GEOMETRY AND INTEGRATION BY PARTS
ON H \ Diff(S')

HELENE AIRAULT (INSSET, Saint-Quentin / LAMFA, Amiens)

We study various tensor fields on the Lie algebra diff (S') and we give their expres-
sions in the trigonometrical basis. We define a bounded operator ¥ on diff(S!)
modulo su(1, 1). With ¥, we obtain an integration by parts formula on H\Diff(S).

0. Introduction

In [1], the Levi-Civita connection on H \ Diff(S!), the quotient space
Diff(S!) modulo the homographic transformations has been explicited in
real and complex coordinates and the existence of the parallel transport
on H \ Diff(S!) has been established. With an extension to the infinite
dimensional case of the Fang-Malliavin structure equations (see [12]), inte-
gration by parts formulae have been obtained on H \ Diff(S!). In the first
part, we deepen the study of the geometry of tensor fields on diff(S') as
started in [6), [7], (8], [15], [16], [4], [1], [14]. Both manifolds H \ Diff(S?)
and Diff(S')/Rot(S!) have a structure of Kéhlerian manifold. In [6], [7],
(8], [15], [16], [4], [1], [14], the Ricci tensor has been proved to be a diagonal
operator in the trigonometrical basis. It is a multiple of the metric tensor
and these manifolds are Einstein manifolds. The bracket on the Lie algebra
diff(S?) is defined by

[u,v] = wv’ —w'v for w € diff(SY), w e diff(S?) (1)

and the Hilbert transform is linear and it is given on trigonometric functions
by

J coskf =sinkf and Jsink@=-—coskf fork>1, J1=0. (2)

In [1], it has been proved in particular that with the Levi-Civita tensor
field T, the operators I'(cos p#)? + I'(sin pf)? are diagonal operators in the
trigonometrical basis. In this work, in relation with the Levi-Civita tensor
field on H \ Diff(S!), we study tensor fields I'(u) : diff(S') — diff(S?)
which (i) commute with J, (ii) are torsionless, (iii) for p > 1, the operators
I'(cosp#)? + I'(sin pd)? are diagonal operators in the trigonometrical basis
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(ep)p>1 = {cos k@, sin kO};>1; we resume these three conditions as

(i) T(u)v —T(v)u = [u,v] (torsionless condition)

(ii) T(w)Jv = JT(u)v foru,v € diff(5"),

(3)
(i) [(cos pd)? + [(sin ph)?] sin k@ = A, i sin k6, @
[T (cos pf)? + T'(sin p#)?] cos kO = Ap i, cos k6.
Let
a(k) = ak® + bk where a > 0; (5)
then
(m + j)a(m — j) + (j — 2m)a(j) + (2j — m)a(m) =0, (©)

(2§ + m)a(m) = (m — jle(m + 5) + (2m + j)(F)-

We shall take a(k) = k3 — k. It satisfies (k + 2)a(k) = (k — 1)a(k + 1).
Conversely, it is remarked in section 3 of the present work that the condition
(6) on a(k) implies that a(k) is of the form (5) up to a constant term.
On diff(S'), let ( | ) be a pseudo metric defined by the conditions, for
k> 1, (coskf | coskf) = (sinkf | sinkf) = a(k), and {cos kb, sin kb}r>0
are orthogonal vectors on diff(S!). The interest of this metric is due first
to its close relationship and well adaptedness to the trigonometrical basis,
secondly to its remarkable properties. In particular the second fundamental
two-form is closed. In [3], it has been proved that the metric a(k) = k3 — k
is the unique one (up to the multiplication by a constant) such that Ad(h) is
unitary for any homographic transformation k. In the following, we extend
the construction of diagonal operators associated to the Levi-Civita tensor
field, (see [1], section 2) to more general tensor fields I'. We study the
tensor fields I satisfying (4) and such that

I'(cos pf) sin kf = By (k) cos(p + k)8 + vp(k) 1p>k+1 cos(p — k)6
+ pp(k) Lg>py1 cos(k — )6 + ay 6% cos kO )

where ¢} is the Kronecker symbol. We obtain that, for p > 1, the oper-
ator I'(cos pf)? + I'(sin pd)? is diagonal in the trigonometric basis {cos k8,
sin k@} >y if and only if vp(k) 1p54+1 = 0. In the same way, the operator

®, : u — [[(cosph)u, cos pd] + [I'(sin pf)u, sin pd] (8)

is diagonal in the trigonometric basis {cosk6,sinkf};>1 if and only if
Yp(k) 1p>k+1 = 0. In that case, Z, defined by Z, = &, + ['(cospf)? +
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I'(sin pd)? is diagonal and Z, sin kf = )\g(k) sink, Z, cos kf = )\g(k) cos k6
with

