Chapter 5

Representations of
Compact Lie Groups

In this chapter we deal with the classical representation theory of a com-
pact group. We shall see that compact Lie groups play a special role
although the case of finite or abelian groups is also of great interest.
The central object of study here is the set of all finite dimensional, con-
tinuous, irreducible unitary representations. Although we will not need
this, actually every continuous, irreducible, unitary representation of a
compact group on a Hilbert space is automatically finite dimensional.
In Section 1 we introduce the players, in Section 2 we prove the Schur
orthogonality relations. In Section 3 we develop what we need from
functional analysis and in Section 4 we prove the Peter-Weyl theorem
and its many consequences. Section 5 deals with characters and class
functions. In our final section we study induced representations and
the Frobenius reciprocity theorem as well as a number of related ideas
which have proven to be quite useful in geometric questions (such as the
Mostow-Palais equivariant embedding theorem) and spherical harmon-
ics. It might also be mentioned that the results on representations and
harmonic analysis have been generalized from compact to other classes
of groups. The most direct analogies have been found in the case of
central groups, those which are compact modulo their center (see [27]
and [28]).
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224 Chapter 5 Representations of Compact Lie Groups
5.1 Introduction

Unless otherwise stated, throughout this chapter G will denote a com-
pact topological group and dg will be the normalized Haar measure on
G (recall G is unimodular by Corollary 2.2.2), L1(G) and L2(G) will
denote the integrable, respectively square integrable, complex valued
measurable functions on G with respect to the Haar measure and C(G)
the continuous complex valued functions on G. Likewise if G operates
on a space X with a measure dz preserved by G we denote by L;(X)
and Ly(X) the integrable, respectively square integrable, complex val-
ued measurable functions on X and C(X) the continuous ones.

Even though compact groups have many interesting infinite dimen-
sional representations, we shall also see why we concentrate on finite
dimensional representations.

For the readers convenience we list the following definitions. These
are fundamental and actually do not require compactness of G, but
merely that the representations are continuous and finite dimensional.

Definition 5.1.1. (1) Given two such representations of p and o of
G we shall call an operator T': V, — V, an intertwining operator
it Tpg =0,T,9g€G.

(2) p and o are said to be equivalent if there exists an invertible in-
tertwining operator between them.

(3) We shall say p is a unitary representation if p(G) C U(n,C) for
some 7.

(4) A Hermitian inner product (-,-) on V, is called invariant if
(pg(v), pg(w)) = (v,w) for all g € G and v,w € V.

(5) A subspace W of V, is called an invariant subspace if pg(W) C W
for all g € G.

(6) p is called completely reducible if every invariant subspace has a
complementary invariant subspace.

(7) pis called irreducible if it has no nontrivial invariant subspaces.

(8) Finally, we denote by R(G) the equivalence classes of finite di-
mensional, continuous, irreducible unitary representations of G.
As we shall see this set is quite interesting even when G is finite
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or abelian.

The following proposition and its corollary was proved in Chapter 2
(see the proof of Theorem 2.5.1).

Proposition 5.1.2. Any finite dimensional representation of a compact
group G has a G-invariant inner product and hence is equivalent to a
unitary representation.

In particular,

Corollary 5.1.3. Any finite dimensional continuous representation of
a compact group G is completely reducible.

We leave the following important exercise to the reader.

Exercise 5.1.4. (1) Show that equivalence of representations is an
equivalence relation.

(2) Given a single representation p, show the set of intertwining op-
erators forms a subalgebra of End(V)).

(3) Give an example to show that the proposition and corollary above
is false if G is not compact e.g. consider a unipotent representation
of R.

(4) Show that two representations are equivalent if and only if the
modules (G,V,, p) and (G, V;, o) are isomorphic. Thus they share
all module theoretic properties such as a composition series for
one corresponds to such a series for the other etc.

(5) Show that a finite dimensional continuous representation p is
completely reducible if and only if the corresponding module is
semisimple.

(6) Show that a finite dimensional continuous representation p is ir-
reducible if and only if the corresponding module is simple.

(7) Define a unitary representation (not necessarily continuous) of a
group (not necessarily compact) on a Hilbert space V' and show
that it is completely reducible in the sense that any closed G invari-
ant subspace of V' has a complimentary closed invariant subspace.
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We conclude this section with an important example. We shall find
all the finite dimensional irreducible unitary representation of SU(2, C).
Now we know all the complex irreducible representations of the Lie
algebra s[(2,C) (see Section 3.1.5). Since the Lie group SL(2,C) is
simply connected (Corollary 6.3.7) and has s[(2, C) as its Lie algebra its
irreducible representations are in bijective correspondence with those
of the Lie algebra by p — p’ (Corollary 1.4.15). Similarly, SU(2,C) is
also simply connected (Corollary 1.5.2), so its real continuous (smooth)
irreducible representations are in bijective correspondence with those of
its Lie algebra, su(2,C). Finally, as we will see in Chapter 7, su(2,C)
is a compact real form of s[(2,C). Hence complex irreducibles of the
latter bijectively correspond with the real irreducibles of the former.

Corollary 5.1.5. There are an infinite number of continuous, finite
dimensional, irreducible, unitary representations of SU(2,C), one for
each degree.

Exercise 5.1.6. Show that, within these, the representations of
SO(3,R) are the ones of odd degree.

5.2 The Schur Orthogonality Relations

The Schur orthogonality relations are the following.

Theorem 5.2.1. Let G be a compact group, dg be the normalized Haar
measure and p and o finite dimensional continuous irreducible unitary
representations of G. Then
(1) If p and o are inequivalent, then [, pij(g)ow(g)dg = 0 for all
i,j=1,...,d, and k,l =1,...,d,.

(2) [¢pij(9)pmlg)dg = 2422

Proof. Let V, and V, be the respective representation spaces and
B(V5,V,) be the (finite dimensional) C-vector space of linear operators
between them. Let T' € B(V,,V,) and consider the map G — B(V,,V,)
given by g — p(9)To(g~!). This is a continuous operator valued func-
tion on G and so [, p(g)To(g~")dg is also an operator in B(V,,V,,). For
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h € G we have
o(h) / p(9)To(g " )dgo(h) ™" = / p(h)p(g)To (g™ )o (k)" dg
G G
= / p(hg)To(hg) ' dg
G
- / p(9)To(g) " dg
G

Letting To = [, p(9)To(g9) tdg we see p(g)Ty = Tyo(g) for ev-
ery g € G. That is, Ty is an intertwining operator. By Schur’s
lemma, Lemma 3.1.52, there are only two possibilities. Either p and
o are equivalent and Ty is invertible (and implements the equiva-
lence) or ,0 and o are inequivalent and Ty = 0. In the latter case
Jar(9) )"'dg = 0, where T is arbitrary. Let T = (t;;). Then
(p(g )TO’( ) )Zl = > ik Pij(Otikon(g™ ). Since (t;i) are arbitrary we
get [ pij(9)ow(gt)dg =0 for all i,j =1,...,d, and k,l = 1,...,d,.
Because ¢ is a unitary representation o(g~!) = o(g)~! = o(g)*. Thus
Japij(9)ow(g)dg =0 for alli,j=1,...,d, and k,l =1,...,d,.

We now consider the case when we have equivalence. Here we may
as well just take o to be p. In this case Schur’s lemma tells us T is a
scalar multiple of the identity. Thus [, p(9)Tp(g9) 'dg = A(T')I. Taking
the trace of each side yields

tr( /G p(9)Tp(g) " dg) = /G tr(p(g)Tplg) " )dg = /G te(T)dg = tx(T),

while tr()\(T)I) = MNT)d,. We conclude XT) = trcg) and so
fG p(g Y ldg = tr(T)I Using reasoning similar to the earlier case

one ﬁnds fG pij(g 9)pie(9) )dg =0foralli,j,k,il=1,...,d, whenever i # [,
or j # k. Now we consider the case when i = and 7 = k. By taking T
to be diagonal with all zero entries except for one we get 4,5 = 1,...,d,.

Hence in general one has fG pij(g)Pkl( Ydg = zk5al O
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5.3 Compact Integral Operators on a Hilbert
Space

Before proceeding further we must now prove the spectral theorem for
compact self-adjoint operators on a Hilbert space. Then we will apply
this result to compact self-adjoint integral (Fredholm) operators to con-
clude that the range of such an operator always has an eigenfunction
expansion. It is this fact which is behind the Peter-Weyl theorem.

