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A consistent BGK-type approach to reacting gas mixtures, according to  
Boltzmann-like kinetics for a bimolecular reversible chemical reaction has been 
recently introduced. In this paper we apply a numerical strategy based on 
time splitting techniques to simulate the reactive BGK equations. These tech- 
niques have the advantage of simplifying the problem by treating separately 
the convection step and collision step. Numerical results of the time-dependent 
Riemann problem for the reactive BGK system are presented. 

Keywords: Boltzmann equation, BGK model, reacting mixtures, Riemann 
problem, splitting methods 

1. Introduction 

In recent years, new suggestions and proposals concerning the mathematical 
modelling and applications of multi-component gaseous flows with chemical 
reactions have been published. In this context, several kinetic approaches 
have been developed in the last decades, starting from the pioneering work 
by Prigogine-Xhrouet.' The increasing interest on kinetic models is mainly 
motivated by the fact that they enable the macroscopic laws to be derived 
from elementary principles, providing consistent macroscopic theories in 
the hydrodynamic limit, and moreover they allow to deduce transport and 
structure coefficients, that are not directly obtainable from macroscopic 
approaches (the interested reader is referred to the comprehensive Ref. 2). 
The so called BGK e q ~ a t i o n s ~ ? ~  constitute a well known model of the non- 
linear Boltzmann equation and a simpler tool of investigation in particular 
for reacting gaseous flows, for which the collision part of the kinetic equa- 
tions becomes much heavier. A recent extension of a consistent BGK-type 
approach for inert gas mixtures to reacting gases, according to a Boltzmann- 
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like kinetic model developed in Ref. 5 for a bimolecular reversible chemical 
reaction of the type: A1 + A2 + A3 + A4, has been investigated in Ref. 6. 
This model is based on the simple idea of introducing only one suitable 
BGK collision operator for each species s, taking into account all interac- 
tions with whatever species r. 
Here we propose a numerical strategy to simulate the reactive BGK equa- 
tions in more general space-dependent situations. In particular we focus 
here on problems with axial symmetry, which are of interest in many appli- 
cations like for instance the classical evaporation-condensation p r ~ b l e m . ~  
The method is based on time splitting techniques, which are widely used 
in the numerical analysis of the classical Boltzmann equation8-l0 but their 
application to kinetic systems describing reacting gas mixtures has not been 
yet discussed, to our knowledge. The time splitting approach has the ad- 
vantage of simplifying the problem by treating separately the two steps, 
the convection or transport step, which solves the free-streaming equations 
along the characteristic lines, and the collision step, which solves the spa- 
tially homogeneous BGK equations. The numerical solution of this latter, 
which can be regarded as a Cauchy problem, is evaluated with Runge-Kutta 
explicit schemes of different order. Here we consider a splitting method, for 
which the truncation error per time step At is O(At3) ,  but due to the 
accumulation of errors, the convergence rate is O(At2)  coupled with an ex- 
plicit Runge-Kutta method of order 2. Numerical results on time-dependent 
Riemann problem for reacting mixtures of four gases are presented. 

2. Model equations 

The BGK approximation introduced in Ref. 6 of the Boltzmann-type model 
worked out in Ref. 5 for chemical reactions is described by the following 
kinetic equations 

- afs + v . - =  v s ( M s  - f'), s =  1 ,..., 4, at dX 
where f "  is the general distribution function, M ,  is an auxiliary local 
Maxwellian depending on velocity vector variable v, molecular masses ms, 
Boltzmann constant K and disposable parameters n,, us, T,: 

s = 1,. . * ,4 .  (2) 

