Chapter 1

REVIEW ON LINEAR ALGEBRAS

The main mathematical tool in group theory is linear algebras. In this
chapter, we will review some fundamental concepts and calculation methods
in linear algebras, which are often used in group theory.

1.1 Linear Space and Basis Vector

Let H(z) be the Hamiltonian of a system. Suppose that the eigenvalue F
of H(x) is m-degenerate,

H(fv)'@bu(x) = E%(ff)a p=12 -, m, (1.1)

where z briefly denotes the set of coordinates for all degrees of freedom.
¥, () are linearly independent to one another. Any linear combination of
Y, (z) is an eigenfunction of H(x) with the same eigenvalue

$x) = tu(@)a,,  H(w)p(x) = E¢(). (1.2)
p=1

Conversely, any eigenfunction of H(x) with the eigenvalue E can be ex-
pressed as a linear combination of 1, (z) like (1.2). Two eigenfunctions
satisfy the following calculation rule,

¢ (Z Yu(x)ay, + Z 7/’#(33)17#) = Z Yulx) (c ay+cby). (1.3)
pn=1 p=1 p=1

The set of ¢(x) is called a linear space £ of dimension m, generated by
m basis vectors of ¥, (x). ¢(x) is an arbitrary vector in £ and a, is the
pth-component of the vector ¢(x) with respect to the basis vectors ¢, (x).
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2 Chap. 1 Linear Algebras

Generally, m objects e, are said to be linearly independent if there do
not exist m coefficients ¢, which are not vanishing simultaneously such that

D euc, =0 (1.4)
p=1

e, satisfy the following linear formulas:

euay, +eya, =eya, +e,ay,

c <Z e.a, + Z eub#> = Z e, (ca, +cb,),
" "

©w

(1.5)

where ¢, a,, a,, and b, are arbitrary complex numbers. The m objects e,
generate a linear space £ of dimension m, which is the set of all possible
complex combinations a of e,

a= Z e.a,. (1.6)
p=1

a is called a vector in £, e, is a basis vector, and a,, is the uth component
of a with respect to the basis vectors e,,. The space L is called a real space
if the components a,, of all vectors a in £ are real. A vector is called a null
vector if its components are all vanishing. Two vectors a and b are said
to be equal to each other if and only if their components are respectively
equal, a, = b,. In linear algebras, the concepts of vectors and linear space
are independent of the physical content of the objects.

For a given space £ and a given set of basis vectors, vector a is com-
pletely described by the m components a,. Usually, the m ordered numbers
are arranged as a column-matrix a,

a1

“ (1.7)

IS
I

am

The column-matrix g is another form to denote vector a. Sometimes, we
do not distinguish two symbols a and a.
A basis vector is a special vector where only one component is nonvan-
ishing and to be one,
1 when p=v,

(en), = b = {0 when g v, (1.8)
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§1.2 Linear Transformations and Linear Operators 3

where d,,,, is the Kronecker ¢ function.
n vectors aV, a®, ... a™ are linearly dependent if there exists a
linear relation
n

> ale =0, (1.9)

i=1

where n coefficients ¢; are not vanishing simultaneously. Otherwise, they
are linearly independent. In an m-dimensional space £ the number n of
linearly independent vectors is not larger than m.

In £, n linearly independent vectors generate a subspace £ of dimension
n. A subspace is called a null space (} if it contains only the null vector.
The whole space £ and the null space () are two trivial subspaces. Usually,
we only consider nontrivial subspaces.

The sum of two subspaces £; and L5 is a subspace, denoted by £1 + Lo,
which contains all linear combinations of the vectors belonging to £; and
Lo. The intersection of two subspaces is a subspace, denoted by £1 N Lo,
which contains all vectors belonging to both subspaces.

L is said to be the direct sum of two subspaces, £L = L1 ® Lo, if L =
L1 + L2, and one of the following three equivalent conditions is satisfied.

(1) The intersection of £ and Ly is a null space.

(2) The dimension of £ is equal to the sum of the dimensions of £; and
Lo.

(3) Each vector in £ can be expressed uniquely as the sum of two vectors,
respectively belonging to two subspaces £1 and L.

Lo is called the complement of £1 in £ if £L = L1 & L. L4 is also the
complement of L5. The complement of £ in £ is not unique. A space £
can be decomposed as a direct sum of some subspaces more than two.