Definition 5.3.1. Let V and W be real or complex Hilbert spaces. A
bounded linear operator T' : V. — W is called a compact operator if
T(B1(0)) is compact where B;(0) is the unit ball in V.

For an operator T', the norm, if it exists, is defined to
T[] = sup{[|Tv| : [[o] = 1}.

Exercise 5.3.2. Evidently, if this were so it would be true of every ball
about 0. In fact, T is compact if and only if it takes bounded sets to
compact ones. Notice that when V = W and is infinite dimensional,
then the identity map I or, more generally AI, A # 0 is not compact
while if W is finite dimensional all bounded linear operators are com-
pact. Such operators are called finite rank operators. Observe also that
the restriction of a compact operator to a closed invariant subspace is
again compact.

What would be a nontrivial example of a compact operator? Sup-
pose V = Ly(X), where X is a compact Hausdorff space, dx is a (finite
which we may as well normalize to have total mass 1) regular mea-
sure on X and k is a continuous function on X x X. We can use k
to define an operator Ty, : V. — V| by Ty(f fX y)dy.
T;, is well defined since by compactness k is bounded and by the
Schwarz inequality together with compactness tells us Lo(X) C L;(X).
Ty is evidently linear. Applying the Schwarz inequality again shows

Jx [k, ) f)Pdy < k][5 wx [x [f@)Pdy < [[kl% . x||f]3- Hence T,
is a bounded operator (whose operator norm is < |[k||% x)-
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Definition 5.3.3. In this context the k above is called a kernel function
and T} a Fredholm operator.

So for example, we can let ¢; and 1; be two sets of n continuous
functions on X, where n is any integer and k(x,y) = Y iy ¢i(x)i(y).
Then T} is a compact operator for a very simple reason. Ty (V) C W,
where W is the linear span of ¢; and hence is finite dimensional.

Now this conclusion actually holds for any jointly continuous k. We
shall see that it will be sufficient for our purposes to understand Fred-
holm integral operators.

Theorem 5.3.4. For jointly continuous k, Ty ts a compact operator.
Furthermore, Ty, (La(X)) C C(X).

Proof. We first prove the second statement. Since X x X is compact,
k is uniformly continuous. That is given xy € X and € > 0 there exists
a neighborhood Uy, of z¢ so that |k(x,y) — k(xo,y)| < €, whenever
y € X and x € Uy,. Therefore |Ty,(f)(z) — Tp(f)(zo0)| < [x |k(z,y) —
ko, I FW)lldy < el fIl: and since Ly Ly, [[f]ls < oc.” Thus Tx(f)
is always a continuous function.

We now show that T}, is a compact operator. Notice that on C(X)
we have two norms, the sup norm || - ||x and the restricted Ly norm.
But since we have normalized the measure, ||f|l2 < ||f||x. Let B be
a bounded set in L. If we can prove Tj(B) is compact in C'(X), then
by continuity of the injection C'(X) — Lo(X) we will be done. To do
this we apply the Ascoli theorem. Now again by Schwarz, for z € X,
Tof@)| < [y (@)l F@)ldy < 1kl FI3 Thus |[Thfllx < oo
and Ty(B) is uniformly bounded. Moreover |Tk(f)(z) — Tr(f)(x0)|* <
Jx [k(z,y) = k2o, y)PIf ()Pdy < E[IfI3, if @ € Uy,. Thus Ti(B) is
equicontinuous at every point of X. By Ascoli, T;(B) has compact
closure in C'(X). O

Definition 5.3.5. (1) A linear operator T : V' — V on a Hilbert

space is called self adjoint if for all v,w € V, (Tv,w) = (v, Tw).

(2) For such an operator if A € C, we define V), = {v e V :Tv =

Av}. Here A is called an eigenvalue of T" and V) the corresponding
eigenspace.
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Exercise 5.3.6. (1) So for example, a Fredholm operator T} is self-

adjoint if and only if k(z,y) = k(y,x) for all z,y € X.

(2) If a linear operator T': V' — V on a Hilbert space is self adjoint,
then all its eigenvalues are real.

Now we wish to prove the following spectral theorem for compact
self adjoint operators on a Hilbert space.

Theorem 5.3.7. Let T be a compact self-adjoint operator on a Hilbert
space V. Then

(1) These are all real.

(2) If X # p are distinct eigenvalues then V and V,, are orthogonal.

(3) If X # 0 then V) is finite dimensional.

(4) T has at most a countable number of nonzero eigenvalues.

(5) KerT = Vj.

(6) V=V m (orthogonal direct sum,).

The main point being the last item which says, in particular, that
the range of T' can be expanded in a convergent series of eigenvectors
i.e. given € > 0, for any v € V, there exists a positive integer n(v) so
that [|T(v) — >0 NT(v)]] < e

Here are some consequences of the spectral theorem.

Exercise 5.3.8. Prove that:

D A7 dimVy, = [|T]].
=1

In particular, for any nonzero eigenvalue, A\?dimV,, < ||T||. Hence
: 113
dim V)\i < VAR

K3

Exercise 5.3.9. Notice that in the case of a finite dimensional operator
this just amounts to the fact that a self-adjoint operator is unitarily
diagonalizable with real eigenvalues.

Before turning to the proof of Theorem 5.3.7 we need some prepara-
tory results.
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Lemma 5.3.10. Let T : V — V be a compact operator and § > 0, then
the number of eigenvectors of norm 1 with eigenvalues A > ¢ is finite.

In particular the number of such distinct (i.e. orthogonal) eigen-
spaces is finite. In particular, the total number of such distinct
eigenspaces associated with positive eigenvalues is countable (even if
V' has an uncountable orthonormal basis!). Moreover, (using the pos-
itive integers) if we order the positive eigenvalues, \,, in decreasing
order, then A\, — 0.

Proof. Let X and u be distinct eigenvalues of T both bigger than § and
v and w be the respective eigenvectors of norm 1. Then since these
eigenspaces are orthogonal (see item 2), ||Tv — Twl||? = || \v — pw||? =
A2+ pu? > 262, Thus ||[Tv—Twl|| > /25. Clearly if there were an infinite
number of such eigenvalues there could be no convergent subsequence
contradicting the fact that 7" is compact. O

Lemma 5.3.11. Let T : V — V be a bounded self-adjoint operator and
W a T-invariant subspace of V.. Then W is also T-invariant.

In particular if T is compact self-adjoint and W is a closed T-
invariant subspace then T restricted to W+ is again a compact self
adjoint operator.

Proof. Let w € W and wt € W+. Then (Twh,w) = (w,Tw) = 0
since W is T-invariant. Thus since w is arbitrary Tw+ € W+, O

Lemma 5.3.12. For a self-adjoint operator T,
1T = sup{[(T'(v),v) : [|v]| = 1}.

Proof. Let M = sup{|(T(v),v) : ||v|| = 1}. By the Cauchy-Schwarz
inequality it is obvious that

{Tw, )| < T ()] - ol < lloll = IT|

if [|[v]| = 1, therefore M exists and M < ||T'||. It remains to prove that
|IT|| < M for which it suffices to show that [|T'(v)|| < M if ||v| = 1. We
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assume that T'(v) # 0 and let w = Tv/||Tv||. Then (T'v,w) = (v,Tw) =
|ITv| and

4| Tv|| = (T(v+ w),v +w) — (T (v —w),v —w)
< M|v +w|? + Ml|jv — w||® = 4M.

O

Proposition 5.3.13. LetT : V — V be a compact self-adjoint operator
on a Hilbert space. Then there is some w of norm 1 with T(w) =
+||7T||w.

Proof. By previous result there is sequence of vectors v,, of norm 1 such
that ||T|| = limy,— o0 [{T(vy), vy)|. By passing to a subsequence, we may
assume that (T'(v,,), v,) converges to r which is ||T'|| or —||T||, and T'(v,)
converges to some vector v, as T is compact. Then

0 < (1T (vn) = roall = 1T (va) > = 20T (vn), vn) + 1 |Jva
< 2r2 — 2r(T(vy), vp).

As the right side of the inequality converges to zero therefore
lim, o [|T(vy,) — rvy|| = 0. On the other hand, w = lim, . T(vy,)
hence lim,, o v, = w. For w = r~1v, we have T(w) = rw.

O

Proof of the spectral theorem.

(1) This is the exercise above.