M) = Lz (04 ) 50— K) + By —)| —kaudl (9

If we assume that G,(k) = @etk)atk) ' this value of Bp(k) gives the Levi-

2a(ptk)
Civita connection, then the trace
13 2k(ax — 1)
2 N(k)=—— - 1

is finite. In particular, when I’ is the Levi-Civita tensor field, we study the
operator ¥ defined by

U= Z[P(fj) + ¢(€;)] T(ey) (11)

where for h, u € diff(S?),
d(ej)h = [ej, hl. (12)

The operator ¥ is bounded on diff(S'). For more general I satisfying (3),
we obtain more bounded operators on diff(S') with finite trace as (10).

The second part is stochastic analysis. With ¥ and an adaptation of
Fang’s integration by parts on loop groups {11], we establish the following
integration by parts formula for the Levi-Civita connection on H \ Diff(S).
Consider the canonical Brownian motion z(t) on diff(S'), see [17], [2I,
[13]. Let (o) be the stochastic parallel transport of the frames above
H \ Diff(S?). See [1] for the existence of Q(e). We have the SDE

dz(t) =) Qu(t) *dza(t);  dQE() + T (Qu(t), xd2(t),ex) =0 Va, Vk.

13
A continuous map t — y(t) from [0, +oo[ to H \ Diff(S?) is denoted 7((0))
We call X the Wiener space of such continuous maps. For h € V and
L€ R,
(exp(ph))(6) = 6 + ph(0) + - -- (14)
We have
exp(—pf2(t)h) od exp(u€d(t)h)
= (I — uQUt)h) oudQ(t)h + terms in p?, j>2
= udQ(t) h 4 terms in i/, j>2. (15)
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In the same way,
d exp(u(t)h) 0 exp(—uQ(t)h) = udQ(t)h + terms in p/, j>2. (16)
We consider the process

Yu(t) = exp(ufd(t)h) o v(t). (17)
For F: X — R, we put

DLF((e)) = %

F(exp(us2(e)h)ov(e)). (18)

u=0

Denoting ( | ) the metric on V, then

E[(D,EF)(7<->>]=E[F<7<->) / (m(whlodx(t))]. (19)

Part I. Geometry on trigonometric functions

1. Bracket, metric and structure constants

Let 67 be the Kronecker symbol, with the bracket (1), we have

2[cos kB, cosp] = 3 5, [(k — )85+ + (k + p)3g P — (k + p)dF~*] sin ¢f,
2[sinkf,sinpd] = 3= -, [(p — k)SETE + (k + p)8F—P — (k 4 p)6F~*]sin g8,
2[cos kO, sinpd] = 3 5, [(p — k)P + (k + p)OE=P + (k + p)62~F] cos g8
+ 2kdP.
(20)
In complex coordinates, for m,n € Z, [e"? ™) = i(n — m)el(m+m9,
From (20),

(i) [sink6,sinpb] — [cos kb, cos pb] = (p — k) sin(k + p)8, (1)
(é¢) |cos kB, sinpf] + [sin kB, cos pf] = (p — k) cos(k + p)#b.
We take a(k) = k3 — k. For j > 2, we put
¢ = COSJ? , 85 = Smj? - (22)
() a(4)
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Forj>2,k>2,

o i 541 (2k + 1) 65=1(2k — 1)

2[ej, ] = 2opna Kjksp + [\/a k)y/a(k +1) \/oz k)y/a(k — 1)] ’

s ou] = 85+ (2k +1) k-1 |
85, 8k] = Zp>2 Jksp m\ﬁ(k +1) \/a(k)\/a(k - .

2[sj,cx) = ZpZZ(SC)jch
[ 55+ (2k + 1) 55712k ~ 1)

Va(k)y/alk +1) * Va(k)y/alk —1)

where K ;’k, S;.’k are antisymmetric in (7, k),

Kp (] — k)\/_(—)—é-]-f—k (2k +p)\/—5 k+p 2-7 +p)\/—)_ J+p
Va()Valk) * Jaival ! Jal)vak) "
sP, = (k - J)\/arp_)(;]+k (2k +p)\/__ k+p (2j +p)Vp) §i+p
Va(i)elk) © \/E(J—\/a_(k— NEONCIOR
(scp, = &= (k — 5)y/a(p) g+ (2k + p) (p)5k+p_ (27 +0)v/oD) 5i4p
e \/——\/— Va(i)yalk) Vo) Valk) *

\

] cos8 + 2k5i,

2. Tensor fields on diff(S'), their expressions in the
trigonometrical basis

The Hilbert transform J possesses the Nijenhuis property with respect to
the Lie bracket (1). For u, v € V,

[Ju, Jv] — [, v] = J([u, Jv] + [Ju, v]). (23)

We define the following tensor fields, for u, v € diff(S*), see [4],

{E(u,v) = [Ju, Jv] — [u,v], {G(u,v) = [Ju, Jv] + [u, ], (24)

F(u,v) = [u, Jv] + [Ju,v)], H(u,v) = [u, Jv] — [Ju,v].

