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The widely used Thomas Fermi model always produces pressure which is less than or
equal to that of the ideal Fermi gas. On the other hand the spherical cellular model,
in certain regions of the temperature-density plane, can produce pressures which are
greater than that of the ideal gas. This phenomenon is investigated.

Keywords: Thomas-Fermi model; spherical cellular model.

1. Introduction

I have found an interesting feature of the pressure as produced by the spherical

cellular model. Except for hydrogen, for low to moderate temperatures and densities,

the pressure can exceed that of the ideal Fermi gas very significantly. It has been

shown previously1 that for certain types of attractive potentials that this result is

possible. This effect is seen in the spherical cellular in part of the one-phase region.

There is a physical explanation for this pressure phenomenon. As the electrons

descend into the nuclear potential well, they move faster and faster which motion

results in larger and larger momentum transfer at the surface of the sphere. That

means that the pressure can be quite large.

On the other hand as I show, the pressure for the widely used Thomas-Fermi

model. (See Figure 1.) is always less than or equal to that for the ideal gas. This

disparity (Compare Figure 2 with Figure 1.) in theoretical results may have very

significant effects in some practical applications. It is, I think, of considerable interest

to resolve whether in actual physical systems this feature occurs.

The system under consideration is a partially ionized gas of nuclei of charge Ze

where −e is the electronic charge. I will compare two models of this system where

each is confined to a finite sized sphere.

3
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2. Thomas-Fermi Model

First the Thomas-Fermi theory2 is given by

ρ =

∫ ∞

0

2 × 4πp2/h3

exp[(p2/2m− eV )/kT + η] + 1
dp, (1)

where eV is the potential energy, It is convenient to define the auxiliary functions

In(η) =

∫ ∞

0

yn

exp(y − η) + 1
dy. (2)

Fig. 1. The Thomas-Fermi model electron pressure divided by the ideal gas pressure vs. density
for the case of Aluminum (Z = 13).
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Fig. 2. The spherical cellular model electron pressure divided by the ideal gas pressure vs. density
for the case of Aluminum (Z = 13). Notice that in Figure 1, the pressure is always less than the
ideal pressure. Notice in Figure 2, for low densities and T ≤ 300 eV the pressure can exceed the
ideal.

The Poisson equation is then used to determine V (r). It yields

1

r

d2

dr2
[rV (r)] =

16π2

h3
e(2mkT )1/2I1/2(eV (r)/kT − η). (3)

The boundary conditions are limr→0 rV (r) = Ze and the Z equals the integral of

the density ρ(r) over a sphere of radius rb where 4πr3bN/3 = Ω where N is the

number of atoms and Ω is the volume. The latter condition determines η(T, rb) The

pressure is given by

pΩ

N
=

32π2kT

9

(
2mkT

h2

)3/2

I3/2(eV (rb)/kT − η). (4)
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Fig. 3. rb ∂V (rb, T, r/rb)/∂rb|T for the spherical cellular model as a function of r for the case
of Aluminum (Z = 13).

Feynman, Metropolis and Teller3 have shown that the solution of these equa-

tions for any Z can be obtained from that for any other by means of similarity

transformations.

3. Spherical Cellular Model

Next I describe, briefly, the spherical cellular model.4–6 First I remark for the ideal

gas that, if space is divided into identical cubes, and if one sums over the eigenvalues

in the cubes and integrates over the first Brillouin zone, then the exact result for

the ideal gas is obtained. It is an approximation of a few percent to go to spherical

cells instead.

