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1. Introduction 

The semiclassical Boltzmann (BE) equation is the reference model for 
charge transport in semic~nductors.~-~ In fact, not only the results of sim- 
ulations by other models are usually compared with BE simulations, but 
most of the existing models in microelectronics have been or can be derived 
from BE.ly4 

In the past, calculus of variations has been extensively applied to trans- 
port theory, mainly to obtain estimates of physical quantities or to derive 
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approximate methods for transport  problem^.^)^ These variational approach 
has been particularly fruitful in the field of kinetic models of plasmas, with 
application in nuclear engineering and reactor ana ly~ i s .~  

Despite of the great interest of the Boltzmann equation in semiconductor 
applications, so far variational methods have not been applied to this model, 
with few exceptions. Isolated attempts in this direction can be found in 
Ref. 8, where a variational formulation of the BTE is introduced to evaluate 
an approximate expression of the mobility for a bulk semiconductor, and, 
more recently, in Ref. 9, where the mathematical setting of the variational 
formulation has been clarified. 

In this paper, after a brief review of the variational formulation of the 
steady-state BE, we show how this formulation can be used for studying 
the behavior of the electron mobility in bulk silicon as a function of the 
electron average energy. The formula is valid at low energies, more general 
approximations are under investigation and will be presented as soon as 
possible. 

2. Boltzmann transport equation 

At kinetic level a family of carriers in an infinitely extended semiconductor 
is described by a distribution function 

f(x, k, t ) ,  with x E It3, k E B c It3, and t E El f .  

Here, B is a bounded set, the first Brillouin region of the inverse lattice of 
the semiconductor crystal. The carrier energy is expressed in terms of the 
wave vector k by means of a dispersion relation €(k), it is determined by the 
band structure of the semiconductor, and satisfies the following symmetry 
property 

€(-k) = &(k), (1) 

due to the time reversibility of the Schrodinger equation." Moreover, we 
assume that: 

the isoenergetic surfaces, &(k) =constant, are closed and bounded. (2) 

The dispersion relation defines the group velocity of the carriers (Bloch 
electrons or holes), 

1 
v(k) = -VkE(k), ti 

which in the semiclassical approximation is identified with the carrier ve- 
locity. 
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The time evolution of the distribution function f is determined by the 
semiclassical Boltzmann-Poisson system 

-Ox . (~svxd) = Qbi + qc S, fdk, (4) 

where E is the electric field, C[f] the collision operator, q5 the electric po- 
tential, qc the carrier’s charge, Q b i  the built-in charge, related to the dopant 
concentration. 

The electric field is related to the electric potential by the usual relation 

E = -Ox$. (5) 

The collision operator takes into account various scattering mechanisms, in 
particular carrier-phonon scattering and carrier-impurity scattering. In the 
non-degenerate case, it can be written in the general form: 

C[fI = S, [PW, k)f(x,  k’, t )  - P(k, k’)f(x, k, t)l dk’, (6) 

where the kernel P(k’, k), which is the transition probability per unit time 
from a state k to a state k’, satisfies the detailed balance principle 

P(k’, k) exp [ -E(k’) /bT~l  = P(k, k’) exp [ -E(k) /bT~l  , 

P(-k’, -k) = P(k’, k). 

(7) 

(8) 

and the symmetry condition 

Equations (3), (4) are defined for x E R3. The same equations can 
be considered in a bounded subset 0 c R3. In this case, appropriate 
boundary conditions are needed. In general, the boundary can be split as 
d o  = r D  U r N ,  where r D  comprises the Ohmic boundaries and r N  the 
insulating boundaries, with r D  n r N  = 8. We denote by v(x) the external 
normal to the boundary at x E 80,  and introduce the following notation: 

B*(x) = {k E B I f v(k)-v(x) > 0}, 

EZ,,, = {(x,k)  E r D , N  X B I k E B*(X)}, x* = x$ Uxg, 
f *  = f l C * x R + .  

The boundary conditions are assigned on the incoming carriers, that is, on 
the function f - .  For the Ohmic boundaries, one usually assigns Dirichlet 
conditions of the form: 

f-(x, k, t )  = f(x, k, t ) ,  (x, k) E x,, t > 0, (9) 
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where f is a given function, usually the lattice temperature Maxwellian. 
For insulating boundaries, it is appropriate to assign Neumann conditions 
of the form: 

f-(X,k,t)  = K~[f+](X,k , t ) ,  (x,k) E c,, t > 0, (10) 

where 

E N  [f’] (x, k, t )  = L+,,, R(k’, k)f+(Xl k’, t )  dk’, 

and the kernel R(k’, k) satisfies the reciprocity property 

R(k‘, k)lv(k).v(x)l = R(-k, -k’)lv(k’).v(x)), Vk E B-(x). (11) 

The boundary conditions can be rewritten more concisely, as 

f- = lr,KN[f+] + IFD!, in C- x R+. (12) 

where lr,,D represent the characteristic functions of the sets rN,D.  Further 
details can be found in Ref. 11. 