We remark that E, F, G are antisymmetric in v, v, whereas H is symmetric
in u, v. On the other hand, (23) is the same as

E(u,v) — J F(u,v) =0. (25)
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We obtain
H(u,v) = Glu, Jv) = ~G(Ju,v),
E(Ju,Jv) = —E(u,v) and [u,v] = ~%(E(u,v) —G(u,v)),  (26)

TJu,v] = —;—(E(u,v) — JH(u, ).

We put
A(u,v) = Ju,v] — [Ju,v] and B(u,v) = Ju,v] - [u, Jv]. (27)
Since J? = —1, we have when u # v,

Au,v) = JA(Ju,v) i
A(u, Jv) + A(Ju,v) =0 and  B(u,v) = JB(u, Jv). (28)

A and B are neither symmetric nor antisymmetric in u, v, the decomposi-
tion in symmetric and antisymmetric part is given by

{QA(u, v) = JG(u,v) + H(u,v), (29)

2B(u,v) = JG(u,v) — H(u,v).
We express these different tensor fields in the trigonometrical basis, we have

F(coskf,cospf) = (p — k) cos(p + k)b, d F(Ju, Jv) = —F(u,v),

F(cos kf,sinpf) = (p — k) sin(p + k)8, o JE(u,v) = F(u, Jv).
(30)
Forj>1,k>1,

H(sin j0, cos kf) = (k + j) sin(j — k)b,

] ] ) and H(Ju,Jv) = H(u,v).
H (cos 78, cos kf) = (k + j) cos(j — k)b,

(31)
The symmetric tensor
1 1
Qu,v) = 3 J H(u,v) = §J([u, Ju| + [v, Jul]) (32)
has been found by [14]. For j > 1, k > 1,
2Q(sin 50, cos k0) = —(L;>k — Lk, )(k + j) cos(k — 5)0
2Q(cos jB,cos kf) = (1>k — li>;)(k + 7)sin(j — k)6 (33)

and Q(Ju, Jv) = Q(u,v).
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In the same way,

o (ki .
{G(smyé’, cos k0) (k + j) cos(k — 5)6 and  G(Ju, Jv) = G(u,v)

G(cos j8,cos k) = (k + §) sin(j — k)8

(34)
and
1

P(u,v) = %JG(u, v) = Q(Juy,v) = 5]([.]11,, Jv] + [u,v]) (35)
satisfies

2P(sin j0, cos k8) = (1,55 — lk>;)(k + j) sin(k — 5)6,

2P(cos jb,cos kf) = —(Lj>k — 1k>;)(k + j) cos(j — k)8, (36)

P(Ju, Jv) = P(u,v).
For A, B,

A(sin j6 kf) = —1p>,(k + j) sin(k — 5)0
{ (Sln] , COs ) kZ]( +])SIn( -7) and A(JU,JU):A(U,U),

A(cos 78, cos kf) = 1> ;(k + j) cos(k — 5)0
(37)

Blsin i e Lion(k 4 ) sin(i — E)O
{ (sin 76, cos k6) Lisk(k 4+ j)sin(j — k) and B(Ju, Jv) = B(u,v).

B(cos 70, cos k0) = —1;>,(k + j) cos(k — 5)6

(38)
Let
D(u, v) = %([Ju, Jo] + [, v]) = %G(u,v); (39)
then
{Q(u, v) + D(u,v) = [u,v] + Ju, Jv] = —JB(u,v), (40)
Q(u,v) — D(u,v) = —[u,v] — J[Ju,v] = JA(u, v).
On the other hand, let
{10} = 5([u, Jo] + [Tu, ol (1)

then
2{cos k0, cospb} = (p — k) cos(p + k)6,

2{sin k@, sinpf} = (k — p) cos(p + k)0, (42)
2{cos kf,sinpf} = (p — k) sin(p + k)6.
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3. The fundamental two-form and the metric

The identities (6) give the closure condition of the symplectic form on
diff(S?). It is the same as

(m—n)a(p) + (p—n)a{m)+ (m—pla(n) =0 with m+n+p=0 (43)

(1 z afz) )
det | 1 y a(y) =0. (44)
1 —(z+y) o(-(z+y)

or equivalently

We look for solutions of (44) and assume that a has no singularity at zero.
The function a(r) = Az + p is a solution of (44). We may assume that
a(0) = 0 and &/(0) = 0. With y = 0 in (44), we obtain that « is an odd
function. In (44), we take the derivative with respect to y, and we put
y =0 and o/(0) = 0; we obtain —3a(z) + za/(z) = 0, thus a(z) = bz>.

