Chapter 1

Cones in R"” and Kernels

1.1 Notation

We present the n-dimensional notation which will be used throughout. For
the origin in R", the n-dimensional Euclidean space, we use the standard
symbol 0 and it follows easily from the context if 0 denotes the number
or the vector. Thus 0 = (0,...,0) € R™. The operations on vectors in
R™ (in particular, in N* and Nj) and inequalities between them are meant
coordinatewise which, in particular, simplifies summation symbols involving
indices a = (a1,...,a,) and 8= (f1,...,5n) in Nj:

«aq [0 7%%
Z ag = Z Z agy,....0n-
0<B< B1=1 Brn=1
Let « = (a1,...,a,) be an n-tuple of arbitrary reals (in particular,

arbitrary integers). If ¢ = (t1,...,t,) € R", we define t* := ¢ ... t&;
in particular, t¢ := t® -+ for t ¢ R, whenever the symbols t* make
sense. The symbol z* for z € C" is defined analogously. For «a,3 € Ny

with a < 8 we define & := a1 +... + ap, al ;= a1!...a,! and
a) (o a1
<ﬁ) o (ﬁl) <51)'
Given two vectors t = (t1,...,t,) and y = (y1,...,yn) in R™ we use the

symbol (¢, y) for their scalar product, i.e.,

{t,y) :=t1y1 + ...+ tnyn-

A similar n-dimensional notation will be applied in the complex Eu-
clidean space C™.

Let « denote an n-tuple of nonnegative integers, i.e.,
a:= (aq,...,0pn) € NJ. The symbol D* = D¢ with ¢t = (¢1,...,t,) € R”
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2 Boundary Values and Convolution in Ultradistribution Spaces

denotes the differential operator given by

1 0%

DY — D . Do with DY = 1+ 97
! n Wl j 2t Ot

for j=1,...,n.

(1.1)
On the other hand, the symbol 0% = aat—o; with ¢t € R™ denotes the partial
differential operator defined analogously as in (1.1), but with the constant 1
instead of —(27i)~'. We also write ¢(®) (t) instead of % for functions ¢
on R”. A similar convention is applied to the symbols D¢, (,?:a and (¥ (2)
for z € C" and functions ¢ on C".
For z = (21,...,2,) € C"™ and, in particular, for x = (z1,...,z,) € R",
we denote

2= (Y 1) el = (O )2,
j=1 Jj=1

i.e., |z] and |x| denote the Euclidean norms of z € C™ and x € R™, respec-
tively.

Functions and ultradistributions considered in the book can be treated
as real- or complex-valued functions defined on (subsets of) R™ or C". In
general, we will try to distinguish a value of a function from the function
itself, e.g. the symbols ¢(t), f(z) = f(z + iy) will mean the values of the
functions ¢, f at the points t € R", 2z = x+iy € T¢ = R"+iC C C", where
C C R™; consequently, for a given function f: T¢ — C and a fixed y € C,
the symbols f(- +iy), ||f(- +4y)||z= will mean the function g,: R™ — C
defined as gy(z) := f(z + iy) for € R™ and | gy|| 1=, respectively.

Sometimes, however, it will be convenient to use the same symbol f(x)
for the function f = f(-) and its value f(x) at the point z. For instance,
in case of the Cauchy and Poisson kernels the traditional symbols K (z — t)
and Q(z;t) will denote the values of the functions K and @ for concreate
z and t, where z = z + iy € T¢ = R" 4 iC, for a given cone C in R,
and t € R™, as well as the functions K and ) themselves. Similarly, if

a = (a1,...,a,) € Njj, then the symbol z® will mean both the power
function which assigns to each * = (x1,...,2,) € R” the number z% =
7t . .- 28 and its value at the given point x. Moreover, for arbitrary

B=(B1,---,Bn) € NI, we denote by < 2 > both the function on R™ and
its value at the point x = (z1,...,2,) € R™ defined by the formula:

<z >P= ﬁ[l + ()32 (1.2)
j=1
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Cones in R™ and Kernels 3

We shall apply the following very convenient notation for exponents
with two variables z, ¢ € C™:

E.(¢) := exp [2mi(z, ()], zeC", (eC™ (1.3)
We also denote
ey(t) == exp [—27(y, t)], yeR" teR™, (1.4)

i.e., we have E;, = e, for y € R™. In particular, e, (t) = exp(—2myt) for
y,t € R. The symbols g and T for a given real- or complex-valued function
g and ultradistribution 7" in R™ are meant as follows:
g(x) == g(—x), r € R™, (1.5)
and
(') := (T, ) (1.6)
for every function ¢ from the respective space of test functions (see Section
2.3), where ¢ is defined in (1.5).
The Fourier transform of a real- or complex-valued L! function ¢, de-
noted by Flg] or by ¢, is defined by (and used in Chapters 1-5)
Fll@) = ¢@)i= [ et at= [owE0a 01
R™ R™
and the inverse Fourier transform of an L' function ¢, denoted by F~1[p]
or by ¢ is defined by

Fel) = (@) = [e@e e at = [eB L@ (18)
R® R
In Chapter 7, another version of the Fourier and inverse Fourier transforms,

Fo and F; !, will be convenient to be considered instead of 7 and F~! de-
fined in (1.7) and (1.8). This will not cause any misinterpretation, because
both versions of the definitions differ from each other by constants, and all
results remain true in both cases.

We assume familiarity on the part of the reader with properties of the
Fourier transform on L”, 1 < r < 2, the corresponding inverse Fourier
transform, and the associated Plancherel theory for the Fourier transform.

The inclusion of two sets will be denoted by means of the symbol A C B
and the proper inclusion by the symbol A C B. The closure of the set
A C R™ (in the sense of the Euclidean topology) will be denoted by A.

By the support of 1° a given function in R™; 2° a given ultradistribution
T in R™, denoted by 1° supp g, 2° supp T we will mean 1° the set

supp g := [t € R7: g(t) 7 0}; (1.9)
2° the smallest closed set A C R™ such that (T',¢) = 0 for all functions ¢
from the respective space of test functions such that supp ¢ C A€,
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4 Boundary Values and Convolution in Ultradistribution Spaces

1.2 Cones in R™

We introduce the definitions and notation associated with cones in R™ and
tubes in C™ (cf. [147], [151]).

A set C C R” is a cone (with vertex at zero) if y € C implies \y € C
for all positive reals A\. The intersection of the cone C' with the unit sphere
{y € R": |y| =1} is called the projection of C' and is denoted by pr(C'). If
Cy and Oy are cones such that pr(Cy) C pr(Cs), the cone C; will be called
a compact subcone of Co and we will write then C; CC C3. An open convex
cone C such that C' does not contain any entire straight line will be called
a reqular cone. The set

C*:={teR™: (t,y) >0 forallye C}
is the dual cone of the cone C. A cone is called self dual if C* = C. For

—k

every cone C, the dual cone C* is closed and convex. We have C* = C' =
(O(C))* and C** = O(C), where O(C) denotes the convex hull of C. The
function uc defined by
UC(t) = sup (_<tv y>)7 teR"
yepr(C)

is said to be the indicatriz of the cone C.

We have C* = {t € R": ug(t) < 0}. Moreover, uc(t) < uocy(t) for
all t € R and uc(t) = uoc)(t) for t € C*.

Given a cone C, put C, := R"™\ C*. The number

pc = sup uo(c)(t)/uc(t)
teC,

characterizes the convexity of C. Notice that a cone C' is convex if and
only if pc = 1. Further, if a cone is open and consists of a finite number of
components, then po < +o0.

We give some examples of cones and their dual cones. If C = (0, 00),
then C* = [0,00), uc(t) = —t and pc = 1. The case C' = (—00,0) is
analogous. If C'=R", then C* = {0}, uc(t) = |t| and pc = 1.

Let © be the set of all n-tuples whose entries are —1 or 1, i.e.,

O :={u=(u1,...,un) €ER": u; € {-1,1} for j=1,...,n}. (1.10)
Fix u = (u1,...,u,) € O, an arbitrary element of the 2" elements of O.
Then

Cy:={yeR": ujy; >0 for j=1,...,n} (1.11)

is a self dual cone in R for every u € ©. Each of the 2" sets C,, with u € ©
will be called an n-rant in R™.
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Cones in R™ and Kernels 5

Each n-rant C, in R" (u € ©) defined in (1.11) is an example of a
regular cone. The forward and backward light cones, defined by

It ={yeR": y1 >3 +...+y2)"/?},
I i={yeR": y1 < —(v5 +...+u)"/*},

respectively, are important self dual cones in mathematical physics.
For an arbitrary cone C' in R™ the set

TC:=R"+iC={z=xz+iy: teR", yeC}

will be called a tube in C™. The set {z = z +iy: z € R", y = 0} is
called the distinguished boundary of the tube T¢, while R™ +i0C, with 9C
denoting the boundary of C, is the topological boundary of TC.