1.2 Linear Transformations and Linear Operators

A transformation gives a rule, with which a function changes to another
function. An operator is the mathematical symbol for a transformation.
An operator R(x) is linear if it satisfies

R(z){c1¢1(x) + ca¢2(2)} = c1 R(x) 1 (z) 4+ caR(z) 2 (), (1.10)

where the coefficients ¢; and ¢ are constant. A linear operator describes
a linear transformation. The operators used in this textbook are linear if
without special indication. The multiplication R(z)S(z) of two operators
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4 Chap. 1 Linear Algebras

R(x) and S(x) is an operator, defined as a successive application to the
function first with S(x) and then with R(z). Namely, if S(x)y(z) = ¢(x),
then R(z)S(z)y(x) = R(x)p(x). Generally, the order of two operators in
multiplication cannot be changed, namely R(z)S(x) # S(x)R(z).

If an operator R(x) is commutable with the Hamiltonian H (x),

[H(z),R(x)] = H(x)R(x) — R(x)H(z) =0, (1.11)

the application of R(z) to the eigenfunction 1, (z) of H(x) is still an eigen-
function of H(x) with the same eigenvalue,

H(z) {R(x))u(2)} = R(z) {H(2)pu(2)} = E{R(z)Pu(z)}.  (1.12)

Thus, R(z)y,(x) belongs to the space £ generated by m eigenfunctions v,
of H(x) with the same eigenvalue E, and can be expressed as Eq. (1.2),

R(z)yu(x) =Y (@) Dyu(R). (1.13)

L is called an invariant space to R(x). The coefficients D, (R) are arranged
as a matrix D(R) of dimension m, called the matrix of an operator R(z) in
the basis functions v, («) of £, or simply called the matrix of R(z). Note
that D(R) depends on the operator R(z), but not on . The action of R(x)
to any function ¢(x) in £ can be calculated by the matrix D(R). Namely,

if 6() = Y, du(@)a,, and R(@)é(x) = é1(x) = ¥, v, ()b, one has

R(x)p(z) = Z [R(z)Yu(z)] ay, = Z Yo Dyy(R)ay,

p=1
b, =Y Dyu(R)ay. (1.14)
p=1
Generally, a linear operator R describes a transformation of vectors in
a linear space L satisfying
R{Cla+62b} =cRa+cRb. (].].5)

L is invariant to R if the application of R to any vector a in L is still a
vector in L,

Ra=beL, Vaclcl. (1.16)
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§1.8 Similarity Transformation 5

The matrix D(R) of R in its invariant space £ is calculated from the ap-
plication of R to the basis vectors e,

Re,=Y_ e,Dy(R). (1.17)

The action of R to any vector @ in £ can be calculated by D(R). If

a:Z €.y, Ra:bzz e,b,, (1.18)
o

v

then

Ra= Z (Reﬂ) Q= Z eyDll,u(R)a,uv

b, =Y Dyu(R)a,,  b=D(R)a. (1.19)

It is worthy to emphasize the difference between Egs. (1.17) and (1.19). In
Eq. (1.17) a basis vector e, transforms in the operator R to a combination
of basis vectors, where the combination index of the basis vectors is the row
index v of D,,(R). Equation (1.19) is a component equation for vector a
transformed by the operator R to another vector b, where the combination
index of the vector components is the column index p of D,,(R). Two
equations are consistent because the basis vector e, is a special vector,
where only one component is nonvanishing but equal to one,

(Re#)p = Z DpA(R) (eu)A = DP#(R) = Z (eV)p Dl/,u(R)- (1.20)
A

v

1.3 Similarity Transformation

For a given set of basis vectors e, in a linear space £ of dimension m, there
is a one-to-one correspondence between vector a and its column-matrix a,
and there is a one-to-one correspondence between an operator R and its
matrix D(R). However, the basis vectors in £ are not unique. Any set of
m linearly independent vectors can be chosen to be basis vectors. In this
section we will discuss how the column-matrix of a vector and the matrix
of an operator change when the basis vectors are changed.

