Chapter 1

Vectors and Matrices

1.1 Introduction

Vectors and matrices are used extensively throughout this text. Both are
essential as one cannot derive and analyze laws of physics and physical
measurements without vectors and one cannot process these
measurements in a digital computer without matrices. Further, each has
powerful features that when combined can result in considerable
derivation simplifications. We shall highlight the main similarities and
the subtle differences between them.

In this context we will be concerned with Euclidean vector spaces for
which the inner product is defined. In n-dimensional Euclidean vector
spaces it is possible to construct a set of n orthogonal unit vectors
I, rp,...,T,. As such, an arbitrary vector v in this space is represented
by

V = v+ voIp +---+ v, I, (1.1)

where vy,v,,...,v,, are the scalar coordinates of v.

In the special case of three dimensional vector space, the unit vectors
Ir|,Irp,ry can be graphically represented by a set of three orthogonal
axes. Hence, v{,v5,v3 (the coordinates of the 3-dimensional vector v)
are the projections of v along {ry,rp,r3}.

A matrix on the other hand, is an array of n rows and m columns, of
nXm numbers [1,2]. For example, a 3X3 matrix A is represented by
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8 Introduction to Modern Navigation Systems

ayl app a3
A=|ay axp axp
az| azy as;

The transpose of a i x j matrix B is a j x i matrix, denoted by B’, in
which the rows and columns of B trade places. For example, the
transpose of the above matrix A is given by

ap ay a3
1A
A'=lap aypy ap

a3 dyz 4z

In particular, a nx1 array is a column matrix and a 1x» array is a
row matrix. Transposing a row matrix makes it a column matrix and vice
versa.

To adapt vectors to matrix manipulations it is common to use row or
column matrices whose components are the vector coordinates. When
there is no confusion, column matrices will be used to denote vectors. So
vector v, in Eq. (1.1), can be represented in matrix form by

Vi

v=|"? (1.2)

Implicit in the above equation that the components vi,v,...,v,, are
the coordinates of v along the vectors 1y, Ip,..., I,,.
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1.2 Vector Inner Product

The inner product of the two real vectors u and v is defined by [3,4]

U-vV=upvy+ upvy + - + u,v, (1.3)

n

where {uj,u,,...,u,} and {v},vs,...,v,} are the coordinates of u and
v. The length of vector u, also called its norm, is defined by the inner
product

norm(u):|u|:\/u-u:\/ul2 + u% + e 4+ u,% (1.4)

We call u and v orthogonal if their inner product equals zero; if, in
addition, each is of unit length then they are orthonormal. In particular
the set of vectors ry, r,,..., I,,, introduced above, are orthonormal
because

r,-r;=1 and r,-r; =0, ij=12,...,ni#j (1.5)

I

Thus it can be seen from Eqgs. (1.1) and (1.5) that the coordinates of
vector v are given by

Vl':V'rl', i:1,2,...,}’l (16)

In a three dimensional space the inner product has a physical
significance. The cosine of the angle between vectors u and v, denoted
by cos(u, v) is determined by the cosine law (see Appendix A)

cos(u,v) = (1.7)

u-v
jul
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If v is a unit vector we get from Eqgs. (1.6) and (1.7)
vi =v-r;=cos(v,r;), i=12,...,n (1.8)

When a vector set {rj,r,,...,I,} is represented in column matrices,
then they are orthonormal if

r/'r, =1 and rl-'rj =0, ,j=L2,...n;i# ] (1.9)

The Hermitian inner product of the complex vectors u and v is
defined by

*

u-v' o= uv' o= o +upvy v, (1.10)

n

where the prime denotes the matrix transpose and the * denotes the
complex conjugate. A matrix is called square if its number of rows is the
same as its number of columns. The identity matrix is a real square
whose diagonal components are all ones and the rest are all zeros. For
example the 3 x 3 identity matrix is

e
I

S O =

S = O

- o O

1.3 Vector Cross Products and Skew Symmetric Matrix Algebra

Suppose that {rj,rp,r3} is an orthonormal vector set for a 3-
dimensional vector space in which the two vectors u and v are given by
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Vectors and Matrices 11

U = ujr + upry + U3y

V = VI + vy + V313

then the vector cross product of u and v, denoted by w=uxv, is
defined by [5,6]

W= (1/12\/'3 —Uzvy )l‘l + (M3V1 —uUvs )1'2 + (u1v2 —UyV| )l'3 (1.11)

Notice that the cross product of the two vectors u and v is another
vector that is orthogonal to both u and v. In matrix notation w is given by

upvy —uz»p
W=uxyv-= uszvy —uv3

Uy —urn

It is shown in Appendix A that if u and v are unit vectors then the
magnitude of their vector cross product, w, is the sine of the angle
between them. Therefore if k is the unit vector along w then

w =uxv =sin(u, v)k (1.12)

A skew symmetric matrix B is a matrix with the property of B’ = -B.
A 3-dimensional skew symmetric matrix emulates the cross product
operation and enables it to be expressed in matrix notation. The vector

corresponds to the skew symmetric matrix defined by
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0 -by b
S(by=b=| by 0 —h (1.13)
b, B 0

The operator S and the tilde notation are identical and will be used
interchangeably to denote skew symmetric matrices, even though the
latter will be used whenever possible.