At last in (l), v, represents the inverse of the s-th relaxation time, possibly 
depending on macroscopic fields, but independent of v. The above auxiliary 
fields n,, us, T, are determined from the corresponding actual moments of 
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the distribution functions f s  (namely number density ns, mass velocity us 
and temperature Ts of each component) by requiring that the exchange 
rates for mass, momentum and total (kinetic plus chemical) energy pre- 
scribed by (1) coincide with those deduced from the reactive Boltzmann 
equations (see Ref. 5, 6 for a detailed derivation). In presence of chemical 
reactions, these exchange rates can be made explicit under the assumption 
of dominant elastic collisions and thus of "slow" chemical reactions (the 
so called tempered reaction regime), as for instance in the carbon-oxygen 
chain. We consider the application of BGK equations (1) to problems with 
axial symmetry with respect to an axis (say, 21 = z). In such cases, the 
distribution functions f s  depend on v only through its modulus and its 
latitudinal angle with respect to that axis, and all transverse components 
of the macroscopic velocities us vanish (i.e. u; = u$ = 0). As well known 
in the literature," in this case a reduction to a fully one-dimensional prob- 
lem is possible, though describing still a three-dimensional velocity space, 
with a sensible simplification of the computational apparatus. This kind of 
problem is not only important for theoretical investigation, but also quite 
frequent in practical  application^.^ 
Let us introduce the new unknowns 

each depending only on one space and one velocity variable. Starting 
from (1) and using Chu reduction" we obtain the following system of BGK 
equations for the unknown vector - 4' = ( & , I $ ; ) ~ ,  coupled with initial con- 
ditions 

The BGK equations (4) describe a relaxation process towards the vector 
functions 4e = 4z,2) , which is obtained by Chu transform of (2) 
and has t g s  form 

T 

.... 

The Chu transform reduces the auxiliary velocity to a scalar parameter 
us,  owing to the axial symmetry. To determine the auxiliary parameters 
n, = n,(z, t ) ,  us = u,(z, t ) ,  T, = Ts(z, t )  it is necessary first to compute 
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the exchange rates for the Boltzmann reactive model described in Ref. 5; 
such rates are known analytically for Maxwell molecules," even in the 
tempered reaction regime, and besides may be expressed in terms of mass 
ms of each component of the mixture (with m'+m2 =m3+m4 = M ) ,  energies 
of chemical link E S ,  and energy difference between reactants and products 
AE = -c4 s=1 XSES (with X1 = X2 = -A3 = -A4 = l), conventionally 
assumed to be positive. Those rates (not reported here for brevity) involve 
fundamental macroscopic moments of distribution functions f", which are 
given in terms of 4; and 4; as 

ns = i & d v ,  us = - 1 L v # d v ,  T S  = - ms ~ [ ( v - ~ " ) ~ & + + ; ] d v .  ( 6 )  
ns 3KnS 

Here us denotes the first component of the mass velocity, since axial sym- 
metry implies u; = u: = 0 (and for the same reason us,2 = us,3 = 0). 
We point out that the unknowns 4; and 4; provide a reduced description 
of the velocity distributions, if compared to f", but they suffice for our 
purposes. In (5), the auxiliary parameters: n,, us,  T, are determined by 
requiring that the BGK scheme prescribes the same exchange rates of the 
Boltzmann model. The resulting expressions, as well as a clear derivation 
and a complete description may be found in Ref. 6. The discussion involves 
also the global macroscopic parameters: number density n, mass density p,  
mass velocity u, scalar pressure p or temperature T ,  which are expressed in 
terms of single component parameters by 

4 1 4 4 4 

n = E n s ,  p = Cps = C m S n s ,  u = - C msnsus, 

(7) 
s =1 s =1 s =1 p s=1 

4 . 4  p=nKT= ~ n s K T s + ~ ~ m s n s ( u s - ~ ) 2 .  1 

s =1 s =1 

The macroscopic collision frequencies Y, = V,(X, t ) ,  which measure the 
strength at which BGK model equations push distributions towards equi- 
librium, can be evaluated by a suitable estimation of the actual average 
number of collisions taking place for each species6 It is remarkable that 
the consistency properties of the reactive BGK model, proved in Ref. 6, are 
independent from the choice of macroscopic collision frequencies. Anyway, 
a suitable evaluation is needed in order to avoid artificial acceleration or 
slowing down of the relaxation process. 
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3. Numerical approximation 