(2) Suppose Tv = v and Tw = pw. Then (Tv, w) = A(v,w). But its

also (v, Tw) = fi{v,w). Therefore either (v,w) =0 or A = [, but
since u is real this would mean A = pu.
If A # 0, then since T acts on V) as a nonzero scalar multiple
of the identity, V) is finite dimensional by a remark made earlier.
By Lemma 5.3.10 T" has at most a countable number of positive
eigenvalues. Since —T is also a compact operator, T" must also
have at most a countable number of negative eigenvalues hence a
countable number of nonzero eigenvalues.

(3) Clearly Vj = KerT.
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(4) Finally, let W = (32, .o V). Then we have V. = W & w.

We prove that Vy = W+ which complete the proof. Since each
W\, € Vol, hence V) C W+.
Since W is clearly T-invariant, the same is true of W+ by Lemma
5.3.11 and moreover T restricted to W= is a compact self-adjoint
operator. By Proposition 5.3.13 choose woL of norm 1 in W+ so
that T'(wg) = +||S||wg, where S is the restriction of T to W+.
If ||S|| > 0, then wy € V), for some i. Since V), C W this means
wy = 0 which is impossible as its norm is 1. Thus ||S|| = 0so T
restricted to W+ is zero or in other words W+ C Ker T = Vj.

Since we were within C(X) and estimated by the sup norm we get

Corollary 5.3.14. The range, Ti(L2(X)), can be expanded in a uni-
formly convergent series of eigenfunctions of Ty with \; # 0.

Tk(f) = Zf)\z
=1

Moreover each eigenfunction ¢ of Ty associated with a nonzero eigen-
value is continuous because T(p) = Ao and T(¢) is continuous, hence
50 18 .

This completes our study of compact operators. We remark that us-
ing the spectral theorem for compact integral operators proven above,
one can also get the following theorem which is important in the study
of compact Riemann surfaces or, more generally, compact hyperbolic
manifolds of higher dimension. Here G is a non-compact simple Lie
group and H is the (discrete) fundamental group of the compact man-
ifold. For the details the reader is referred to Representation Theory
and Automorphic Functions by I.M. Gelfand et al. The definition of
induced representations is given in the last section of this chapter.

Theorem 5.3.15. Let G be a locally compact group, H a closed sub-
group with G/H compact and having a finite G-invariant measure. Let o
be a finite dimensional, continuous, unitary representation of H. Then
the induced representation, Ind(H 1 G,0), decomposes into a count-
able orthogonal direct sum of irreducible unitary representations, each
of finite multiplicity (but usually of infinite dimension).
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5.4 The Peter-Weyl Theorem and its
Consequences

In order to prove the Peter-Weyl theorem it will be necessary to study
a certain infinite dimensional representation called the left regular rep-
resentation L which is defined as follows.

The representation space of L is Ly(G) and the action is given by
left translation, Ly(f)(z) = f(g~'x), where g,z € G and f € La(G).
We leave it to the reader to check that this is well-defined on Lo and
is a linear action. It is actually a unitary representation; that is each
L, is a unitary operator since (Lq(f1), Lg(f2)) = (f1, f2) for all g € G.
f1, f2 € La(G) because of the invariance of Haar measure.

L has another important feature. Namely it is continuous in the
following sense (called strong continuity). If g, — ¢in G and f € Lo(G),
then Ly, (f) — Ly(f). First let f € C(G). Then by compactness, f is
uniformly continuous. So if € > 0 then |f(g, '2)— f(g7'2)| < € whenever
g lz(g7te) =g lawlg = g, 'g € U, where U is a sufficiently small
neighborhood of 1 in G. Hence ||Lg,(f) — Ly(f)|lc < € and so also.
l|Lg, (f) — Lg(f)|l2 < e. Now since Haar measure is regular, C(G) is
dense in Ly. Soif f € Ly we can choose f1 € C(G) with ||f — f1]| < e.
Then

[ Lg, (f) = Lg(Hll2 < [|Lg, (f) = Lg, (f)ll2 + |[Lg, (f1) — Lg(f1)]|2
+ [|Lg(f1) = Lg(f)l]2 < 3¢

if g, 1g e U.
Now let ¢ be a continuous non-negative function on G which is not

identically zero. We can make it symmetric (that is ¢(x) = ¢(z—1))
by replacing ¢ by ¢(z) + ¢(z~!). We can also have [¢dx = 1 by
normalizing i.e. replacing ¢ by /'#’jd:c' Let k(x,y) = ¢(x~1y). Then
k is continuous and since ¢ is symmetric k(z,y) = k(y,x). Because ¢
is real we see T}, is a compact self-adjoint Fredholm operator. In fact
here T} (f) is called the convolution of ¢ and f and this is precisely the
type of integral operator we are interested in. Let {2 be the set of all
the eigenfunctions associated with nonzero eigenvalues of all such Tj.

Then  and therefore also its complex linear span, [.s.c(£2), is contained
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in C(G). We will now show that any continuous function on G is the
uniform limit of some complex linear combination of such T%. To do so
requires a lemma, sometimes called the approrimate identity lemma.

Lemma 5.4.1. Let f € C(G), € > 0 and U be a symmetric neighborhood
of 1 in G so that |f(x) — f(y)| < e, if =ty € U. Let ¢ be a function
as described above with a support contained in U. Then for all x € G

If(2) — Te(f)(x)] < e
Proof. |f(x) — Tu(f)(x)] = [f(z) [oo() — [0 y)f(y)]. But

by invariance of Haar measure and the fact that ¢ non-negative
this is |f(2) [g o(a™ y)dy — [ o=y f(y)dy| < [q e y)|f(z) -
f(y)|dy. Now because Supp¢,—1 C a2U, we see |f(x) — Ti(f)(z)| <

EfSupp@E (b(x_ly) = efG ¢(‘T—1y) =€ |
Proposition 5.4.2. l.s.c(f2) is dense in C(G).

Proof. Let f € C(G), ¢ > 0 and U be a symmetric neighborhood of 1
in G sufficiently small so that |f(x) — f(y)| < e, if 271y € U. Choose
a neighborhood U; of 1 so that U; € U and by Urysohn’s lemma a
continuous function h : G — [0,1] with Supph C U and h = 1 on
U;. Then this gives rise to a function ¢ as above with Supp¢ C U. By
Lemma 5.4.1 |f(x)—Tk(f)(x)| < eforall z € G so that || f—Tk(f)|la < e.
This proves the proposition since by spectral theorem Ty (f) itself is the
uniform limit of a finite linear combination of nonzero eigenfunctions

associated with T},. O

Our next lemma shows that L restricted to V) gives a finite dimen-
sional continuous unitary representation of G.

Lemma 5.4.3. If V) is an eigenspace of such a Ty, where X # 0. Then
Vi (which we know is a finite dimensional C C(G) C L) is invariant
under L.

Proof. We know [, ¢(x'y)v(y)dy = M)(x), © € G, we apply L and
replace by ¢~ 'z. Then

/G o((g~ 2) L) (w)dy = Mp(g ).
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That is
/G oz gy)(y)dy = Mp(g ™).

Applying left invariance, the first term is

/ o gy)(y)dy = / o y)(g ™ y)dy,
G G

therefore

/G (a1 y)bg (y)dy = Moy ().
]

Now let A be the set of all matrix coefficients of all finite dimensional
continuous unitary representations of G and R(G) be l.s.cA. R(G) is
called the space of representative functions on GG. We leave it to the
reader to check that R(G) is intrinsic to G and does not depend on the
choice of basis needed to get these matrices. Notice that R(G) is stable
under conjugation since if p is a finite dimensional continuous unitary
representations of G so is p, its conjugate. If p is irreducible so is p.

Exercise 5.4.4. The reader should verify these statements. Particu-
larly the irreducibility of p. Hint use Schur’s lemma.

We now show that l.s.c2 C R(G) and R(G) is uniformly dense in
C(@G). To do so only requires the following.

Lemma 5.4.5. Q C R(G).

Proof. Let f € Q. Then for some appropriate k, Tx(f) = Af, where
A # 0. Choose an orthonormal basis, ¢1,...,¢, for V). Then f =
> oiq cigi. Since V) is invariant under L we get Lg(¢5) = > iy pij(9)9j.
That is ¢;(¢712) = Y1y pij(9)¢j(z) for all g,z € G. Taking = = 1
and replacing g by its inverse tell us ¢;(g) = >_i, pij(g71)d;(1) for
all g € G. But since p(g~!) = p(g)~! = p(g)* and pi; = Pji We see
di(g) = S pii(g)¢;(1). Thus each ¢; € R(G) and since this is a
linear space so is f. O
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Corollary 5.4.6. For a compact topological group G, R(G) is uniformly
dense in C(G). Also R(G) is dense in Lo (with respect to || - || norm).

