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30 The Independent-Particle Model

First we should remember that by integrating the distribution function n(k, r, t)
in momentum space we obtain the quasiparticle spatial density:

ρ(r, t) =
∑
k

n(k, r, t) =
V

(2π)3

∫
n(k, r, t)dk ,

while by integrating it in coordinate space we obtain the momentum density
n(k, t) =

∫
n(k, r, t)dr. By integrating the Landau equations in momentum space

we have

∂

∂t
ρ(r, t) + ∇r

[∑
k

(
δn(k, r, t) − ∂n0

k

∂εk

∑
k′

fk,k′δn(k′, r, t)

)
· vk

]

=
∑
k

I(δn(k, r, t))coll , (1.141)

where we have used ∇kn0
k = vk

∂n0
k

∂εk
. Equation (1.141) yields the continuity equation

∂

∂t
ρ(r, t) + ∇rJ(r, t) = 0 , (1.142)

with

J(r, t) =
∑
k

[
δn(k, r, t) − ∂n0

k

∂εk

∑
k′

fk,k′δn(k′, r, t)

]
vk

=
∑
k

δn(k, r, t)

(
vk −

∑
k′

fk,k′
∂n0

k′

∂εk′
vk′

)
, (1.143)

where we have used the result
∑

k I(δn(k, r, t))coll = 0, because the continuity
equation expresses the quasiparticle number conservation and collisions can change
neither the number of quasiparticles nor the current.

The current expression (1.143) shows that J(r, t) �=
∑

k δn(k, r, t)vk, i.e. the
current is not determined by quasiparticle velocity, but there exist nonlocal dynamic
contributions, due to the interaction. On the other hand, if the system is transla-
tionally invariant, the current cannot have any contribution from the interaction,
but only from the kinetic energy, because it is a constant of motion which com-
mutes with the interaction. This means that one must have

J(r, t) =
∑
k

δn(k, r, t)
k
m

, (1.144)

where m is the bare quasiparticle mass. Comparison of Eqs. (1.143) and (1.144)
implies that

k
m

= vk −
∑
k′

fk,k′
∂n0

k′

∂εk′
vk′ . (1.145)
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Eq. (1.145) is a condition which is imposed on fk,k′ by translational invariance. For
an isotropic system both the current and the velocity are parallel to k; therefore,
Eq. (1.145) involves only the spin-symmetric component with l = 1 in the expansion
(1.138). Using the relationship

∂n0
k

∂εk
= −δ(εk − εF ) , (1.146)

which stems from the fact that the equilibrium quasiparticle distribution function is
a step function, and from the definition of effective mass vkF

= kF /m∗, and (1.139)
and (1.140), we can change Eq. (1.145) into the relation

m∗

m
= 1 +

F s
1

3
. (1.147)

Since the effective mass can be evaluated by specific heat experiments, by using
relation (1.134), which still holds for the gas of quasiparticles with εF = k2

F /2m∗,
Eq. (1.147) enables the determination of the Landau parameter F s

1 .
In order to establish a connection between F s

0 and a measurable quantity, let us
assume that the hydrodynamic regime holds, and let us look for Euler-like equations
for the density variations. To this end, let us multiply the Landau equation by kj/m,
where kj is one of the momentum components, and let us perform a summation on
k. We obtain

∂

∂t
Jj(r, t) + ∇ri

∑
k

δn(k, r, t)vi
kj

m
− ∇ri

∑
kk′

∂n0
k

∂εk
fk,k′δn(k′, r, t)vi

kj

m
= 0, (1.148)

where we have used the result
∑

k kjI(δn(k, r, t))coll = 0, which arises from the
current being conserved during collisions. However, the fact that the collision term
does not change the quasiparticle density and their current, does not mean that it
is not relevant in the hydrodynamic regimes where ωτ � 1. In the hydrodynamic
regime the collisions are important and tend to re-establish the equilibrium distri-
bution n0. They tend to keep the normal displacement of the Fermi surface uk at
point k, which, for isotropic systems, is defined by

δn(k, r, t) = δ(εp − εF )vF uk(r, t) , (1.149)

at small values, setting to zero all its components associated with deformations with
l > 1. In this limit u 
 a+ b cos θ and it corresponds to an oscillation of the density
superimposed on a uniform translation of the fluid. This is what is expected for the
propagation of acoustic waves. We are in a regime of local equilibrium.