We rewrite here the system (4) pointing out, in particular, the dependence 
of the vector functions 9; and of the macroscopic collision frequencies v, 
on the components of the unknown vector solution 9 = (4', q52, 43, 44)T. 
In fact the auxiliary parameters n,, us, T,, appearing in ( 5 ) ,  as well as 
the frequencies v,, follow from the definition of macroscopic moments of 
the solution through (7). Hence, we consider the following equivalent one- 
dimensional (in both space and velocity) initial-value nonlinear problem 

- - - -  

for the unknowns - 4' = (44, &)T. Problem (8) can be rewritten in the form 

(9) 
=A[$"]+B[$"] ,s=1,  ..., 4; t > O , z € R ,  V E R ,  { - &,O) = $ p - , v ) ,  

- 
84, where: A[+'] = -VI- is the convection operator, and B[4'] = 

v,(') [$:(a) - f ]  is the collision operator. Therefore, in order to compute 

numerically the solution, it is usual to solve: a = A[@] and A = B[4'], 
separately. This procedure is known as a splitting method and it is a com- 
mon tool for the numerical analysis of the Boltzmann equation. The method 
consists of two steps, the convection step, which solves the collisionless 
equation (free-transport equation), and the collision step, which solves the 
space-homogeneous equation. Setting the solution &(t) of the problem (9) 
as g(t)  = Si+B(go), where: go = (&, &, g, &)T, the conventional split- 
ting method (CSM) is nothing more than the following approximation of 
the operator S,aB 

8 X  - 

- 
84, w 
at. d t  - 

(10) 
A t S A t  s.2:B~sB A t 

for which it holds' 

At At q, At2 
s?iB(~O) = SB [ S A  (-011 + F I A & B ( g O )  -B&A(!b)] +O(At3). (11) 

In spite of this result, because of the accumulation of errors, the convergence 
rate over [0, N A t ]  is O(At). Note that the order of accuracy of this simple 
splitting does not improve even if we solve analytically both collision and 
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convection steps. In the CSM, the collision step may also be performed 
before the convection step, having 

In this case, the leading term of the truncation error differs only in sign 
from that one obtained by (11) (see Ref. 8). From this last remark, we 
deduce a 0(At3) accuracy per time step for the following approximation of 
the operator Si:B 

i.e., the mean of two applications of CSM with inverted steps: convection- 
collision and collision-convection. In this way the leading errors of the above 
methods cancel each other. Moreover, the convergence rate over [0, NAt], 
due to the accumulation of errors, is O(At2), Ref. 8. Other higher order 
splittings can be found in Ref. 10. 
For the numerical implementation of splitting techniques, at first we have 
to define a finite numerical domain in the phase space [XL,XR] x [ v ~ , v ~ ]  
dependent on the problem data: in particular the choice of [WL, VR] is related 
to the initial velocity distributions while the choice of [XL, X R ]  depends 
on the observation time interval. Consequently, we impose the following 
conditions (at infinity) for s = 1, . . . ,4, 

- qY(z,v,t) = - $h"(XL,V,t) 5 5 XL, vv,vt 

- 4'(X,v,t) =$' (XR ,v , t )  - X 2 X R ,  vv,vt .  
Let X, = XL + TAX, T = 0 , .  . . , N, and vq = VL + qAv, q = 0,. . ' , N,, be 
uniform grids defined in [ZL, XR] and in [VL,VR], respectively. 
Having set - $s(~,,vq,O) = g ( z T , v q )  and ti = i A t ,  for i = O , . . .  , N-1, the 
realization of conventional splitting method (10) is as follows 
Convection step: 

with formal solution: - (P'(x,, wq,  ti+l) = $J'(x, - vqAt, vq,  ti) and 

Collision step: 
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where 2 = ( $ 1 , ~ 2 , $ 3 , $ 4 ) T .  