The quantum statistical mechanics formulæ on which the usual formulation is
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Fig. 4. The potentials V (rb, T, r/rb) for the spherical cellular model as a function of r/rb for the
case of Aluminum (Z = 13).

based are given for Fermi-Dirac statistics.7 The grand canonical partition function

is

Q(Ω, T ) =
∑

N=0 exp[Nµ(Ω, T )/(kT )]QN(Ω, T )

=
∏
j{1 + exp[(µ(Ω, T ) − εj)/(kT )]}. (5)

where the εj ’s are the state energies. Differentiating by µ (the chemical potential),

determines µ as the solution of

N =
∑

j

1

exp[(εj − µ)/(kT )] + 1
, (6)

where N is the average number of occupied states. The Helmholtz free energy is
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Fig. 5. The charge densities for several densities for the spherical cellular model as a function of
r/rb for the case of Aluminum (Z = 13).

then given as

A(Ω, T ) = Nµ(Ω, T ) − kT
∑

j

ln{1 + exp[(µ(Ω, T ) − εj)/(kT )]}. (7)

From it, one can deduce the pressure as

pΩ = −1

3
rb

∂A

∂rb

∣∣∣∣
T

= −1

3

∑

j

rb
∂εj
∂rerb

∣∣∣∣
T

exp[(εj − µ)/(kT )] + 1
. (8)

In order to make the calculations numerically feasible, I have introduced the inde-

pendent electron approximation inside each atomic sphere.5 The Schrodinger equa-
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Fig. 6. The lowest ε(~k = ~0) vs. the density ρ.

tion to be solved is
{

~
2

2m∗

[
k2 − 2i~k · ~∇−∇2

]
− e2Z− 1

3 v(rb, T, r/rb)

r

−e
2Z− 1

3

2rb

(
r

rb

)2

F

(
y2

Z

)}
φl,λ(~r) = El,λ(~k)φl,λ(~r), (9)

with the boundary conditions

~n · ~∇φeven(Z
1
3 ~̂rb) = 0, φodd(Z

1
3 ~̂rb) = 0, (10)

where ~n is the unit vector normal to the sphere, and y2 = Ze2/(rbkT ) is a dimen-

sionless strength of the Coulomb interaction. r̂b is the radius of the spherical cell

rb over Z1/3. The effective mass m∗ is defined elsewhere.5 In the spherical cell ap-

proximation the normalization condition which determines the chemical potential
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Fig. 7. The region where the electron pressure exceeds that of the ideal gas for the case of lithium

(Z = 3). The dashed boundary is interpolated between two adjacent temperatures. The solid lines
connect the data points. The dotted lines are (the straight lines connecting the data points on)
the phase boundary. The open circles are those data points.

µ is

1 = 3

∞∑

l=0

(2l+ 1)

∞∑

n=0

∫ 1

0

dκ̂ κ̂2 (11)

×
{

1

1 + exp
{
(1.5

√
πζ)

2
3

[
el,n + 1

2

(
1 + m∗

m

) (
κ̂2 + κ̂∆̂n+[(l+1)/2]

)]
− µ/kT

}



CONDENSED MATTER THEORIES (Volume 22) - Proceedings of the International Workshop
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/6563.html

June 14, 2007 12:13 WSPC - Proceedings Trim Size: 9.75in x 6.5in cmt30˙proc

Spherical Cellular Model and Thomas-Fermi Model 11

+
1

1 + exp
{

(1.5
√
πζ)

2
3

[
el,n + 1

2

(
1 + m∗

m

) (
κ̂2 − κ̂∆̂n+[(l+1)/2]

)]
− µ/kT

}
}
,

where now the dimensionless form of the eigenvalue is, el,n = 2mεl,n(~0)/(~2k2
B),

where kB = (9π/2)1/3/rB . The ∆̂n+[(l+1)/2] are defined elsewhere.5 For the corre-

sponding ε,

εl,λ(~k) =

1

2

(
1 +

m∗

m

)[
El,λ(~k) −

1

2

〈
φl,λ(~r)

∣∣∣∣∣

(
Z

2
3 e2

r
− e2v(rb, T, r/rb)Z

− 1
3

r

)∣∣∣∣∣φl,λ(~r)
〉]

−1

2

(
1 − m∗

m

)〈
φl,λ(~r)