We now present two important lemmas concerning cones and dual cones
which will be of particular use in the construction and analysis of the
Cauchy and Poisson kernel functions below. The lemmas are proved in
[147], Section 25; we give here a separate proof of the second lemma.

Lemma 1.2.1. Let C be an open connected cone in R™. The closure O(C')
of O(C) contains an entire straight line if and only if the dual cone C* lies
in some (n — 1)-dimensional plane.

Lemma 1.2.2. Let C be an open (not necessarily connected) cone in R™.
For every y € O(C) there exists a positive 6 (depending on y) such that

(y,t) = o [ylltl, teC. (1.12)

Further, if C" is an arbitrary compact subcone of O(C), then there exists a
d > 0 (depending only on C' and not on y € C') such that (1.12) holds for
ally € C' and all t € C*.

Proof. Since uc(t) = uo(c)(t) for t € C*, we have (y,t) > 0 for all
y € O(C) and all t € C*. For an arbitrary y € O(C), we have

§:=y/lyl € pr(0(C)) C O(C),

since O(C) is a cone. Moreover, O(C) is open, because C is open. Thus
there exists a ¢ = d,, > 0 such that

N(3,20) = {y": |y’ — 9| <20} C O(C).
Hence

y—(t/It]) 6 € N(y,20) C O(C)
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6 Boundary Values and Convolution in Ultradistribution Spaces

and thus
(G —(t/]t]) 6,8) = 0

for every t € C*, but this implies (1.12). Now, let C’ be an arbitrary com-
pact subcone of O(C'). Let d be the distance from pr(C”) to the complement
of O(C) in R™, that is,

d:=inf{|y1 —y2|: y1 € pr(C’), y2 &€ O(C)}.
Obviously, d is positive and depends only on ¢’ and not on y € C’. Define
now & = d/2. The preceding considerations show that (1.12) holds for all
y € C" and t € C*. The proof is complete. [J

For C' being an open connected cone in R", we denote the distance from
y € C to the topological boundary 9C of C by
d(y) = inf{ly —y1|: y1 € OC}.
It has been shown in [151], p. 159, that

d(y) = inf (t,y), eC. 1.13
() teﬁﬁm)< y) y (1.13)

Let C’ be an arbitrary compact subcone of C. It follows from Lemma 1.2.2
and (1.13) that there exists a 6 = 6(C") > 0, depending only on C’ and not
on y € C', such that

0 < dly| <d(y) <y, yeC' ccC. (1.14)

Let C' be an open connected cone in R™. We make the following con-
vention concerning the notation y — 0, y € C, which normally means that
y varies arbitrarily within C while y — 0. But frequently the above symbol
will mean that y — 0,y € C’ for every compact subcone C’ of C. We shall
distinguish between these two convergences only when necessary; in most
relevant situations the analysis clearly shows which of the interpretations
of the symbol y — 0,y € C, is used in a given case.

Let V be an ultradistribution and let f be a function of the variable
2z =x+iy € TC for a given cone C. By f(-+iy) — V in the weak topology
of the ultradistribution space as y — 0,y € C, we mean the convergence

(f(-+iy), o) = (V. )
asy — 0,y € C, for each fixed element ¢ in the corresponding test function
space. By f(-+1iy) — V in the strong topology of the ultradistribution
space as y — 0,y € C, we mean

(f(-+iy), o) = (V.)
asy — 0, y € C, where the convergence is uniform for an arbitrary bounded
set of functions ¢ in the corresponding test function space. Then V is called
the weak or strong, respectively, ultradistributional boundary value of f and
is defined on the distinguished boundary of the tube T°¢.
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Cones in R™ and Kernels 7

1.3 Cauchy and Poisson kernels

Let C be a regular cone in R”, that is C' is an open convex cone such that C
does not contain any entire straight line. The Cauchy kernel corresponding
to the tube T¢, denoted traditionally by K (z —t), is defined as a function
of variables z = x 4 iy € T and t € R™ by the formula

K(z—t)::/Ez,t(u)du:/exp 27i(z —t,u)]du, z€TC, teR"™
c* *

(1.15)
Note that the Cauchy kernel K (z — t) is well defined for z = 2 + iy € T¢
and t € R"™, because (y,u) >0 for y € C and u € C* and

|Ezi(u)| = [exp [2mifz — t,u)] exp [=27(y, w)]| = exp [-27 (y, u)].