In the convection step, the problem is to evaluate the formal solution at 
time ti+l, because it should be obtained from the initial condition evalu- 
ated at time ti along the characteristic lines, but $' is known only in the 
original nodes of the grid. To overcome this difficulty, we have considered 
the following algorithm: 

- - - -  

- compute the nearest grid point from x, - v,At, named xj; 
- compute $"(x, - vqAt, vq, ti) using Taylor expansion around x j  

truncated& a suitable order p ,  with derivatives approximated with 
centered finite differences at the same accuracy.13 

To preserve the accuracy order per time step of the chosen splitting pro- 
cedure, namely Ic = 2, lc = 3 for CSM and (13), respectively, the order 
p is chosen such that: (Ax)p+' 5 (At)k. For this accuracy purpose, we 
have evaluated $"(x, - vqAt, vq, ti) with Taylor expansion rather than lin- 
ear interpolatiol Furthermore, for the same reason, it is useful to choose 
the space and time steps satisfying the following Courant-Friedrichs-Lewy 
(CFL) condition 

L 

Ax 
2 

Note that from (14) we have - > Atlvql, with rnin{lv~l,lvRI} I lug\ 5 
max{lvLI, 1 ~ ~ 1 )  and in the foregoing algorithm, the nearest grid point from 
x, - v,At is always x,. 
In the discretization process the time step At and the space step Ax are 
proportional to one another, i.e., At = AAx for some positive constant A. 
For the numerical solution of collision steps, we compute a numerical ap- 
proximation of the moments of $" needed in f(g) using composite Simpson 
rule over [ v ~ ,  vR]. The velocitystep Av is chosen to assure the double pre- 
cision stability to the numerical approximation of the moments related to 
the initial data. Then, time-advancing is carried out using classical explicit 
Runge-Kutta methods of order Ic - 1, Ic = 2,3.  This choice maintains the 
overall accuracy order of CSM and of the method (13), respectively. 

4. The Riemann problem for reacting mixtures of 4 gases 

In this section we present some results related to one-dimensional time- 
dependent Riemann problem for reactive gaseous flows. This problem starts 



8 

from piecewise-constant initial data, having a single discontinuity 

We consider elastic microscopic collision frequencies vLs, k = 0, 1, defined 
in Ref. 6, constant with respect to the impact speed and affected by a factor 
1 / ~  = lo', where E is the Knudsen number, which corresponds to approach 
the fluid limit under the assumption that elastic scattering is the dominant 
process in the evolution (slow chemical reaction). All numerical values used 
in the simulations are to be considered as dimensionless; they have been 
chosen from existing literature (see e.g. Ref. 14 and Ref. 15), for illustrative 
and comparison purposes. 
We consider two examples of Riemann problem with initial data reproduc- 
ing macroscopic field such that U L  = U R  = 0, p~ > P R ,  TL > TR. In both 
cases the structure of the exact solution for the inert case exhibits a shock 
wave propagating to the right, a contact shock wave propagating to the 
right and a rarefaction wave front moving to the left.16 When chemical re- 
actions are taken into account, the solution can be found only numerically 
and its structure resembles the one of the corresponding inert problem.16 

Test 1. In this first numerical test we consider a mixture of four gases 
having the following different values of masses ml = 0.018, m2 = 0.001, 
m3 = 0.017, m4 = 0.002; the symmetric matrix N of collision frequencies 
for elastic scattering for k = 0 is 