With (6), we obtain (see [4]),
([w,v] | Jw) + ([w, o] | Jv) + ([, w] | Ju) =0 (45)
and for the fundamental two-form @
& (u,v) = (u| Jv) (46)
it gives
O ([u,v], w) + ®(|w, u},v) + (jv, w],u) = 0. (47)
4. The Levi-Civita connection on H \ Diff(S?)

Let u € V, v € diff(S), w € V, we define the Levi-Civita tensor field (see
[1]) Ty (v)u with

2T (v)u | w) = ([w,v] | v) + ([w,u] | v) = ([u,v] | w)) (48)
and we put

2(A1(v)u | w) = =2(T1(wv | w) = ([v,w] | ) + ([u, w] | v) + ([v, 4] | w)
(48
then
Ti(u)v + [v,u] =T (v)u. (49)
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We have
Ty(v)Ju =JTi(v)u and (Ti(v)u | w) = —(u|T1(v)w). (50)

Both I'; and A; are torsionless. The expression of I'; in the trigonometrical
basis has been given in [1]. If v = 1, v = cos#, v = sin6, then 2(I'; (v)u |
w) = ([w,v] [ u) = ([w,v] | w), thus 2(F1(Nu | w) = —(w' | ) + (W' | w) =
2(u | w).
T(Du =1, (51)
{2I‘1(cos ) cosk = —1i>3 X (k + 1)sin(k — 1)0 — (k — 1) sin(k + 1)6,
2T'; (cos 8) sin k@ = 1j>3 % (k + 1) cos(k — 1)8 + (k — 1) cos(k + 1)4,
(52)
2T (sin 0) sinkf = —1g>3 % (k + 1) sin(k — 1) + (k — 1) sin(k + 1)6,
2T (sin #) cos k@ = —1k>3 X (k + 1) cos(k — 1)8 + (k — 1) cos(k + 1)8,

(83)
and, for p > 2,
(2T'1 (cos pf)(sin k6) ot FYa(k
= (p+ k)1k>pr2cos(k —p)d + g—g(—_;;{_)z—g) cos(p + k)4, 54
2T'1 (cos pf)(cos k0)
| = —(p+ k)lk>pyo2sin(k — p)f — % sip(p + k)0,
2I'; (sin pf) (sin k6) (p + K)alk)
. D+ K)o .
= —(p + k)lg>ptosin(k —p)d + m— sin{p + k)4, 55
2T (sin pf){cos k)
= —(p+ k)lg>p+2 cos(k — p)8 + %@ cos(p + k).
We put (see [14])
Ar(v)u = Aj(v)u — Q(u,v) and Ta(v)u = —Az(u)v. (56)
Thus
Ta(v)u =T (v)u + Qu, v); (57)
we have
2(Az(v)u | w) = ([w, Jv] | Ju) + ([w, Ju] | Jv) — ([u,v] | w),
2(Ta(v)u | w) = —2(Az(u)v | w) (58)

= ([Jv,w] | Ju) + ([Ju, w] | Jv) = (fu,v] | w).
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We obtain
A (v)Ju = JAz(v)u (59)

and both Ay and 'y are torsionless. For p > 2,

(2A5(cos pf)(sin k6)
) = (p+ k)le>pt2 cos(k — p)d — % cos(p + k)0, )
2A2(cos p#)(cos k)
= —(p+ k)lk>py2sin(k — p)f + (2—2(;—-—?%@ sin(p + k)6,
(2A2(sin pf)(sin k6) (2% + plo(o)
_ . 2k +p)a(p) .
) = —(p+k)lg>pi2sin(k — p)d — k) sin(p + k)8, o
2A4(sin pf)(cos k6)
= —(p+ k)lg>pyo cos(k — p)d — % cos(p + k)8.

Proof of (60)—(61). As for (54)—(55), we have

4(Ag(cospf) sin k@ | cosm)
= 2(—[cosmé, sin pb)] | cos k#) — 2([cos mb, cos kB | sin ph)
— 2([sin k@, cos pf] | cos mB)
= (m —p)a(k)sg * — (p+m) a(k)o;* — (m + p) a(k)s5P
+ (k+m) a(p)sy P + (k — m) a(p)syt* — (k + m) a(p)skiP
+ (k + p) a(m)6p P + (k + p) a(m) ST F + (k — p) a(m)85;FP.