Moreover, denoting by I+ the characteristic function of C* and using the
definition (1.8) of the inverse Fourier transform F~!, we can write formula
(1.15) in the form:

K(z—1) ::/exp [—2mit] B, (u) du=F [Ic- E.(t), z€TC, teR"
O
(1.16)

In case C = C, is any of the 2™ n-rants in R", the Cauchy kernel
K(z—t) = K,(z —t) takes the classical form
(=1 ﬁ(t-—z-)*l z€R" +iC,, t€ R
(27i)n 7o “ ’
since C = C,, in this case.

The Poisson kernel Q corresponding to the tube T¢ is the function of
variables z € T and t € R™ given by

Kiz-t)K(z—t
Qait) s= FEZ DR,
K (2iy)
In case C' = C, is any of the n-rants, the Poisson kernel Q(z;t) =
Qu(z;t) reduces to the classical form

K(z—1):=
j=1

z=x+iyeTY teR™  (1.17)

(=D* 17 Yi , ,
Q(zt) = ~— , z=z+iy e R"+iC,, teR".
G Jl;ll (tj —23)* + v

If the cone C' above had been assumed to be open and connected but
not necessarily convex, we would have defined the kernels K(z — ¢) and

Q(z;t) for z € TO() and would obtain all the properties concerning the

BOUNDARY VALUES AND CONVOLUTION IN ULTRADISTRIBUTION SPACES
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/mathematics/6484.html



8 Boundary Values and Convolution in Ultradistribution Spaces

kernels for z € T9(©), Thus we have assumed that C' is convex without loss
of generality. From Lemma 1.2.1, the dual cone C* will lie in an (n — 1)-
dimensional plane if C' contains an entire straight line. In this case the
Lebesgue measure of C* would be zero. Hence the Cauchy kernel K (z —t)
would be zero and the Poisson kernel Q(z;t) would be undefined. To avoid
this situation we have to assume that C' does not contain any entire straight
line. Therefore we consider regular cones unless explicitly stated otherwise.

We conclude this section with several technical lemmas which will be
used in our analysis concerning the Cauchy and Poisson kernels.

Lemma 1.3.1. Let C be an open connected cone in R™.

L. Fiz arbitrarily z € TY = R"+iC and denote by Ic~ the characteristic
function of C*. Then E,Ic+ € LP for all p, 1 < p < oo.

II. Assume that g is a continuous function on R™ with support in C*
such that, for arbitrary m > 0 and compact subcone C' of C,

lg(t)| < M(C',m)exp[2m({w, t) + o|w|)], t e R", (1.18)

whenever o > 0 and w € C'\ (C' NN (0,m))), where N(0,m) is the closure
of the ball with center at 0 and radius m and M(C’,m) is a constant. Then,
for an arbitrary y in C, y # 0, we have eyg € LP, whenever 1 < p < co.

Proof. To prove part I fix z in T¢ and let y = Im 2. Applying Lemma
1.2.2, we find a 0 = J,, > 0 such that
|E. (1) o+ (t) = ey(t) Io-(t) < esy([t]) Ic= (t) < 1 (1.19)

for all z =z +iy € TC and all t € R", since Ic«(t) = 0 for t ¢ C*. Part
I of the lemma for p = oo follows from (1.19). For 1 < p < oo, we use
(1.19) and integration by parts n — 1 times (or the gamma function after
the change of variable for v = 27dply|r)) to get

[1E 010 dt < [ eyt at
]Rn

Rn
=Q, /r"‘lep(;‘y‘(r) dr = (n — ! Q,(2mop|y|) ", (1.20)
0

where 2, is the surface area of the unit sphere in R™. The estimate in
(1.20) proves part I of the lemma for 1 < p < oo.

To prove part II fix a point y in C. Since C is open, there exists a
compact subcone C’ of C and a m > 0 such that y € C"\ (C' N N(0,m)).
Since y ¢ N(0,m)), we have |y| > m. Choose w := \y, where ) is an
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Cones in R™ and Kernels 9

arbitrary number such that m/|y| < A < 1. Since C” is a cone, y € C' and
Aly| > m, we have w = Ay € C"\ (C"NN(0,m)), i.e., the estimate given by
(1.18) is true for w just chosen. Since C’ CC C, it follows from Lemma 1.2.2
that there is a § = §(C”) > 0, not depending on y € C’, such that (1.12)
holds for all t € C*. Hence, denoting A(o, A, y) := M(C’",m)exp[2moA|y|],
we have

ley(D)g(t)] < Ao, A, y)e—x)y (1) < Alo, A y)ea—sly ([t])
for t € C*. Integrating by parts (or using the gamma function) yields

[1Ba@ar < [ eyaonane de

Rn C*

= Q"[A(UvA’y)]p/T"*16p<1fx>zs|y|(7") dr
0

= (n = D! Q[A(0, A, )P [27p(1 = A)dly[] ™" < oo,
since supp g C C*. This completes the proof of part II and the lemma. [

Lemma 1.3.2. Let C be a regular cone. The Cauchy kernel K(z —t) is an
analytic function of the variable z € T for each fized t € R™.