3. Variational formulation 

In this section we derive a variational formulation of the steady Boltzmann 
equation for semiconductors when +(x) is a time independent externally 
applied potential. 

To start with, we introduce a weighted distribution function, h, defined 
by 

f(x, k) = Mc#Mk)) h(x1 k), 

where M+ ( E )  is the Maxwell equilibrium distribution, 

Also, we introduce the streaming operator 

4 C  

ti 2) = v .  v, + -E.  v k .  

By using the detailed balance principle (7), and the identity DM$(E) = 0, 
it is possible to see that the weighted distribution function h(x, k) satisfies 
the modified Boltzmann equation 

Vh = C[h], (13) 
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where 

C[h] = P(k, k’) [h(x, k’) - h(x, k)] dk’. s, 
As a result of this change of coordinate, the new collision operator C is 

symmetric with respect to the weighted scalar product 

that is, 

((h,C[gl)) = ((C[hl,g)). (15) 

Unfortunately, the streaming operator D is not symmetric with respect to 
the same scalar product (14). Anyway, by using a well known t r i ~ k , ~  D can 
be symmetrized by means of the parity operator P, defined by 

Ph(x, k) = h(x, -k). (16) 

In fact, by integration by parts, it is possible to show that PP satisfies the 
symmetry condition 

((P% 9)) + ((Ph, 9))c- = ( ( h ,  PD9)) + ( (h ,  P9))c- > (17) 

where 

with dax surface element on the boundary. 
Moreover, the symmetry of C is not destroyed by the parity operator. 

In fact, the symmetry condition (8) implies that the operator P C  is also 
symmetric , 

((h,PC[gl)) = ((pC[hl,g)). (19) 

Then, it is convenient to replace the modified Boltzmann equation (13) 
with the equivalent, symmetric equation 

P D h  = PC[h]. (20) 

This equation is the starting point for a variational formulation of the 
steady-state Boltzmann equation. 

It is tempting to introduce the functional 

J(h)  = ((h, P V h  - PC[h])) . (21) 
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Then, by using the symmetry conditions, it is possible to prove that 

SJ(h) = 2 ((Sh,PDh - PC[h])) - ((PSh, h)),- + ((6h,Ph)),- . (22) 

This shows that the solutions of the modified Boltzmann equation (20) are 
not stationary points of J .  Thus, we need to deal with boundary conditions. 

The boundary conditions relative to the insulating boundaries can be 
written 

Therefore, taking f ( x ,  k )  = q(x)Mb(E(k) ) ,  the boundary conditions (12) 
become 

h = lr,Ic,[h] + I F D $ ,  in C - .  (23) 

By using the reciprocity ( l l ) ,  it is possible to see that I ~ N  satisfies the 
symmetry property 

((Pg,~"hI)) ,-  = (W"gI,Ph)),- . 

J ( h )  = J ( h )  + ( ( ( P h ,  h - l r , K ~ [ h ]  - 'rD 24)),- , 

In conclusion, introducing the functional 

(24) 

it is possible to show that 

bJ(h) = 2 ((Sh,PDh - PC[h])) + 2 ( (P6h,h - l r , K ~ [ h ]  - lrD$)),- . 
(25) 

As a result of (25), the following theorem holds: 

Theorem 1. The weighted distribution function h is solution of the mod- 
ified Boltzmann equation (20), with boundary conditions (23), if and only 
if it is a stationary point of the functional J ,  that is, 

SJ(h) = 0. (26) 

4. Mobility in bulk Silicon 
In this section, we want to use the variational formulation (26) in order 
to find an approximate expression for the electron mobility in bulk silicon, 
that is a uniformly doped piece of semiconductor. Therefore in the following 
we take qc = -9, and Q b i  = qN0,  with q the elementary charge and N o  
the donor concentration. The hole mobility can be found in a similar way, 
by taking qc = q,  and Q b i  = -qNA, with NA acceptor concentration. 
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First of all, we can consider R extended to the whole space so that the 
boundary conditions can be neglected. We take into account the interactions 
of the electrons in the six equivalent valleys of the conduction band with 
phonons and impurities.12 Some of the interactions with phonons leave the 
electrons in the same valley as they are before the collision (intravalley 
transitions), while others of them can drive the electrons into a different 
valley (intervalley transitions) according to suitable selection rules. The 
transition rate of the collision operator, P(k, k’), is therefore the sum of 

0 the transition rate for the electron-acoustical phonon intravalley 
scattering: 

P,,(k, k’) = Ic,, 6(&’ - E ) ,  

written in the elastic approximation, which is valid when the ther- 
mal energy is much greater that of the phonon. Here, Ic,, is the 
acoustical intravalley scattering kernel coefficient and S the Dirac 
function; 

0 the six intervalley scattering transition rates: 

P,(k, k’) = Ica [n, S(E’ - E - ha) + (n, + 1)6(&’ - E + ha)] , 
where a runs over the three 91, g2 , g3 and the three f1 , f2 , f3 inter- 
valley scatterings.12 The K,’s are the optical or acoustical inter- 
valley scattering kernel coefficients and 

1 - 
n, = 

exp ( h w  rn ) - 1  

is the occupation number of phonons with frequency w,; 
0 the impurity scattering transition rate: 

with Kimp scattering kernel coefficient and ,O inverse Debye length. 