This yields the following which is also called the Peter- Weyl theorem.

Corollary 5.4.7. For a compact topological group G, R(G) separates
the points of G.

Proof. Let ¢ # h € G and suppose r(g) = r(h) for all » € R(G).
Choose a continuous real valued function f such that f(g) # f(h).
Since R(G) is uniformly dense in C(G) we can choose a representative
function r so that [|r — fll¢ < 3|f(9) — f(h)]. Since [r(g) — f(9)|
and [r(h) — f(h)] < 3[f(g) — F(h)], it follows that |f(g) — f(h)] <
[f(9)=r(g)+Ir(g)—r(h)|+[r(h) = f(R)] <|f(g)—f(h)|, acontradiction.
Now there must be an irreducible representation p € R(G) satisfying
p(g) # p(h). For otherwise by complete reducibility all continuous finite
dimensional unitary representations would take the same value on g and
h. Hence r(g) = r(h) for all r € R(G), a contradiction. O

Corollary 5.4.8. A compact topological group G is isomorphic to a
closed subgroup of a product of unitary groups. Conversely, such a group
18 compact.

Proof. For each p € R(G) we get a unitary representation p : G —
Up. Putting them together gives a continuous homomorphism G —
,er(@) Up, a product of unitary groups. Since R(G) separates the
points of GG this map is injective. By compactness G is homeomorphic
(and isomorphic) to its image which is closed. The converse is obvious.

O

Corollary 5.4.9. Given a compact topological group G and a neighbor-
hood U of 1 there is a closed normal subgroup Hy of G contained in U
such that G /Hy is isomorphic to a closed subgroup of some U(n,C).

Proof. Now G\ U is closed and therefore compact. By Corollary 5.4.7
each g € G\U has p, € R(G) so that py(g) # I. By continuity of p, there
is a neighborhood, V; of g where p, is never the identity anywhere on V.
Since these Vj cover G\ U we have by throwing in U an open covering
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of G itself. By compactness G = U U V,,, the union of a finite number
of these. Consider the corresponding pg,. Let Hy = N; Ker py,. Then
Hy is a closed normal subgroup of G. Let p = ®;p,,. Then p is a finite
dimensional unitary representation, Ker p = Hy and G/Hy = p(G) is
a closed subgroup of some unitary group. Let ¢ € Hy. If g is not in
U then g € V,, for some i. But then py,(g) # I,, , On the other hand
since g € Hy, p(g) = I, and hence py,(g9) = I, , a contradiction. O

Corollary 5.4.10. A compact Lie group G is isomorphic to a closed
subgroup of some U(n,C) and conversely.

Proof. This follows immediately from Corollary 5.4.9 since G has no
small subgroups. That is, there is some U containing only the subgroup
{1}. Hence the Hy is trivial and so G is isomorphic to a closed subgroup
of some U(n,C). The converse follows from Cartan’s theorem. O

We make a few final remarks concerning the abelian case. Here
the irreducibles are all 1-dimensional. That is, they are multiplicative
characters xy : G — T and enables us to sharpen the conclusions of the
Peter-Weyl theorem in this case.

The next corollary shows that if a compact group has only 1-
dimensional irreducible representations it must be abelian since it is
embedded in an abelian group.

Corollary 5.4.11. For a compact abelian topological group G, the char-
acters separate the points and the linear span of the characters is uni-
formly dense in C(G). G is isomorphic to a closed subgroup of a product
of tori and if G is a Lie group it is isomorphic to a closed subgroup of
a torus.

We can now study the (in general infinite dimensional) left regular
representation, L.

Definition 5.4.12. If p is a finite dimensional irreducible representa-
tion of the compact group G we denote by R(p) the linear span of the
coefficients of p i.e. the representative functions associated with p.
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R(p) is a subspace of R(G) C C(G) C Ly(G). By Section 5.2 di-
mension is d%. If p and o are distinct in R(G) then R(p) and R(o)
are orthogonal (see Section 5.2). Now the linear span of all R(p), as
p € R(G), is R(G). Hence by the Peter-Weyl theorem we have

_ 1
Corollary 5.4.13. L2(G) = @ crc) R(p) with {djpi;} as an or-
thonormal basis.

We can look at R(p) in another way as follows.

Proposition 5.4.14. R(p) is both a left and right invariant subspace of
Lo. In particular, R(p) is also invariant under inner automorphisms.

Proof. We prove left invariance. Right invariance is done similarly. Let
r(z) = Y cijpij(x), cij € C, be a generic element of R(p). Since L
is a linear representation it is sufficient to show Lgp;; € R(p). But
plg~'z) = p(g~")p(x) so pij(g~ x) = ) pir(9~ )prj(x) € R(p). O

Thus we have decomposed Lo into the orthogonal direct sum of
perhaps a large number of finite dimensional (closed) left invariant sub-
spaces. In order to completely analyze L we merely need to know which
irreducibles occur in each of the R(p).

Now if 7 is a finite dimensional representation of G on V and p
is an irreducible representation of G, then [r : p|, the multiplicity
that p occurs in 7, is given in Corollary 5.5.5 below by (xr,X,) =
I Xr(2)X,(x)dz. In our case 7 = L R(p)- 1t can be easily checked
that xr,,, (9) = dsxs. We also saw that p € R(G) if p is. Thus the
multiplicity of p in L|p(, is d; = d,. Since dimc R(p) = d% it follows
that L| R(p) contains only p with multiplicity d; and nothing else. Since
p then occurs in L|g ;) with multiplicity d; = d, we have

Corollary 5.4.15. Fach irreducible of G occurs in L with a multiplicity
equal to its degree.

In particular, if the group is finite one has

Corollary 5.4.16. A finite group has a finite number of inequivalent
finite dimensional irreducible representation p1,...,p.. These are con-
strained by the requirement » ., df,i =|G].
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Example 5.4.17. Let G = S3, the symmetric group on 3 letters. This
group has two 1-dimensional characters. These are the characters of
S3/As = Zy lifted to G. It has no others since [S3, S3] = As. S3 must
have an irreducible of degree d > 1 for otherwise it would be abelian see
1.4.20. Since 12 + 12 + 22 = 6, the order of S3, we see |R(S3)| = 3 and
the higher dimensional representation has degree 2.

If we consider the two-sided regular representation of G on La (the
Haar measure is both left and right invariant and left and right trans-
lations commute) then a similar analysis shows that this representation
on R(p) is now actually irreducible and equivalent to p ® p. This can
be done by calculating the character of this representation (see begin-
ning of the next section). Here R(p) is identified with V; ® V, and
Xpep(9:h) = x5(9)Xx,(h), g, h € G. Applying Proposition 5.5.4 shows
that these representations are equivalent and Corollary 5.5.6 that they
are irreducible. We leave this verification to the reader as an exercise.

We now turn to the Plancherel theorem. Let p € R(G) and ¢ be an
Ly function. We define Ty(p) = [ ¢(9)p(g)dg. Thus Ty(p) is a linear
operator on V). It is called the Fourier transform of ¢ at p and so each
fixed ¢ gives an operator valued function on R(G), but always taking its
value in a different space of operators. Since ¢ € L1 and the coefficients
of p are bounded, Ty(p) always exists.

Now let ¢ and ¢ € La(G). We want to calculate (¢,1) , by Fourier
analysis. This is exactly what the Plancherel theorem does

(@) = Y dptr(Ty(p)Ty(p)),

PER(G)

where * means the adjoint operator. Since Lo C L; the Fourier trans-
form applies. To prove this using polarization we may take @) = ¢. Then
we get the following formula involving the Hilbert Schmidt norm of an
operator.

163 =D dptr(T(p)Ts(p)")-

PER(G)
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Matrix calculations similar to those involved in the orthogonality
relations themselves yield

dp
dp tr(Ty(p)Tp(p)*) = Y Idﬁ/G¢(g)p¢j(g)dgl2-

1,j=1

1
Since by Corollary 5.4.13 {dj pi;} form an orthonormal basis, the
claim follows from the identity

1613 = 3 (6, d2 pig)>.