and vfT = u r  for s, r = 1 , .  . . , 4 .  The initial data are chosen as 
Maxwellians reproducing prescribed global mass density PO,  mean veloc- 
ity uo and scalar pressure PO. Correspondingly, the initial mass density, 
mean velocity and scalar pressure for the four gases are 
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In this example we consider different values for the chemical collision fre- 
quency v;;, defined in Ref. 6, and for the energy gap AE. 
We began with the choice A E  = 0, which represents an important test 
for the consistency of our BGK model and of the relevant numerical ap- 
proximation. It is known in fact that, starting from the reactive Boltzmann 
equations which our BGK model originated from, it is possible to derive, in 
the hydrodynamic limit, reactive Euler equations as zero order asymptotic 
appr~ximation.~ It is remarkable that, when A E  = 0, this system gives 
the classical Euler equations for global mass densities, mean velocity and 
temperature, whereas the single mass densities pi may differ from the in- 
ert case. Numerical results shown below in Figure 1 at time t = 0.015 for 
global density and global mean velocity confirm this behavior also when 
we start from the BGK model and approach the fluid limit under the same 
assumption of dominant elastic scattering (the same happens to tempera- 
ture, not reported here). The computational domain in space and velocity 
is: [-1,1] x [-500,500]. Numerical computations were carried out until the 
final time instant t = 0.015 with (At, Ax, Av) = 5). Knudsen 
number is E = 10-l. Simulations have been performed using both CSM 

4.2. - Euler solution 

2.4 

-1 -0.5 0.5 1 

Fig. 1. Test of consistency for the reactive BGK model (with AE = 0 at time t = 0.015). 

coupled with Euler method and splitting (13) coupled with Heun method 
for the numerical solution of the collision steps. The variations of the pro- 
files of the global density and global temperature for different values of the 
chemical collision frequency are shown in Figure 2 and for different values 
A E  of energy difference between reactants and products are shown in Fig- 
ure 3. We can notice that, in this example, the temperature increases either 
when the chemical reaction is faster or when A E  is higher. 
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-1.5 -1 -0.5 0 0.5 1 1.5 
X 

..... # ..,,, 

Fig. 2. 
different values of chemical collision frequency v:;. 

Global density and global temperature for A E  = 100 at time t = 0.015 for 

I I 
-1 -0.5 0 0.5 1 

X 

Fig. 3. 
different values of A E .  

Global density and global temperature for v:; = 0.1 at time t = 0.015 for 

Test 2. In this second numerical text we consider a different mixture of four 
gases having the following different values of masses ml = 58.5, m2 = 18, 
m3 = 40, m4 = 36.5, and the new symmetric matrix of collision frequencies 
for elastic scattering for Ic = 0 is 102N, where N is the matrix (16). The 
initial mass density, mean velocity and scalar pressure for the four gases 
are 

i 5 
p o . - - , ~ o i = O ,  i = l , . . . , 4 ,  P O = -  ~ 2 0 . 5 ,  

- 10 3 
(P0,~OlPO) = (18) 
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These initial data reproduce the classical Sod problem17 for Euler equations. 
The computational domain in space and velocity is: [-0.5,1.5] x [-15,151. 
Numerical computations were carried out until the final time instant t = 0.2 
with (At, Ax, Av) = (5.10-4, 5.10-3, 5.10-2). Knudsen number is E = lop2. 
In this test we set the chemical collision frequency v:$ = 100 and we con- 
sider different values of the energy gap AE. Simulations have been per- 

- 
m 9 
0 

0.2. 

-0.5 0 0.5 1 1.5 
X 

Fig. 4. 
values of AE.  

Global density and global temperature at time instant t = 0.2 for different 

X 
-0.5 0 0.5 1 

X 

Fig. 5 .  
for A E  = 500 at time instant t = 0.2 . 

Global mean velocity for different values of A E  and densities pi,i = 

.5 

l , . . .  , 4  

formed using splitting (13) coupled with Heun method for the numerical 
solution of the collision steps. The variations of the profiles of global den- 
sity p, global temperature T and global mean velocity u for different values 
A E  at time instant t = 0.2 are shown in Figure 4 and in Figure 5 (left). 
In Figure 5 (right) we report the profiles of densities pi ,  i = 1, .  . . , 4, at 
the same time instant, for A E  = 500. The global moments of the inert 
mixture overlap the profiles obtained for AE = 0, whereas this is not true 
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for the single components of the  mixture. The higher AE, the greater the 
variations with respect to the inert case. 
We notice moreover that the data used in Test 2 give rise to solutions in 
which the structure of density p and  temperature T are  somehow reversed 
with respect to Test 1. 
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