Let e}, be m linearly independent vectors with the components S,,,, in
the original basis vectors e,
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6 Chap. 1 Linear Algebras

e, => €S,  €,=>5,. (1.21)

©w

Since e), are linearly independent, S is a nonsingular matrix (det S # 0)
and has its inverse matrix S~1.

e =Y e, (57, (1.22)

Choosing e/, to be new basis vectors, the components a,, of the vector a
and the matrix D(R) of the operator R can be calculated as follows:

_ _ l -1 _ [
a= E e,a, = E e, (S )vu a, = E e, a,,
n v

vp

a, = S™H ay, d=85"a (1.23)
v v Gu

Re, = Z (Rep) Spu = Z euDyup(R)Spw,
P 1o

Re!, = Z e;ﬁpy(R) = Z €,5,pD o (R),
P 1P

> Dup(R)Sp =Y SupDp(R),  D(R)=S"'D(R)S. (1.24)

p

The relation (1.24) between D(R) and D(R) is called a similarity transfor-
mation and S is the matrix of the similarity transformation. In literature,
D(R) and D(R) are said to be equivalent to each other if Eq. (1.24) holds.
Obviously, the matrix S has the same matrix form with respect to both
the original set and the new set of basis vectors. If the new set of basis
vectors is the same as the original one except for the order of basis vec-
tors, the similarity transformation is called the simple one. Note that, the
similarity transformation for two equivalent matrices is not unique. If X
is commutable with D(R) and Y is commutable with D(R), both XS and
SY satisfy the similarity transformation relation (1.24).

Since S., is nothing but the column matrix of new basis vector e}, in
the original basis vectors, Eq. (1.24) can be written as

D(R) Sy =Y S,Du(R), Re, =) €,D,u(R). (1.25)
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§1.8 Similarity Transformation 7

It is nothing but the definition of the matrix of R in the new basis vectors
e,,. The different choices of the basis vectors do not change the action of
an operator on a vector. If b = Ra, one has b = D(R)a in the original basis

vectors e,. In the new set of basis vectors €], one has
bV =5"1=S5"'DR)a=S'D(R)Sd’ = D(R)d. (1.26)

Let £ be an m-dimensional space, £1 be its n-dimensional subspace,
invariant to the operator R, and L, be the complement of £;. Choose a
new set of basis vectors in £ such that the first n basis vectors belong to
L1, and the next (m —n) ones belong to L£2. Arrange the new basis vectors
e, to be the column matrices of S, S, = e]. Through the similarity
transformation S the matrix D(R) of R is changed to D(R). Since £; is
invariant to R, one has

Re;, =Y €, Dyu(R), 1<p<n (1.27)

Namely, the down-left corner of D(R) is vanishing,

D, (R)=0  when p<n<p,

. . (DY(R) M
ST'D(R)S = D(R) = 0 DO ) (1.28)

This matrix D(R) is called a ladder one. Furthermore, if £ is also invariant
to R, one has M =0,

— )
R R L S (R

This matrix D(R) is a direct sum of two submatrices, and is called a block
one in the type [n, (m —n)]. Generally, a matrix is also called a block one if
it can be changed into the direct sum of submatrices by a simple similarity
transformation. In order to determine whether or not a matrix is a block
one, one may separate the indices of the matrix into two parts and check
whether the matrix entries with indices respectively belonging to different
parts all are vanishing. If A is diagonal and XA = AX, X is a block matrix.
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8 Chap. 1 Linear Algebras

1.4 Eigenvectors and Diagonalization of a Matrix

In quantum mechanics, the eigenequation of a physical operator R(x) is
R(x)p(x) = M (x).

The eigenvalue A is the possible observed value for the physical quantity.
The eigenvalues describe the characteristic of the physical quantity and
are independent of the choice of basis functions. In linear algebras, the
eigenequation of an operator R is

Ra=\a. (1.30)
If £ is an m-dimensional space invariant to R and a € L, one has

D(R)a=A\a, Z D, (R)a, = Aay,. (1.31)

The eigenequation (1.31) is a set of coupled linear homogeneous equations
for m variables a,,. The condition for the existence of nonvanishing solution
is its coeflicient determinant to be vanishing,

det [D(R) — A1] = 0. (1.32)

Equation (1.32) is called the secular equation for D(R), and its roots are
the eigenvalues of D(R). The secular equation is invariant in similarity
transformation, so that the eigenvalues are independent of the choice of
the basis vectors. It is easy to see from Eq. (1.32) that the sum of the
eigenvalues of D(R) is its trace, Tr D(R), and the product of the eigenvalues
of D(R) is its determinant, det D(R) (see Prob. 1).