Corollary 5.4.18. Let G be a compact Lie group and po be a faith-
ful finite dimensional unitary representation as guaranteed by Corollary
5.4.10. Then each irreducible representation p of G is an irreducible
component of @ pg Q™ pg for some n and m non-negative integers.

Proof. Consider the representative functions F associated with irre-
ducible subrepresentations of ®"py ®™ pg as n and m vary. Since pg
is faithful, F separates the points. It is clearly stable under conju-
gation, contains the constants and is a subalgebra of C'(G). By the
Stone-Weierstrass theorem F is dense in C(G). Let 0 € R(G). If o is
not equivalent to some irreducible component of ®"pg R py for some
n and m then R(c) L F. On the other hand given o;; we can choose
fv — o045 uniformly on G. Therefore (f,,04;) = 0 — (045,045) # 0, a
contradiction. O

We conclude this section with the following result concerning infinite
dimensional representations of a compact group.

Theorem 5.4.19. Let y be a strongly continuous unitary representation
of a compact group, G, on a complex Hilbert space, V.. Then ~ is the
direct sum of finite dimensional, continuous, irreducible unitary sub-
representations.

Notice that here the multiplicities need not be finite. Also observe
that it follows from Theorem 5.4.19 that irreducible unitary represen-
tations of a compact group on a Hilbert space are finite dimensional.
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Before turning to the proof of this result we extend the definition
of the Fourier transform to the case of a strongly continuous unitary
representation, v on a complex Hilbert space V. For f € Li(G) define
Ty(v) = [ f(z)yedz. This is the integral of an operator valued func-
tion. Hence if the integral exists, the result is an operator. This integral
does indeed exist since f € L; and the coefficients, x — (v,(v),w),
(vyw € V) are all bounded. Hence this operator has the property
that (Tf(7)(v),w) = [ f(2)(72(v),w)dz. Also, since ~ is unitary and
Tr(v)(v) = [ f(x)yz(v)de. It follows that for v e V,

T (V@) < f]alfoll- (5.1)

Lemma 5.4.20. For each f € Ly, Ty preserves all vy-invariant sub-
spaces of V.

Proof. Let W be an invariant subspace and W+ be its orthocomple-
ment. We want to prove that if w € W, then Tt(y)(w) € W. That
is, (Tf(v)(w),wt) = 0 for all wt € Wt. But (T¢(7)(w),wt) =
Jo f(@){(y2(w), wh)dz. Since v4(w) € W for all z € G and wt € W+
the integrand is zero. O

Proof of Theorem 5.4.19. Ordering the set of all orthonormal, fi-
nite dimensional, irreducible, y-invariant subspaces of V' by inclusion
and applying Zorn’s lemma shows there is such a maximal set. Let
W be the closure of the subspace generated by the subspaces in this
maximal set. We want to show that W = V. In any case W is a
~v-invariant subspace. Hence since v is unitary the orthocomplement
W+ is also a ~y-invariant subspace (by the same argument we used for
the finite dimensional case). Choose a family of functions (approxi-
mate identity), fu, consisting of continuous non-negative functions on
G with Supp fy C U and fG fudz = 1, as in the beginning of Section
5.4. By Lemma 5.4.20 for each U, T, preserves W, Hence if v € W,
Tr,v € W+ for all U. Let us assume there is such a nonzero v.

Now let v; € V. By the Schwarz inequality |[(T', (v) — v,v1)| <
Jo | fuve(v) —v)|dz||v1||. Since fy is non-negative, is supported on U
and has integral 1 we get [(Ty, v — v,v1)| < sup,ep ||V2(v) — v||||v1]]-
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Taking the sup over all v; with ||v1]| < 1 we conclude that ||Tf,v—v|| <
sup,cy ||7z(v) —v||. Hence by strong continuity of ~, ||Ts, v —v|| — 0 as
U shrinks to 1. (The reader will notice the similarity with Lemma 5.4.1.)
Finally, since v # 0, Ty,v # 0 for some small U. Next we apply the
Peter-Weyl theorem to uniformly approximate fy by a representative
function r € R(G) to within Mo+ Since this is also an approximation in
Ly we see [Ty, v —T(v)|| = || T, —rv||. The latter is < ||fr —r||1]|v]|| <
[|fu — rll2||v|| < e. Thus also T;(v) # 0.

Now the linear span of all left translates by x € G of r lies in a finite
dimensional subspace F of Ly(G) and so gives a finite dimensional con-
tinuous unitary representation of G. Let fi,..., f, be an orthonormal
basis of F. Then Ly(f;) = 3°7_; cij(g)f;. These functions all being in
Ls(G) and hence also in L;(G). Therefore for g€ Gandi=1,...,n

T3 (0) = 74 /G fi(w)(v)d = /G Fi@) )z = /G Fi(@) g (v}

Now by invariance of the integral under translation this is

\/Gfi(g_lx)f)/x(v)dx:TLg(fi)( v) = TE] 1¢i5(g fj ZCU Tfj

Hence, Tx(v) is a finite dimensional vy-invariant subspace of V' which
lies in W+ by Lemma 5.4.20. Moreover, it is nontrivial since T.(v) # 0.
This means it lies in W, a contradiction.

5.5 Characters and Central Functions

Definition 5.5.1. Let p be a finite dimensional, continuous, unitary
representation of G. We shall call x,(g) = tr(p(g)), g € G the character
of p. Then x, : G — C is a bounded continuous function on G.

Exercise 5.5.2. Why is x, bounded? Where does it take its largest
absolute value?

Corollary 5.5.3. Let p and o be a finite dimensional, continuous, ir-
reducible, unitary representation of G. Then (X ,,Xo) = 0 if p and o are
inequivalent and (X, x,) = 1.
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Thus the set X(G) consisting of the characters of the irreducible
unitary representations of G form an orthonormal family of functions
in Ly(G). In particular they are linearly independent.

Proof. We have,

a

d, dy
Z pii(g Z aji(9 Z Z pii(9);(g
i=1

=1 j=1

Hence

/Xandg—ZZ/Pm (T]]

=1 j=1

This is clearly 0 if p and o are inequivalent. Now if ¢ = p, then

dp
|\xp|\2—22/pu 9)P(9)d.

i=1 j=1

Ifi # j we get 0. Hence ||x,||3 =Y, fG pii(9)pii(g9)dg = 1 by Theorem
5.2.1.
U

Proposition 5.5.4. Let p and o be finite dimensional, continuous, uni-
tary representation of G. Then p and o are equivalent if and only if they
have the same character.

Proof. Evidently, equivalent representations have the same character.
We now suppose x, = Xo. Decompose p and o into irreducibles. p =
Sy nipi,n; >0and o= >0, mip;, m; > 0.

After renumbering we can consider the overlap to be from pg, ..., p..
Then

0=x,— mepz + Z — M) Xp; + Z —MiXp;-

i=r+1

Since the x,, are linearly independent we conclude n; = 0 for ¢ =
1,....,0k—=1,ny=m;fori=k,...,r and —m; = 0, =r+1,...,s.
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But since the n; and m; are positive k = 1, r = s and n; = m; for all
i=1,...,r. That is, p and o are equivalent. U

The next result follows from the orthonormality of X(G) in a similar
manner. We leave its proof to the reader as an exercise.

Corollary 5.5.5. Let p be a finite dimensional, continuous, unitary rep-
resentation of G whose decomposition into irreducibles is p = >\, nip;,
n; > 0. Then ||x,||3 = Yi_; n?. In particular p is irreducible if and

only if ||x,||3 = 1. Moreover, the multiplicity of an irreducible p; in p
is (Xps Xpi)-

We can use our irreducibility criterion to study tensor product rep-
resentations. Let G and H be compact groups and p and ¢ are finite di-
mensional continuous representations of G and H respectively. Form the
representation p®o of Gx H on V,®V, by defining p®0c (g, h) = pg@op,.

We leave it to the reader to check that this is a continuous finite
dimensional representation of G x H. It is actually unitary, but this does
not matter since everything is equivalent to a unitary representation
anyway.

Corollary 5.5.6. If p € R(G) and 0 € R(H), then p®o € R(G x H).
Conversely, all irreducibles of G x H arise in this way.

Proof. If dg and dh are normalized Haar measures on G and H respec-
tively then dgdh is normalized Haar measure on the compact group
G x H. Now X,z0(9, 1) = xp(9)Xo(h). Hence

X peol2 = /G/Hxp(g)xa(h)xp(g)xa(h)dgdh = |Ixl13lIx013 = 11 = 1,

proving the irreducibility.