5. Commuting with the Hilbert transform, torsionless and
antisymmetry

We prove that I'; of last section is characterized by torsionless condition,
commutation with J and antisymmetry condition.

We put ourselves on G = diff (S1). Then having discussed the properties
of T on diff(S), we take the orthogonal projection m : diff(S') — V and
we define, for v € diff(S?), the operator

Pproj(v) = mo I‘(”)IV (62)
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where U(v)|y denotes the restriction of I'(v) to the subspace V. In fact, the
metric on the linear subspace V' of diff(S!) will determine the curvature of
the quotient space.

Torsionless condition and commutation with J on diff (S'). In the following
lemma, we characterize I" when
)T -T = [u, torsionl diti
(i) D(u)y —T(v)u = [u,v] (torsionless condition) for v € diff(Y).
(il) T'(u)Jv = JT(u)v
(63)
Notice that when u =1 and v is in the subspace of G generated by {cos k8,
sinkf}r>1, then with I'(1)u = v/, T'(v)(1) = 0 and T'(1)Jv = (Jv)' = Jv/,
the conditions (63) are satisfied. We consider the case where u and v are
in the subspace generated by {cosk6,sinkf};>1. Since [cosp8,sinkf] is
expressed in terms of cos, we put for p, k > 1,
T(cos pf) sin kB = By (k) cos(p + k)0 + vp (k)1 p>k+1 cos(p — k)6
+ pp(k)1k>pt1 cos(k — p)b + akdh cos kb. (64)

Lemma. Assume that T satisfies (63)—(64); then

(T'(cos p8) sin k& = B, (k) cos(p + k)8 + vp(k)1p>k+1 cos(p — k)6
+1ip(k) 1k p41 cos(k — )8 + ay 0F,
[(cosph) cos kO = — B, (k) sin(p + k)8 — vp(k)1p>k+1 sin(p — k)6
\ —ip(k)Lkzp+1 sin(k — p)f,
(65a)
'F(sinpe) cos kb = B,(k) cos(p + k)6
+(up(k) — (p + k)) Li>p+1 cos(k — p)o
+p(k) 1p>k+1 cos(p — k)6 + (ax — k)d%, (65b)
T(sinph) sin kO = B, (k) sin(p + k)6
+(up(k) — (p+ k) Lizp+1 sin(k — p)o
{ +7p(k) 1p>k+1sin(p — k)0,
where .
—Pp(k) + Bi(p) = 5 (0 — k),
(66)

—7p(k) + pi(p) = %(k +p) for p>k+1.

In particular,

N

if Yp(k)lp>ks1 =0, then pp(k)==(k+p) for k>p+1. (67)
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Proof. From (63), and since cos kf = —J sin k@, we obtain I'(cos p#) cos k6.
With (63) (i) (torsionless condition), I'(cos pf) cos k@ = I'(cos k@) cos pf +
[cos pf, cos k). This gives the condition (66). With the torsionless condi-
tion, and with (64), we calculate

I'(sin pf) cos k@ = I'{cos kB) sin pf + [sin ph, cos k6)].

With (63) (ii) (commutation with J), we find I'(sin pd) sin k6. The torsion-
less condition on I'(sin pf) sin k@ yields again the conditions (66). O

Lemma. Assume that I' satisfies the conditions of the previous lemma,
i.e., it is given by (65)—(66); then, for p > 1, the operator ['(cospf)? +
['(sinpb)? is diagonal in the trigonometric basis {cosk®,sink6}r>1 if and
only if vp(k) 1p>k+1 = 0. In that case, we have, for k > 1,

[T(cos pf)? + I'(sin pd)?] sin kf
—[(2p + k)Bp(k) + (P + k)Bp(k — P) Lkzpt1] sin k6.  (68)

In particular, if T =T or T' = Ag, then [['(cospf)? + ['(sinpb)?] is a
diagonal operator.

Proof.
I'(cos pf) sin k6
= ZTZI [Bp(k)6£+k + 7,,(19)6,’_’"‘ + /‘p(k)éf_p] cos 6 + ak5z,
T'(cos pf) cos o
= o1 [Bp(r)8F T 4 yp(r)85 " + p(r)0] 7] sin 6.
i
Thus

I'(cosph)?sinkf = — Z Z [Bp(k)SETF + 4, (k)P ™F + p1y (K)6EP]

j2lrz21
X [IBP(T)‘S;)JrT + Wp(T)(Sf_r + up(r)d;.—p] sin j6

and

D(sinp)2sink0 = 3° 5~ [Bp(K)AT+ +3p (k)37 + (s1p(K) — (p+$))3% 7]

jzlr>1
X [Bp(r)8 T +p(r)8F " + (p(r) — (p+7))8; "] sin jO.
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Adding, we find
[T'(cos p8)? + T'(sin pd)?] sin k6
= [k(p + k) — kpp(k) — (p + E)up(k — p)|Le>2p+1 sin(k — 2p)0
— (p+ k)yp(k — p)lop> 41 sin(2p — k)6
— (20 + E)Bo(K) + (p + k)By(k — p)] sin k6.
We proceed in the same way with [T'(cosp)? + I'(sin pf)?] sin k6,
([T(cos p#)? + T(sin pd)?] cos k6 | cos j6)
= ([T(cos pf)? + I'(sin pH)?] sin k6 | sin j6).