If we consider isotropic systems for which δn(k, r, t) is spherical, only terms with
i = j survive in (1.148), and using the relationship (1.146) as well as Eqs. (1.139)
and (1.140), we easily obtain the equation

∂

∂t
J(r, t) +

2
3

εF

m
(1 + F s

0 )∇rρ(r, t) = 0 , (1.150)
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which holds only in the hydrodynamic regime. In fact, in the conservation equation
(1.148), the l = 2 term would survive. However, we put it to zero because we have
assumed that we are in the hydrodynamic regime. Equation (1.150) resembles the
classical one, and together with the continuity equation (1.142) leads to the sound
equation

∂2

∂t2
ρ(r, t) − v2

1∇2ρ(r, t) = 0 , (1.151)

with v1 being the sound velocity in the quantum liquid, given by

v2
1 =

k2
F

3mm∗ (1 + F s
0 ) . (1.152)

Equation (1.151) describes the propagation of ordinary sound in quantum liquid,
and the corresponding propagation velocity (1.152) is connected to the system com-
pressibility by (1.83).

In the case of 3He, the measurements of specific heat and ordinary sound velocity
at vapor pressure (P = 0) provide the following values of the Landau parameters:
F s

0 = 10 and F s
1 = 6. From these values it is immediately clear that 3He is very

different from a noninteracting Fermi gas. For example, the effective mass turns out
to be three times as large as the bare mass.

The Landau parameters F a
0 and F a

1 are connected to the magnetic properties of
quasiparticles. For the study of such properties, it is necessary to study the effect
of the deviations δna(k, r) = δn↑(k, r) − δn↓(k, r) of the local spin-antisymmetric
distribution function na(k, r) = n↑(k, r) − n↓(k, r), with respect to the equilibrium
spin-antisymmetric distribution function n0

k↑ − n0
k↓, which is assumed to have the

same form as the distribution of a noninteracting and spin-polarized Fermion gas.
In this case, the integral of the distribution na(k, r, t) in momentum space gives
the spatial magnetization of the quasiparticles, m(r, t). The equations for δna(k, r)
have the same form as those for δns(k, r) = δn↑(k, r) + δn↓(k, r) which we have
studied above, but are characterized by the Landau parameters F a

0 and F a
1 .

The system magnetic susceptibility per particle can be expressed through F a
0 as

χσ

N
= −µ0

3m∗

k2
F

1
1 + F a

0
, (1.153)

which should be compared to the corresponding value for the noninteracting Fermi
gas χFG

σ /N = −µ0(3m/k2
F ). The effect of interaction comes in through m∗ and F a

0 .
In the case of 3He, F a

0 has a very negative value 
 −0.7. Recalling that m∗ = 3m,
we find that the magnetic susceptibility is approximately 20 times larger than in
the Fermi gas. The system is quasi-ferromagnetic, in the sense that it is very easily
magnetized. As for the F a

1 parameter, its value can be derived from specific heat
measurements in the nonlinear temperature regime. In fact, the magnetic excited
states have low energy and affect the specific heat. From such analysis we find that
F a

1 = −0.55.
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The Landau theory is easily generalized to the two-dimensional case. In this case
the Landau equations keep the same form as Eqs. (1.136), and Eqs. (1.138) and
(1.140) should be replaced by

fs,a
k,k′;2D =

∞∑
l=0

fs,a
l cos l(θ − θ′) (1.154)

and

ν2D(0) =
∑
k

δ(εk − εF ) =
V m∗

π
. (1.155)

It is not simple to connect the Landau parameters to measurable quantities in
two dimensions, and in general the parameters themselves are derived from the
physical interaction. As happened in the 3D case, translational invariance imposes a
condition on the quasiparticle current in 2D which results in a relationship between
the effective mass and the Landau parameter F s

1 :

m∗

m
= 1 +

F s
1

2
. (1.156)

It is also possible to derive the sound equations, which keep the form (1.151)
unchanged, but where the ordinary sound velocity is given by

v2
1,2D =

k2
F

2mm∗ (1 + F s
0 ) . (1.157)

Finally, it is possible to link F a
0 to the system magnetic susceptibility per particle

as follows
χσ,2D

N
= −µ0

2m∗

k2
F

1
1 + F a

0
. (1.158)

As a last remark, recall that there also exist Bose quantum liquids (e.g. 4He), and
that recently in various laboratories Bose–Einstein condensates of alkali atoms have
been realized. The elementary excitations of Bose systems are completely different
from those of Fermi systems, and have a phonon nature. The different nature of
elementary excitations has the consequence that the specific heat of these systems,
contrary to (1.134), is proportional to T 3 as T → 0. In the following chapters, we
will treat the phonon nature of the elementary excitations of Bose systems in detail.
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