Equation (1.31) means that the eigenvector generates a one-dimensional
subspace which is invariant to R. If in £ there exist m linearly independent
eigenvectors a®) of R with the eigenvalues ), respectively, one may choose
a new set of basis vectors e/, = a*). Then, the matrix of R in the new
basis vectors e, is a diagonal one.

STID(R)S =A, S, =d",  Ay=0du0. (1.33)

Therefore, the key for diagonalizing an m-dimensional matrix is to find its m
linearly independent eigenvectors. Since the eigenequation (1.30) is linearly
homogeneous with respect to the eigenvector a*), a(*) can be multiplied
with a constant ¢,. When the eigenvalue is degenerate, its eigenvectors
can be made a nonsingular linear combination. This is the reason why
the similarity transformation matrix S is not unique. The number of the

GROUP THEORY FOR PHYSICISTS
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/6596.html



§1.5 Inner Product of Vectors 9

arbitrary parameters in S is equal to ), n2, where n,, is the multiplicity of
the eigenvalue \,. Those parameters play an important role in calculating
a common similarity transformation for a few pairs of equivalent matrices,
which is often used in group theory.

Substituting an eigenvalue into Eq. (1.31), one is always able to solve at
least one eigenvector. The eigenvectors for different eigenvalues are linearly
independent. However, when an eigenvalue is a root of Eq. (1.32) with
multiplicity n, it is not certain to obtain n linearly independent eigenvectors
with the given eigenvalue by solving Eq. (1.31). The following matrix is
the simplest example which has the eigenvalue 1 with multiplicity 2, but
only one linearly independent eigenvector,

(DG =) oo us

It cannot be diagonalized by a similarity transformation.
The eigenvalues are invariant in a similarity transformation. Therefore,
two equivalent matrices can be diagonalized into the same matrix,

X"'D(R)X =A =Y 'D(R)Y,

such that the similarity transformation related to them is easy to be calcu-
lated,

1

D(R)= (XY™") " D(R) (XY™!). (1.35)

It can be proved that the sufficient and necessary condition for a matrix
D(R) which can be diagonalized by a unitary similarity transformation is
that D(R)' is commutable with D(R) (see Prob. 11). A matrix H is called
Hermitian if HT = H. A matrix v is called unitary if « = »~!. Both a
Hermitian matrix and a unitary matrix can be diagonalized by a unitary
similarity transformation. A real unitary matrix is called real orthogonal.
A real Hermitian matrix is called real symmetric. A real symmetric matrix
can be diagonalized by a real orthogonal similarity transformation. Gener-
ally, a real orthogonal matrix can be diagonalized by a unitary similarity
transformation, but not a real orthogonal one.

1.5 Inner Product of Vectors

There are three types of products of vectors, depending on the products to
be a scalar, a vector, or a tensor. The product of two vectors is called the
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10 Chap. 1 Linear Algebras

inner product if the product is a scalar. In quantum mechanics the inner
product of two wave functions is defined as

(d()|ib(x)) = /(dww(w)*w(w)a (1.36)

where the sign | denotes an integral for the continuous coordinate and a
sum for the discrete coordinate. The form on the left-hand side of Eq.
(1.36) is called the Dirac symbol. Generally, the inner product of two
vectors (a|b) in the linear algebras satisfies

(c1aM) + coa@|b) = ¢t {aMV|b) + ci(a?|b),
(ale;b™ 4 b)) = ¢1(albM) + co(alb®), (1.37)
(bla) = (alb)*,  (ala) = |af* >0, if a #0.