Now let 7 € R(G x H) and consider, as before, all p ® o where
p € R(G) and ¢ € R(H). Let f € C(G x H). By the Stone-
Weierstrass theorem f can be uniformly approximates by the functions
of the form " | gi(x)hi(y), where g; € C(G) and h; € C(H). But by
the Peter-Weyl theorem these in turn can be uniformly approximated
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by ¢(z,y) = > iy ri(z)si(y), where r; € R(G) and s; € R(H). Hence
® the collection of these ¢’s are the representative functions of the ir-
reducible representations of G x H which are of the form p ® o, form
a uniformly dense linear subspace of C'(G x H). If an irreducible rep-
resentation 7 is not of the form p ® o, then its coefficients must be
perpendicular to ® and therefore to all of Lo(G x H). In particular it
must be orthogonal to itself, a contradiction. O

Definition 5.5.7. A function f : G — C is called a central function or
a class function if f(xy) = f(yzx) for all x,y € G. Equivalently, f is a
class function if and only if f(gzg~!) = f(x) for all g,z € G. That is, f
is constant on conjugacy classes of G. We denote the central functions

by C(G)¢.
Exercise 5.5.8. Show that these two definitions are equivalent.

Obvious examples of class functions are characters of finite dimen-
sional, continuous representations p of G' and since a linear combination
of a class function is again such a function, the linear span of all charac-
ters is a class function. Pursuing this idea somewhat further, it is quite
clear that the uniform limit (even the pointwise limit if the limiting
function is continuous) of class functions is again a class function. Thus
we know that the elements of X'(G) are class functions. It turns out
that the converse is also true. Namely,

Theorem 5.5.9. Fvery central function is a uniform limit of functions
in X(G) and conversely.

Before turning to the proof we need a pair of lemmas.

Lemma 5.5.10. Let p € R(G) and r € R(p). If r is central, then
r = AXp, where A € C.

Proof. Here r(x) = ngzl cijpij(x). Since r(z) = r(grg~!') we conclude
upon substituting and taking into account the linear independence of
pi; that C = p(g)'Cp(g). Alternatively, p(g9)C = Cp(g) for all g € G,
where C'is the matrix of ¢;;. By Schur’s lemma C'is a scalar multiple

of the identity and hence so is C. O
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Lemma 5.5.11. Suppose that f € R(G) is central then f is in the
linear span of X(QG).

Proof. f = >",ri, where r; € R(p;) and the p; are distinct in R(G).
Applying the assumption f(gzg~!) = f(x) and taking into account the
linear independence of the r; and Proposition 5.4.14 tells us each r; is
itself a class function. Hence by Lemma 5.5.10 each r; = \;x,, and

f = Z?:l )‘iXPi' O

Proof of Theorem 5.5.9. We first define a projection operator # :
C(G) — C(G)¢ via the formula f#(z) = [, f(gzg~")dg. It is easy
to see that this gives a continuous function f#, the operator is norm
decreasing ||f#||c < ||f|lc and f is central if and only if f = f#. We
leave these details to the reader to check.

Let f € C(G)%. Then by the Peter-Weyl theorem f can be uniformly
approximated on all of G by representative functions, ¢, ||f — ¢||¢ < €.
Apply the # operator and get ||f# — ¢*|lc = [|(f — &)¥|lc < ||If -
#||¢ < €. On the other hand f = f# and ¢* is a central representative
function which by Lemma 5.5.11 is a linear combination of characters of
R(G). Thus f is the uniform limit of a linear combination of irreducible
characters.

Exercise 5.5.12. The reader should verify the various properties of
# mentioned above as these are necessary to complete the proof of
Theorem 5.5.9.

Corollary 5.5.13. X(G) separates the conjugacy classes of G.

Proof. Let C, and C, be disjoint conjugacy classes. Since these are
disjoint compact sets Urysohn’s lemma tells us there is f € C(G) with
fle, = 0 and f|c, = 1. Applying # yields f#lc, = 0 and f#\oy =1.
Now approximate f# by a linear combination of characters to within %
by Theorem 5.5.9. If x,(x) = x,(y) for every p € R(G) this would give
a contradiction. Hence the conclusion. ]

Thus the irreducible representations of a compact group are in bi-
jective correspondence with the irreducible characters and, if the group
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is finite, the characters are in bijective correspondence with the set of
conjugacy classes. This is the basis of the so-called character tables of
a finite group. Vertically the characters are listed and horizontally the
conjugacy classes are listed. Then the table must be filled in with the
value of that character on that particular conjugacy class. For exam-
ple as we saw above, S3 has exactly 3 characters and therefore also 3
conjugacy classes.

We conclude this section with the functional equation for a character
of a representation in R(G).

Theorem 5.5.14. Let f = x, be the character of a finite dimensional,
continuous, irreducible, unitary representation p. Then for all x, y € G,

F@)f(y) = f<1>]ﬁ:f<gxg—1y>dg.

Conwversely, if f is a continuous function G — C, not identically zero
satisfying this equation, then % = Xff(pl), for a unique p € R(G).

Proof. We extend the # operator defined earlier on functions to rep-
resentations. For any finite dimensional continuous unitary representa-
tion, p, let p7* (z) = I p(gzg~1)dg, giving an operator valued function
on (G. For y € G using invariance of dg we get

p(y)p™ (x)p(y) ™" = /G p(y)plgzg™")ply) " dg = /G p((gy)z(gy)~")dg
z/(;p(gxg‘l)@:p#(w)-

Thus p? () is an intertwining operator. If p is irreducible p# (z) =
A(z)I and taking traces shows A(z) = tr(pj%. On the other hand,

tWﬂWZLUW%KmWZMm7

so that for all z € G,
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Hence

/G p(grg~"y)dg = X2 (m)p(y)-

Taking traces yields the functional equation

/G Xplgrg~ty)dg = XX (xc)lf” @),

Conversely, let f be an arbitrary continuous function satisfying the
functional equation. From it we see f(1) 7& 0 for otherwise f = 0.
Let y = 1 in the equation. Then f(z)f(1) 1) [ flgzg™ Ddg =
F()f#(x). Since f(1) # 0 f(z) = f#(x) so f is Central We will show
that for every p € R(G) and every z € G,

f(z) Xp()

F) T X (1)
Having done so we complete the proof by choosing a p € R(G) such
that (f, x,) # 0. For then we can cancel and conclude from (5.2) that

flz) _ xp(2)

FA)  xe(1)

Since f is central such a p must exist by Theorem 5.5.9. The p satisfying
(5.3) is unique because the characters of distinct representations are
linearly 1ndependent It remains only to prove (5.2). To do so consider

Ja Jo flgzg™y )X,(y)dgdy. By hypothesis this is

[ [T 18 0=

On the other hand by Fubini’s theorem, left translating

(5.3)

/G /G Flgzg™ y)x,(y)dgdy = / ( / Flazg " y)x,(y)dy)dg

//f Xp(g2~Tg~Ty)dy)dg.
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Using x,(t71) = x,(t), the latter is

//f YIXp(y gy dydg—/f /xpy grg~')dg)dy
/f /xp gzg~ 'y~ ")dg)dy.

By the part of the theorem already proved this is just

Xo@Xp (™), Xp(®)
Xy = X | sy

<f7 Xp>

or

5.6 Induced Representations

We now study induced representations of a compact group, G. Recall
(see Theorem 2.3.5) that if H is a closed subgroup of G and dg and
dh are the respective normalized Haar measures, then there is a (finite)
G-invariant measure p on the homogeneous space G/H satisfying

Aﬂﬂ@:éwﬁgwwww

Now suppose we have a finite dimensional representation o of H
on V,. We now define the induced representation of o to . This
representation, written Ind(H 1 G, o), will be infinite dimensional unless
H has finite index in G. We consider only finite dimensional, o, to
avoid technical difficulties and because most of the applications we are
interested in are in this situation.

Consider the vector space W consisting of functions F' : G — V,
satisfying

(1) F is measurable,
(2) F(gh) =o(h)"1F(g), for h€ H and g € G,
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B3) Jom IF (9T, d)(g) < oo.

