) l p / k + l  sin@ - k)B 

+ / l p ( k ) l k > p + l  cos(k - P)B + a k  6gj 

- P p ( k ) b p + l  sin(k - P)Q, 

I n  particular, 
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Proof .  From (63), and since cos Ice = - J sin Ice, we obtain r(cosp8) cos Ice. 
With (63) (i) (torsionless condition), F(cosp0) cos Ice = I'(cos Ice) cospe + 
[cospe, cos Ice]. This gives the condition (66). With the torsionless condi- 
tion, and with (64), we calculate 

r(sinp0) cos Ice = r(cos Ice) sinpe + [sin@, cos Ice]. 
With (63) (ii) (commutation with J ) ,  we find r(sinp0) sin Ice. The torsion- 

0 

Lemma. Assume that r satisfies the conditions of the previous lemma, 
i.e., it is given by (65)-(66); then, for  p 2 1, the operator r(cospO)2 + 
I'(sinpe)2 is diagonal in the trigonometric basis {cos Ice, sin kf3}k2l i f  and 
only if y,(k) Ip>k+l = 0. I n  that case, we have, for  Ic 2 1, 

less condition on r(sinp6) sin Ice yields again the conditions (66). 

I n  particular, i f  
diagonal operator. 

= rl or r = A2, then [I'(cospe)2 + r ( ~ i n p O ) ~ ]  is a 

Proof.  

Thus 

and 
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( [r(cosPe)2 + ~ ' ( s i n p ~ ) ~ ]  cos k e  I C O S ~ ~ )  

= ( [qcOspq2 + ~ ( s i n p e ) ~ ]  sink6 1 sinje). 

Corollary 1. For I' = rl, p 2 0, k 2 2, 

~ I ' ( c o s ~ ~ ) ~  sin k e  + ~ ( s i n p ~ ) ~  sin ke  

Moreover Cp12 I'(cospe/&($2 + r(sinpO/&($2 is a diagonal oper- 
ator. The coefficients on  the diagonal are given by 

where the series converge. 

[r(cos e)2 + I'(sin q2] sin ke  = - ( k 2  - 2) sin k e  
1'(1)2 sin k0 = -k2 sin k€J 

f o r k  2 2. (71) 

In the same order of idea, looking for diagonal operators, we have 

Lemma. With the assumptions (65)-(66) on I?, the operator 

aP : u -, [I'(cospO)u, cospe] + [r(sinpe)u, sinpel (72) 

is diagonal in the trigonometric basis {cosk~ , s ink~}k>~  - if and only i f  
yp(k) l p 2 k + l  = 0.  I n  that case we have, f o r  k 2 1, @.,(sin k6)  = $(k) sin Ice 
and @,(cos k e )  = $(k) coske, where 

@ 1 
A, (k) = - Z ( P  + k ) ( 2 p  - k) b P + l  - + (2p  + k)P P (k) - ka&. (73) 

Adding, we find

We proceed in the same way with
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Proof. 

[r(cospQ) sin kQ,  C O S ~ I ~ ]  

1 = - c [pp(k)s;+k + r,(k)6,p-k + p p ( k ) S 3  
T > l , j > l  

x [(r - p)6jrfP + ( r  + p)6jr-P - ( r  + p)6jPPT] sinjo 

+ ak 6; 11, Cospe], 

[r(sinpQ) sin kQ,  sinpQ] 
1 

= - c [P,(W,P+lc + rp(w;-k + (pup(k) - (P  + k))6,k-"I 
T > l , j > l  

x [ ( p  - r),jr+P + (r  + p1~jr-P - (r  + p)~jP-'] sinjo. 

Adding, we see that the terms corresponding to j = k - 2p and j = 2 p  - k 
vanish if and only if p p ( k )  = $ ( p  + k ) .  This gives the condition on a, to  

0 

For p 2 1,  the 

be diagonal. In that case, we calculate X z ( k ) .  