∣∣∣∣∣
v(rb, T, r/rb)e

2Z− 1
3

r

∣∣∣∣∣φl,λ(~r)
〉

+
m∗e2Z− 1

3

4mrb
F

(
y2

Z

)〈
φl,λ(~r)

∣∣∣∣
r2

r2b

∣∣∣∣φl,λ(~r)
〉

+ ∆ε, (12)

where the state independent part is

∆ε|| =

Z− 1
3

{
3e2

10rb
g(y2) +

3Ze2

5rb
F (y2Z) +

e2

rb
F

(
y2

Z

)[
3

4
−
(

3Z

πζ

) 1
3

f 1
2
(z(ζ))

]}
,

∆εanti−|| = Z− 1
3

{
3e2

10rb
g(y2) +

3Ze2

5rb
F (y2Z) +

3e2

4rb
F

(
y2

Z

)}
. (13)

For the anti-parallel case m∗/m = 1 and I drop the f 1
2

term. m∗ is the effective

mass in the parallel spin case. Account has been taken of the double counting of

the electron-electron interactions. The potential is determined self-consistently by

the use of Poisson’s equation which leads to

v(rb, T, r/rb) = 1 +

(
Z − 1

Z

)
rb

∫ 1

(r/rb)

(
1 − r

βrb

)
D(rb, T, β) dβ. (14)

D(rb, T, β) is the electron density. For the case of a uniform density D(rb, T, r/rb) =

3Zr2/r3b , and v(rb, T, r/rb) = Z + 1
2 (Z − 1)[(r/rb)

3 − 3(r/rb)]. I use this value to

start the iteration procedure to find the solution of these equations.

4. Pressure Comparison

Notice that in Figure 1, the pressure is always less than the ideal pressure. Notice

in Figure 2, for low densities and T ≤ 300 eV the pressure can exceed the ideal.

Under current investigation is the point that the region where p/pideal is greater

than 5 to 10 is either thermodynamically forbidden or in the two phase region. In

either case, one would not expect reliable results from the spherical cellular model.

The quantity plotted in Figure 3 is in the pressure equation and for positive values

can increase the pressure above the ideal. Comparing Figures 4 and Figure 5 we see
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that as the density decreases the peak of the electron density moves to progressively

stronger values of the potential. Consequently the electrons move faster and faster.

This motion is related to an increase in the pressure. For low temperatures the

integral over the Brillouin zone gives the ideal gas pressure and the positive slope

of ε as seen in Figure 6 adds to that pressure. Figure 7 shows the region where the

pressure exceeds that of the ideal gas for the case of lithium (Z = 3).

The cellular model incorporates the following low temperature physics. Note that

the pressures depend on the partial derivative of the state energies with respect to

volume. At very high densities the lowest eigenvalue is very negative so that partial

derivative is negative. As one reaches intermediate densities an atom like state is

seen. Here the lowest eigenvalue decreases as the volume restriction is removed. The

integration over the first Brillouin zone acts like the ideal-gas, kinetic energy and

the change in the eigenvalue gives extra pressure. The physics here is complicated

and the simple spherical cellular model may have over estimated this effect. Part,

but not all, of the region in which the overpressure is seen in the spherical cellular

model is thermally unstable as the internal energy decreases as the temperature

increases. In aluminum for temperatures greater than 100 to 150 eV depending on

the density, or less than a few eV or for a density greater than 27 gm/cm3 the results

are thermodynamically stable. At extreme dilutions, the entropy causes there to be

full ionization so this limit for the spherical cellular model is again the ideal Fermi

gas. The Thomas-Fermi model shows no such “overpressure.”

DOES THIS “OVERPRESSURE” OCCUR IN REAL SYSTEMS?

There are some experimental results8 on aluminum for ρ = 0.1, 0.3 gm/cm
3

at

temperatures of a few eV. They indicate a system of very little ionization with the

pressure less than that of an ideal gas of electrons and ions.
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