Such functions clearly form a complex vector space under pointwise
operations. If (-,-);, denotes the Hermitian inner product on V;, we can
use this to define an inner product on this space as follows. For Fy and
Fy here, the function g — (Fi(g), F2(g))y, is a continuous function on
G, which by condition 2 descends to a function on G/H. In particular,
g~ ||F(9)|l{, is a non-negative measurable function on G/H.

Now W is actually a Hilbert space whose inner product is given by
(F1, Fy) = fG/H (F1(9), F2(g))y,d(p)(g). This inner product converges
by the Schwarz inequality which comes built in.

/ (F1(9), Fa(9))v, d(1) @)
G/H
< /G @) /G IR a0 )

Now let G act on W by left translation (z - F)(g) = F(x~'g), where
FeWanduz geG.

Proposition 5.6.1. Ind(H 1 G,0) is a unitary representation of G on
W.

Exercise 5.6.2. The proof of this is routine and is left to the reader.
We also leave to the reader to check that the left regular representation,
L acting on Lo, is an induced representation. Here ¢ is the trivial 1-
dimensional representation of H = {1}. (This is a good example of an
induced representation to keep in mind.)

We now show W contains a certain dense set of functions to be
described below. Let f € C(G, V), the continuous vector valued func-
tions on G and define for x € G, Fy(x) = [, o(h)f(zh)dh. Since the
integrand is a V,; valued continuous function on H which is compact the
integral exists and is a V, valued function Fy : G — V, on G.

Lemma 5.6.3. The Fy are continuous and in V.
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Proof. We prove 2). After we show F is continuous, 1) and 3) follow
automatically.

Frlght) = / o (1) f (gHh)dh = /H o (hy ' h) £ (gh)dh

H

- / o(hy Yo (1) f(gh)dh = o (ki) / o(h) f(gh)dh.
H H

Thus Fy(gh1) = o(hy ') Fy(g) proving 2).

Now since f is uniformly continuous given € > 0 there is a neighbor-
hood U of 1 in G so that ||f(xzh) — f(yh)||v, < €, whenever h € H and
xzy~ ' € U. Therefore

1Ey(z) = Fr(y)llv, S/HHU(h)IIf(wh)—f(yh)l\vadh-

Since o is unitary we see if zy~! € U, then ||Ff(z) — F¢(y)||v, <e. O
Lemma 5.6.4. The Iy are dense in V.

Proof. Clearly the continuous functions in W form a dense subspace of
W. We will actually show that the Fy are not only dense, but actu-
ally comprise all continuous functions in W. Let F be any continuous
function satisfying 2). We want to find an f € C(G,V,) so that

I~ FyllP = [ (Fy = Fi Fy — F)du(g)
G/H
is small. Now F(g) = o(h)Fi(gh), so

Filo) = [ Flodn = [ oA

On the other hand, Fy(g) = [, o(h)f(gh)dh. Therefore since o is
unitary |[Fy — Fyl2 =[5 [y 11F(gh) — Fi(gh)|I3, dhdp(g). Taking
f = F1, then this last integral is zero so F'y = F7. Since they are both
continuous they are identically equal on G. Therefore the F'y consist of
all continuous functions in W, and hence they are dense in W. O
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Corollary 5.6.5. Ind(H T G,0) is a strongly continuous unitary rep-
resentation of G on W.

Proof. We will show that if g, — ¢, and F' € W is fixed, then ||Lg, (F) —
Ly(F)|| — 0. Since Ind(H T G,0) is a unitary representation we have
[[Lg, (F) = Ly(F)|| = |[Lg-14,(F) — F|| so we may as well assume g = 1.
Also if we were to prove this for all F', then by density it would hold for
all F' € W. We leave this to be checked by the reader. (It is essentially
the same argument as in the one for the regular representation in the
third paragraph of section 4.) Thus we may assume F' is continuous.
Hence F' is uniformly continuous and HF(:E_lg)—F(g)H%/U <& ifreU
a neighborhood of 1 and g € G. Then if x € U,

Lo(F) — F|f? = /G EF @) =PI, < ey,

So || L. (F) — F|| < e. O

Since by Theorem 5.4.19 any continuous unitary representation of a
compact group on a Hilbert space is the direct sum of finite dimensional
continuous irreducible unitary representations. In particular,

Corollary 5.6.6. Ind(H 1 G,0) is a direct sum of finite dimensional,
continuous, irreducible unitary representations of G on W.

Exercise 5.6.7. The following is a consequence of the fact that a con-
tinuous function F' : G — V,, which satisfies condition 2) is determined
by its values on coset representatives of H in GG and its proof is left to
the reader.

Corollary 5.6.8. (1) dimc W is infinite unless |G : H| is finite.
(2) If |G : H] is finite, then dimc W = [G : H]dim¢ V.

The next result includes the possibility that + could be induced, or
finite dimensional.

Proposition 5.6.9. Let G be a compact group and v a strongly con-
tinuous representation of G- on a Hilbert space, V and p € R(G). Then
[v : p] = dimc Homg(V,, V).
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Proof. By 5.4.19 we can write V' as the orthogonal direct sum of finite di-
mensional irreducible continuous unitary subrepresentations, (V;,v|v;),
where ¢ € I and V = @V,. Let m; be the orthogonal projection of V/
onto V;. Partition I = I} U Is, where I; contains those representations
equivalent to p, while I5 contains those representations which are not
equivalent to p. For T' € Homg(V,,V), mj o T € Homg(V,,V;). So if
i € Iy, Schur’s lemma tells us ;0T = 0, while if 1 € I, m; 0T is a scalar
multiple of the identity. Thus the former components have dimension 0
while the latter have dimension 1. Let W be the closure of the sum of
the V; for i € I;. Hence the dimension of Homg(V,, V) is the same as
that of Homeg(V,, W) which is the cardinality of I;. O

We now come to the Frobenius reciprocity theorem a particular case
of which states that each irreducible representation p of GG is contained
in the induced from o with the same multiplicity that its restriction
contains the irreducible ¢ of H. In particular the multiplicity of p in
the induced is always finite.

Theorem 5.6.10. Let G be a compact group, H be a closed subgroup,
o be any finite dimensional continuous unitary representation of H and
p a finite dimensional continuous unitary representation of G. Then

Homg (p,Ind(H T G,0)) ~ Homp (p|m, 0). (5.4)

In particular, these have the same dimension. Hence by Proposition
5.6.9if p and o are each irreducible, then [Ind(H 1 G,0) : p| = [p|m : 0]

Proof. Our proof of this result is functorial, In this way it does not
really depend on compactness of G at all. For example it also works for
any (not necessarily unitary, but) finite dimensional representations if
[G : H] < co. Nor does it depend on irreducibility!

We will prove (5.4) by constructing a vector space isomorphism be-
tween them. Let T' be a G-linear map 17" : V, — W. Then for each
v, € V, we know T'(v,) € W and so T'(v,)(1) € V. This gives us a lin-
ear map 7™ from V, to V;. So T* € Homc¢(V,, V,). Moreover, T' — T*
is itself a C-linear map.
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Now let us consider how the action of H fits into this picture. Let
h € H. Then T*(pn(v,)) = T(pn(v,))(1) and since by 2) F(h™1) =
o(h)F(1) we get

T(pn(vp))(1) = LaT(vp)(1) = T(vp)(h™") = o (W) T (vp)(1) = o ()T (vp)-

This says T*pp, = opT*, for all h € H. Thus T* € Hompg(p|g,0). We
now construct the inverse of this map.

Let S € Hompy(p|g,o) and define S, : V, — W by Si(v,)(g) =
S(pg_l(vp)) € V5. Since S,(v,) is a mapping from G to V,, it has a
chance of being in W. Because p is continuous as is S, we see Sy (v,) is
continuous and so measurable.

It also satisfies 2).

S.(vp)(gh) = S(p(gh) =" (v,)) = S(p(h) "' p(g) ' (vy))
=o(h) " S(p(9) ' (vp)) = a(h) ' Si(v,)(9).

Since G/H is compact and this function is continuous, it has finite
square integrable norm. Thus S,(v,) € W and so we have a linear map
Syt V, — W.

For g € G, one checks easily that S — S, is linear and LS, = Sip,-
Hence S, € Homg(V,, W). It remains only to see that these maps invert
one another.