Properties of the Skew Symmetric Matrix

In the following it is assumed that a, b and w are three dimensional
arbitrary vectors (column matrix) and o and f are arbitrary scalars.

1. Correspondence to vector cross product:

0 =by by || w | |byws—b3w,
bw =| b3 0 —b||wy|=| byw—Dwy |=bxw (1.14)

=b, b 0 |[ws bywy —bywy

Thus operating the matrix product of band w corresponds to the
vector cross product of the b and w.

2. Linearity:
0 -a3 ay 0 -by b
aS(a)+ fS(b)=a| a3 0 —q |+ b 0 -h|=
-ay q 0 -by b 0
0 —aay — fby  aay + b,
aS(a)+ fS(b)=| aay + by 0 —aa) — fb |=
—aay — by aay + pb 0
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aS(a)+ fS(b)=S(aa+ fb)
3. Skewness
0 -by by | [0 by -b
b =| by 0 =—b|=|b3 0 b [=-b
-by, b 0 by -by 0
Thus
b b
4. Operating on self vector
bb=bxb=0
Lemma 1.1
S(b x w) = bW — Wb
Proof: Since
[ 0 —b3 b2 O —W3 W2
IN)VNV = b3 O _bl W3 _Wl
by b 0 f[-wy w0
| —bywy —byws bywm bywy
= byw, —bywy —bw byw,
L hws byws —byw —bywy
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The RHS matrix can be arranged in the form of

bW = —(w'b)I +wb’ (1.20)
Likewise

Wb = —(b'w)I + bw’ (121)
Subtracting Eq. (1.21) from Eq. (1.20) gives

wb’ —bw’ = bw — wb

0 byw —bywy  byw; —bywy
=|bywy —byw 0 bywy —bywy |(1.22)
bywy —bswy  bywy —byw, 0
byws —byw,
=S| bywm —bywy | =S(bxw)
bywy —byw

Before we explore further properties of the skew matrix we now
introduce the orthonormal matrix. A matrix R = [rl r .. rn] is
called orthonormal if its columns are mutually orthonomal, or
equivalently satisfies Eq. (1.9). A three-dimensional orthonormal matrix

C=[C1 CH 03] (1.23)

have these properties
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€1 X€y =C3,
€y XC3 =€, (1.24)

C3 XC =€y

Lemma 1.2 If C is 3 x 3 orthonormal matrix, then

Proof: Since
0 b b
CBC’ = [Cl C2 03] b3 0 _bl C’
-by b 0

Multiplying C by b and expanding C’ yields

’

¢

CbC' =[b3e; —byes  biez —bze;  byey —hiey ]| €

!

]
Multiplying the two right hand side matrices and collecting terms gives
CbC' = by (c3¢; —cpe3) + by (cre3 —e3ep) + by (e —¢j¢;)

Applying Eq. (1.22) to the above equation yields
CbC' = b S(cy x¢€3)+by S(ez xe;) +b3S(e; x¢y)
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16 Introduction to Modern Navigation Systems

Substituting from Eq. (1.24) in the above equation gives
CbC' = biS(ep)+byS(ey) +b3S(e3)
By virtue of the linearity of the S operator it follows that

by
CbC' =S(bje; +byey +b3e3)=S([e; €5 ¢3]| by [)=S(Ch)
bs

In this chapter we explored the little differences between the vector
and matrix notations. In general, a vector represents a direction in the
three dimensional Euclidean space and a magnitude. A matrix is a set of
elements that are arranged in a specific manner. A vector cross product is
a special operation pertains to vectors but can be emulated in matrix
notations using the skew symmetric matrix. One advantage with matrix
products is their associativity, (AB)C = A(BC) which is not the case
for vector cross products, (axb)xc # ax(bxc). Awareness of these
distinctions will allow us to move from one notation to the other as
desired. In the following chapter, the usefulness of these tools will be
very vivid as they allow us to describe vector rotations (that are given in
vector notations) in terms of transformation matrices.
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