O
Corollary 1. ForI'=T4,p >0, k > 2,
2T'(cos pd)? sin k6 + 2T (sin pf)? sin k9
o ealk—p) o Gp+kPa(k)
=—(p+k) (k) lg>py2sinké ap+F) sinkf. (69)

Moreover 3 -, I‘(cospé)/\/oz(;o))2 + ['(sin pd/+/a(p) )2 is a diagonal oper-

ator. The coefficients on the diagonal are given by

_ 1 a(k — p)
Ap = 3 Z [—(LD + k)zm li>pte —

p>2

(2p + k)% (k)

a@ator i)

where the series converge.

fork>2.  (71)

[C(cos @)% + I'(sin#)?]sinkf = —(k% — 2) sinkf
I'(1)? sin k# = —k? sin k6

In the same order of idea, looking for diagonal operators, we have
Lemma. With the assumptions (65)—(66) on I, the operator
®, : u — [['(cos pb)u, cos pd! + [['(sin ph)u, sin pb) (72)

is diagonal in the trigonometric basis {cosk6,sinkb}r>1 if and only if
Yp(k) 1pzk+1 = 0. In that case we have, fork > 1, ®,(sin k) = A2 (k) sin k6
and ®,(cos k) = )\g’(k) cos kO, where

A2 (k) = —%(p +B)2p — k) Lspe1 + (2p + K)Bp(k) — kaxd?.  (73)
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Proof.

[T'(cos p#) sin k8, cos pb]

=5 3 BRI + (R + iy (0)5E7)

r>1,5>1 r r— e
=S X[ )&+ (r+ )8 P ~ (r +p)OT "] sin g6

+ ax 6% (1, cos pb],

[[(sin pf) sin k6, sin pb]

1 _ -
=5 D [BeW)OTE +yp(K)SE ™ + (up(R) — (0 + K)o 7]
r>1,j>1 r+p r—p P—T7 .* .

x[(p—7)6;"P + (r +p)6; % — (r +p)d% "] sin jO.

Adding, we see that the terms corresponding to j =k —2pand j =2p—k
vanish if and only if u,(k) = 3(p + k). This gives the condition on ®, to
be diagonal. In that case, we calculate )\g’(k). O

Theorem. We keep the assumptions (65)—(66) on I'. For p > 1, the
operator Z, defined by

Z, = ®, 4 I['(cos pf)? + I'(sin ph)? (74)

is diagonal and Z,sinkf = M2 (k) sin k6, Z, cos k6 = /\f(k) cos kf with
1
M (K) = ~Lisps1(p+ k) | 5(2p = k) + Bp(k —p)| —kardl.  (75)

Corollary 1. With (75), for p > 0, we assume that B,(k) = %
(notice that this value of B,(k) is in I'1). Then

(2k —p) 1

A2 (k) = M (k)a(p) with A (k) = —1kzps1 X (p+F) 2R —kaka(k)ég.
(76)

Moreover, .
QZ)\f(k):—l—;—%z. (77)

p=0

Proof. For p > 1, Bp(k —p) = %. To calculate the sum, we
remark that

3 (p+ k)(2k — p) 13,2 1) 2k(k — 1)

a(k) =6 ak)

1<p<k~1
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then, we add the two terms corresponding to p = k and p = 0. We see that
the corresponding operator is bounded and that

. 13
if ax =1, then 22)\5(’(3):—?.
p>0
We have [I'(cos 0)u, cos ] + [I'(sin 6)u, sin 6] + T'(cos 8)2u + I'(sin §)?u = 0
and [['(Du, 1} + T(1)?u = 0. O

Theorem (of unicity). Let ' be given by (64),
['(cos pf) sin k@ = Bp(k) cos(p + k)8 + vp(k) 1p>k+1 cos(p — k)0
+ tp(k) 1g>pr1 cos(k — p)8 + axdy.