Theorem. We keep the assumptions (65)-(66) on  r. 
operator Z, defined by  

Z, = a, + r(cOspq2 + r(sinp8)2 (74) 

is diagonal and Z, sin kQ = $ ( k )  sin kQ,  Z, cos kQ = $ ( k )  cos kQ with 

" I x p ( k )  Z =-1k>p+l(P+k) 2 ( 2 P - k ) + p p ( k - P )  - k a k 6 ; .  (75) 
- 

Corollary 1. With (75), f o r  p 2 0 ,  we assume that pp(k) = (2:zEituk(f) 
(notice that this value of P,(k) is in r l ) .  Then  

Moreover, 

(77) 
13 2k(ak - 1 )  

2 c X , Z ( k )  = -- - 
6 4 k )  . P W  

Proof. For p 2 1, p p ( k  - p )  = (p+is$-p). To calculate the sum, we 
remark that 

c (P  + k ) ( 2 k  - P )  = ' 3 k ( k 2  - 1 )  - 2k(k  - 1) 
l<p<k- l  4 k )  6 4 k )  ' 
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then, we add the two terms corresponding to  p = k and p = 0. We see that 
the corresponding operator is bounded and that 

13 
6 

if ak = 1, then 2 c x f ( k )  = --. 
P20 

We have [I'(cos e)u, cos 01 + [I'(sin e)u, sin 01 + r(cos q 2 u  + I'(sin 6q2u = 0 
0 and [I?( l ) ~ ,  11 + r( 1 ) 2 ~  = 0. 

Theorem (of unicity). Let I' be given by (64), 

r(cosp0) sin k0 = pp(k) COS(P + k)e + y p ( k )  ip2k+l COS(P - k)e 
+ p p ( k )  Ik?p+l  cos(k - P ) e  + akhi .  

Assume that I'(u)w - r ( v ) u  = [u,v] and r (u )Jv  = Jr(u)v .  Then  the 
condition 

( r (v)U I W )  = E ( r ( v ) w  I U )  with e2 = 1 (78) 
implies that E = -1 and 

P + k  
and for k 2 p + 1, y k ( p )  = 0,  p p ( k )  = - 2 .  

(2P+ 
Wk) = 2 a ( p  + k) 

(79) 
Proof. We define H ( u ) w  with (H(u )w  I v) = (I'(v)u I w). We calculate 
H ( u ) w  in the trigonometric basis, 

The relation H(sin ke) cospe = eH(cosp0) sin k0 gives 
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In a similar way, we have 

It implies that y = 0. The second equation in (ii) can be written as 

Replacing in P k ( p )  a ( k  + p )  = ~ ( p k ( k  + p )  - (2k  + P ) )  a ( p ) ,  we find 

Then the condition & ( p )  - & ( k )  = $ ( p  - k) determines E = -1. 0 

Part 11. Stochastics on H \ Diff (Sl) 
and integration by parts formula 

We identify the quotient space diff(S1)/su(l, 1) with the subspace V of 
diff(S1) generated by {cosk0,sink0}k>2. - The following is valid when r 
is the Levi-Civita connection. Let ( ~ j ) j > 2  be the orthonormal basis of V 
defined by (22). Let (z j ( t ) ) j>o be independent Brownian motions. We put 

The condition
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We denote ‘*d’ the Stratonovitch differential and ‘0’ the composition of 
maps. On 7-1 \ Diff (S1), let y ( t )  be the solution of 

d y ( t )  = c(tj oy(t)) * d z j ( t )  with y(0) = Id. (81) 
j 2 2  

We denote 
* d z ( t )  o y ( t )  = C(tj o y ( t ) )  * d z j ( t ) .  (82) 

j 

For fixed j ,  then t j z j ( t )  is a process in diff(S1). More generally, consider 
random vectors ( y j ( t ) ) j  with y j ( t )  E diff(S1) for any j. Let 

We put 
*dY ( t )  0 y(t) = c *dYj ( t )  0 y(t). (84) 

j 

For the Levi-Civita connection r, for any h in V, consider the parallel 
transport given by (see [l]) 

d R ( t ) h  = r(*dz(t))R(t) h = C r ( e j ) R ( t ) h  * dzj(t) .  (85) 
j 

With the notations of (14)-(17), we consider the process 

YLL(t) = exP(Pfl(t)h) oy(t). (86) 

Theorem (Integration by parts). Let  R(*)h be a solution of (85). For 
F : X --+ R, we define DLF(y(0) )  as in (18), t h e n  (19) holds. 

Proof. It is an adaptation of Fang’s proof [ll]. Since the adaptation is 
not straightforward, we give the details and we divide the proof into three 
steps. 

Step 1. 
construct a tangent  process TLL(t) such that (i), (ii) and (iii) are fulfilled, 

Consider the process yp( t )  = exp(pR(t)h)oy(t) as in (86). We 

(9 T o b t )  = y ( t ) ,  

(87) 
(ii) dTLL(t) = ( d y p ( t )  + p z ( t )  d t )  oTp( t )  with yp(0) = Id, 
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where y ” ( t )  = Ji exp(pr(R(s)h)) dz(s). Since the operator r(w(s)h) is 
antisymmetric from V to V, then yp(t)  is a Brownian motion on diff(S1). 
Construction of the tangent process “J, and the expressions of z (s )  and 
dyp(s) in (ii). 