Now

T*(vp)«(9) = T*(p(9) ") (vp) = Tp(9) " (v,)(1)
= LgflT(Up)(l) = T(v,)(9)-

Since this holds for all g € G and v, € V,, we conclude T} = T. Also,
Si(vp)(1) = S(v,). Hence (S,)*(v,) = S(v,) s0 (S,)* = S. o

5.7 Some Consequences of Frobenius
Reciprocity

Let SO(3,R) act on S? with isotropy group SO(2,R). Then SO(3,R)
also acts on C'(S?) and therefore on Lo(S?). Hence (see 5.1.3) we can de-



256 Chapter 5 Representations of Compact Lie Groups

compose this representation into irreducible components, called spheri-
cal harmonics. An interesting question is then which spherical harmon-
ics occur and with what multiplicities?

It is easy to verify directly that SU(2,C) is a compact real form
of SL(2,C), that is the complexification of su(2,C) is s((2,C). The
general fact follows from Corollary 7.4.10. Since SU(2,C) is simply
connected, its finite dimensional irreducible representations are the same
as those of su(2,C) by Corollary 1.4.15. Hence the finite dimensional
irreducible representations of SU(2,C) are in bijective correspondence
with those of s[(2,C), that is to say the positive integers by the degree
of the representation (see Section 3.1.5). Since SU(2,C) is two-sheeted
covering of SO(3,R), its irreducibles are those of odd degree.

Exercise 5.7.1. Show that the irreducibles of SU(2, C) which are trivial
on +id are those of odd degree.

Theorem 5.7.2. In the action of SO(3,R) on Lo(S?) each irreducible
representation of SO(3,R) occurs and with multiplicity 1.

Proof. We know S? = SO(3,R)/SO(2,R). Consider the trivial ir-
reducible representation o of SO(2,R). Then the representation of
SO(3,R) on Ly(S?) is Ind(SO(2,R) T SO(3),0). If p is an irreducible
representation of SO(3), then [Ind(SO(2) T SO(3),0) : p] is the same
as [plsoer) : lso@mr)]- But we know what the irreducibles of SO(3)
are; these are just the irreducibles of SU(2,C) of odd degree, or what
is the same thing, the complex Lie algebra irreducibles of sl(2,C) of
odd degree. So the question is: given an irreducible representation of
s[(2,C) of odd degree, how many times does its restriction to b (the
line through H) contain the 0 representation of h? Our study of these
representations tells us the answer is 1. ]

We now study the relationship between the representations of G and
those of a proper subgroup H.

Proposition 5.7.3. Let G be a compact group and H a proper closed
subgroup. Then there exists p € R(G) \ {1} whose restriction to H
contains the 1-dimensional trivial representation. That is, there exists
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vo € V), with pp(vo) = v for all h € H.

Proof. 1f € R(G) \ {1} the orthogonality relations show
Je pij(x)1(z)dx = 0 for all 4,5 = 1,...,d,. Hence [,r(z)dz = 0 for
all r € R(p) and all such p. For each such p, p|g is a direct sum of
irreducibles, o', ..., 0™ of H. If the statement of the proposition were
false none of the o' would be 1y. If r € R(p), then 7|y is a linear
combination of the coefficients of the o?. By the orthogonality relations

on H, [;,05,(h)1(h)dh =0 for all i. Hence [, r(h)dh = 0. Thus

/ r(z)dx = / r(h)dh for all r € R(p),p € R(G) \ {1}. (5.5)
G H

On the other hand consider p = 1g € R(G). Here p|g = 1 and the
representative functions associated with this are r(xz) = A-1 = X so
Jor(z)dz = X = [ r(h)dh. Hence (5.5) holds for all p € R(G). Now
let f € C(G) and € > 0. Choose r € R(G) so that ||f —r||¢ < €. Then

| /H F(hydh - /G F(g)dg| < /H F(h)ydh - /H r(h)dh]+
[ v = [ r(ogl+
[ rtarda = [ s

< 2e

and since e is arbitrary, [ f(g)dg = [, f(h)dh for all f € C(G). Now
H # G so there must be another coset, xgH. Choose a neighborhood U
of xgH which is disjoint from H and a continuous non-negative real val-
ued function, f, whichis =1 onzoH and = 0on H. Then [, f(g)dg > 0
and [, f(h)dh = 0, a contradiction. O

Because of Frobenius reciprocity and the fact that [p|g : 1] > 1 this
proposition has the following corollary.
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Corollary 5.7.4. Let G be a compact group and H a proper closed
subgroup. Then there exists p € R(G) \ {1} for which Ind(H T G,1) :
pl > 1.

We will prove the following

Theorem 5.7.5. Let H be a closed subgroup of the compact group G.
For each o € R(H) there is some p € R(G) with [p|g : 0] > 1.

Hence by Frobenius reciprocity we would get

Corollary 5.7.6. Let H be a closed subgroup of the compact Lie group
G. For each o € R(H) there is some p € R(G) with [Ind(H T G,0) :
pl > 1.

Proof of Theorem 5.7.5. Let po be faithful representation of G' (and

also H). Earlier 5.4.18 we proved that o is a subrepresentation of ,oén) &

Po (m) |7 for some choice of n and m. Therefore o is a subrepresentation
of some irreducible component of p since p is an irreducible component

of some p(()n) ® po (™) Therefore some irreducible component p of p(()n) ®

Po (™) must be restricted to o.
Exercise 5.7.7. Let G be a compact group and H be a closed sub-
group.
(1) Each 0 € R(H) is an irreducible component of the restriction p| g
of some p € R(G).
(2) If H happens to be a Lie group, then there is a finite dimensional
continuous representation p of G whose restriction to H is faithful.
(3) The restriction map R(G) — R(H) is surjective.

We conclude this chapter with the following result connected with
equivariant imbeddings of compact G-spaces.

Theorem 5.7.8. Let H be a closed subgroup of the compact Lie group
G. Then there exists a finite dimensional continuous unitary represen-
tation p of G on 'V, and a nonzero vector vy € V, so that H = Stabg(vp).
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We first need a lemma which tells us that the dimension together
with the number of components determines the size of a compact Lie

group.

Lemma 5.7.9. Let G be a compact Lie group and G O G1 D Gs... be
a chain closed subgroups. Then this chain must eventually stabilize.

Proof. Since dim G; > dim G;41 ... and all these dimensions are finite,
then for ¢ > ng all the dimensions must be constant. Hence for ¢ > ng
each Gy is open in G; which is itself open in Gy, the number of
components of G;11 is < the number of components of G; which is
< the number of components of G, Since G, is closed in G, it is
compact and therefore has a finite number of components. It follows
that eventually these must also stabilize and hence the conclusion. [

Proof of Theorem 5.7.8. We may assume H < G since if H = G we
may take p to be the trivial 1-dimensional representation and vy any
nonzero vector. We will now prove

(**) If go € G — H, then there exists a representation p of G on V and
vo # 0 € V, such that pg,(vo) # 0 and pp(vg) =0 for all h € H.

Suppose we can do this. Then G O Stabg(vg) 2 H and gg is not in
Stabg(vg). Replacing G by the closed and therefore compact group
Stabg(vg) we can apply (**) again to this subgroup. In this way we get
a descending chain of closed subgroups terminating in H which must
terminate by Lemma 5.7.9. Therefore they must terminate in H. This
would prove the Theorem.

Proof of (**). Since H and Hg, ' are disjoint compact sets we can
find a continuous function f on G for which f|g = « and f] Hyy' = 3,

where o < (. Approximate f by r € R(G) to within ¢ = ﬁ%a Let
F(g) = [yr(hg)dh. Then F is continuous and therefore in Lo(G).
Since r € R(G), F € R(G) also. For hy € H,

F(hl):/Hr(hhl)dh:/Hr(h)the—ka.
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So F|g < €+ a. On the other hand,
F(higy") :/ r(hhlggl)dhz/ r(hgyt)dh > B —e.
H H

So F|Hggl > 3 — e. In particular, F(1) < e+ a and F(gy') > 8 — € s0
F(1) # F(gy D). Now apply L, the left regular representation of G on
Lo. Hence because Ly, F(1) = F(gy') we see L, F # F. On the other
hand,

L, (F)(g) = F(hilg) = /H r(hhyg)dh = /H r(hg)dh = F(g).

Thus Ly, (F) = F for all hy € H. Since F € R(G) it lies in a finite
dimensional L-invariant subspace V,, of C(G). So there is a finite dimen-
sional continuous unitary representation p of G' and a nonzero vector F'
in it with p,(F) = F for all h € H and pgy,(F) # F, proving (**).