Assume that T'(u)v — T(v)u = [u,v] and T'(u)Jv = JT(u)v. Then the
condition

(T()u | w) = e(T()w | u) with € =1 (78)
implies that e = —1 and
(k) = S0 and for k2 p+ 1, () = 0. gl = 255
(79)

Proof. We define H(u)w with (H(u)w | v) = (T'(v)u | w). We calculate
H(u)w in the trigonometric basis,
_ﬁk—p(p)a(k)
a(k - p)
_ Ye+p(P)a(K)
a(k + p)
_ Np—k(p)a(k)
a(p — k)
ﬁp—k(k)a(p)
o(p — k)
Yetp(k)(p)
alk + p)
pi—p (K)o (p)
a(k —p)
The relation H (sin k) cos pf = e¢H {cos pf) sin k0 gives

H(cospf)sin k6 = 1g>p+1 cos(k — p)o
cos(k + p)é

1p>k+1 cos(p — k)6,
H(sin k@) cos pf = 1p>k+1 cos(p — k)6
cos(k + p)f

lg>p+1 cos(k — p)o.

'Yp+k(k)a(p) = —G’Yk-i—p(p)a(k)
Bp—k(k)a(p) = —€pp-r(p)o(k) for p>k+1.



16 HELENE AIRAULT

In a similar way, we have

Br—p(p)a(k)
a(k —p)
Yitp(P)a(k)
a(k +p)
to—k(p) — (2p — k)a(k)
a(p — k)

The condition H(cospf) cos k8 = eH (cos kf) cos pd gives

H(cospf) cos kb = lk>p41 sin(k — p)é
sin(k + p)@

+

1p>k41 sin(p — k)8

Yo+k(P)a(k) = evprr(k)a(p)
Br-p(p)a(k) = e(ux—p(k) — (2k —p))a(p) for k>p+1.

It implies that v = 0. The second equation in (ii) can be written as
Po-k(k)a(p) = e(up-x(p) — (2p — k)) (k)
for p > k + 1. The comparison with (i) gives
k
uk(p) = %) for p>k+1.

Replacing in Gk (p) a(k + p) = e(ux(k + p) — (2k + p)) a(p), we find

___(2k+pa(p)
Then the condition Bk (p) — Bp(k) = 4(p — k) determines e = —1. ]

Part II. Stochastics on H \ Diff (S?)
and integration by parts formula

We identify the quotient space diff(S!)/su(1,1) with the subspace V of
diff (S') generated by {coskf,sinkf}r>2. The following is valid when T
is the Levi-Civita connection. Let (¢;);>2 be the orthonormal basis of V
defined by (22). Let (z;(t));>0 be independent Brownian motions. We put

2(t) = 3 e (t). (80)
J
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We denote ‘xd’ the Stratonovitch differential and ‘0’ the composition of
maps. On H \ Diff(S?), let y(t) be the solution of

dy(t) =Y (e;07(t)) *dz;(t) with v(0) = Id. (81)
jz2
We denote
*dz(t) oy(t) = > (& 0Y(t)) x da;(t). (82)

J

For fixed j, then €;z;(t) is a process in diff(S'). More generally, consider
random vectors (y;(t)); with y;(¢) € diff(S?) for any j. Let

y(t) =D (). (83)
522
We put
xdy(t) oy(t) = ) *dy;(t) o(t)- (84)

J
For the Levi-Civita connection I', for any A in V, consider the parallel
transport given by (see [1])

dQ(t)h = T(xdx(t)) Qt) h = Y _T(e;) Qt)h * dz;(t). (85)

With the notations of (14)-(17), we consider the process

Yu(t) = exp(pS2(t)h) o(t). (86)

Theorem (Integration by parts). Let Q(e)h be a solution of (85). For
F: X — R, we define DL F(y(e)) as in (18), then (19) holds.

Proof. It is an adaptation of Fang’s proof [11]. Since the adaptation is
not straightforward, we give the details and we divide the proof into three
steps.

Step 1. Consider the process y,(t) = exp(u§2(t)h) ov(t) as in (86). We
construct a tangent process 7, (t) such that (i), (ii) and (iii) are fulfilled,

(1) 7o () = v(®),
(i) dyu(t) = (dy*(t) + p 2(t) dt) 07u(t)  with 3,(0) = 1d,

(iii) Zl%

(87)
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where y*(t) fo exp(ul'(Q(s)h)) dz(s). Since the operator I'(w(s)h) is
antisymmetric from V to V, then y*(t) is a Brownian motion on diff(S?!).
Construction of the tangent process §, and the expressions of z(s) and

dy*(s) in (ii).
Proposition 1. Let

M(t) = (Ed;w) u:o; (88)
then M(t) satisfies
dM(t) = xdy(t) 0y(t) + *dz(t) o M (t) (89)
and the differential of y(t) in Ité’s form is
dy(t) = T(QUt)h) dz(t) + ¥ Q(t)h dt. (90)