Proposition 1. Let 

then M ( t )  satisfies 

dM(t) = *dy(t) o y ( t )  + *dz(t) o M ( t )  (89) 

and the differential of y ( t )  in It6’s f o r m  is 

dy ( t )  = r (R(t)h)  dz(t) + QR(t)hdt .  (90) 

Proof. Notice that dz(t) E diff(S1) and I’(R(t)h) is an antisymmetric 
operator on diff(S1). Taking the stochastic derivative of y p ( t )  in (17), we 
obtain 

d,Yp(t) = *d(exP(@(t)h)) 0 exP(-PWt)h) o y p ( t )  

+ (exP(Pw)h))’o * d-dt) 

+ (exP(PWt)h))‘ 0 * dy(t). 

= ( p  * d(R(t)h) + terms in pj with j 2 2) 07” 

(91) 

On the other hand, because of (81), 

We differentiate this last identity with respect to p and take p = 0, it gives 

= x [ R ( t ) h ,  ~ j ]  o y ( t )  * dzj(t) + ~j o M ( t )  * dzj(t), 
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The bracket [R(t)h,cj] is given by [R(t)h,cj] = (R(t)h))’ocj - €4 oR(t)h.  
Notice that in our case the Lie bracket is different from the one in [ll]. We 
deduce that 

d ~ ( t )  = C(r(cj)n( t )h+[n(t)h,Ej])  oy(t) * d z j ( t ) + C e j  o ~ ( t )  * d z j ( t ) .  

(94) 
j j 

We put 

d y j ( t )  = ( r (Ej)R(t)h + [a( t )h ,c j ] )  * dz j ( t )  

= r (o( t )h)Ej  * d z j ( t ) ,  (95) 

r(+qt)h + [ q t ) h ,  = r(cqt)h)Ej. (96) 

where the last equality is a consequence of 

Compare with (49). The equation (95) is a Stratonovitch equation. Let 

Y ( t )  = c Y j ( t > .  
j 

We have in Stratonovitch differential 

dy(t) = Cr(n(t)h)cj  * dz j ( t )  
j 

and we have 
d M ( t )  = *dy(t)oy(t) + *dz(t) o M ( t ) .  

From (95), we calculate It6’s stochastic differential of y(t). 
tractions are given by 

Ijdt = (d(r(cj)R(t)h + [R(t)h,  ~j]), d z j ( t ) )  

= [ r (c j ) r (c j )R(t)h + 4(Ej)r(cj)a(t)h) d t  

and 
C Ij d t  = PR(t)h d t ,  
j 

where P and qh are given by (11)-(12). We see that Itb’s differential of y ( t )  
0 is given by (90). This proves Proposition 1. 

Definition. For t 2 0, let Qf be the solution of 

dQf = r(R(t)h)Qf dp with Q: = IddiE(Si). (102) 
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We have 

Qf = r (R( t )h ) .  (103) 

Since r (R( t )h)  is antisymmetric on diff(S1), then Qf is orthogonal with 
the scalar product. We define 

then y o ( t )  = z( t )  and y”( t )  is a Brownian motion on diff(S1) from the 
orthogonality of Qs: the It6 contraction 

( d y p ( t ) ,  d y p ( t ) )  = C l l Q t ~ j l l Z d t  = dt .  

d;J, = (*dyp( t )  + p @ R ( t ) h d t )  0 7 ~  

(105) 
j 

Proposition 2. Let yp be the solution of the Stratonovitch equation 

(106) 

we have ;);o(t) = y ( t )  since yo@) = z ( t ) .  Moreover, M = M 

Proof. 

We have to  verify that 

or equivalently 

(110) 

To verify (110), we differentiate d y p ( t )  = Q f d z ( t )  with respect to p. It 
gives ( $ 1  p=O y,> = ($lp=o Q f )  d x ( t ) .  

Since M ( t )  and g(t) satisfy the same stochastic differential equation, we 
conclude that = M .  
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Step 2. The Girsanov formula is written for the tangent process 7,. Let 

T, : 7 7, 
and the density K ,  

with +(s) = @,R(s)h and where O(s)  is the parallel transport along y. 
From Girsanov theorem, for F : X 4 R, 

E[(FoT, )  x K,] = E [ F ] .  

Step 3. We differentiate with respect to p the previous formula, 

Since & I , , = o ~ ,  = - J t (  +(s) I ds (s ) ) ,  we obtain the integration by parts 
formula. 0 
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