Proof. Let Io+ denote the characteristic function of C*. By the proof
of Lemma 1.3.1, Ic~E,_; € L' for fixed z € T¢ and t € R". Let K be
an arbitrary compact subset of T7¢ and let z € K C T¢. There exists
a compact subcone C’ of C such that y = Im2 € C’ and y has positive
distance (say k) from 0. By Lemma 1.2.2, there is a 6 = 6(C’) > 0,
depending only on C’, such that

(e (u) Bzt (u)] = Io- (u) exp [=27(y, u)] < Io«(u) exp [=27dk[ul] (1.21)

for t € R™ and v € C*. The right side of (1.21) is an L' function of variable
u € R™ for arbitrary z € K and ¢t € R", according to the proof of Lemma
1.3.1, and the function z — Ic«(u)E,_;(u) is analytic in z € T for each
fixed t € R™ and u € R™. To conclude the assertion it remains to use a well

known theorem concerning integrals involving a parameter (see e.g. [15],
pp. 295-296). O

Lemma 1.3.3. Let C be a regular cone and fix w = u +iv € TC. The
function

K(z+w) := /Ez+w(u) du, 2eT,
C*
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10 Boundary Values and Convolution in Ultradistribution Spaces

is analytic in z € T and
|K (2 +w)| < M, < o0, 2 €T,
where M, is a constant which depends only on v = Imw.

Proof. The proof that K (z + w) is analytic in z € T is the same as in
the proof of Lemma 1.3.2. We have (y,u) > 0 for y € C' and u € C*. B
Lemma 1.2.2, there is a § = 8, > 0 such that (v,u) > §|v||u| for v € C and
u € C*. The assertion now follows by similar analysis as in (1.20). O

Lemma 1.3.4. Let h € L?, 1 <p <2 and let g :== F~1[h] in the sense of
the space LP. Assume that gE, € L' for z € T and suppg C C* almost
everywhere. We have
/g(u)Ez(u) du = /h(t)K(z —t)dt, zeTC. (1.22)
c* R
Proof. Let z € T¢. Let 1 <p < 2and 1/p+1/qg = 1. As a result
of the remarks below, K (z —t) as a function of ¢ € R™ belongs to LY, i.e.
K(z—-) € L4, for every z € TC. Therefore the integral on the right side

of (1.22) is well defined. First consider p = 1. By Lemma 1.3.3, Fubini’s
theorem and definition (1.8) of the inverse Fourier transform F~![h] of h,

[rox-na= [roa [t
R™ C'*

Rn

= /e2m<z7“> du /h(t)E,u(t) dt = /g(u)EZ(u) du,  (1.23)
C* R"
which proves (1.22) for p=1. Incase 1 < p < 2, the function g is the limit
in the L? norm of the sequence (g) of the functions

w@i= [ WOB.@d (ke

[t|I<k
and so, by Holder’s inequality,

we have

19 — aB.l du < g = s lleyur — 0

C*
as k — oo for every z € TY (i.e. y € C). Consequently, applying Fubini’s
theorem, we conclude from (1.23) that

[ s du—hm/gk

C*

khm h(t dt/Ezt du-/h K(z—t)dt
[t|<k
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Cones in R™ and Kernels 11

for z € T¢, which shows (1.22) in the cases 1 < p < 2 and Lemma 1.3.4 is
thus proved. O

The Poisson kernel defined in (1.17) has been known for some time to be
an approximate identity. We state this in the following lemma (see [137],
p. 105):

Lemma 1.3.5. Let C' be a regular cone, let = € TC and t € R™. The
Poisson kernel Q(z;t) has the following properties:
(i)  Qxt)=0, zeT% teR™
(i) [ Q(zt)dt =1, z € TC;
R’!‘L
(i14) lim [ Qzt)dt =0, §>0

z—tg,2€TC ‘t—t0‘>5
uniformly for all tg € R™.

We shall prove later that the Cauchy and Poisson kernels are in certain
ultradifferentiable function spaces.
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