Now, we assume that f has the form 

f (x, k) = f‘O)(k) 11 + w41, (27) 

(28) 

with 
n 
N f(’)(k) = - exp (-XW &(k)) , 

and 

@(k) = -- 3q p v ( k ) . E .  
Iv(k) l 2  
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Here, n = s fdk is the carrier density, N the normalization factor, p the 
mobility and X W  is related to the mean energy W = through the 
relation 

W = $1 I exp(-Xw E )  dk, 

We also assume that the dispersion relation is given by the Kane approxi- 
mation 

ti21k)2 
E(1  +(YE) = - 

2 m *  ’ 
with a non parabolicity factor. 

to choosing 
Using ansatz (27 ) ,  (28) and (29)  in the variational formulation amounts 

- n  E - ~ E . x  
h = -exp 

N 

Taking variations with respect to p,  we obtain the following expression 
for the mobility 

where 

- A W E ) ,  
n 
N $0 = - exp 

and 

exp ( - XW 8) v .E. 3 n  
$1 = -m 

The formula (30) expresses p as a function of W,TL and of the doping 
concentration. 

After calculations, we find 

where 
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and 

E ( l  + a € )  
+ 2a&)3(1 + 2 a ~ , + )  

03 
e-&(2Xw-Xo, )  d ,  = K a  Jd 

with 

energy, neglecting the contribution from the scattering with impurities. 

= A, €2 = E + fw,, g ( E )  = 8aE(1 +a€) ,  a = &. 
In Fig.1, we show the behavior of mobility as a function of the average 

I lntravaiiey I 

I 1 I ,001 
0.03 

Energy(&) 

Fig. 1. Mobility vs energy (bulk Silicon). 
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5. Conclusions 

As we have anticipated in the introduction, the main aim of this paper is to 
attract attention on variational methods in semiclassical transport models. 
We believe that these methods could be used for developing new numerical 
approximations of the semiclassical Boltzmann equation for semiconduc- 
tors. In this respect, the main mathematical problem is the lack of any 
coercivity property of the functional J .  

As regards the application which we have considered in greater extent in 
this paper, the main drawback of our implementation is the lack of validity 
for A W  2 &, due to presence of the weight function in the functional. 
This means that the ansatz used for our approximation is good only for 
low electric fields, up to 1-1.5 &. However this problem can be tackled by 
making a more suitable ansatz. For example, one could take the distribution 
function in the form suggested by the Maximum Entropy Principle (MEP)13 

m=O 

where N 2 2 and M can be suitably chosen and the AW'S and As's, La- 
grange multipliers, depend on the correspondent moments of the MEP dis- 
tribution 

n = l ,  . . . ,  N ,  J En f dk 
J f d k  ' 

n = / f d k ,  Wn= 

, m=O ,..., M ,  J Emv f dk 

J f &  sm = 

Wl is the energy, SO and S1 the velocity and energy flux respectively. 
With this ansatz for the distribution function, the problem is reduced 

to finding the stationary points of a function of N+3M-1 variables: Awn, 
As,, n = 1,. . . , N ,  m = 0 , .  . . , M ,  Aw, being determined in terms of the 
remaining Aw's by the condition n = No.  

The numerical solution of this problem, for various values of N and M ,  
is still in progress and will be presented in a forthcoming paper." 
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T ~ V  d l p L a r o u ~ u  duefiToLc dbrvya j l i ~ ~ E K T P v d u a ,  K~ ucvi p~ i5wyE 
pudXXou jl' iirnou T E  Kcvi K u u a  - 0 L ; C c Y L  66, urj TOU Kvua, puduxxou ii TO 

A ~ ~ E ~ ~ ~  xpvaiou r;Trjact.aeaL s ~ J ~ ~ ~ ~  no~i ,  npdTEpou E ; ~ ~ ~ ~ ~ ,  pmou 
< 6E > ij a?jrou Aap~Lbu - ovkws. ~'yw ( P L X E ' T C Y L ~ O ~ .  ris. EL'PL. 1;cLtic 
All people have their fancies; some desire horses, and others dogs; and some are 
fond of gold, and others of honour. Now, I have no violent desire of any of these 
things; but I have a passion for friends; and I would rather have a good friend 
than the best cock or quail in the world: I would even go further, and say the best 
horse or dog. Yea, b y  the dog of Egypt, I should greatly prefer a real friend to all 
the gold of Darius, or even to Darius himself: I a m  such a lover of friends as that. 

Socrates, in Lysis (Plato) 

DEDICATED T O  MY FRIEND ANTONIO GRECO WHO INTRO- 
DUCED ME TO THE INTRICACIES AND THE BEAUTIES OF 
ASYMPTOTIC METHODS IN NONLINEAR WAVE PHENOMENA 
(A. M. Anile) 
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