Proof. Notice that dz(t) € diff(S') and T'(Q(t)h) is an antisymmetric
operator on diff(S'). Taking the stochastic derivative of ,(t) in (17), we
obtain
dyu(t) = *d(exp(uf2(t)h)) o exp(—pSd(t)h) 07, (t)
+ (exp(u(t)h)) 0 x dv(t)
= (u*d(Q(t)R) + terms in p? with j > 2) 07,
+ (exp(uQ(t)h)) o * dy (). (91)

On the other hand, because of (81),
(exp(u(t)R))" 0 * dy(t) = 3 (exp(ut)h)) 065 0(t) * da; ()
= Z(I + u(Qt)R) Yoej0 ;xp( —uQ(t)h) 0, (t) * dx;(t) + terms in p?,
jz2. (92)

We differentiate this last identity with respect to p and take p = 0, it gives

dp

[(exp(uQ(t)))" 0 * dv(t)]

u=0
_Z (t)h)) o€j — €5 0Qt)h) 0Y(t) * dx;(t) + €j 0 M(t) * dx;(t)

—Z ()h,€5] 07(t) * dz;(t) + €50 M(t) * dz;(t),
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The bracket [Q(t)h,€;] is given by [Q(t)h,e;] = (QUt)R)) o€j — € 0Q(t)h.
Notice that in our case the Lie bracket is different from the one in [11]. We
deduce that

dM(t) =Y (C(e,)Q)h+[Q(t)h, €5]) 0¥(2) *dmj(t)+Zej oM (t) dx;(t).

J J

(94)
We put
dy;(t) = (T(e)Qt)h + [Qt)h, ¢5]) * dz;(2)
=T(Q(t)h)e; * dx;(t), (95)
where the last equality is a consequence of
T(e;)Qt)h + Q1) h, €] = T(Q(t)h)e;. (96)

Compare with (49). The equation (95) is a Stratonovitch equation. Let

y(t) =3 ui(®). (97)
We have in Stratonovitch differentialj
dy(t) = 3 T(QB)h)e; * da;(t) (98)
and we have ]
dM () = xdy(t) oy(t) + *dz(t) o M(2). (99)

From (95), we calculate Itd’s stochastic differential of y(t). The Ité con-
tractions are given by

Lidt = (d(T(e,)Qt)h + [QUt)h, €5]), dz;(2))
= [[(e)T(e5)2E) R + p(e5)T(€;)2(E)h) dt (100)
and
> Iydt = VQ(t)hdt, (101)
J
where ¥ and ¢ are given by (11)—(12). We see that It6’s differential of y(t)
is given by (90). This proves Proposition 1. O

Definition. For t > 0, let Q4 be the solution of

dQ¥ =T(Qt)h)QY dp with Qf = Idgig(s1)- (102)
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We have
d

du
Since T'(2(¢)h) is antisymmetric on diff(S!), then Q¥ is orthogonal with
the scalar product. We define

QY =T(Q(t)h). (103)
p=0

Y (t) = / Q¥ da(s); (104)

then y°(t) = z(t) and y*(¢) is a Brownian motion on diff(S?) from the
orthogonality of @2, the It contraction

(dy* (), dyt (1)) = 3 _lIQue; |Pdt = dt. (105)
J
Proposition 2. Let 5, be the solution of the Stratonovitch equation
d¥, = (xdy*(t) + p¥Q(t)hdt) 07, (106)
and let p
M=—| 7 (107)
du 4=0

we have Fo(t) = y(t) since y°(t) = z(t). Moreover, M=M.
Proof.

~ d
=(d{ =
aM ( (du

We have to verify that

yu> + TQ(t)h dt) 07(t) + (xdz(t)) o M. (108)
u=0

dy(t) = d(—d— yu> + UQ(t)hdt (109)
dpl,—o
or equivalently
d(—d— yu> =T (Q(t)h) dz(t). (110)
du 4=0
To verify (110), we differentiate dy*(t) = Q} dz(t) with respect to p. It
gives
d d
d| — ={— Q") dz(t).
(du uzoy“> (du o )

Since M (t) and M (t) satisfy the same stochastic differential equation, we
conclude that M = M. O
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Step 2. The Girsanov formula is written for the tangent process 7,. Let
Ty v —
and the density K,
¢
K0 = exp( 1 [ ((6) L) = [ 1293 )

with z4(s) = ¥Q(s)h and where Q(s) is the parallel transport along .
From Girsanov theorem, for F: X — R,

E|[(FoT,) x K, = E[F).

Step 3. We differentiate with respect to u the previous formula,

d
E|D}F|=—-E [F— K ]
du 4=0 s
Since %'u fo 2y(s) | dz(s)), we obtain the integration by parts
formula. O
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