The inner product is linear for the second vector and antilinear for the first
vector. The inner product becomes its complex conjugate if changing the
order of two factors. The self-inner product of a nonvanishing vector is real
positive, called the square module of the vector. Denote by a Hermitian
matrix 2 the inner product of two basis vectors

<e#|eV> = Q#l/a Ql/ﬂ = Q;V - (QT) (138)

vp®

Let @ be an nonvanishing eigenvector of 2 with the eigenvalue A,

a = Z e,a, 7& 0, Z Q,uuau = )\CL#,

)\Z lau)? = Z a;, Qua, = Z a,(eules)a, = (ala) > 0. (1.39)
o

ng nv

Hence, the eigenvalue X of € is positive, namely, §2 is positive definite. The
inner product of two arbitrary vectors and the matrix entry of an operator
can be calculated with €2,

a= Z €.y, b= Z e, by, (alb) = Z a0y, (1.40)
o v

nv

Y@, (eplRes) = (27), (epler) Dru(R) = Dyn(R).  (1.41)
o oT
A vector is called normalized if its module is one. Two vectors are orthog-
onal if their inner product is zero. Two nonvanishing orthogonal vectors
must be linearly independent.
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§1.5 Inner Product of Vectors 11

The basis vectors are called orthonormal if
<eN|eu> = Qm/ = 5uu' (142)

In the orthonormal basis vectors the formulas for the inner product become
simpler,

(@b) =" aubu.  leuRe,) = Dyu(R). (1.43)
n
There are a few different definitions for the inner product of vectors.
Another inner product is defined to be linear for both factors,
(cra™ + c2a@|b) = ¢1(aV|b) + co(a?|b),
(a|c;b™ 4 b)) = ¢1(albM) + co(alb®), (1.44)
(eulen) = Q= Quy, det 2 # 0.

In this definition, the self-inner product of a vector may not be real.
The inner product of the column matrices has been defined, namely

atb=>"aib,,  a" b= aub,. (1.45)

I3 7

In comparison with Eq. (1.40) the inner product (1.45) means that the
basis vectors for the column matrices are orthonormal.

At last, we discuss the concept of the adjoint operator R of an operator
R. The conjugate matrix D(R)' of a matrix D(R) was well defined,

=D, (R)", (1.46)

[a! D(R) b]" = [D(R)Y]" a=b" D(R) a (1.47)

The definition for the adjoint operator in quantum mechanics is the gener-
alization of Eq. (1.47),

(a|Rb)* = (Rbla) = (b|R'a). (1.48)

The adjoint relation between two operators is mutual. Note that the ma-
trices of two adjoint operators are not necessary to be conjugate if the basis
vectors are not orthonormal. Denote by D(R) and X the matrices of two
operators R and R, respectively

Re, = Z e,D,u(R), Rfe, = Z e, X,

P p
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12 Chap. 1 Linear Algebras

Z D;M(R)<ep|e,,) = (Re,le,) = (eH|RTey> = Z (eulep) X,
P ; (1.49)

DI R =0X, X=Q 'DI(RQ.

Conversely, if the basis vectors are orthonormal, two mutual conjugate ma-
trices correspond to two operators adjoint to each other. Namely, in this
case, a Hermitian (or an unitary) matrix corresponds to a Hermitian (or a
unitary) operator.

1.6 The Direct Product of Matrices

If a quantum system consists of two subsystems, the wave function of the
system is expressed as the product of two wave functions of the subsystems,
or the combination of the products. Suppose that the two functional spaces
L1 and L, for two subsystems are respectively invariant to the operator R,

Z wDS)(R),  Re¢;i=> ¢;DP(R).  (1.50)
j=1

For the composed system, the functional space £ generated by
VuPis 1<p<m, 1<i<n (1.51)

is called the product of two subspaces, £L = LiL2, which is (mn)-
dimensional. The space L is also invariant to R, i.e.,

R (i) — Z (u ;) [D(l (R) x D(z)(R)} vipi’ (152)

[DO(R) x DA(R)],. .= DY) (R)D'T(R).

vy,
The matrix DM(R) x D@ (R) of R in £, which is (nm)-dimensional, is
called the direct product of two submatrices D™ (R) and D®(R). The
row (column) of the direct product matrix is denoted by two indices p and
i. The order of indices is usually arranged such that the second index i
increases for a given pu, and then the first index p increases. For example,
the direct product of two 2-dimensional matrices X and Y is

XY X1V XY XioYio
XY X12Y> | XuYar X11Yes XioYor XioYao
Xo1Y X2V ) | Xo1Yi1 Xo1Yio XooYi1 XooYio
Xo21Ya1 Xo1Yos Xo22Yor Xa2Yoo

X xY = (
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FExercises 13

The product of two matrices DM (R) x D) (R) and DM (S) x D?)(S) is
[DD(R) x D@ (R)] [DW(S) x DP)(9)] 55
_ [PO@DOE)] x [pOEDES).

Thus,

[DD(R) x DA(R)] ™ = DW(R)~ x D (R)~,
[DD(R) x DA(R)]" = DO(R)T x DA(R)T, (1.54)
[DW(R) x DO(R)]" = DO(R)t x DA (R)*,

The trace and the determinant of direct product DM (R) x D®)(R) are

Tr [DM(R) x DA(R)] = [Tr DY(R)] [Tr D@ (R)] ,

det [D(l)(R) X D(Q)(R)] — [det D(l)(RHn [det D(z)(R)}m, (1.55)

If two matrices D) (R) and D(® (R) depend on a continuous parameter «,
one has

% [DW(R) x D(R)]

[

DO (R) (1.56)
da ] '

] x D@ (R) + DM(R) x [ -

The direct product reduces to the product of a number and a matrix if one of
the two factor matrices is one-dimensional. Generally, D) (R) x D) (R)
is not equal to D (R) x DW(R), but their difference is only a simple
similarity transformation. For example, when n = m = 2, the similarity
transformation matrix for the two direct products is

0 0

0
0
X (1.57)
0

o O O

0
0
1

O O =

1.7 Exercises

1. Prove that the sum of the eigenvalues of a matrix is equal to the trace of
the matrix, and the product of eigenvalues is equal to the determinant
of the matrix.
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14 Chap. 1 Linear Algebras

2. Calculate the eigenvalues and eigenvectors of the Pauli matrices,

(01 (0
=\ 10) 2= \io )

3. Calculate the eigenvalues and eigenvectors of the matrix

0001
0010
r= 0100
1000

4. Calculate the eigenvalues and eigenvectors of the matrix

5. If det R # 0, prove that both R'R and RR' are positive definite Her-
mitian matrices.

6. Prove: (1) if RTR =1, then RR' = 1;
(2) if R”'R =1, then RR™! = 1;
(3) if RTR =1, then RRT = 1.

7. Find the independent real parameters in a 2 X 2 unitary matrix, a real
orthogonal matrix, and a Hermitian matrix, respectively, and give their
general expressions.

8. Find the similarity transformation to diagonalize the following matrices:

1 —v2 1 ,
1) (ﬁ 0 —ﬁ), @ (G ).
1 \/§ 1 Sin COS

9. Find a similarity transformation matrix M which satisfies

0 —cosf sin 0 sin @ 0 —10
M cos @ 0 —sinfcosp | M=|1 0 0].
0 0 O

—sinfsiny sinfcos ¢ 0
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10. Find a similarity transformation matrix M which satisfies the following
three equations simultaneously

0 —2 0 10 0
M=*li 0 olJ]M=(00 0 ,
0 0 O 00 -1
00 O 1 010
]\4_1 OO—Z M:ﬁ 10]. 9
07 O 010
0 0 ¢ ; 0 -1 0
Ml 000|M=— |1 0 -1
— 00 V2 0 1 0
11. Let /3
10 1/-1-v3
n=(5%) s=3 ()

Find the common similarity transformation matrix X satisfying

1 0 0 0
0 —-10 0

—1 _

X '(RxR)X = 00 10 |
0 0 0 —1
20 0 0
02 0 0

—1 _ -

X (SXS)X—2 00 —1 _\/g
00 V3 -1

12. Find the similarity transformation matrix X to diagonalize the follow-
ing three matrices simultaneously,

000100
000010
000001
100000
010000
001000

000100
000001
000010
’ 100000
001000
010000

000111
000111
000111
’ 111000
111000
111000

13. Show the general form of an m x m matrix, both unitary and Hermitian.
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16 Chap. 1 Linear Algebras

14. Prove that any unitary matrix R can be diagonalized by a unitary simi-
larity transformation, and any Hermitian matrix R can be diagonalized
by a unitary similarity transformation.

15. Prove that R and R can be diagonalized by a common unitary simi-
larity transformation if RT is commutable with R. Further prove that
the necessary and sufficient condition for a matrix R to be diagonalized

by a unitary similarity transformation is that Rf is commutable with
R.

16. Prove that any matrix can be transformed into a direct sum of the
standard Jordan forms, each of which is in the form

A when a =0,
Ry =<0 or 1 when a+1=0,
0 the remaining cases.
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